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Fermion-exciton condensation in which both fermion-pair (i.e. superconductivity) and exciton
condensations occur simultaneously in a single coherent quantum state has recently been conjec-
tured to exist. Here, we capture the fermion-exciton condensation through a model Hamiltonian
that can recreate the physics of this new class of highly-correlated condensation phenomena. We
demonstrate that the Hamiltonian generates the large-eigenvalue signatures of fermion-pair and ex-
citon condensations for a series of states with increasing particle numbers. The results confirm that
the dual-condensate wave function arises from the entanglement of fermion-pair and exciton wave
functions, which we previously predicted in the thermodynamic limit. This model Hamiltonian—
generalizing well-known model Hamiltonians for either superconductivity or exciton condensation—
can explore a wide variety of condensation behavior. It provides significant insights into the required
forces for generating a fermion-exciton condensate, which will likely be invaluable for realizing such
condensations in realistic materials with applications from superconductors to excitonic materials.

PACS numbers: 31.10.+z

I. INTRODUCTION

Model Hamiltonians are theoretical tools that are of-
ten useful in simulating the key physics associated with
large-scale, highly-correlated systems. They are capable
of modeling an array of quantum phases and many-body
phenomena such as phase transitions [1–5], superconduc-
tivity [6–10], quantum magnetism [11–14], exciton con-
densation [15–21], lattice-like systems [22, 23], etc. Addi-
tionally, model Hamiltonians which encompass nontriv-
ial physics are often useful as benchmarks for theoretical
tools such as many-body approximations [6, 24–26].

Condensation phenomena—which are inherently
highly-correlated—have a long history of being computa-
tionally studied through the lens of model Hamiltonians
as traditional band theory is inaccurate for such highly-
entangled materials [6, 7, 10, 15, 27–29]. Specifically,
superconductors—materials in which fermion-fermion
(Cooper/electron-electron) pairs aggregate into a single
quantum state, resulting in the superfluidity of the
fermion-fermion pairs—are often explored through
use of the Pairing-Force (PF) Hamiltonian [6–9],
which is additionally referred to as the Standard Re-
duced Bardeen-Cooper-Schrieffer (BCS) Hamiltonian
[10, 30, 31]. This Hamiltonian is a simple representation
of superconductivity as it describes a system with
bound Cooper (or Cooper-like particle-particle) pairs
interacting in an attractive manner with the holes they
leave behind in a Fermi sea with the high-correlation
limit of this Hamiltonian resulting in well-known,
number-projected BCS wave functions [7, 32]. Similarly,
exciton condensation—in which particle-hole (exciton)
pairs condense into a single quantum state resulting in
the superfluidity of the composite excitons [33]—can
be modeled according to the Lipkin-Meshkov-Glick
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(LMG) Hamiltonian, which is often simply referred to
as the Lipkin model [15–21, 29, 34]. This Hamilto-
nian is a highly-degenerate system in which partnered
orbitals are inherently particle-hole paired and whose
strongly-correlated form results in ground states that
demonstrate character of exciton condensation.

Here, we introduce a model Hamiltonian that is ca-
pable of capturing fermion-exciton condensation, a new
class of highly-correlated condensation phenomena in
which both fermion-pair and exciton condensations coex-
ist in a single quantum state. We demonstrate such coex-
istent condensate character by calculating the quantum
signatures of fermion-pair [35, 36] and exciton [37, 38]
condensations (see Sec. II and Appendix A) for sys-
tems of even particle numbers ranging from N = 4
to N = 10 particles in r = 2N orbitals. These
fermion-exciton condensates are shown to be described
by wavefunctions which are entanglements of wavefunc-
tions from BCS-like superconductivity and Lipkin-like
exciton condensation—consistent with our prior predic-
tions for the large-N thermodynamic limit [39] as well as
those we observed experimentally on a quantum device
[40].

Our determination of a model Hamiltonian that sup-
ports fermion-exciton condensation provides information
regarding the nature of the forces necessary to generate
such systems—an invaluable first step in the realization
of real-world systems that support such dual condensa-
tion of excitons and fermion-fermion pairs, which may
demonstrate some sort of hybrid of the properties of su-
perconductors and exciton condensates and hence have
applications in energy transport and electronics. The
extent of these different phases and the transitions be-
tween these phases can also be studied. Moreover, our
Hamiltonian provides an important reference in order to
determine whether a given many-body approximation is
capable of measuring dual condensate character.
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FIG. 1: A figure of the condensate phase diagram in
the phase space of the signatures of particle-particle
condensation, λD, and exciton condensation, λG, is
shown.

II. THEORY

A. Fermion-Pair Condensation

Superconductivity results from the condensation of
bosonic fermion-fermion pairs [10, 41–43] into a single
geminal—a two-fermion function directly analogous to
the one-fermion orbital [35, 36, 44–47]—at temperatures
below a certain critical temperature. This condensation
of fermion-pairs results in the superfluidity (i.e., fric-
tionless flow) of the constituent particle-particle pairs
[10, 43, 48, 49]; if the fermionic pairs are composed
of electrons (i.e., Cooper pairs), then these superfluid
electron-electron pairs demonstrate superconductivity.

As was first demonstrated by Yang [35] and Sasaki
[36], a computational signature of such superconducting
states is a large eigenvalue in the particle-particle reduced
density matrix (2-RDM), whose elements are given by

2Di,j
k,l = 〈Ψ|â†i â

†
j âlâk|Ψ〉 (1)

where |Ψ〉 is an N -fermion wavefunction and where â†i
and âi are fermionic creation and annihilation opera-
tors for orbital i, respectively. As eigenvalues of the 2-
RDM can be interpreted as the occupations of the two-
fermion geminals [50], when the largest eigenvalue of the
2-RDM—the signature of particle-particle condensation,
represented by λD—exceeds the Pauli-like limit of one
(λD > 1), multiple fermion-fermion pairs occupy a sin-
gle geminal and hence superconducting character is ob-
served. This signature is known to directly probe the
presence and extent of non-classical (off-diagonal) long-
range order [45]. (See the Appendix for more details on
how the signature of superconductivity, λD, was com-
puted.)

The Pairing-Force (PF) model [6–9]—also called
the Standard Reduced Bardeen-Cooper-Schrieffer (BCS)
model [10, 30, 31]—is known to exhibit superconduct-
ing character in the strong correlation limit and hence
achieve a large λD. The Hamiltonian for the PF model

is given in second quantization by

HPF =
1

2

∑
σ=↑,↓

N∑
p=1

εpâ
†
p,σâp,σ −G

N∑
p=1

N∑
q=1

â†p,↑â
†
p,↓âq,↓âq,↑

(2)

where p is a quantum number that represents a pair
of orbitals denoted as p, ↑ and p, ↓ with the same en-
ergy, where the energies (εp) are considered to be known,
and where the parameter G is a constant that tunes the
strength of the pairwise interactions. Note that in the
limit of strong correlation (G >> εp), maximal super-

conducting character—λD = N
2

(
1− N−2

r

)
[44, 50]—is

observed.

B. Exciton Condensation

Directly analogous to superconductivity resulting from
bosonic particle-particle pairs condensing into a single
particle-particle function, exciton condensation results
from the condensation of particle-hole pairs (i.e., exci-
tons) into a single particle-hole function below a certain
critical temperature, which results in the superfluidity of
the excitons [33, 51]. Exciton condensates, while diffi-
cult to realize experimentally, have been observed in sys-
tems composed of polaritons (excitons coupled to pho-
tons) [52–54] and in two-dimensional structures such as
semiconductors [55], graphene bilayers [56–58], and van
der Waals heterostructures [59–62].

The signature of exciton condensation—denoted as
λG—is similarly analogous to that for fermion-pair con-
densation; the presence and extent of exciton condensate
character can be measured from the largest eigenvalue of
a modified particle-hole reduced density matrix given by
[37, 38, 63]

2G̃i,jk,l = 2Gi,jk,l −
1Di

k
1Dj

l

= 〈Ψ|â†i âj â
†
l âk|Ψ〉 − 〈Ψ|â

†
i âk|Ψ〉〈Ψ|â

†
j âl|Ψ〉 (3)

where 1D is the one-fermion reduced density matrix (1-
RDM). Note that this modification removes the extrane-
ous large eigenvalue from a ground-state-to-ground-state
transition such that a signature above one (λG > 1) is in-
dicative of exciton condensation. (See the Appendix for
more details on how the signature of exciton condensa-
tion, λG was computed.) This computational signature
has been utilized to study exciton condensation is possi-
ble in quantum and molecular systems [29, 38–40, 64].

One model known to achieve a large λG value and
hence exhibit exciton condensate character in the limit of
a large correlation is the Lipkin quasispin model [15–21].
The N -fermion Lipkin quasispin model consists of two
energy levels

{
− ε

2 ,
ε
2

}
, each containing N energetically-

degenerate states. The second-quantized Hamiltonian



3

can be expressed as [18]

HL =
ε

2

∑
σ=±1

σ

N∑
p=1

â†σ,pâσ,p

+
γ

2

∑
σ=±1

N∑
p,q=1

â†+σ,pâ−σ,pâ
†
−σ,qâ+σ,q

+
λ

2

∑
σ=±1

N∑
p,q=1

â†+σ,pâ
†
+σ,qâ−σ,qâ−σ,p (4)

where σ = ±1 and p = 1, 2, . . . , N are quantum numbers
that completely characterize the system in which p de-
scribes the site number labelling the N states in a given
level and σ represents the upper (+1) or lower (−1) en-
ergy levels, respectively. Note that in this model, the
λ term allows for double excitations and de-excitations,
and the γ term allows for a single particle to be scattered
up while another is simultaneously scattered down; as a
result, in the Lipkin model, only even excitations are al-
lowed, and only one particle may occupy a given site (i.e.,
have a specific quantum number p) such that each site
in the lower level is particle-hole paired with the corre-
sponding site in the upper level. By having the terms cor-
relating orbitals in the Hamiltonian (λ, γ) be sufficiently
larger than the energy term (i.e., in the limit of high cor-
relation), maximal exciton condensation—λG = N

2 [37]—
can be obtained for λ = γ.

C. Fermion-Exciton Condensation

A fermion-exciton condensate is a single quantum state
that simultaneously demonstrates character of supercon-
ductivity and exciton condensation, i.e., both signatures
of condensation—the largest eigenvalue of the particle-
particle RDM (Eq. (1)) and the largest eigenvalue of the
modified particle-hole RDM (Eq. (3))—are simultane-
ously large (λD, λG > 1). [39].

FIG. 2: A pictorial representation of the model
Hamiltonian we introduce in which there are two N -
degenerate energy levels—with energies − ε

2 and ε
2—

with double excitations and de-excitations, scattering
in which one particle is de-excited while another is si-
multaneously excited, and a pair-wise interaction term
between sites 2j − 1 and 2j for j ∈ {1, 2, . . . , N} (yellow
circles) is shown. Note that the Lipkin-like excitations
must occur within a site (p↔ p+N , blue arrow).

To gain insight into such fermion-exciton condensates,

here we propose a model system that is capable of demon-
strating simultaneous fermion-pair and exciton conden-
sate character. In this model, we introduce the pairwise
interaction from the Pairing-Force model into the scaf-
folding of the Lipkin model; thus, the model keeps the
structure of the Lipkin model in which N particles oc-
cupy two N -degenerate energy levels (− ε

2 and ε
2 ) with

allowed double excitations on two sites (λ) and simulta-
neous scattering of a particle up on one site and down on
another (γ)—where Lipkin-like sites are now given as or-
bitals p and p+N ; however, we additionally pair adjacent
orbitals—orbitals 2j−1 and 2j for j ∈ {1, 2, . . . , N}—via
the PF parameter, G. (See Fig. 2.) The Hamiltonian for
this model is thus given by

H = − ε
2

N∑
i=1

â†i âi +
ε

2

N∑
i=1

â†i+N âi+N

+
λ

2

N∑
p=1

N∑
q=1

â†pâ
†
qâq+N âp+N +

λ

2

N∑
p=1

N∑
q=1

â†p+N â
†
q+N âqâp

+
γ

2

N∑
p=1

N∑
q=1

â†p+N â
†
qâq+N âp +

γ

2

N∑
p=1

N∑
q=1

â†pâ
†
q+N âqâp+N

−G
N∑
j=1

N∑
k=1

â†2j−1â
†
2j â2kâ2k−1 (5)

in second quantization, with a given set of parameters
(ε, λ, γ,G) directly determining the extent of fermion-
pair and exciton condensation (λD and λG, respectively)
of the ground state corresponding to this model Hamil-
tonian.

While this model Hamiltonian is not the first to com-
bine the pairwise interaction from the Pairing-Force
model with the Lipkin model, the model Hamiltonian
introduced by Plastino and coworkers causes direct com-
petition between particle-particle and particle-hole cor-
relations and hence proves incapable of demonstrating a
fermion-exciton condensate phase (see Appendix B) [65–
67]. Conversely, due to our introduction of the Pairing-
Force interactions between adjacent orbitals instead of
orbitals in the same Lipkin-like site, particle-particle and
particle hole pairing can coexist and hence fermion-pair-
exciton (FEC) states can be achieved as is shown in the
results that follow.

III. RESULTS

A. N = 4, The Minimal FEC

As the authors have previously demonstrated [39], a
system with as few as N = 4 particles in r = 8 or-
bitals can support formation of a fermion-exciton con-
densate. As such, we first fully explore such a minimal-
istic FEC system. The ground state of the FEC Hamil-
tonian that we have introduced—Equation (5)—for four
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particles has contributions from only ten of the seventy
(rCN) possible configurations. Of these ten basis states,
there are only five distinct classes composed of degener-
ate orientations—see Fig. 3—that allow for the direct
computation of a matrix-form of the Hamiltonian in a
minimal basis state. The five basis states are defined by
three quantum numbers, x, y, bool, where the first indi-
cates the number of particles excited to the upper energy
level (x), the second indicates the number of BCS-like
pairs (number of times both 2j − 1 and 2j are occupied,
y), and the third is a boolean that indicates whether the
configuration is “Lipkin”-like in the regard that no two
orbitals representing a “Lipkin” site (denoted as p and
p+N , see the blue arrow in Fig. 3) are dually occupied
or dually unoccupied.

FIG. 3: Configurations representing each of the five
classes of non-zero basis states for the FEC Hamil-
tonian for N, r = 4, 8 are shown where each label
x, y, bool represents the number of particles excited to
the upper N -degenerate energy level (x), the number
of BCS-like pairs (y), and whether the configuration is
consistent with the Lipkin model (bool), where the de-
generacy of each class of states is given in parenthesis,
and where green, yellow, and blue configurations repre-
sent that the corresponding states are consistent with
only the Lipkin Hamiltonian, only the Pairing-Force
Hamiltonian, or both Lipkin and PF Hamiltonians, re-
spectively.

Utilizing the basis shown in Fig. 3—
|0, 2, T 〉, |2, 2, F 〉, |2, 2, T 〉, |2, 0, T 〉, and |4, 2, T 〉—the

Hamiltonian from Eq. (5) can be represented by

H4 =


−2ε− 2G −G

√
2 2λ−2G√

2
2λ 0

−G
√

2 −2G+ 2γ −2G 0 −G
√

2
2λ−2G√

2
−2G −2G 2γ

√
2 2λ−2G√

2

2λ 0 2γ
√

2 2γ 2λ

0 −G
√

2 2λ−2G√
2

2λ 2ε− 2G


(6)

where each term—corresponding to the interaction be-
tween two classes of basis states, |i〉 and |j〉—is obtained
from programmatically generating all sets of second-
quantization creation and annihilation operators in Eq.
(5), taking the expectation value for each combination of
pairs of configurations in classes |i〉 and |j〉, summing the
results, and normalizing by dividing by the square root
of the number of configurations for both |i〉 and |j〉. For

example, if |i〉 = |2, 2, F 〉 = (|1, 2, 5, 6〉+ |3, 4, 7, 8〉) /
√

2

and |j〉 = |2, 2, T 〉 = (|1, 2, 7, 8〉+ |3, 4, 5, 6〉) /
√

2, the
Hamiltonian term would be given by

(〈1, 2, 5, 6|+ 〈3, 4, 7, 8|)√
2

H4
(|1, 2, 7, 8〉+ |3, 4, 5, 6〉)√

2

=
1

2
[〈1, 2, 5, 6|H4|1, 2, 7, 8〉+ 〈1, 2, 5, 6|H4|3, 4, 5, 6〉

+〈3, 4, 7, 8|H4|1, 2, 7, 8〉+ 〈3, 4, 7, 8|H4|3, 4, 5, 6〉] (7)

Fig. 4a scans over the signatures of condensation—
λD and λG—for the ground state of the Hamiltonian in
Eq. (6) by systematically varying the parameters ε, λ,
γ, and G where the yellow BCS x’s represent ground
states in which the PF Hamiltonian is implemented (i.e.,
λ = γ = 0), the blue Lipkin x’s represent states in which
the Lipkin Hamiltonian is implemented (i.e., G = 0),
and where the green FEC x’s represent states with char-
acter of both PF and Lipkin Hamiltonians. As this fig-
ure demonstrates, the largest degree of superconducting
character (the largest λD) is indeed observed in the BCS
limit of the FEC Hamiltonian (when G >> ε, λ = γ ≈
0), and the largest degree of exciton condensate character
(the largest λG) is observed in the Lipkin limit of the FEC
Hamiltonian (λ ≈ γ >> ε, G ≈ 0). However, neither the
BCS nor Lipkin limits of the Hamiltonian is capable of
demonstrating a dual fermion-exciton condensate as λD
and λG only simultaneously exceed the Pauli-like limit of
one when the full FEC Hamiltonian from Eq. (5) is im-
plemented including both BCS-like (G) and Lipkin-like
(λ, γ) terms.

Our model FEC Hamiltonian, however, is capable of
demonstrating a wide variety of dual condensate charac-
ter as a variety of input parameters lead to ground state
configurations in which both λG and λD simultaneously
exceed one. Additionally, the λD and λG values obtained
by scanning over the Hamiltonian parameters (in Fig. 4a)
demonstrate an elliptic nature consistent with the con-
vex nature of 2-RDMs projected onto a two-dimensional
space [68–70] that matches predictions for a FEC that
these authors first presented in Ref. 39. This elliptic
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boundary as well as the density of points in the zone cor-
responding to fermion-exciton condensate character indi-
cate that the FEC model Hamiltonian introduced here is
capable of spanning the entirety of the FEC region of λD
versus λG space (i.e., λD, λG > 1).

In Ref. 39, these authors theoretically establish
that in the thermodynamic limit, a possible wavefunc-
tion demonstrating fermion-exciton condensation can be
obtained by entangling wavefunctions that separately
demonstrate superconducting character (|ΨD〉 with large
λD) and exciton condensate character (|ΨG〉 with large
λG) according to

|ΨFEC〉 =
1√

2− |∆|
(|ΨD〉 − sgn(∆)|ΨG〉) , (8)

where ∆ = 2〈ΨD|ΨG〉. In Fig. 5 occupation probabili-
ties for each of the five classes of basis states consistent
with the N, r = 4, 8 FEC Hamiltonian that contribute
to a BCS wavefunction (yellow, ε, λ, γ,G = 0, 0, 0, 0.7,
λD = 1.50, λG = 0.67), a Lipkin wavefunction (blue,
ε, λ, γ,G = 0,−0.5,−0.5, 0, λD = 0.50, λG = 2.00), and a
FEC wavefunction (green, ε, λ, γ,G = 0,−0.5,−0.5, 0.7,
λD = 1.31, λG = 1.32) are given. From this data, it
can be observed that the FEC wavefunction does indeed
appear to be an entanglement of the individual BCS and
Lipkin wavefunctions for the case of N = 4; this is con-
sistent with the theoretical result in the thermodynamic
limit.

B. Higher-Particle FECs

In order to observe trends related to system size, we
employ the methodologies used to explore the N, r = 4, 8
model system and extrapolate to systems composed of
N = 6, 8, 10 particles in r = 12, 16, 20 orbitals. Figures
summarizing the signatures of superconducting charac-
ter (λD) and exciton condensate character (λG) obtained
for the ground state wavefunctions of these larger model
Hamiltonians can be seen in Figs. 4b-4d. Similar to
the results from the N = 4 data, elliptic fits spanning
the maximal signature of superconducting character ob-
served for the BCS wavefunction to the maximal signa-
ture of exciton condensate character for the Lipkin wave-
function with a large variety of parameters supporting
dual fermion-exciton condensation. Note that as the size
of the system increases from N = 6 to N = 8 to N = 10,
the number of classes of degenerate, non-zero basis states
as well as the number of basis states composing each class
increase from 8 classes with a total of 44 non-zero basis
states to 14 classes with a total of 230 non-zero basis
states to 20 classes with a total of 1212 non-zero basis
states. As such, the relative sparsity of the computa-
tions in λD versus λG as system size is increased is due
to fewer computations being run with larger increments
between each of the parameters as they are varied.

To demonstrate how the classes of non-zero basis states
vary as system size is increased, Fig. 6—which shows the

occupation probabilities for each of the fourteen classes
of basis states consistent with the N, r = 8, 16 FEC
Hamiltonian that contribute to a BCS wavefunction (yel-
low, ε, λ, γ,G = 0, 0, 0, 0.9, λD = 2.50, λG = 0.57), a
Lipkin wavefunction (blue, ε, λ, γ,G = 0,−0.5,−0.5, 0,
λD = 0.50, λG = 4.00), and a FEC wavefunction (green,
ε, λ, γ,G = 0,−0.5,−0.5, 0.9, λD = 2.06, λG = 1.87)—
is included. Note that due to an increase in the possible
complexity, two more quantum numbers are added to de-
scribe a few of the classes of basis states; specifically, ζ
and τ are added to x, y, bool, ζ, τ where ζ corresponds to
the number of times BCS-like pairs are “stacked” into
the same site such that orbitals 2j − 1, 2j, 2j − 1 + N ,
and 2j + N are all occupied and where τ corresponds
to the number of diagonal configurations in which ei-
ther 2j − 1/2j + N or 2j − 1 + N/2j are both occupied
where 2j−1 and 2j are adjacent, BCS-paired orbitals. A
few configurations with the necessary quantum numbers
specified for N = 8 are included in Fig. 7.

As can be seen from Fig. 6, the groundstate
wavefunction for the N = 8 FEC Hamiltonian no
longer simply contains elements of the BCS wavefunc-
tion and the Lipkin wavefunction naively entangled to-
gether. Specifically, while the |4, 4, F, 1, 2〉 class of ba-
sis states does include BCS-paired particles (see Fig.
7), it does not include the maximal number of BCS-
paired particles, which appears to be a necessary con-
dition for non-zero occupation of the ground state for
the BCS Hamiltonian. However, this class of basis
states can interact with other BCS-like and Lipkin-
like classes of basis states. Explicitly, |4, 4, F, 1, 2〉 in-
teracts with |2, 4, F 〉 via λ

2 â
†
pâ
†
qâq+N âp+N ; |4, 4, F, 1〉

via λ
2 â
†
pâ
†
q+N âqâp+N ; |6, 4, F 〉 via λ

2 â
†
p+N â

†
q+N âqâp; and

|2, 2, T 〉 via −Gâ†2j−1â
†
2j â2kâ2k−1, which does further en-

tangle the Lipkin-like configurations and BCS-like con-
figurations in a non-trivial manner. As such, while the
interaction between the BCS-like classes of basis states
and Lipkin-like classes of basis states in the formation of
the FEC ground state wavefunction is not as clear-cut or
simple as in the N = 4 case, the N = 8 FEC wavefunc-
tion is still an entanglement of BCS-like and Lipkin-like
terms.

A representative configuration as well as the relevant
quantum numbers for all classes of basis states for the
N = 6, N = 8, and N = 12 FEC Hamiltonians is given
in the Supplemental Information.

IV. DISCUSSION AND CONCLUSIONS

In this study, we introduce a model Hamiltonian that
successfully demonstrates the physics associated with
both fermion-pair condensation and exciton condensa-
tion, as well as encompassing the phase space consisting
of systems in which fermion-pair condensation and ex-
citon condensation are simultaneously realized—a phe-
nomenon which we term fermion-exciton condensation
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(a) N, r = 4, 8 (b) N, r = 6, 12

(c) N, r = 8, 16 (d) N, r = 10, 20

FIG. 4: Plots of λG versus λD where parameters in the FEC Hamiltonian are systematically varied are shown for
systems involving (a) N = 4, (b) N = 6, (c) N = 8, and (d) N = 10 particles in r = 2N orbitals.

(FEC). Applying this model to systems composed of
N = 4, 6, 8, 10 particles in r = 2N orbitals, we confirm
this fermion-exciton condensate character for a wide va-
riety of ground state wavefunctions corresponding to a
diverse range of input parameters in the model Hamilto-
nian, additionally verifying the prediction made in prior
investigation [39] that the wavefunction of a fermion-
exciton condensate is an entanglement of wavefunctions
of exciton condensates and fermion-pair condensates.

The introduction of our model Hamiltonian that sup-
ports fermion-exciton condensation advances our under-
standing of the forces and orbital correlations necessary
for the experimental construction of FEC states in real-
world materials—important insights in the search for
real-world materials exhibiting fermion-exciton conden-
sate character. Depending on the interpretation of the
Hamiltonian elements, this could have ramifications for
fields such as traditional and molecularly-scaled electron-
ics, spin systems, and nuclear physics.

Specifically, if the orbitals in the Hamiltonian are in-
terpreted as spin orbitals, fermion-exciton condensates
simultaneously demonstrate the condensation of Cooper

into a single particle-particle quantum state and the con-
densation of electron-hole pairs into a single particle-hole
quantum state; thus, superfluid Cooper pairs—resulting
in superconductivity—and superfluid excitons—which
are associated with the dissipationless flow of energy
[33, 51]—should both be present to a certain extent in
FEC systems, maybe demonstrating some hybridization
of the properties of superconductors and exciton conden-
sates, which may be relevant to the fields of energy trans-
port and electronics in both macroscopic materials and
molecular-scaled systems.

Alternatively, the two Lipkin-like N -degenerate lev-
els can be interpreted as being representative of specific
spin states such that the upper level is spin up and the
lower level is spin down or vice versa. This interpretation
is most-consistent with ε = 0—which does demonstrate
FEC states for a wide variety of input parameters—, al-
though in a magnetic field the different spin states could
be separated by some non-zero energy. In this frame-
work, the Lipkin-like terms could represent simultaneous
double spin flips that are either aligned (λ) or misaligned
(γ), and the pairwise Pairing-Force term could be seen as
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FIG. 5: The probabilities corresponding to each of the
five classes of basis states (see Fig. 3) consistent with
the FEC Hamiltonian for N, r = 4, 8 are shown where
green, yellow, and blue bars correspond to the lowest
eigenstate of the Lipkin Hamiltonian, the Pairing-Force
Hamiltonian, and FEC Hamiltonian, respectively.

FIG. 6: The probabilities corresponding to each of
the fourteen classes of basis states consistent with the
FEC Hamiltonian for N, r = 8, 16 are shown where
green, yellow, and blue bars correspond to the lowest
eigenstate of the Lipkin Hamiltonian, the Pairing-Force
Hamiltonian, and FEC Hamiltonian, respectively. Each
label x, y, bool, ζ, τ represents the number of particles
excited to the upper N -degenerate energy level (x), the
number of BCS-like pairs (y), whether the configuration
is consistent with the Lipkin model (bool), the number
of times BCS-like pairs are “stacked” into the same site
(ζ), and the number of times a diagonal configuration
occur in which either 2j−1/2j+N or 2j−1+N/2j are
simultaneously occupied where 2j − 1 and 2j are adja-
cent, paired orbitals (τ). These values act as quantum
numbers that define the degenerate classes of non-zero
basis functions composing the ground state to the FEC
Hamiltonian.

a favorable interaction between adjacent particles demon-

FIG. 7: Configurations representing how the Lipkin-
like double excitation term (λ) and scattering term (γ)
in the FEC Hamiltonian relate the |4, 4, F, 1, 2〉 basis
state for N, r = 8, 16 to BCS-like basis states.

strating the same spin.

Moreover, as both particle-particle (consistent with the
Pairing-Force Hamiltonian) and particle-hole (consistent
with the Lipkin Hamiltonian) are utilized in the field of
nuclear physics to display the essential properties of the
nuclear interaction [71–73], we can interpret our FEC
Hamiltonian in this framework. In this interpretation,
the particles being created and annihilated are nucleons
such that the Lipkin terms are associated with the inter-
action of nucleons within a valence shell (γ), the mixing
of particle-hole excitations with the valence configura-
tions, and excitations of a nucleon from one valence shell
to another having an energetic penalty (ε) [71, 73]. Ad-
ditionally, in this interpretation, the PF pairwise inter-
action is associated with the short-range portion of the
nuclear interaction [71, 72].

Overall, this model Hamiltonian is capable of demon-
strating a wider array of collective behavior than either
the Lipkin or the Pairing-Force models. Such a Hamil-
tonian will have a vast degree of applications and will
be beneficial for the exploration—and for benchmarking
computational methodologies for the treatment of—the
nontrivial physics of real-world material and chemical
systems.
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Appendix A: Determination of Signatures of
Condensation

To determine the largest eigenvalue of the particle-
particle RDM (2D, see Eq. (1)—i.e., λD, the signature of

superconducting character—, only the following N × N
subblock of the full 2-RDM containing the large eigen-
value must be computed and diagonalized [50, 74, 75]

â0â1 â2â3 · · · âr−2âr−1
â†0â
†
1 â†0â

†
1â0â1 â†0â

†
1â2â3 · · · â†0â

†
1âr−2âr−1

â†2â
†
3 â†2â

†
3â0â1 â†2â

†
3â2â3 · · · â†2â

†
3âr−2âr−1

...
...

...
. . .

...

â†r−2â
†
r−1 â†r−2â

†
r−1â0â1 â†r−2â

†
r−1â2â3 · · · â

†
r−2â

†
r−1âr−2âr−1

(A1)

where, again, â†i and âi are to creation and annihi-
lation operators corresponding to the orbital with in-
dex i. Each element of this subblock of the 2-RDM
is the expectation value 〈Ψ|â†2j−1â

†
2j â2kâ2k−1|Ψ〉 ob-

tained by programmatically applying the appropriate
creation and annihilation operators to each pair of
non-zero basis states composing the previously-obtained
ground state wavefunction of the Hamiltonian. As
an example, for the N, r = 4 computations, there
are ten non-zero basis elements composing five distinct
classes (|0, 2, T 〉, |2, 2, F 〉, |2, 2, T 〉, |2, 0, T 〉, |4, 2, T 〉) that
are used to construct the Hamiltonian (see the Result
section). The ground-state wavefunction is obtained in
terms of these classes with a structure given by

|Ψ〉 = v0,2,T |0, 2, T 〉+ v2,2,F |2, 2, F 〉+ v2,2,T |2, 2, T 〉
+v2,0,T |2, 0, T 〉+ v4,2,T |4, 2, T 〉 (A2)

where each of the classes is a weighted linear combination
of the basis states composing it, i.e,

|2, 0, T 〉 =
|1, 3, 6, 8〉+ |1, 4, 6, 7〉+ |2, 3, 5, 8〉+ |2, 4, 5, 7〉√

4
(A3)

Thus, 〈Ψ|â†2j−1â
†
2j â2kâ2k−1|Ψ〉 is a sum of all expectation

values of the form

vc1vc2〈c1|â
†
2j−1â

†
2j â2kâ2k−1|c2〉 (A4)

where c1 and c2 refer to each of the distinct classes of
non-zero basis states and where these expectation values
are sums over

vb1vb2
N(cb1)N(cb2)

〈b1|â†2j−1â
†
2j â2kâ2k−1|b2〉 (A5)

where b1 and b2 are the basis states composing each class,
where N(cb1) refers to the size of the class to which basis
b1 belongs, and where all possible combinations of basis
states are analyzed.

Note that only ε = 0 calculations were run for the
N, r = 10, 20 scan such that site symmetry allowed
the entire matrix to be constructed from three distinct
types of elements, which lowered computational expense;

these element types are as follows: â†2j−1â
†
2j â2j â2j−1,

â†2j−1â
†
2j â2kâ2k−1, and â†2j−1â

†
2j â2j±N â2j−1±N .

The signature of superconductivity (λD) is then com-
puted from the N ×N subblock of the 2-RDM according
to the eigenvalue equation

2DviD = εiDv
i
D (A6)

with the signature corresponding the largest eigenvalue
(the maximum εiD).

The portion of the particle-hole RDM (2G) associated
with a large eigenvalue is composed of sub-matrices of
the form

â†qâq â†q+N âq â†qâq+N â†q+N âq+N

â†pâp â†pâpâ
†
qâq â†pâpâ

†
q+N âq â†pâpâ

†
qâq+N â†pâpâ

†
q+N âq+N

â†pâp+N â†pâp+N â
†
qâq â†pâp+N â

†
q+N âq â†pâp+N â

†
qâq+N â†pâp+N â

†
q+N âq+N

â†p+N âp â†p+N âpâ
†
qâq â†p+N âpâ

†
q+N âq â†p+N âpâ

†
qâq+N â†p+N âpâ

†
q+N âq+N

â†p+N âp+N â†p+N âp+N â
†
qâq â†p+N âp+N â

†
q+N âq â†p+N âp+N â

†
qâq+N â†p+N âp+N â

†
q+N âq+N .

(A7)
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tiled in the following manner:

p=0,q=0 p=0,q=1 · · · p=0,q=N
2 −1

p=1,q=0 p=1,q=1 · · · p=1,q=N
2 −1

...
...

. . .
...

p=N
2 −1,q=0 p=N

2 −1,q=1 · · · p=N
2 −1,q=

N
2 −1

(A8)

In order to remove the ground-state-to-ground-state transition (to form the modified particle-hole RDM, 2G̃,
see Eq. (3)),

â†qâq â†q+N âq â†qâq+N â†p+N âp+N
â†pâp

1Dp[0, 0]1Dq[0, 0] 1Dp[0, 0]1Dq[0, 1] 1Dp[0, 0]1Dq[1, 0] 1Dp[0, 0]1Dq[1, 1]
â†pâp+N

1Dp[0, 1]1Dq[0, 0] 1Dp[0, 1]1Dq[0, 1] 1Dp[0, 1]1Dq[1, 0] 1Dp[0, 1]1Dq[1, 1]

â†p+N âp
1Dp[1, 0]1Dq[0, 0] 1Dp[1, 0]1Dq[0, 1] 1Dp[1, 0]1Dq[1, 0] 1Dp[1, 0]1Dq[1, 1]

â†p+N âp+N
1Dp[1, 1]1Dq[0, 0] 1Dp[1, 1]1Dq[0, 1] 1Dp[1, 1]1Dq[1, 0] 1Dp[1, 1]1Dq[1, 1]

is subtracted off from each segment defined by p and q
where the one-particle density matrix (1D) is given by

âp âp+N
â†p â†pâp â†pâp+N

â†p+N â†p+N âp â†p+N âp+N

(A9)

The signature of exciton condensation (λG) is then ob-
tained from the eigenvalue equation

2G̃viG = εiGv
i
G (A10)

with the signature corresponding the largest eigenvalue
(the maximum εiG).

Again, for the N, r = 10, 20, ε = 0 calculations,
site symmetry was utilized to decrease computational
expense. Only sub-matrices corresponding to diagonal
sub-matrices p = q, sub-matrices for BCS-paired or-
bitals p = 2j − 1, q = 2j, and for unpaired orbitals
p = 2j − 1, q 6= p 6= 2j needed to be computed.

Appendix B: Plastino’s Model

In literature that dates back to the 1960s and contin-
ues to this day, Plastino and coworkers [65–67] explore a
model Hamiltonian that adds a pairing-force term to the
Lipkin model in the context of nuclear physics. Introduc-
ing the Plastino pairing-force term to the Lipkin Hamil-
tonian from Eq. (4)—which allows for slightly more flex-
ibility than the formulation given in the Plastino litera-
ture as that literature is concerned only with the double
excitation/de-excitation (λ) term and omits the scatter-

ing term (γ)—yields the following model Hamiltonian:

HP = − ε
2

N∑
i=1

â†i âi +
ε

2

N∑
i=1

â†i+N âi+N

+
λ

2

N∑
p=1

N∑
q=1

â†pâ
†
qâq+N âp+N +

λ

2

N∑
p=1

N∑
q=1

â†p+N â
†
q+N âqâp

+
γ

2

N∑
p=1

N∑
q=1

â†p+N â
†
qâq+N âp +

γ

2

N∑
p=1

N∑
q=1

â†pâ
†
q+N âqâp+N

−G
N∑
p=1

N∑
q=1

â†p+N â
†
pâqâq+N (B1)

While the form of this Hamiltonian is similar to the one
we introduce in Eq. (5), the difference is the orbitals
which the pairing-force term (G) causes to be correlated
in Cooper-like pairs. Specifically, while our model Hamil-
tonian pairs adjacent qubits (see Fig. 2), the Plastino
Hamiltonian pairs orbitals with on the same Lipkin-like
cite in different layers (i.e., stacked orbitals p and p+N).

In order to determine whether the Plastino Hamil-
tonian is capable of probing fermion-exciton conden-
sate character—where λD and λG simultaneously exceed
the Pauli-like limit of one and hence character of both
fermion-pair condensation and exciton condensation are
observed in a single quantum state—, a systematic scan
over the input parameters of the Hamiltonian (ε, λ, γ,G)
is conducted. As can in seen by Fig. 8 where the blue
pluses represent the Lipkin model Hamiltonian, the yel-
low pluses represent the PF BCS-like Hamiltonian, and
the green x’s represent the Plastino Hamiltonian, while
Plastino’s Hamiltonian is capable of reproducing all Lip-
kin states accessible by the Lipkin model and states that
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demonstrate fermion-pair condensation, no dual conden-
sate character is observed from the Plastino model as the
region in which both λD and λG exceed one is not probed
within this model.

In fact, as noted in Ref. , there is direct competi-
tion between the particle-hole and particle-particle pair-
ing between Lipkin-like sites which results in each type
of pairing “driving” the system toward radically differ-
ent states with the magnitudes of the coupling constants
causing a transition between the Lipkin-like and BCS-like
states favored by the different interactions. Conversely,
because the particle-particle and particle-hole pairing in
the model we introduce do not occur between the same
orbitals, they can coexist, allowing for a much larger pos-
sible range of λD versus λG including the region demon-
strating a fermion-exciton condensate.

FIG. 8: A plot of λG versus λD where parameters in
the Plastino Hamiltonian are systematically varied for
N = 4 particles in r = 8 orbitals is shown.
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G. Weimann, Condensation of indirect excitons in cou-
pled alas/gaas quantum wells, Phys. Rev. Lett. 73, 304
(1994).

[56] X. Liu, K. Watanabe, T. Taniguchi, B. I. Halperin, and
P. Kim, Quantum Hall drag of exciton condensate in
graphene, Nat. Phys. 13, 746 (2017).

[57] H. Min, R. Bistritzer, J.-J. Su, and A. H. MacDon-
ald, Room-temperature superfluidity in graphene bilay-
ers, Phys. Rev. B 78, 121401 (2008).

[58] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi,
E. Kaxiras, and P. Jarillo-Herrero, Unconventional super-
conductivity in magic-angle graphene superlattices, Na-
ture 556, 4350 (2018).

[59] L. Sigl, F. Sigger, F. Kronowetter, J. Kiemle, J. Klein,
K. Watanabe, T. Taniguchi, J. J. Finley, U. Wurstbauer,
and A. W. Holleitner, Signatures of a degenerate many-
body state of interlayer excitons in a van der Waals het-
erostack, Phys. Rev. Res. 2, 042044 (2020).

[60] Z. Wang, D. A. Rhodes, K. Watanabe, T. Taniguchi,
J. C. Hone, J. Shan, and K. F. Mak, Evidence of high-
temperature exciton condensation in two-dimensional
atomic double layers, Nature 574, 76 (2019).

[61] M. M. Fogler, L. V. Butov, and K. S. Novoselov, High-
temperature superfluidity with indirect excitons in van
der Waals heterostructures, Nature Comm. 5, 4555
(2014).

https://doi.org/10.1021/acs.jpcb.7b10371
https://doi.org/10.1021/acs.jpcb.7b10371
https://arxiv.org/abs/https://doi.org/10.1021/acs.jpcb.7b10371
https://doi.org/10.1103/PhysRevLett.125.240504
https://doi.org/10.1088/2058-9565/abc1bb
https://doi.org/10.1016/j.physleta.2012.05.031
https://doi.org/10.1016/j.physleta.2012.05.031
https://doi.org/10.3389/fphy.2018.00043
https://doi.org/10.3389/fphy.2018.00043
https://doi.org/10.1139/cjp-2016-0019
https://link.aps.org/doi/10.1103/PhysRevResearch.2.043205
https://link.aps.org/doi/10.1103/PhysRevResearch.2.043205
https://doi.org/10.1103/PhysRevLett.77.3189
https://doi.org/10.1088/2058-9565/abc1bb
https://doi.org/10.1088/2058-9565/abc1bb
https://doi.org/10.1103/PhysRevB.93.125124
https://doi.org/10.3367/ufne.2017.10.038227
https://doi.org/10.3367/ufne.2017.10.038227
https://doi.org/10.1103/PhysRevA.69.012507
https://doi.org/10.1103/PhysRevA.69.012507
https://doi.org/10.1103/RevModPhys.34.694
https://doi.org/10.1103/PhysRev.138.B1338
https://doi.org/10.1103/PhysRev.138.B1338
https://doi.org/10.1063/1.1664770
https://journals.aps.org/prb/pdf/10.1103/PhysRevB.98.045122/Users/lmsager/Downloads/IOPEXPORT_BIB.bib
https://doi.org/10.1103/physrevb.101.081107
http://web.ihep.su/dbserv/compas/src/bose24/eng.pdf
https://onlinelibrary.wiley.com/doi/abs/10.1002/3527608958.ch27
https://doi.org/10.1088/1742-6596/449/1/012001
https://doi.org/10.1088/1742-6596/449/1/012001
https://doi.org/10.1103/RevModPhys.35.668
https://doi.org/10.1103/PhysRevA.92.052502
https://doi.org/10.1103/PhysRevA.92.052502
https://doi.org/10.1007/3-540-48972-x_4
https://doi.org/10.1007/3-540-48972-x_4
https://doi.org/10.1063/1.1730212
https://doi.org/10.1063/1.1730212
https://doi.org/10.1036/1097-8542.757474
https://doi.org/10.1036/1097-8542.757474
https://aip.scitation.org/doi/pdf/10.1063/1.1704794?class=pdf
https://aip.scitation.org/doi/pdf/10.1063/1.1704794?class=pdf
https://aip.scitation.org/doi/pdf/10.1063/1.5052674?class=pdf
https://doi.org/10.1038/nature05131
https://physics.aps.org/articles/v9/80
https://doi.org/10.21203/rs.3.rs-653808/v1
https://doi.org/10.1103/PhysRevLett.73.304
https://doi.org/10.1103/PhysRevLett.73.304
https://doi.org/10.1038/nphys4116
https://doi.org/10.1103/PhysRevB.78.121401
https://doi.org/10.1038/nature26160
https://doi.org/10.1038/nature26160
https://doi.org/10.1103/PhysRevResearch.2.042044
https://doi.org/10.1038/s41586-019-1591-7
https://doi.org/10.1038/ncomms5555
https://doi.org/10.1038/ncomms5555


12

[62] A. Kogar, M. S. Rak, S. Vig, A. A. Husain, F. Flicker,
Y. I. Joe, L. Venema, G. J. MacDougall, T. C. Chiang,
E. Fradkin, J. van Wezel, and P. Abbamonte, Signatures
of exciton condensation in a transition metal dichalco-
genide, Science 358, 1314 (2017).

[63] W. Kohn and D. Sherrington, Two kinds of bosons and
bose condensates, Rev. Mod. Phys. 42, 1 (1970).

[64] A. O. Schouten, L. M. Sager, and D. A. Mazziotti,
Exciton condensation in molecular-scale van der Waals
stacks, J. Phys. Chem. Lett. 12, 9906 (2021), pMID:
34612652, https://doi.org/10.1021/acs.jpclett.1c02368.

[65] M. Cambiaggio and A. Plastino, Quasi spin pairing and
the structure of the lipkin model, Z. Phys., A At. nucl.
288, 153 (1978), cited By 21.

[66] F. Pennini and A. Plastino, Complexity and disequilib-
rium as telltales of superconductivity, Physica A 506,
828 (2018), cited By 4.

[67] A. R. Plastino, G. L. Ferri, and A. Plastino, Interac-
tion between different kinds of quantum phase transi-
tions, Quantum Rep. 3, 253 (2021).

[68] C. A. Schwerdtfeger and D. A. Mazziotti, Convex-set
description of quantum phase transitions in the trans-
verse ising model using reduced-density-matrix theory,
J. Chem. Phys 130, 224102 (2009).

[69] G. Gidofalvi and D. A. Mazziotti, Computation of quan-
tum phase transitions by reduced-density-matrix me-
chanics, Phys. Rev. A 74, 10.1103/physreva.74.012501
(2006).

[70] V. Zauner, D. Draxler, L. Vanderstraeten, J. Haegeman,
and F. Verstraete, Symmetry breaking and the geometry
of reduced density matrices, New J. Phys. 18, 113033
(2016).

[71] P. Ring and P. Schuck, The nuclear many-body problem
(Springer, 2004).

[72] M. Cambiaggio, A. Rivas, and M. Saraceno, Integrability
of the pairing Hamiltonian, Nucl. Phys. A 624, 157167
(1997).

[73] P. V. Isacker and K. Heyde, Exactly solvable models of
nuclei, Scholarpedia 9, 31279 (2014), revision #143319.

[74] K. Head-Marsden and D. A. Mazziotti, Pair 2-electron
reduced density matrix theory using localized orbitals, J.
Chem. Phys. 147, 084101 (2017).

[75] W. Poelmans, M. Van Raemdonck, B. Verstichel,
S. De Baerdemacker, A. Torre, L. Lain, G. E. Massac-
cesi, D. R. Alcoba, P. Bultinck, and D. Van Neck, Vari-
ational optimization of the second-order density matrix
corresponding to a seniority-zero configuration interac-
tion wave function, J. Chem. Theory Comput. 11, 4064
(2015).

https://doi.org/10.1126/science.aam6432
https://doi.org/10.1103/RevModPhys.42.1
https://doi.org/10.1021/acs.jpclett.1c02368
https://arxiv.org/abs/https://doi.org/10.1021/acs.jpclett.1c02368
https://doi.org/10.1007/BF01408644
https://doi.org/10.1007/BF01408644
https://doi.org/10.1016/j.physa.2018.05.003
https://doi.org/10.1016/j.physa.2018.05.003
https://doi.org/10.3390/quantum3020015
https://doi.org/10.1063/1.3143403
https://doi.org/10.1103/physreva.74.012501
https://doi.org/10.1088/1367-2630/18/11/113033
https://doi.org/10.1088/1367-2630/18/11/113033
https://doi.org/10.1016/s0375-9474(97)00418-1
https://doi.org/10.1016/s0375-9474(97)00418-1
https://doi.org/10.4249/scholarpedia.31279
https://doi.org/10.1063/1.4999423
https://doi.org/10.1063/1.4999423
https://doi.org/10.1021/acs.jctc.5b00378
https://doi.org/10.1021/acs.jctc.5b00378

	Simultaneous Fermion and Exciton Condensations from a Model Hamiltonian
	Abstract
	Introduction
	Theory
	Fermion-Pair Condensation
	Exciton Condensation
	Fermion-Exciton Condensation

	Results
	N=4, The Minimal FEC
	Higher-Particle FECs

	Discussion and Conclusions
	Determination of Signatures of Condensation
	Plastino's Model
	References


