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We present a canonical derivation of an influence superoperator which generates the reduced
dynamics of a Fermionic quantum system linearly coupled to a Fermionic environment initially at
thermal equilibrium. We use this formalism to derive a generalized-Lindblad master equation (in the
Markovian limit) and a generalized version of the hierarchical equations of motion valid in arbitrary
parity-symmetry conditions, important for the correct evaluation of system correlation functions

and spectra.
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The reduced dynamics of a quantum system linearly
coupled to Bosonic and Fermionic baths at thermal equi-
librium can be fully specified by correlation functions
characterizing the environments. Using path integral
techniques, Feynman and Vernon [1] used these corre-
lations to define influence functionals able to generate
the effective dynamics of the system after tracing out
the degrees of freedom of a Bosonic environment [2, 3].
The capability of the path integral formalism to intrin-
sically encode the Fermionic anticommutation relations
using Grassman variables enabled the extension of the
the original derivation to the Fermionic case [4-8]. As
an alternative to these path-integral approaches, the in-
fluence of the environment on the system can also be
derived through stochastic [9-13] and algebraic [14—17]
techniques or by mapping the bath into physical [18-27]
or unphysical [28-33] degrees of freedom. In particular,
for Bosonic environments, it is also possible to derive
“influence superoperators” using a canonical, i.e., purely
operator-based, formalism [34-37].

In order to generalize these canonical methods to the
Fermionic case, it is necessary to model anticommutation
rules throughout the time evolution, akin to the strate-
gies involving Grassman variables in path integrals. To
achieve this, we use a parity-based formalism to present
a purely canonical derivation of an influence superopera-
tor which describes the effects of Fermionic environments
initially at thermal equilibrium linearly coupled to a quan-
tum system. The resulting expression allows the com-
putation of the system’s dynamics even when the ini-
tial state is in a superposition of an even-odd number
of Fermions. This is, in principle, generally prevented
by parity and charge superselection rules [38, 39]. How-
ever, by refraining from making this (usually) physical
assumption, we allow the formalism to be used in more
general contexts, such as the computation of correlation

functions [40] (where fictitious states evolve in time).

To demonstrate the utility of this formal re-
sult, we wuse it to: (i) derive a generalized
Gorini—-Kossakowski—-Sudarshan—Lindblad master equa-
tion [41, 42] (valid in the Markovian regime) and to (i)
derive a generalized version (without parity-symmetry
restrictions) of another formally exact method: Hierar-
chical Equations of Motion (HEOM) [7, 8, 43-49]. As
mentioned earlier, relaxing parity-symmetry restrictions
is important for the correct evaluation of system cor-
relation functions and spectra, as demonstrated in the
application of the HEOM method to single-impurity
Anderson models and Kondo physics [40].

This article is organized as follows. The main article
focuses on the logic of the derivation, highlighting the
key conceptual steps. At the same time, each section is
associated to a supplementary one presenting technical
details which are necessary to justify the proof but not
essential to its overall understanding.

The results are described in two main sections. Section
I presents the canonical derivation of the influence su-
peroperator which we split into four parts: In subsection
T A, we introduce a parity-based formalism and analyze
Fermionic partial traces. In subsection 1B, we use this
setup to trace out the Fermionic bath and to further ex-
pand the reduced dynamics in terms of a Dyson series. In
subsection [ C, we explicitly highlight the dependence of
each n-point correlation function appearing in the Dyson
series with respect to the 2-point correlations, i.e., we
invoke a version of the Wick’s theorem for Fermionic su-
peroperators. Finally, in subsection I D, the resulting ex-
pression is formally re-summed into a compact expression
written in terms of an influence superoperator, which is
the main result of this article.

In section II, we use this result to derive a Lindblad



Exact description of the influence of a Fermionic environment
on a system using a canonical (operatorial) approach
| Main derivation (canonical formalism)

System-Environment interaction

—1

Sec. I.1: Commute system operators to
the right of environmental ones

Sec. |.2: Trace out the environment

Eq. (I.15)

—1

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
( Sec. 1.3: Wick's theorem ) :
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
o

N

Eq. (1.20)

1

C Sec. I.4: Resummation )

Influence Superoperator
Eq. (1.26)

|_| Applications |_|
CSec. 1I.1: White noise) €GC. 11.2: Exp. correlatio@

Lindblad M.E. HEOM
Eq. (IL5) Eq. (I1.14)

Figure 1: Diagram highlighting the milestones for the
derivation and the most important equations in this work.

master equation in the Markovian regime (subsection
ITA) and to derive the HEOM (subsection IIB). In sec-
tion II C, we discuss the importance of arbitrary parity-
symmetry for computing correlation functions.

I. FERMIONIC INFLUENCE
SUPEROPERATOR

We start by introducing the physical setting which we
are going to analyze. We consider an open quantum sys-
tem [34, 50-59] described by the Hamiltonian (A = 1
throughout the article)

H=Hs+ Hg+ Hy , (I.1)

where Hg is the system Hamiltonian (which we assume
to have even Fermionic parity) and Hg = Zk wkczck
is the Hamiltonian of the environment in which the kth
Fermion has energy wy, and it is associated with the de-
struction operator ci. Here, the even/odd parity projec-
tions of the operator Og in the domain & = S/E, are

defined as

0%° = PY°[0s] , (1.2)

where p;/o[] is the projector onto the even/odd sub-
spaces. Throughout this article, we use the double hat
notation to label superoperators. Explicitly,

P[] = P[P + PY[)PE (L.3)
where
PY° = (14 Ps)/2 , (1.4)
with
Ps = H exp[iﬂ'f,;rfk] . (L5)
keS

Here, fi destroys a Fermion in the domain S (for ex-
ample, when § = E, fr — ¢;). We further assume the
interaction Hamiltonian to be

H; = ng(scz —ster) (1.6)
k

where s is an (odd-parity) Fermionic operator for the
system and g; quantifies the interaction strength between
the system and the kth Fermionic mode.

We define p(t) to be the density matrix of the full sys-
tem-+environment, i.e., the solution of the Shrédinger
equation with Hamiltonian in Eq. (I.1) and subject to
the initial condition

p(0) = pi' ps(0) , (L.7)

where p7 characterizes the environment in thermal equi-
librium. While this implies the state of the environment
to have even parity, we are not going to assume any par-
ity symmetry for the system’s state pg(0).

The main quantity of interest of this article is the re-
duced density matriz pg(t) which is the one containing
the same information as p(t) as far as expectation values
of system operators are concerned, i.e., which fulfills

Trps[Asp(t)] = Trs[Asps(t)] (L8)

for all operators Ag with support on the system.

Before attempting to find a formal solution for pg, it
is important to observe that the Fermionic anticommu-
tation rules require a careful analysis of the concepts of
partial trace and tensor product [60-62]). For example,
the operators s and ¢, in Eq. (I.6) cannot be interpreted
as acting independently (as they would in a tensor
product) on the system and the environment Hilbert
spaces due to the fundamental fact that independent
Fermions anticommute rather than commute between
each other. In parallel, when the full density matrix
p(t) has both even and odd parity contributions, the
usual definition ps = Trgp(t) cannot be deduced from



Eq. (I.8) because of the properties of the partial trace.

Following [62], these Fermionic properties can be mod-
eled by a formalism which keeps track of the parity of
operators throughout the time-evolution and which we
introduce in the next section.

A. A parity-friendly formalism

As a direct consequence of the Fermionic anticommu-
tation rules, two Fermionic operators are, in general,
not independent even when they have support on dif-
ferent physical spaces (here the environment and the
system). At the same time, Fermionic systems come
equipped with a Zs graded structure, i.e., a decompo-
sition of the Hilbert space into an even- and odd-parity
sector. Following Schwarz and collaborators [62], it is
possible to take advantage of this structure in order to
define a parity-formalism in which the system’s operators
can be effectively treated as independent from the envi-
ronmental ones, while still accounting for all Fermionic
effects.

To do this, we define (see [62]) “hat” system operators
Og as being the same as O but commuted to the right
of all environmental operators, i.e., OsOrp = OgOg for
all environmental operators Og. This definition is non-
trivial only when Og has odd parity, in which case, the
relation with Og depends on the number of environmen-
tal Fermions present on the right of Og. Explicitly, we
can write, see Eq. (B.4),

Os = 0% + PpO% (1.9)
where
(1.10)

Pg = H exp [iﬂczck] .
keE

The simplicity of Eq. (I1.9) should not hide its ability
to introduce a Bosonic-like structure in the formalism
as “hat” system operators commute with environmental
ones by construction.

This definition also allows us to write the following
identity for partial traces, see Appendix B 1 b, Eq. (B.18),

Tl“Es[AsOEoAs] = TI“S {AsﬂE[OE]OeS

+ Trg [PEOE]Og} . (L11)

where the operators O, Ag, and Og have support on the
environment and system. By taking Ag to be arbitrary,
this equation can be used to implicitly define properties
of Fermionic partial traces (at least when “hat” operators
are present) thereby overcoming the issues originating
from the fact that, in general Tr[OgOg| # Trg[Og|Os
in Fermionic systems, see Eq. (B.14).

1. Strategy to solve for the reduced system dynamics

Taken together, Eq. (I.9) and Eq. (I.11) give us a prac-
tical strategy to find a formal solution for pg(t). The first
step, is to use Eq. (1.9) to write the initial condition in
Eq. (I.7) as

p(0) = pEps(0) = pE'p5(0) + i Peps(0) . (112)
and the interaction Hamiltonian in Eq. (1.6) as
H; = PpB's — PpB3t | (1.13)

where B = ), grck. The second step, analyzed in the
next section, is to formally solve the Shrédinger equation
for p(t) to find a decomposition of the full density matrix
in the form

p(t) =D pihs - (1.14)

Using the substitution OzOg — p(t) in the left hand-side
of Eq. (I.11), direct comparison between the right-hand
side of Eq. (1.8) and Eq. (I.11) gives the following explicit
definition of reduced density matrix as

ps(t) = Trelpilps® + Tre[Pepklps® ,  (115)
i

see derivation of Eq. (B.22) in Appendix B1b for more
details.

As promised, in the next section we are going to find
the explicit expression for the terms in Eq. (I.14) which,
used in the equation above, will return the expansion of
ps(t) in terms of a “reduced” Dyson series.

B. Reduced Dyson series

In the interaction frame, the full density matrix p(t)
can be written as the Dyson series

)= > El | [Hdtiﬁm)] p(0) . (L16)
n=0 : 0 =1

where, using Eq. (1.13), H;(t) = PgBi(t)5(t) —
PgB(t)5'(t) (in which we used the invariance of Pg un-
der the free dynamics of the bath) in terms of §(¢) =

UL(#)8Us(t) and B(t) = Y, grere ™t with U(t) =

exp[—iHgt]. Here HX(t) = [H,-], where we recall that
the double hat notation is used to label superoperators.

Here, the time ordering T is the same one used for
Bosonic variables. This is due to the fact that the Hamil-
tonian is even in the fields, see [63] pag. 217 and pag. 132.
We further stress that the time-ordering is defined as act-
ing at the level of superoperators, see Eq. (B.24).

The main ingredients of Eq. (I.16) are contributions of

the form H(t,)--- H)(t1)p(0) which, using Eq. (I.13)



for the Hamiltonian and Eq. (I.12) for the initial state,
can be written as a sum over terms with the following
structure

eq Ang eq NVD)

Topp oS\ Tspo165] + Tep o PelTsplag), (L17)
where we omitted the zero-time specification in p(;/ °(0)
and where the explicit expressions are presented in Ap-
pendix B2, see Eq. (B.37). Here, we highlight that p&

and P involve environmental superoperators and that

/3'3" and ﬁg" are defined as the product of n superopera-
tors each evaluated at a different point in time.

Using the decomposition 70 =TT s, these products
are time-ordered in terms of both the environment and
the system superoperators. Interestingly, since H; is even

in the fields, Tx and T can be chosen as Fermionic, i.e.,
producing an extra-minus sign each time they apply a
swap. This choice is made in order to keep the sym-
metries explicitly consistent with the application of the
Fermionic Wick’s theorem as we will see in the next sec-
tion. A A

By using Eq. (1.9) into the expressions for p&' and pi"
present in Eq. (I.17), the full density matrix p(t) is writ-
ten in terms of the decomposition presented in Eq. (I.14),
see Eq. (B.35) for further details. In turn, this justifies
the use of Eq. (I.15) for the reduced density matrix, ul-
timately allowing to finally trace out the environmental
degrees of freedom to get, see Eq. (B.46),

© (_qyn pt[n
pPs = Z ( n;) /O (Hdti> Z
n=0 i=1 nsAn - q1,A1

G T [Spr -+ 53| ps(0)

(1.18)

where we observed that there is no need to keep the “hat”
notation for system operators once the environment has
been traced out, and where

Ol =Trg [TB) - BY | [09] . (L19)
with A = —\. For notational convenience, we also hide

the time-dependence of the superoperators B and S de-
fined as

B3 = 601 B + 64,1 Pel- B

5311 = 8g18M[] = 0q. 1 Psls™]

(1.20)

where, for clarity, we omitted the time dependence (see
Eq. (B.87) for a more explicit version). This notation
uses the upper indexes to denote the presence (A = 1)

or absence (A = —1) of a Hermitian conjugation, and
lower indexes to characterize the left (¢ = +1) or right
(¢ = —1) action. Here, Ps = [],cqexp [Z'ﬂ'CLCk] is the

parity operator for the system. Remarkably, the disjoint
action on the odd and even initial conditions originally
present in the terms described in Eq. (I.17) has now been

4

completely encoded into the correlation C’é\:jj_;ﬁl and

the superoperators 5’ which act on the full pg(0) directly.

The environment considered here is described by a
quadratic Hamiltonian and it is initially at thermal equi-
librium. These characteristics specify the Gaussian na-
ture of the bath, i.e., the possibility to reduce the
n—point correlation functions appearing in Eq. (I.18) in
terms of 2-point ones. We analyze this in more detail in
the next section.

C. Wick’s theorem

At first sight, it is not obvious how to prove a Wick’s
theorem for the correlations defined in Eq. (I.19). The
issue is that the usual derivation (see for example, [64],
pag. 243) fails because superoperators do not obey clear-
cut commutation or anticommutation relations. For ex-
ample, superoperators which create different Fermionic
particles on different sides of their argument trivially
commute, while they anticommute when acting on the
same side. To deal with this, we use the elegant tech-
niques developed by Saptsov et al. in [65]. There, see also
the analysis done at the end of Appendix B 3 a, it is shown
that a form of Wick’s theorem holds when the correla-
tions are written in terms of linear combinations of the
fields 32‘ we used in the previous section, see Eq. (1.20).
For this reason, following [65], see also Appendix B 3, it
is then possible to apply Wick’s theorem to write

ApAl — _1\#c NisAj
Coriat = Z (=1) H Colay (I.21)
ceC, i,jE€c
in terms of two-point correlation functions which, using,

Eq. (I.19), read

Criy = Teg [T (1B (1))

(1.22)
Here, each full-contraction ¢ € C), is one of the possible
sets of ordered pairs (or just, contractions) (i,7), ¢ < j
over the set N, = {n,---,1}. We further denote by #c
the parity of the full-contraction c, i.e., the parity of the
permutation needed to order the set N,,, such that all
pairs in ¢ are adjacent.

D. Influence superoperator

We now have all the tools needed to derive the formal
expression of an influence superoperator which generates
the reduced dynamics of the system.

In fact, using Wick’s theorem, Eq. (I.21), in the ex-
pression for the reduced density matrix in Eq. (I.18) we
explicitly obtain the following expression for the reduced



density matrix

ps = Z(—;!)"/O (Hdu) 3 (-1t
. -

n=0

[T oy | 2 [Sie - 520 ps0),

(i,j)€c

where qu)\ = qum---qn,)\n' Our goal is now to for-
mally re-sum this expression. To make progress, we re-
call the meaning of the factor (—1)#¢. This sign depends
on the parity of the permutation needed to bring the set
N,, = {n,---,1} into one in which all the pairs (i, j) € ¢
are adjacent. Quite conveniently, this is exactly the same
sign acquired when re-ordering the sequence of operators

S)‘7 S)‘l such that all the pairs S)‘ S " with (i,5) € ¢
are adjacent The origin of this latter extra minus sign

lies in the Fermionic nature of the time ordering TS, jus-
tifying the choice made in section IB. This means that
we can write, see Appendix B4 a,

oo

(t)ps(0) ,

(1.24)
where we also used the fact that correlations are non-
zero only for even n. The previous expression is written
in terms of the influence superoperator

Ft) / dtQ/ At W (b, 1)

in which we enforced partial time-ordering by constrain-
ing the integration bounds which gives rise to the factor
2 in Eq. (I.24). We also defined, see Appendix B4b,

n=0 " c€Can (i,5)Ec

(1.25)

Witz,t) = ) Cszqﬁls’*%aéﬁwtn
q1,92, M,)\z

ZA" t2)B

(1.26)

“(ta,t1) .

Here, the superoperators A° and B? are defined as

AW = O] - Pl ()], 27
B (ts,t1)[] = —C°s7(t1)[] = C7 Ps[:s(t1)],

with & = —o and where C7 = C7(tq,t1) with
Cazl(t27t1) = TI'E BT(tQ)B(tl)pE(O) (128)

CUZ*l(tg,tl) = TI'E B(tQ)BT(tl)pE(O)

We now observe that in Eq. (1.24) there is no actual de-

pendence on the contraction ¢ (in F (t), all indexes are
contracted and all times are integrated over). In this way
the product over the pairs (i,j) € c effectively simply
amounts in taking the nth power of the influence super-
operator. For the same reason, the sum over ¢ € Csy,

effectively amounts in just counting the number of con-
tractions in a list of 2n elements, which is (2n—1)!!. With
this in mind, we can write

ps(t) = S CVTCR = Do 0y ps(0)
n= 0 :
Tsef(t)Ps(O) ;

where we used the identity (2n — 1)!!/(2n)! = 1/(2™n!),
see Appendix B4d. The formal expression in Eq. (1.29)
is the main result of this article and, for this reason, we
highlight its explicit form as

P = 2fsexp{/ot dts /Otz dtlﬁ/p(tQ,tl)[.]}pg(m ,

(1.30)
with pE(0) = pg/ (0), and where (see Appendix B4c)

W (tg,tl Z C f,g,tl ( ) So(tl)'}:‘:
—ZC (t1,t2)[-s7 (1), 57 (t2)] 5

(1.31)

in which [-,-]; denotes the anticommutator and [,-]_

denotes the commutator. This equation describes the
reduced dynamics of the system in terms of the exponen-
tial of an influence superoperator and it can be applied
to both even and odd parity sectors. We note that, even
when restricting to the physical even-parity sector, it is
in general not possible to use parity symmetry to further
simplify the final expression. To better analyze this

point, we can consider the application of the operator w
to an even state. In this case, the Py appearing in the
definition for B° (/1") can be effectively replaced by —1

(+1). However, this is not the case when W appears in
Eq. (1.29), i.e., in the expression for the reduced dynam-
ics. In fact, in this case, the time-ordering might end up
i{ltroducirgg further superoperators in between any of the

A and B@, thereby making the alleged simpliﬁcetions

simply not correct (unless the superoperators in W are
evaluated at the same point in time, as in the Markovian
regime).

Given the generality of Eq. (1.29), it is opportune to
show that we can recover well-known results in some spe-
cific limits. In the next section, we show that Eq. (1.29)
leads to a generalized-Lindblad Master equation in the
Markovian regime and that it is a sufficient condition to
derive a generalized version of the Hierarchical Equations
of Motion. The mentioned generalization consists in the
possibility to apply the formalism to initial states with
arbitrary parity symmetry and it recovers the usual Lind-
blad and HEOM form when restricted to the even-parity
sector.



II. APPLICATIONS

Despite its innocent appearance, the exponentiation
of the Fermionic influence superoperator in Eq. (1.29) is
not easy to solve. One reason is the presence of the time-

ordering operator Ts which prevents the direct computa-

tion of the integral in the expression for F (). In turn this
makes Eq. (1.29) a formal expression ultimately referring
back to the reduced Dyson series.

In this section we analyze two different ways in which
this problem can be approached. One, is to operate in
a Markovian regime in which the action of the time-
ordering is trivial, allowing to derive a master equation in
Lindblad form. In more general regimes, it is instead pos-
sible to iteratively postpone the evaluation of the time-
ordering leading to the Hierarchical Equations of Motion.

A. Markovian regime

The formal expression in Eq. (I.29) describes all the ef-
fects of the environment on the system. Among them, is
an effective memory emerging when the correlation func-
tions in Eq. (I.28) are non-trivial for t5 # t;. Because
of theseA memory effects, the time-ordering applied to the

terms F7(t) in the reduced Dyson series might not leave

the two superoperators appearing in each F (t) adjacent
to each other thereby preventing the direct computation
of the integrals in the influence superoperator. The oppo-
site regime is when C7(to,t1) o §(t2 — t1), i.e., when we
can neglect these memory effects. To better describe this
Markovian case, we first introduce the spectral density

—WZgéw W)

which characterizes the strength of the system-
environment interaction in the continuum limit, and
in terms of which the correlations take the form (see
Eq. (D.5) in Appendix D)

(IL.1)

C (ta,t1) = / de( Jelr Tt (W) (11.2)

™

where n? (w) = [1 — 0 4+ 20n°%(w)]/2 in terms of the equi-
librium Fermi-Dirac distribution n°¥(w), see Eq. (D.3).
From this expression, we see that a sufficient condition
to define a Markovian regime is to have both J(w) and
n°d(w) constant in frequency, i.e.,

J(w) r
n°Yw) = ng ,

(I1.3)

where I is a constant decay rate and 0 < ng < 1. The as-
sumption of a constant spectral density is usually named
first Markov approximation ([50], pag. 160).

On the other hand, the assumption of a constant
Fermi-Dirac distribution implies, using Eq. (D.3) that

an environmental Fermion with energy w must be in
an initial state with an energy-dependent temperature
B(w) =log(1/ng — 1)/w. This explicitly shows how such
a condition is not compatible with a true thermal equilib-
rium (except in special limiting cases such as for quan-
tum transport at infinite bias, see [66, 67]). For this
reason, the Markov regime defined here is an idealization
in which the environmental degrees of freedom act as an
effective quantum white noise (see [50] pag. 164).
Using Eq. (IL.3) into Eq. (I1.2), we can write
Ca(tg,tl) = F(l — 0+ 20’710)5@2 - tl) , (114)
where we used the exponential representation of the
Dirac delta which can be found, for example, in [50],
Eq. (5.3.11). As mentioned, this expression shows the
absence of memory effects, hence explicitly representing
the Markovian regime.

The delta-correlated environment considered in this
section allows drastic simplifications in Eq. (1.29). This
is mainly due to the fact that all superoperators in
Eq. (I.26) are evaluated at the same point in time, leading
to a simpler time-ordering action. As it can be explic-
itly seen in Appendix C 1, using Eq. (IL.4) into Eq. (1.29)
leads to the following master equation in a generalized
Lindblad form

ps = —i[Hg,ps]

+T ) " {(1 = ng)
r=+

where we omitted the time dependence for clarity. Here,
with an abuse of notation, the density matrix refers to the
Shrédinger picture and we defined p" = 6,,1p% + 0y, —10%
and D"[-] = 2rO[-]OT — OtO[-] - []OO, for a generic op-
erator O. The generalization of this equation with respect
to the more commonly used Lindblad equation lies in the
presence of an extra minus sign in the jump-term present
in the dissipator in the odd-parity sector, consistent with
Eq. (13) in [62].

D"[ps] + oD [ps]}y , (IL5)

B. Hierarchical equations of motion

In this section we apply Eq. (I1.25) to derive a gen-
eralized version of the HEOM which can be applied to
initial states with arbitrary parity symmetry. When ap-
plied to density matrices with even parity, this recovers
the HEOM in their usual form.

The HEOM |7, 8, 43-45, 48] are iterative equations
which are based on the following ansatz for the correla-
tion functions [68, 69]

7 (t2,t1) mlta=)

Zae

where af,, 07, € C. In the continuum limit, the previous
expression has no loss of generality making the HEOM a
formally exact method.

(IL.6)



Nevertheless, for practical applications, the number
of non-trivial exponents in this expression needs to be
truncated. This leads to an approximation to the full
functional form of the correlation which can be non-
negligible for heavily structured environments or at zero
temperature due to the number of Matsubara frequen-
cies approaching a continuum, see [31, 70-72] (although
other, possibly more optimized, decompositions are pos-
sible [73]).

By using the ansatz above, the influence superoperator
in Eq. (1.25) takes the form, see Appendix C2a,

= /t dty /t2 dt; Y ﬁj(tQ)e—bJ'(t?—tl)éj(tl),
0 0 p

IT.

in terms of the multi-index j = (m, o) and where A

21" as defined in Eq. (1.27), b; = b9,, and

—

7)

Bi(t)[[] = B7,(t)[] = — (7,57 (1)[] + a7, Ps([1s7 (1)) ,

(IL8)
with & = —o. Using this expression into Eq. (I.25) and
taking a time derivative [35], see Eq. (C.24), we arrive at
the following self-referential equation of motion

=Y AWOT0,0pst) . (19)

t

with éj(t) = dTe*bf(t*T)éj(T), which satisfies the

S~

key property

é () = —b;0,(t) + B(t) . (IL.10)

&‘Q‘

The self-referential nature of Eq. (I1.9) can be formally
lifted by writing

—a 'Y HWp) . (L
J
in term of the auxiliary density matrix
pi(t) = aTsO;(t)ps(t) (I1.12)

where we introduced the parameter o € C upon which
the system’s dynamics does not depend. In fact, the
auxiliary density matrices in the HEOM are unphysical
degrees of freedom which can be re-scaled (see also [74]).

An interesting feature of Eq. (I1.11) is that it involves
the time-ordering through the definition of the auxiliary
density matrix p;, leading to the possibility of iteratively
postponing its challenging evaluation. In fact, we can
define the nth auxiliary density matrix as

&, (Hps(t) |

so that, in this notation, pg(t) = p(®(¢). Its derivative
can be computed by using Eq. (II.10) and Eq. (II.11) and

M (1) = a"T50,, (1)

Pjoin (I1.13)

leads to the following generalized version of the HEOM

Z b]kp]
Jn+1

n—~k (n—1)
+aZ( 1) Bﬂk Pinedksrin—1i1
k=1

(I1.14)
which is valid for both even- and odd-parity initial condi-
tions, see Eq. (C.25). However, if we now assume p(%)(¢)
to have even parity, then the parity superoperators inside
the definitions in Eq. (I1.8) translate into signs dependent
on the iteration index n. By moving to the Shrédinger
picture and making the choice o = i, this leads to

:(n) —
p]n g1 (E Zbﬂk> p]n J1

-y Agntr plnt1)

pJ'n+1 ‘g1

ta -1 Z Aonii p(n+D)

p]n ]1 p]n+1 “J1

Jn+1
n

_Z'Z(_
k=1

n kAjn (n—1)
C p.]n Jk+1Jk—1"J1

) (IL.15)
see Eq. (C.29). Here, L= —i[Hg,], and
Al = S+ (<1 s 1L.16)
Chll = a7s7[]— (=1 agl]s” .

The equation above is one of the standard forms for
the hierarchical equations of motion, see, for example,
Eq. (38) in [75].

C. Computing system correlation functions

The influence superoperator defined in the previous
section allows one to generate the reduced system dy-
namics without restrictions on the parity of the initial
state. This feature can be convenient when computing
correlation functions of the kind

Cxy(t) = Trsp[Xs(t)Ysp(0)] ,

where Xg and Yg are system operators. Here, the time
dependence is intended in the full system+environment
space, i.e., Xg(t) = UT(t)XsU(t), where U = exp[—iH{|
in terms of the Hamiltonian in Eq. (I.1). Consequently,
we can write

Cxy(t)

Supposing Eq. (I.7) and using Eq. (I.
we can compute this quantity as

(I1.17)

= Trgp[XsU(t)Ysp(O)UT(t)] . (I1.18)

8) and Eq. (1.29),

= Trs[Xsfse}—(t)p{g(O)] 5
(IL.19)
where the initial condition is ps(0) = Ygps(0). We point
out that, for a physical initial state pgs(0) with even par-
ity, p'5(0) has the same parity as Yg, which might be

Cxy(t) = Trs[Xsps(t)]



odd. However, since the results presented in the previ-
ous sections apply to initial states with arbitrary parity
symmetry, Eq. (I1.19) follows directly.

Remarkably, it is also possible to compute thermal cor-
relations of the kind

CRy (t) = Trsp[Xs(t2)Ys(t1)p™]

= TISE[XS(O)U(tQ - tl)YS(O)pthUT (t2 — tl)] .

(11.20)
where t = t, — t; and where p" o exp(—pH) is
the combined system-environment thermal-equilibrium
state. One possible way to proceed is to suppose this
state to be separable (akin to the hypothesis of the quan-
tum regression theorem [76]) thereby reducing to solve
an expression equivalent to Eq. (II.18). However, the
thermal-equilibrium state usually includes entanglement
between the system and the environment, i.e., it is not
separable, i.e., Eq. (I.7) does not hold. This prevents us
from using the results given in section I directly.

To make progress, we can use the following idea [40,
77-80] instead. We suppose that at a time —T' < 0 the
system-environment is in a separable non-equilibrium
state p(=T) = p®ips(—T). We then assume the exis-
tence of a thermal equilibration time 7" <« T, so that
the equality p'* = U(T)p(~T)UT(T) holds. Using this
identity in Eq. (I1.20) we can write

Cihy (1) = TrselXs(0)p¥ (1)) (1L.21)
where ¢t > 0 and
oY (1) = UMYs(O)U(D)p(~D)UNT)UTE) . (1122)

In order to compute this quantity, it is possible to gener-
alize the reasoning developed in section I and section I1 B
to find (see Appendix C 3) that the formal time-derivative
of the density matrix has the same form as Eq. (I1.9), i.e.

L) =S A58,k (1) (11.23)
J
but with a different initial condition given by
pE(0) = YsTseP1OpX(-T) (11.24)

where Fp is defined in Eq. (C.45). This result offers the
following strategy to compute the correlations Ct*"(¢).

i. Solve the HEOM from time —T' (with initial con-
dition pg(—T)) to time 0 to obtain a collection
of auxiliary density matrices P;n)jl (0). For T

much longer than the thermal equilibration time,

ps(0) = p(@(0) = p*® represents the thermal state

of the system-environment.

ii. The HEOM are local in time, implying that the

(n)

matrices p; " (0) must contain all the information

about the dynamics from time —7" to 0 (needed to

further propagate the state further in time). This
information is equivalent to that contained in the

formal expression Tge”7(0) p¥ (=T). From another
point of view, these matrices also represent the
system-environment entanglement [40, 77-80].

iii. Using Eq. (I1.13), the initial condition p%(0) in
Eq. (I1.24) can be implemented by multiplying each

(m 5, (0) —

auxiliary density matrix by Yg, i.e., Py

Yspl 5, (0)

iv. As implied by Eq. (I1.23), the density matrix p} (t)
at time ¢ can be computed by solving the same
HEOM as before with initial condition given by the
auxiliary density matrices defined in (iii).

v. By using the matrix p¥(t) computed in (iv), the
thermal correlation in Eq. (I1.21) can be computed
as O (t) = Trs[Xs(0)pX (t)], by definition of par-
tial trace.

In conclusion, we showed that the possibility to ap-
ply the influence superoperator and the HEOM to ini-
tial states with arbitrary symmetry can be used to com-
pute thermal correlation functions which characterize the
equilibrium properties of the system-+environment.

III. CONCLUSIONS

We presented a canonical derivation of an influence su-
peroperator which encodes the full dynamical effects of a
Fermionic environment linearly coupled to a Fermionic
quantum system. Such a superoperator can be used to
generate the reduced system dynamics without restric-
tions in terms of the parity of the initial state. In a
Markovian regime where the environment acts as an ideal
quantum white noise, the formalism becomes equivalent
to a generalized Lindblad Master equation. In general,
the expression for the Fermionic influence superoperator
represents a sufficient condition to deduce a version of the
Hierarchical Equation of Motion which can be applied to
states with arbitrary parity-symmetry, which is vital for
the evaluating impurity correlation functions and spectra
[40].
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Appendix A: Table of Symbols

In the following table we review the meaning of the
most relevant symbols used throughout the article.

Symbol Description

S System/Environment physical domain: & = S/FE.

Os Generic operator in the domain S.

Os System operator equivalent to Os but commuted to
the right of all environmental operators.

Os Generic superoperator in the domain S.

Ps Parity operator in the domain S: Ps =
Ilics exp[iﬂfgfk], where fj destroys a Fermion in
the domain S.

Ps Parity superoperator: If’s[] = Ps[|Ps

P§/° Projector in the even/odd parity sector: Pg°[] =
PS - PY° + P/ PS.

OZ/O Even/odd part of the operator Os: OZ/O =

PY°[0s].

g Annihilation/creation (o = £1) operator for the kth
Fermion in the environment.

o Opposite of 0: 7 = —o0.

B° Environmental coupling operator: B° =
ZkeE grCr-

S System coupling operator.

pe Equilibrium state for the environment: p% =

TTicple P@rmrEokek /(1 + exp[—B(wr — p)])]-

C? (t2,t1) |Correlation  function:
TI‘E [Bg(tg)Ba(tl)chq]

O (ta, 1) -

C? (t2,t1)|Complex conjugate of the correlation function.

Ts Time-ordering superoperator in the domain S.

J(w) |Spectral density: J(w) =7 Y, cp gid(w — wi).

B, 1 Inverse temperature and chemical potential.

n®(w) |Fermi equilibrium distribution: (exp[f(w — p)] +
1)~

B[] Environmental superoperator B} = 641 B +
5q,—1pE['B/\}

é';\[} System superoperator Sp[-] = 84,15™[]—84,—1 Ps[-5]

Table I: List of symbols



Appendix B: Fermionic influence superoperator

Here, we present the detailed reasoning and calcula-
tions supporting each subsection of Section I.

1. A parity-friendly formalism

We start by presenting more details on the definition
of “hat” operators (see [62]) and on the Fermionic partial
trace.

a. “Hat” operators

Given a Fermionic system, its Hilbert space H is nat-
urally endowed with a Zs-graded structure H = H® H H®
due to the action of the parity operator see, for exam-
ple, [81-84]. Here, vectors in */° are homogeneous, i.e.,
they have well defined (0/1) parity. This structure is also
inherited by operators O : H — H which can also be de-
composed into their even and odd part, i.e., O = O°+0°.

When we compose two or more Fermionic systems
(having Hilbert spaces #H; and H2) the physical anti-
commutation rules require a compatibility between the
tensor-product and the graded structure. To see this, it
is possible to consider a graded tensor product ®, which,
within the operator algebra, is characterized by the fol-
lowing identity

(0F @, 09)(0F ®, 0F)=(~1)"Y 070} ©, 040}
(B.1)
where z, ', y,y" = e/o, and which characterizes the phys-
ical Fermionic statistics under particle-exchange. This
equation is equivalent to the following, perhaps more
evocative, definitions

()w()y — ()w ® ()y
12 ( 1 g9 2) (B.Q)
0307 = (-1)™(07 ®, 03) ,

where O = Oy @ I, and OY = I; ® OY. Using these
equations, it is possible define creation/annihilation op-
erators with proper Fermionic statistics so that the full
Hilbert space can be constructed by acting on the com-
posite vacuum [0) = [0); ®, [0),.

In order to systematically deal with the signs appearing
as a consequence of the graded structure, we follow [62].
It is in fact possible to map the graded-tensor product
between two Fermionic systems (which, for us, are the
Environment E and the system S), into a non-graded
tensor product ® through the substitution

07 ®y 04 > 6,007 ® 0§ +6,10{PL® 0§ , (B.3)
where P; is the parity operator in the space Hi. Identi-
fying 1 — F, 2 — S and for a generic operator Og with

10

no given parity symmetry, Eq. (B.3) leads to the more
direct identification
Os = 0% + PgO% | (B.4)

where, explicitly

Pp = H exp [iﬂ'c;ck]
keE

(B.5)

is the parity operator over the environment variables and
where up-indexes e/o labels the even and odd part, i.e.,

0% = PSOsPS + P2OsPg B0)

0g P50OsPg + PSOsPg

where

s
I

(Ps+1)/2 (B.7)

P2 = (1-Pg)/2 .

Intuitively in its “hat” version, a system operator is to be
placed on the right of any environmental operator. As a
consequence, Eq. (B.2) is replaced by the “Bosonic’-like
0%0% = O%0%. This notation is extremely practical
to use. In fact, after using it in the initial condition in
Eq. (I.7) and in the interaction Hamiltonian in Eq. (1.6),
it allows to treat the tensor structure between system
and environment as if it was Bosonic, while still being
assured that all Fermionic signs are correctly accounted
for.

b. Partial trace in Fermionic systems

Within the graded structure of the Environ-
ment-+System Hilbert space, a basis of vectors can be
written as

lvg,vg) = <H cI)

i1€vE

I

JjEvs

0) (B.8)

where vg (vg) is the ordered set specifying which environ-
mental (system) Fermions are present. We also explicitly
define the duals as

(vs,vg| = |'UEaUS>T (B.9)
= (0| H ¢ (H c,») . (B.10)

where ¥p,g denotes the sets vg, g inverted in their or-
dering. Here, c;r /; are creation operators for Fermions in
the environment and system. Using these definitions, we



can write the partial trace of an operator Ogg over the
environment as

TrpOps = Y (vs,vE| Ogs |ve, vs) |vs) (v

VE,US,Vg
(B.11)
We now use this definition to prove useful identities.
First, we point out that, unfortunately, for Fermions, in
general we are prevented from using the, otherwise, very
convenient
Trp(0p0s) = Trp(Op)Os (B.12)
To see this explicitly, we can consider an environment
(system) made out of a single Fermion ¢ (d). We can
further consider O — I and Og — df. In this simple
case, using Eq. (B.11) we obtain

Trp(lpd’) = (1,0]d"0,0) [1) (0] + (1,1 d" |1,0)[1) (0]
= (1,0[ (d" + ed'cT) [0,0) - [1) (0]
=0
# Trp(lp)d'
= 24t |

(B.13)

Trg0pOs = Trp0%0s

> (ol

’
VE,VS,Vg

o) (1)

iEVE

/
VE,Vs,Vg

where in the last step we observed that the number of
environmental operators involved is even. Each of the
Fermions present in the matrix elements in the equation
above have to be appear an even number of times in order
for the result to be non-zero. As a consequence, inserting
an identity in between the environment and the system
operators is equivalent to introducing |0) (0]. We then

> (0] <¢H cl-> 0% (H of
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which is enough to conclude that, in general,

At the same time, it is possible to prove that the analo-
gous version with “hat” operators holds, i.e.,

Trg(0p0s) = Trp(Og)Os (B.15)

In fact, since the partial trace over E must involve an
even number of environmental operators in order to give
a non-zero result, and using Eq. (B.11), we have

e
i€vg JEvg
I <

JjEDs JjEvg

(B.16)

have

Trp[0p0s] =Y (0] (H ci> 05, (H c}> |0)

VE 1€EVR 1€EVE

Z (o] H ¢j | Os H C} 0) - |vs) (V]
Vs,V JEVs JEvg
=Trp 0510 | [T ¢ | Os [ T] ¢ | 10) - fvs) (vl
JjEDs jevg
=Trg (Op) Os

(B.17)
where in the last step we reintroduced the odd part to



the operator O (since it gives a zero contribution to the
trace) thereby proving Eq. (B.15).

While Eq. (B.15) does generalize Eq. (B.12), only valid
for Bosonic fields, it is not enough for our purposes and
we need the further generalization

TrEs[AsoEés] = (B 18)

Trg [OE]TI‘S [Aségv] + Trg [PEOE]Trs[ASOg],

for all system operators Ag. This can be proven directly
as
Tres[AsOgOs)

= TrEs[AsoE( A% + O%)]

= Trps[A40£0%] + Tres[A20508]
= Trps[A40£0%] + Trps[PrA%0£0%]

= TrEs[OEA%OeS'] + TTES[PEOEA%OOS] (Blg)

= TFEOETI'sAeS Ag + TIEPEOETrsA%OA%

= TrgOpTrsAgO% + Trg PrOpTrg AsO2
= TFSAS{TIE[OE]Og + TYE[PEOE]Ogv} ,

where, explicitly, we observed that traces with an odd
number of system-operators must be zero to justify the
second and sixth equality. To justify the third and
forth equalities we used the definition of hat-operator in
Eq. (B.4) and its properties. We further used the identity
in Eq. (B.15) in the fifth equality and finished noticing
that, once the environmental degrees of freedom have
been traced out, hat-operators are equivalent to normal
ones. The identity in Eq. (B.18) has a key role in charac-
terizing how to find an expression for the reduced density
matrix which is capable of computing the correct expec-
tation values. In section B2, we explicitly see that the
full density matrix can be written as a linear combination
of terms taking the form OgOg, see also the simplified
version in Eq. (1.14), ie., p(t) = >, plsp%, which leads
to

Trps[Asp(t) Z Trps[Asppps]

(B.20)

:Zﬂﬂwm%m+ﬁwwww.

3
Using the fact that Ag is a generic system operator, we
can compare the previous equation to the defining prop-
erty of the reduced density matrix in Eq. (1.8), i.e., the
ability to compute expectation values

Trps[Asp(t)] = TrsAsps(t)

to derive the expression for the reduced density matrix
DR

i.e., Eq. (I.15) in the main text.

(B.21)

polp + Tep[Poplslsl . (B22)
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2. Reduced Dyson series

The starting point of this section is the Dyson series
for the environment+system in Eq. (I.16), which reads

oo

=3 0

n=0

/lHdtﬁ ] 0), (B.23)

where the time-ordering superoperator is defined as

IA{I (tl)a

(B.24)
where t, > --- > t; and P is a permutation. We
begin by analyzing in more detail the superoperator
HX[] = [Hj,-]. When it acts on an operator of the form
0rOg, we have, using Eq. (I.13) and omitting the time
dependences,

fb[]fll(tP(n)) e ﬁ](tp(l))] = ﬁ](tn) EE

HX[05Os] = [H;,0p0s]
= PpB'30505 — PeB3'00s
—0pOsPpBs+ 0pOgPp B3t
= PgB'0g30s — PpBOg3iOg

~OpPpB'0gé + OpPrBOss'.
(B.25)
For reasons that will become apparent later (section

B 3) we now introduce the full-parity superoperator P=

PEPS before the terms where operators act on the right
of OgOg, i.e., the last two terms in the expression above.

Here,A Pg[] = Pg||Pg, where Pg = [lrcrexp [iwczck]

and Ps[] = Ps[]Ps, where Ps =[] g exp [imdld,], with
¢ (dj) the kth (jth) Fermion in the environment (sys-

tem). The introduction of the operator P is “harmless”
(165], pag. 5) when the overall parity of OgOg is even.
However, since we are interested in analyzing a more gen-
eral situation, we also introduce it in the odd parity sec-
tor, which requires an extra minus sign. We then write,

for OgOg even

H¥X[0pOs] = (PpB'OR) 305

— (PpBOg)3l0s — (Ig’EOEPEBi ) PsOg3
(B.26)

PEOEPEB) PsOgst

+
~- Y B[O
Aq

3OSi7



and, for 0rO0s odd,

(B.27)

Here, down-indexes take the values £1 and specify if the
operator acts on the left (+1) or right (—1) of its argu-
ment. Up-indexes take the values +1 and distinguish the
presence (+1) or absence (—1) of daggers in the defini-
tion. We also used the notation A = —\ . Explicitly, the

quantities 34\ and S é\ are defined as

Bl = PeBi(®)[]
By O] = li’EB(t)H (B.28)
B ()] = Pg[[1PeBi(t)]
B0 = Pell1PeB()]
and
ST = ()]
SL] = —st(p)]
s 0] : 0] (B.29)
STHOF = —Ps[[13(1)]
SL[] = Ps[Ist()] -

The only difference between the even and odd case is the
definition of the system superoperators, which take an

extra minus sign when Pg appear, i.e.,

SB[ = s

SrL (4T = st

s )] : )] B0
S0 = Ps[[]s(t)

SN = —Ps[[15'(1)] -

Now, using Eq. (B.26) and Eq. (B.27) we derive the first
order contribution to the Dyson equation in Eq. (I.16) as

13

[Hi(1), p(0)] =3 [BA ) 515) (1) 75 (0)]
Aq (B.31)

+ B (0) [P PEIS (0)[03(0)]

where we used the initial condition written in Eq. (I.12).

Since the superoperators S involve hat-operators 8, the
result above is in the form ) ; O70%. Furthermore, since
the Hamiltonian Hy is even in the fields, each term in
Eq. (B.31) has the same overall parity as the part of the
density matrix for the system (the initial condition) that
they are acting upon (for example, the first term is even
as it acts on the even part $%(0)). As a consequence,
we can use this symmetry, together with linearity, to ex-
plicitly write all perturbative terms in Eq. (I.16). For
example, the second order term T[H/(t2), [H (t1), p(0)]]
becomes

VBN (1) [T S22 (£2) S (1) 55 (0))+

Z TEB/)\Q

TEB;? (12) B (1) 53 P T S122 (12) 32 (1) 300
(B.32)
where used the short-hand > \ =>° >, , and

where we factorlzed the time- ordermg operator for the
full system Tb = T ET s into time-ordering for the sys-

tem TS and the environment TE. Since these two newly
defined superoperators act on a sequence of system and
environmental field operators which have the same time-
ordering, we can define them to be of Fermionic type,
ie.,

TsOs(tpm)) - Os(tpay) = (~1)#F0s(tn) -+ Os(t1),
(B.33)
where ¢, > --- > t1, and where P is a permutagion with

parity #P. The same definition applies to T, upon
changing Os — Opg. The importance of this choice be-
comes apparent in section [ D.

By iteratively using the arguments above, we can write
the density matrix p(¢) for the full environment+system
as



Sl ()] 2

QnsAns e 5q1,A1

GnsAnse5q1,A1

Here, we explicitly remark the absence of the operator Pg
in front of the environmental operators acting on p4' Pg.
However, such an operator will appear in the correspond-
ing correlation functions as we are about to show.
Crucially, the expression above shows that the den-
sity matrix has a decomposition in the form given by
Eq. (I.14), i.e., as a sum of terms in which environmental
operators multiply “hat” system operators. Explicitly,

Z pEpS = Z p/ze Al + Z p//zo NI )

The terms in Eq. (B.35) are defined through the following
identifications

> o (fTe) ¥
‘ qnsAns 541,

(B.35)

ie /o n=0 =1

i = TBn (t) - B ()]

e Tség;/(tn)~--§§;(t1)[ﬁ%(0)] (B30
plie s TpBn(t,) - B (1) [0S0 Py

e = T8 (1) -+ 8 (1)[3(0)] -

We note that the full density matrix p(t) in Eq. (1B.35)
could be, equivalently, written as

S eI 0] + T i Pel Tl 30)

(B.37)
where
5% N é/z\n(t )...é;)l\l(tl)
pﬁli — SAn( S:'S\l tl
5 an (bn)° ‘fl( ) (B.38)
g — B;i" (tn)--- B (1)
p’él N SAéf\Ln(tn)...ggl(tl) 7

which gives the explicit definitions to the quantities pre-
sented in Eq. (B.37) in the main text.
From now on, for clarity of exposition we omit the primes

and double primes in pg we/o /o

and pg /> and, with a further

[T:Eé;jn (tn) - B (1) [ ]} Ts [S)r (¢
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[T B (tn) -+ B (40) o5 o) | Ts [Si (8n) -+ S (40)] 15(0)

(B.34)

abuse of notation, use the indexes i./, as the way to
uniquely identify them. As we remarked in section T A,
we can use the decomposition in Eq. (B.35) into Eq. (I.11)

TrpsAsp(t) =

- ZﬁSAS{ﬂE[ 2Pe + Trp[Prpl]pe’ )

= Z TrsAS{TrE[PE]ﬁ?e + TrE[PEPE]ﬁg °}

ie

+> TreAs{Tralpig]ps°

io

+ Tre[Pepiglpe ),

(B.39)
which, by direct comparison with Eq. (I.8)), allows to
write the reduced density matrix as Eq. (I.15) which
reads

ps = ZTI'E

Z Trg| pE PAge?e +Trg [PEPE]PA?O

P8 + Trp[Pppl)pd

(B.40)

ZTI‘E pR1pe + Trp[Pepglps |

At this point, it is relevant to observe that Eq. (B.40)
relies on an even/odd decomposition of the system op-
erators pg and pg defined in Eq. (B.36).
despite the indexes-notation used, the parity of ﬁ;’a/c’ de-

pends on the order n (so that they have the same parity

as f)g/ (0) for n even and opposite for n odd). Explicitly,

we have

In principle,

Ae/os€/0 _Alejo

Pg =pg’® for n even
= 0 for n odd

Ae/os0/€

= 0 for n even
—ﬁ§/° for n odd .
With this in mind, in Eq. (B.40) only the first and forth

term survive for n even and only the second and the third
survive for n odd, to get
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where
CIAH A1 — TI'ETE [é/)\n e ‘élk1j| peq
Gnq1 an q1A (Vg (B.41)
D = Teply [PeBn - Bt (o Pol
and
o= Tepl [PeBpr - B | o]
D= Teply B B | (o Pl -

(o)
ps = Z
n=0

[ (i)

GnsAnq1,A1

It is interesting to realize how the two Pg operators ex-
plicitly appearing (other Pg operator are implicit in the
definition of the fields B) in the correlation functions
D;i‘z";_‘_'éf‘l given in Eq. (C.40) have different origin. The
Pg multiplying p% ultimately originates from the de-
composition of the system initial condition in Eq. (1.12).
The remaining Pg originates from the properties of the
partial trace for Fermiouns, i.e., from Eq. (I.15).

As a final step, we point out that the operators
Pg implicitly present in the correlation functions in
Eq. (C.40) through the definition of the superoperators

Bin Eq. (B.28) always appear on the left of the operators
B (here we do not consider the operators Py originating

from PE) As a consequence, using the cyclic property of
the trace, environmental correlations will always involve
terms in the form Tr[PgB>*' --- PgB* p}] apart from

the possible presence of an extra Pg from Pg. Since
each field B has parity one, and since only correlation
functions for even n contribute, we can always anticom-
mute the Pgr with the fields and removing tbem using

PZ =1 (the presence of the extra Pg from Pg is irrel-
evant for this line of thought). This corresponds to ef-
fectively remove all the original Pg in front of the fields
B in Eq. (B.28), by adding an extra (—¢)" factor. This

QnyAn " q1,A1

(5350 25(0) + D T[S

An-r A1
Z {C;l ‘q1 TS
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(530 53] 0+ D s[5  824] %(0)}

S| p5(0) + D T[S S 3200}

For n odd, the correlation functions are zero as they con-
tain and odd number of creation/annihilation operators
for Fermions and the equilibrium state is a thermal state
(hence, even). As a consequence, we can write

S’Al} 52 (0)} .
(B.42)

leads to

el

ST s [Shre- 5] 4500

GnsAn - q1,A1

Dy s [ -] o)

(In,)\ th,)\l
(B.43)
where
e = me (BB
Dy = Tepl [PeB) - B (0Pl |
with
Bl = B
f{ 0l = f(t)” .5
B ()] = Pgl[1Bi(t)]



It is actually possible to simplify this expression even
further To achieve this, we analyze the correlations
D/\ q1 . Our goal is to remove the two Pg explicitly ap-
pearlng in Eq. (B.44). We begin by observing that, if the
fields B were normal operators (i.e., not superoperators),
we could simply use the cyclic property of the trace and
conclude that the presence of the Pg is irrelevant. How-
ever, this reasoning does not hold with superoperators
because the operators they introduce might act either on
the left or on the right of the density matrix, changing
the relative position of the two Pg.

Nevertheless, we can imagine to move the Pg (which mul-
tiplies p%') on the left, until it gets next to the remaining
Pg. As we do this, we get an extra minus sign each time

one of the down-indexes of the B is +1, i.e., it acts on
the left of the density matrix (hence it is “in between”
the first and the second Pg). However, the down-indexes

q1,---,qn also label the system superoperators S. As
a consequence, the two Pg can be effectively dropped
by adding a minus sign each time a —1 appears in the

down indexes of the superoperators S. This is, for us, ex-
tremely convenient as such a minus sign is exactly what

differentiates the operators S’ from S, see Eq. (B.29)
and Eq. (B.30). This last consideration allows to write
the reduced density matriz in a form which does not need
to explicitly distinguish which parity sector we are acting

upon, i.e.,
-5 (1)
n=0 0 \i=1

S aprds[Sh 8] 00
GnsAn - q1,A1
+ o [S3 82 75(0)
Qn A 41 A1
_N 1y / -
_nz:% ) (Edm)
ST s [Shre- 5] hs(0)
GnsAn - q1,A1

which is Eq. (I.18) in the main text.

3. Wick’s theorem

In this section we review the proof of the Wick’s the-
orem for superoperators in [65] and analyze the time-
ordered case.

a. Wick’s theorem for superoperators

To keep this article self-contained, to adapt the
notation, and to highlight its elegance, in this section
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we briefly review the proof of the Wick’s theorem for
Fermionic superoperators developed by Saptsov and
Wegewijs in [65].

The main object of study are correlations of the form

Sp = Tr(cbr - e piy (B.47)

where p%0 = exp[—8 Y, (wr — p)cher] /253, with Z50 =
[1,(1+exp[—pB(wr—p)]), and where p = (A, k) is a multi-
index so that A = £1 defines the presence (A = +1) or
absence (A = —1) of a dagger and k is an external index
labeling the Fermions of the bath. The index ¢ = +1
specifies whether the operator acts on the left (¢ = 1) or
right ¢ = —1. Explicitly, we have

B[] = Bk
ol 2 (B.48)
= Gt Sl |
where
P = c()"k) = (5)\1162 + 6,\’,1%) . (B49)

Using this notation, the usual Fermionic anticommuta-
tion rules read

(P Py =6, (B.50)

where p = (\, k) and p = (A, k) with A = —\.

The main issue to prove a Wick’s theorem for super-
operators is that no definite commutation or anticom-
mutation rules hold for superoperators. We can see this
explicitly as

CHEADE

= 6Q1,+16Q2,+16:D1,152(') + 26Q1>+16Q2,*1Cp1 (_)sz

+20g,,~10g, 1172 (-)cPt + 64y —10g,,—10p, 5, (%)
= 5;01,152 (5q1,+15q2,+1 + 5q1,—15q2,—1)

+ 25Q1>+15QQ,*1CPI (_)sz + 26111’*16112,+1Cp2(')cp1 :
(B.51)
The factor 2 in the second line appears as a consequence
of the fact that & and é’i,l commute, i.e., [éf,é’i,l] =0
The elegant consideration presented in [65] is to consider
the modified fields

TP = 8q 4108 + 01 Prél (B.52)

where ngH = Pg - Pg. This “harmless” (see [65], pag. 5)



definition has profound effects as, now,

Qq”qu’?}(') = 0gy,+10g5,+10py 5o {71, PL}(0)

+ 84,4104, —1(cP* Pg(+)cP2 Py + PgcP'(-)cP? Pg)

+ 0g1,-104, +1(PEcP?(-)cP* Pg + 2 Pg(-)cP' Pg)

+ 841,-10gy,—10p, 5 P2 (+) (¢P2 PpcPt Pg + cP* PrcP? Pr)
= 0g1,4+10g5,+10p1 52 (1) + 104,,-10g,,-10p, 5, ()

=qQ1 6:01 ,D2 6111 g2

(B.53)
which starts to resemble the Fermionic anticommutation
rules. To complete the mapping, it is possible [65] to
introduce

q’ q’
|:§q,+1 (ézf — fDEé}i1> +dg,-1 (ézf + ]gEéIil)}
7 .
(B.54)

For future reference, these expressions can be inverted to
obtain the Fermionic operators as

~ 1 2 2
ey = = (W
A \/§< A ) (B.55)
DA — i jp__ P
EC 4 -1~ Y0
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We now have, defining ¢ = —q,

{jé’ll, jgj = %5q1,+15q2,+1{zq qjqpl ) Zq lefz}
800y 100, 1 {5, 00 5, T2
+%5q17_15q2,+1{2q jgn ) Zq qjqu}
+1000 1001 {S, TP, S, TP}

= L6y 10041 Sy Xy ad LT, TP
300 410021 5, X al T3 T30}
+%5q1,—15q2,+1 Zq Zq/ q/{jfl ) j52}
+%5q1,*15qz,*1 Zq Zq’{ :rfl ’ j;zz}
= %6Q17+15q2,+15101,ﬁ2 Eq qqq
+%5q1,+15@7—15p1472 Zq qq
+%5q1,*15q2,+15p1,ﬁ2 Zq qq

+%5q1,716q2,715p1,ﬁ2 Zq q

= 0q;,+10g5,~10p, .52 T 0g1,~10g2,+10p, 5o
- 541@251717152 )

(B.56)
which elegantly resembles the Fermionic anticommuta-

tion rules. But this is not all, as other important relations
hold. One is the fluctuation-dissipation-like relation

I = (& F Ped)(059)
(B.57)

PE F PepyaPe
= (M )ity

where we used Eq. (B.73) and the fact that p%' is even
in the number of Fermionic operators. We then have

(eMP(Wr—r) _1)

j§1(Pe§) = mi};l(ﬂ?) (B.58)
— tanh(AB(wi — 1)/2)0% (55) -
Another important relation is the “closure”
Tr [fjl.] —0, (B.59)

which is proved by using the cyclic property of the trace
as

Tr [jﬁl} = Tr [(éﬁ’ — ﬁEé’il).}
= Tr [cg -—Pg - CQPE]

(B.60)
= Tr [cﬁ . —cﬁ-}



Everything is now ready to prove Wick’s theorem. We
consider

S, =Tr [ngl ...Jpn,p%a] :

dn

(B.61)

which is non-zero only for even n. In this case, if ¢, =
+1, we can anticommute it on the left and then use the
closure property to derive

n—1

S, = Z(_l)#Pi,nTr {th:»JZ"}Jé’f Jé’:pﬂ
i=1 in
n—1 )
= D (CU)FP T T oS
i=1
n—1

= Y (T BSE |
i=1
(B.62)
where the underbrace indicates the indexes labeling
the missing operators and where we used Eq. (B.56)
in the second step and we used the closure property
Eq. (B.59) in the last step. We also defined S;", =

Tr | Jgt oo JE P
1,1
is the number of transpositions needed to bring JP» and
JPi adjacent [65].
If ¢qo = —1, we cannot apply the closure relation
directly. However, we can first use the fluctuation-

dissipation relation Eq. (B.58) to obtain

and (-)p = Tr[-p%]. Here, #P;,

Sp = tn (—1)#&‘”%[{119"7Jtii}ﬂﬁ]si’z

dn

(VT I ]S
nei | (B.63)
= D (VPTG el

= D (CUF IR ES,
i=1

where ¢, = (A, k) is a multi-index and defined ¢, =
tanh(A\,B(wg, —1)/2). In order to derive the second line
we used the closure property Eq. (B.59) and to obtain
the third line we used the fluctuation-dissipation relation
Eq. (B.58) again.

Proceeding this way iteratively, we prove

Tr [JEr-- P pid] = > (—0Fe [ (JRTe)e
ceCy, (i,9)€c

(B.64)
Here, each full-contraction ¢ € C), is one of the possible
sets of ordered pairs (or just, contractions) (ic, jc), ic < je
over the set N, = {1,--- ,n}. We further denoted by #c
the parity of the contraction ¢, i.e., the parity of the
permutation needed to order the set N,,, such that all
pairs in ¢ are adjacent.
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To conclude, we observe that, in order to use this form
of Wick’s theorem, the superoperators have to be written

in terms of & and Ppé® | defined in Eq. (B.55). Using
B(t) = Y, grexe ™t we can write the superoperators

B defined in Eq. (1.20) as

B(t) = X gréfe it

- | (B.65)
BA(t) = 3 gk Ppc? e

where p = (A, k). This shows that, as long as the correla-

tions are written in terms of the superoperators B above,
we can indeed use the Wick’s theorem in Eq. (B.64), jus-
tifying the reasoning done in section I C.

b. Time-ordering in Wick’s theorem

The form of the Wick’s theorem in Eq. (B.64) implies
that if P* is a single swap between two adjacent superop-
erators (let us say between JP+ and Joetl), the parity #c
of each full-contraction ¢ will provide an extra minus-sign
unless (a,a + 1) € c¢. In fact, the parity of the permu-
tation needed to order the set (after applying P%) such
that all pairs are adjacent is —(#c) when (a,a + 1) ¢ c.

When (a,a+1) € ¢, there is no extra-sign as a and a+1,
even if swapped, are already adjacent. This slight imper-
fection with respect to total antisymmetry implies that
special care needs to be taken with respect to the order
in which the original sequence appears inside the corre-
lation. However, total antisymmetry can be restored by
simply considering Fermionic time-ordering of the origi-
nal sequence. In this case, supposing t, > --- > t1, we
have

T |TUEG a0 | = CO#PWL ),

qpP(1) qP(n) an
(B.66)

where P is a generic permutation and where
Wi gm) = S (=nFe [ (Jramye . (B.67)

ceC, i,jEc

Here, C,, is the set of contractions over the set N, =
{n,---,1}. Importantly, since ¢,j are ordered as in the
sequence given to W, we can always include an additional
time-ordering in the definition to obtain

Te [ DU - T 1058 = (—0#PWrlag -
(B.68)
where
Wrllp - Jpe) = 3 (=0* [T T2 e
ceC, i,jEc
(B.69)
which fulfills
Wrp[PO[JEr - JP] = =W [JEr - JP ] (B.70)



In fact,

Wy [PoJEn - - JB1]] =

dn

—- e ]

ceCp (i,5)€c,(a,b)éc

+y = I«

ceCy (i,4)€c,(a,b)ec

D IS |

ceCy, (¢,7)€c,(a,b)gc

D DL LA I

ceCy (i,5)€c,(a,b)ec

—— S [ @ a)e

ceC,y, (i,5)€c

(TP TP )k

)ﬂ»

[P Ig ) e

(B.71)

%))

(g o e

H»

& Ji ) e

Since we can always decompose the generic permutation
P appearing in Eq. (B.68) in terms of transpositions P?,
by repetitive application of Eq. (B.70) we obtain

Tr T[ngf((;)) e ngf((:))]p?} =Wr [ngf((;)) e ngf((:))] .
(B.72)
This is an rather convenient result as we can apply the
Wick’s operator W directly to the original sequence, in-
dependently from its order.

c. Commutation relations with equilibrium distribution

In this subsection we prove the relation
g = A e (B.73)
where A = +1 and where pi = exp[—8> . (wr —

weherl /258 with 280 = T1,.(1 + exp[—B(wi — p)]). To
start we have

_ — et _ ) - eles
Ckpi? = cpe B(wk H)Ckcke BZ];&IC(‘U] N’)CJCJ/ZEQ

cr[l + (e Plwr—r) 1)c£ck]

xe P Ej#k(wj—ﬂ)cj-cj /ZE‘Ol

_ efﬁ(wkfu)ckefﬁZ#k(wj*#)cjcj/zgq ’

(B.74)
We also have
Py = efﬁ(wkfu)CLCkckefﬁZj#k(wj*u)C}Cj/Z};q

[]_ + (efﬁ(wk*l‘) — ]_)Cltck]

B, s (wi—m)ele; /e
Xcpe kI 7

— Cke_ﬂ Zj;ﬁk(wj_l‘)cj'cj /Z%q

9

(B.75)

19

so that, by comparison, we obtain

crpsl = e Pl podey (B.76)
Similarly,
CLP? = cLe_ﬁ(wk_“)chk 6_’6 Zj#k(“’j_ﬂ)c}cj /Z%q
= cz[l + (e Blor—n) _ 1)c£ck]
e B S iak(wj—n)cle; s
— CLG*BE]';M(WJ*N)C}CJ/Z%Q ,
(B.77)
and
P?CL _ efﬂ(wru)czckclfcefﬁZ#k(wru)c}r:j/zgq
= [1 + (e_ﬁ(wk_,u) — 1)02016]
XCLB_B Zj;ﬁk(wj_#)c:;cj /Z%q
— efﬁ(wru)ciefﬁZ#k<wru)c}cj /Z9
(B.78)
so that
c};p? = 6’8(‘*”“7”),00ch;fC . (B.79)

Together, Eq. (B.76) and Eq. (B.79) prove Eq. (B.73).

4. Influence Superoperator

In this section we explicitly derive the expression for
the influence superoperator F(t) in Eq. (1.29) and for

the superoperator W in Eq. (1.26). We also provide a
relation between the factorial and the double factorial
which is used to re-sum the reduced Dyson series.

a. FEzxpression for the influence superoperator

Given the arguments in the main text, from Eq. (1.23)
we find that the reduced density matrix depends on the
quantity

.t R
Ts / dtodty W (tg, t1) (B.80)
0
To proceed, note the following symmetry
TsW (tg, t1) = TsW (ty,ta) . (B.81)



In fact,

TsW (ty,ts) =

Z Co2M (t1,t2)Ts 802 (t1) S (t2)

q1,92,A1,A2

== Y Cula(tat)TsS,
q1,92,A1,A2

= D Ot t)Ts Sy (82) 82 (1)
q1,92,A1,\2

=TsW(ta,t1) ,

2 (4)50 (1) (B.82)

where we used the fact that

Cain' (t1,t2)

Tep [T B2 (1) B (2) o5 0)]]
= g [Tp B (1) B2 (1)l 0)]

—CM Az(tz,tl) .

41,92

(B.83)
In turn, this means that

Ty / dtgdt1W(t2, #)

/ A [0(ts — 1) + O(ts — )] (£, 11)

f
( dt2 dt1+/dt1/ dtg) TsW (ta, t1)
22 /dtg/ dt,W (t2,t1)

(B.84)

where, in the last step, we used Eq. (B.81). The expres-
sion above allows to write Eq. (I1.24).

b. Expression for the superoperator W

We start from the expression of the superoperator W
defined in Eq. (I1.25) which reads
W(tg, t1) = Z oz (tg,tl)s (tg)S)\l(tl) ,

q1,92,A1,A2
(B.85)
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where the two-point correlations can be written as, see
Eq. (1.22),

Cf;\; ’q>;1 (tQ st )

= TYE TEB;\; (tQ)B;\: (tl)[pE(O)]} s
(B.86)
along with Eq. (I.20) which describes the superoperators

B and S

B[] = Bl S = 4l
Br'[ = Bl S = -] B
BL,[] = Pgl-BY), 57i[] = —Ps|g
311 = PplBl, SL[] = Psls],
Explicitly, the superoperators é read
BIO = 3 grel (1] (B.88)
k
Br 0L = Y anen(®)l] (B.59)
k
BLO = 3 aePrlllehv)] (B.90)
k
B0 = Y merPolller(®)] . (B9Y)
k

Note that among the 16 terms in Eq. (B.85), only 8 are
non-trivial. This is due to the fact that, since pgr(0) is
even, the extra-constraint d,, 5, appears (indexes A = +1
correspond to creation/annihilation operators). The non-
zero contributions are, for to > tq,
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Tep (B (02) B (1)pp(0)) ST (0) 810 = Trp (BT () B(t) [pp(0)]) 57 (02) 5} (1) [

Try (B ()BT (tl)pE(O))S (tg)Sl(tl))[] — Ty (PEB(tl p(0)] Bt (t2)Pg) S (t2) 81 (t1))]]

Tep (B () Bl (t1)ps(0)) 81 (82 — Trp (B(t2) B! (1) [ (0 >]>§11<t2>§*1<t1>[-]

TrE( () BL(t1) o ) S (£2) S5 = Top (PeB(t1)[pe(0)] Btz) Pr) 81, (t2) 87 (t1)[]

Te (B} (t2) B2 (1)pp(0) ) §;1<t2>§1 ()] = Trg (B (t2) Pelox o>]B<t1>PE) S (82)SY (1)

Trs (B () B=L (1) (0)) S=HE)SL1 (1)) = Tew (PePolps(0 |B(t1) Pe Bt (t2)Pg) 51 (t2) 51, (11)[]
Trg (B 1(1t2)B L) pe(0 )S% = Trp (B(t2)Pelpe( )]BT(tl)PE) SH(t2)57H ()]

Tep (B2 (t2) BL (1) pi(0 )su — Trg (PePelps(0)|B (1) PeB(ta) Pe) 51, (t2)S=1 (1] -

(B.92)

(

Above, we kept the superoperators acting on the system where we defined
as the time-ordering acts at the superoperator level. We
can then write

W(ta,t1) =
. . . R Co=Y(ta,t1) = Trg [B(t2)B(t1)pr(0)
Co=(ta, t1) [Ail(tz)gl(tl) +S*1(t2)§1(t1)} (f2211) =[B! (t2)B(t1)p=(0) (B.94)

Co="(ta,11) = Trg [B(t2) Bl (t1)pe(0)] .
+C7=" (b, 1) [511( )87 (1) + 5L, (1)1 ()]
+O7= Tt ) [=ST ()51 (0) = 571 ()54 ()]

+C77 (1, 1) {_Sl (tQ)S:I (t1) - Sil(w)sil1 (tl)] J We can group the terms to obtain Eq. (I.26) in the main
(B.93)  text as

J

W(ta, th) =
= 871 (t2) [C77 (2, 1) 51 (1) — O (10, 12) 5L, (11)] + 81 () [ O (12, 12) 8} (01) — 7= (11, £2) 82, (1)
+ 5‘% (t2) [—Cazl(tl, tg)éjll(tl) + C7= 1y, t1)§;1(t1)} + §£1(t2) [—Cf’:l(tl, t2)§j(t1) + C7= L (ta, tl)é*;l(tl)}
=[50 () + 871 02)| [0 (12, 1) S (1) — C7= (11, 12) 82, (11)]
- [3‘1 (t2) +§11(t2)} [CU=1(t1,t2)§:}(t1) - OU=—1(t2,t1)§;1(t1)}
= ZA“ t2) B (ta, 1) .
(B.95)

where
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A° (1) = o (S,7()+8Z5(1) = 7 (O] - Ps[l)s7 ()

Bo= (tg, t1) = C"Zl(tmtl)é%(tl) — C7= 7 (b, t2) S (1) = —C7= (b2, 11)87 (t1)[] — CO= 7 (t1, t2) Ps[[-]57 (t1)]

BT 1y, 1) = C7=M(t1,82)S 7} (h) — C7= (1, 11)S; M (t2) = ~C7= (b1, t2) Ps[[J3(01)] — C7=(t2, 11)8(01)[] .

It is further possible to derive the more compact notation

B (ta,t1)
= —(C(t2,t1)37 (t1)[] + C7(t1,12) Ps[[-]37 (t1)])

= — (C(t2,t1)87 (t1)[] + C7 (t2, t1) Ps[[]37 (t1)])
(B.97)
where we used Eq. (D.8).

c. Proof of Eq. (1.51)

The starting point of this section is Eq. (I.25) which
describes the influence superoperator as

Flt) = /0 ity /O N At W (ts, t1) (B.98)

where

Wits, )] = 37 A%(t2) B (ta,11)[]
o=+

= —CWsysl[]+ CW Ps[s] - 5]
—c‘*<—1>52155[-si} + é(_l)ﬁS[ﬁS['sﬂsﬂ
—CVsls [+ 0(71)155[51 - 53]

_C‘(l)s;ﬁs['sﬂ + C(l)ﬁs[ﬁS[‘Sl]sz] )

(B.99)
where we used the short-hands CM) = C7=1(ty,t,),
CY = C="(ty, t1), s7 = s7(t1), and s§ = s7(t2).

We now define W (2, t) as the composition of W with

(B.96)

(

the projectors ]522/0 onto the even/odd sector, i.e.,

W (2, t1)[] = Wta, t2) [P L]

= —0(1)5251 . iC(l)sI - 89
+C( Vg, . SI - 5152
—C(_l)sésl c+C( s, sg
iC_'(l)s; 5 —CW. slsg

= —CWlsy, s} ] = CCV[s], sal5

—CCD[sh s1]5 — CD sy, s8]+
(B.100)

Using C9(t2,t1) = C7(t1,t2), we can write

Wtz t1)[] = =) C%(t2,11)[s7(t2), 7 (t1) ]+
o==+

=3 Ot 1) (1), 57 (82)] 5,
o=+

(B.101)
which proves Eq. (I.31) in the main text.

d. A relation between factorial and double factorial
The double factorial of an integer n is defined as

nll = n(n—2)---2 for n even

(B.102)
nll = n(n—2)---1 for n odd .

We can see that if we multiply the double factorials of two
consecutive numbers, we can “fill the gaps” with respect

to the definition of factorial. Explicitly,
nll(n — 1! =n! . (B.103)

Another interesting connection between double and sin-
gle factorial is

@) =2n(2n—2)---2=2"n! . (B.104)
Using Eq. (B.103) and Eq. (B.104) we have
2n)! 2n)!
(n— 1 = ZWL_ () (B.105)

(2n)!1  2np)



Appendix C: Applications

Here, we provide details on the derivations of the re-
sults presented in Section II.

1. Markovian regime

In section IT A we analyzed the idealized conditions un-
der which the correlations characterizing the environment
take the form in Eq. (IL.4), i.e.

C(ta,t) = T98(ts — t1) (C.1)

where we used fotz dt16(ta — t1) = 1/2,(see Eq. 5.3.12
in [50]). Using Eq. (C.53), this also means that, in the
Shroedinger picture,

PEN0) = il ;O] 4 L) ()
where
o= v vty (©5)

with U(t) = exp(—iHgt). For clarity of notation, from
now on we will omit the label “Shr”. Using the def-
inition of operators in the interaction frame, s7(t) =
Ut(t)s°U(t) and taking the derivative of Eq. (C.3), we
find

LI = —(s-—Ps[-s])(T=1s - 4 To=—1Pg[-s1]) /2

(st = PglsM) (17715 - +T7=1Pg.s]) /2.
(C.6)

Note that L[-] preserves the parity of its argument, i.e.,
it maps even (odd) operators into even (odd) operators.
Using the decomposition

ps(t) = ps(t) +p5(t) (C.7)

we can write the action of the superoperators Pg to write

ps(t) = —i[Hs, ps(t)] + L[ps(t)] + L°[ps(D)] , (C.8)

where

(C.9)
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where

I'“ =T(1 — o+ 20ng) . (C.2)

This Markovian regime leads to drastic simplifications in

Eq. (I.29). In fact, all superoperators present in W are
evaluated at the same point in time making the time-
ordering procedure much easier to handle. Specifically,
using Eq. (C.1), into Eq. (I.25), we have

(C.3)
[
in terms of
Pe = P°.peypo. P
. (C.10)
P° = pe.po4 PP
with
P = (Ps+1))2
(C.11)

Po = (1-Ps)/2 .

The even/odd dissipators in Eq. (C.8) are defined as,

Le[ —(To= 1 sst . 4To= 71 4T
—To="1s. st —To=1sT . 5)/2
— (o= st . 47771 sl
(C.12)
—To=lst . s —To="15.57)/2
= (T77'[2sT -5 — ssT - — - ssT]

+ o= 125 - st — sTs- — - sTs]) /2 .

When the argument is odd, terms involving one and only

one Pg change sign with respect to the even case. This
leads to

Lo[] = (177 [-2s" s —ssT - — - ss']

+ o= =25 st +sTs-+-sT5]) /2 .
(C.13)



Using Eq. (C.2) into Eq. (C.8) we obtain the following
explicit Lindblad equation in the Shroedinger picture
ps(t) = —i[Hs, ps(t)]
(1 = n0) Ds[p5 ()] + T'no Dt [ (t)]

+L(1 = n0) D[ps (1)) + Tno Dy [ps (1))

(C.14)
where Dy[] = 2s[]st — sT(t)s[] — []s's, Dy =
25T (t)[-]s(t) — ssT[-] = [-]ss?, D{[] = —2s[-]s" — sT(¢)s[-] —
[]sTs, D = —2sT()[]s(t) — ss'[-] — []ss’. In a more

compact form, this equation becomes Eq. (IL.5).

2. Hierarchical equations of motion

Here, we provide the details of the derivation of the
Hierarchical Equations of motion.

a. An expression for the influence superoperator

Here, we explicitly derive Eq. (I1.7), i.e., the expression
for the influence superoperator when the correlations in
Eq. (1.28) are given by the ansatz in Eq. (I1.6). In fact,

using such an ansatz, the superoperator W in Eq. (1.26)
reads

Wits, t)[] = S A% (82) B7 (12, 1)
= =3 A7 () {7 (2, 11)57 (1)

+C (t2,11)Ps 1157 (1))}
=~ 2 A7) {age 5 ()]

rage P Byl 57 (1))
- _ Z j"(tz)e*bﬂtmtl)
x {ags7 (0[] + a7 Ps([1s7(t0)]}
(C.15)

where in the last step we used the very convenient
Eq. (D.14). Using the definition in Eq. (I1.8), i.e.,

BI0)] = — (ag8” (O[] + aZ Ps[[157(®)]) ,  (C.16)

we can write

Wity t1)[[] = > A7(tz)e n=MB2 (1), (C.17)
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which, using Eq. (1.25), immediately leads to Eq. (IL.7)
in the main text, i.e.,

A t ta .

Ft) = / dtg/ dty Y A% (tp)e P TIBI (1)
0 0 o

(C.18)

b. HEOM

Here, we present all details to derive a generalized ver-
sion of the HEOM valid in both even- and odd-parity
sector which contains the usual expression for the HEOM
in the even-parity sector. The starting point is the ex-
pression for the nth auxiliary density matrix defined in
Eq. (IT.13) which, omitting the time-dependence for the
density matrices, reads as

p.g:)]l (t) = anTSéjn (t) T éj1 (t)p(O)(t) )

(C.19)

with p(®)(t) = pg(t). The superoperators 6 are defined
as

6,(t) = 0%, (1) = /O t dre=%=DB(r) . (C.20)

where we defined the multi-index j = (m, o) and, con-

sistently b; = b7, and Bj = B;; The derivative of © is
given by

,(t) = —b7,6,(t) + B, (r) |

| =

(C.21)

IS

t

In order to compute the derivative of the previous aux-
iliary density matrixes, we further need the derivative of
p(t) = ps(t). Using, Eq. (C.51)

(C.22)

Gostt) = Ts (5700 s

From Eq. (I1.7), the time-derivative of F(t) is simply
given by

&.‘
~
—~~
o~
~
Il
S
Q
—~
~~
~—

(C.23)

Il [l
o o
S. q

—~

= =

k7<D>> §®q>>

= =

=

where A7(t) = A%(t) which, redundantly, makes A also
a (trivial) function of n. Inserting the equation above in



Eq. (C.22), we find

%ps(t) — T Zjl”(t)@” (t)ps(t)
= S AT Y65 (t)ps()

1l
h S
<
=
~—
o
@
<
—~
~
~—
)
19}
=
~—

A () = a'Ts > 6.t

k:l
rartsd, 1) M08,
]n+1
( ) n k
= 2 (bides. 31+0<Z B (1

where the superoperators A and B are given by Eq. (1.27)
and Eq. (IL.8), i.e

i(t) = By,(t) = —(an,37 (O[] + a7, Ps([1s7(1)]) -
(C.26)
In the last step of Eq. (C.25), we accounted for the minus

signs originating when moving the superoperators l%jk (t)
on the very left (a sign appears each time é moves across
a é) On the contrary, signs appearing when moving the
superoperators /217"“( t) on the very left are always com-

pensated by the ones appearing when moving ©;, ()
which also needs to be brought on the left in order to be
able to use Eq. (C.19).

We can now go back to the Shroedinger picture by mul-
tiplying each iteration of the HEOM by U-UT where U =
exp(—iHgt) is the free evolution of the system. Using

Ud/dt(O)Ut = d/dt(UOU') — LO, where £ = —i[Hg, -]
we derive the generalized Hierarchical Equations of Mo-
tion

.Schr,(n)
j’n/”.jl

h))

+a

n

Z Schr,(n
Jn J1

k=1

)

)n kBJk Schr,(n— 1)
]n Jk+1Jk—1"J1

—1 ZAJ7L+1 Schr, (n-i—l) )

Jn+1
Jn+1

(C.27)

Here, the adjective “generalized” is motivated by the fact

p]n Jk+1Jk—1" ]1
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Using Eq. (C.21) and Eq. (C.24) we can write the deriva-
tive of the auxiliary density matrices in Eq. (C.19) as

(C.25)

(n—1) (n+1)

Jn4+1-1 )

+amt ST A (r)

Jn+1

that the previous expression can be applied to both even-
and odd-parity sectors. If we now assume p(9)(¢) to be
have a definite parity symmetry, then the parity super-
operators inside the definitions in Eq. (C.26) translate
into signs dependent on the iteration index n. For ex-
ample, assuming p(®)(¢) to be physical, hence even, when
A% acts on P(O), the parity operator adds a minus sign

(note that Pg acts on the density matrix multiplied by
the odd operator §), while when it acts on p™ the par-
ity operator is trivial. We can then write, omitting the
label Schr,

) _ A\ )
pjn g T E Z pjn J1

n

) (0 )

JnJk+1Jk—1"""J1

_1 j : Ont1 (n+1)
A pJn+1 g1 0

where
u:l%[] = $7[]+ (=1)"[]s7 (C.28)
Gl = a7s7[] = (=D ag[]s” ,

where the notation is slightly redundant as it implies a

trivial dependence of A on the index m, originating from
the expansion of the correlation in Eq. (I1.6). For the



specific choice a = i, we obtain

) (AoN"p oy N s (1)
Pjneji = (‘C o ijk)pjn“'jl - Z Aﬁl Jr1pjn+1“'j1
=1 Jn+1

. n— 53 n—1

_ZZ(_l) kcglkpgn'”j2c+1jk71“'j1 ’
k=1
(C.29)

which represents one of the standard expressions for
the HEOM, see, for example, Eq. (38) in [75]. In the
Appendix C2c¢ we give an explicit derivation of these

J

s = jt (07503, (5]
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equations up to order 2.

c. Ezxplicit calculation up to order 2

Here, we more explicitly compute the HEOM up to or-
der 2. We start by taking the derivative of the quantity in
Eq. (I1.12), which is done using Eq. (I1.10) and Eq. (I1.9)
to obtain (omitting the time-dependence for the density
matrices)

= ol [-b7L 07 (t) + B3 ()] ps + aTs0% (Ha™t Y A% (1)p72,

=~} p%, + aB3 (s + TsO () > A% (t)aTs072, ps

m2,02

(C.30)

m2,02

= bk +aBi (Dps + a7t Y AT (e,

where we defined

p0'270'1
ma,msz

= a*150%2.0% (t)ps - (C.31)

We moved the operator ©72, across A2 and O7} result-

J

d rz
209,0 . 2 o o
pn, = o= [ 1507, (007, (Dps]

m2,02

(

ing in a + sign. We then further moved A2 across the
two © operators, again resulting in a + sign. Similarly,
we can proceed onto the next order to obtain

= o®Ts [-b72,0%2 (t) + BI2 ()] ©72 (t)ps + a*TsO%2 (t) [-b72 O (t) + BIL ()] ps

+a?T50%2, (107, (Ha~t S A% (t)ps
ns3,o3
02,01

= _po2 02,01

mgpmg,ml + anr-ng (t)pgzll - bfrTnllpmg,ml - O[BZLll (t)pgzzg

+a2T50%, (105, (Ha~! T A7 (1)aTsO%, (H)ps

ns,o3

02,01

= b7z pni T, aB (000, = bok o7, — aBrL (Dpos, +a® Y AT TsO7:, (1672, ()07, (1)ps

ns3,o3

_ oy 02,01 2 o1 o1 02,01 o1 o2 -1 E o3 03,02,01
- _bm2pm2,m1 + aBmg (t)pml - bmlpmg,ml - aBml (t)me +a A (t)png,mg,ml

ns3,o3

2
= (=bg = b0, Fa Y (—1)PIBI(4)p53 - +amt Y AT () pTn ok
j=1

where

P (1) = &*T507:, (1672 (N7, (p . (C.33)

m2,03

(C.32)

Minus signs appear when the operators © cross each



other or other operators.

3. Computing system correlation functions

Here, we show how the correlations at thermal equilib-
rium in Eq. (I1.20), i.e
CP (1) = TrsulXs(O)U(ts — t)Ys(0)p U (t5 — 1)
(C.34)
can be computed using the HEOM in Eq. (I1.14). Our

starting point is Eq. (IT1.21) which writes the correlation
as

C (1) = Trsp[Xs(0)pY (1) | (C.35)
where
P (1) = U)Ys(OU(T)p(-T)UN(T)UT(t) ,  (C.36)

n
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in terms of a separable state p(—T) and a time T such
that pt = U(T)p(~T)U'(T).
To start, using the same definitions which lead to

Eq. (I.16), we can write
/ [H dt by
(C.37)

where we defined Y(0)[-] = Y5(0)[] as the superoperator
version of Yg(0) and used the (Bosonic) time-ordering to
reposition it outside the integral. By using the decompo-

= Y5(0)+Y3(0)
where Y§(0)[] = Y5(0)[] and Yg(0)[] = PR (0)Yg(0)[]
with Py[] = Pgl].

Due to the presence of )2/5(0), in order to make progress

in evaluating Eq. (C.37), we need to adapt the reasoning
done to deduce Eq. (B.34) from Eq. (B.23). We can write

>

(=T)

-2 5

sition in Eq. (1.9), we can write Y5(0)[/]

o= ;::o n! /0 (I[ldti> q",A}-:,ql,Al
{[ZeB k) B 0] Ts [V5(©) Sz (0) - S (00)] 135(=T)]
# [FPLO B ) B )] 305 ) -5300)] B3 (€39
o+ [TuBR () - B (1) o5 PE} YOS (¢ ) S (0)] (3(-T)]
+ [ToPh() B () - By (¢ QPE}f V5083 (ta) - S (00)] 19311}

Here, it is important to keep the time dependence for all

superoperators (including Pj,(0)) to allow for the action
of time-ordering. As we defined in section I B, the time-

orderings Ts and Tg are Fermionic when acting on the
fields B’ and S ThlS deﬁnltlon is possible because the

S inside TS.

involving the operator Yy is not as 5ymmetrical For this

On the other hand, the current situation

reason, we consider the ﬁeld YS and P}, to be commuted

under the action of TS and TE other than anticommuted.
We are now ready to take the partial trace which leads

ordering of the fields B inside TB mirrors that of the fields to
J
Y (_Z)n ! -
a0 = ¥ SN (M) ¥
n=even ’ 0 \i=1 Gn>An - q1,A1
2 - 2o 2 25 C.39
[P s [Vs()83 - 83] 45(0) + Ce T [P0 -8 30) (€39
+ D!/Z/\ >\1TS {/5/( )é’(/l/:\Ln é’(/g\l:| ,5%(0) +D:1/j.yf.;1)\1TS f/é) S>\n, Sx\l} "O( )} 7

where, since the operator }A’g(O) changes the parity of the

(

state, the correlations take the form



o = Teple (B B )

e = Ty [PaPpO) B B0 (o)
DR = Teplp [PeBp - By (55 Pl
Dt = TepTy [PRO) B - B | [ Pr) -

(C.40)
Now, we notice that the difference between the fields S

and S’ is, ultimately, just a sign when the down-indexes
are negative, see Eq. (B.29) and Eq. (B.30). The same
sign can be implemented in the bath correlations by

J

It is not possible to further reduce D” because of the
presence of PJ,(0) whose action adds a sign corresponding

to the number of times the fields B%‘j appear with ¢; = 1

J

(1), >

g1,
{C&i s [V -+ 8] (35(0) + £3(0)) +

It is now possible to keep Yg(0) “factorized” on the left
and follow all the reasoning which allowed us to deduce
Eq. (I.29) from Eq. (B.42) to get

p&(t) = TsY§(0)e™ W p¥ (=T)

+TsV2(0)Ps(0))e?™® Pgp¥ (~T)

= Tse?tO[VE(0) + YS(0)Ps(0)Pslp¥ (~T) .
(C.44)
which is valid for ¢ > 0 and where
]E-T( t) = / dt2/ dtIW(t2at1) : (C 45)

Interestingly, despite the presence of the operator Y the

P sé;} (35(0) + 72(0)) + D Ts [Y(0)5) -
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adding two extra Pg, i.e., we can consider Eq. (C.43)

with the substitutions 5”(? — S’;‘ and

Cia = Tl [ PRPL(O0) B - Bt | 05 Pa)

//)\n'“A]
dn-"q1

— Teplp [PRBR - Bt | o3 PR

An A
D
M AnA
- Cllln'“% v
(C.41)
which leads to

s (50 + o) }
(C.42)

and t; < 0. However, the same sign can be introduced
on the system variables to write

C/)\ AIT

dn-"-q1

53] Pops(0) + 330 }
(C.43)

[V2(0)Ps(0)8) -

formal time-derivative of the density matrix p% () has
the same form as Eq. (I1.9), i.e

L) = 3 A (0)Ts0, (1)) (1) - (C.46)

However, the presence of Y gives rise to a different bound-
ary condition which reads

PE(0) = TsePrO[Ve(0) + VE(0)Ps(0) Ps]pk (—T)

= YsTse?rOp¥ (-T) |
(C.47)
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pps(~T) — Ty ph T Yt Y ()Y U (1)
) (o Ysp© (0 [

ps(—T) HEOM P(n)() Ys P(n)() HEOM L (8)
Pjgr (0) Yspj,...,(0)

Figure 2: Diagram showing how to generate the reduced p (t) needed to compute the correlation function C%y

(t). The first

row shows the time evolution in the system-+environment while the second row the reduced system evolution. Down-arrows
refer to the computation of the reduced-density matrices following the definition in Eq. (L.8).

where we used that all superoperators in F (0) are eval-
uated at times ¢ < 0 and their number is even.

The differential equation in Eq. (C.46) together with
the initial condition in Eq. (C.47) offer a direct way to
compute the correlations in Eq. (C.34). To achieve this,
it is sufficient to show that the diagram in Fig. (2) com-

mutes. We prove this justifying all the down arrows in
Fig. 2.

1. ps(=T) is the reduced density matrix of
Trglp®ps(—T)].  This is an immediate con-
sequence of the identity in Eq. (I.11) and
the fact that p°? has even parity, leading to

Trplp®ps(=T)] = ps(=T).

2. p(0(0) is the reduced density matrix of Trz[p®].
This is a direct consequence of the meaning of the

HEOM as given in Eq. (I1.14).

3. Ysp(@(0) is the reduced density matrix of
Trg[Ysp™]. This is a consequence of the defini-
tion of partial trace in Eq. (I.8). In fact, for all
system operators Ag, we have Trpg[As(Ysp'h)] =
Tres[AsYs(pth)] = Trs[AsYsp®)] where in the
last equality we used the second down-arrow from
the left. Since the superoperator associated with
Ys is evaluated at time 0, Eq. (I1.13) implies that

also the auxiliary density matrices pgn) need to

be multiplied by Y. n

4. pX(t) is the reduced density matrix of
U(t)YsphUT(t). This is a consequence of
Eq. (C.46) which implies that the reduced den-
sity matrix pk(t) can be computed using the

usual HEOM equation, given in Eq. (II.14),
with initial condition in Eq. (C.47, ie.,
pE(0) = YSTSe'FT(O)p (=T). Using the re-

sults above, this initial condition does correspond
to the auxiliary density matrices in the third place
of the second row of the diagram.

a. Derivative of the reduced density matrix

Here, we derive an expression for the time derivative of
the reduced density matrix. We do this explicitly because
the Fermionic time-ordering always requires some extra-
attention. The time derivative of the reduced density
matrix in Eq. (I.29) can be written as

d d 2
L) _ di F
dtpS(t) dtTSe pS:(O)
S G (C.48)
TS a9

Now, the derivative of a single F(t) is

d 2 d [* 22
—F(t) = — dt dt;W (ta,t
SF) dtt/o [ i)

= / dty W (¢, )
0
AR ka.k Gk
= > S / dty Y CEF (8, 1) 81 (1),
lg,kz 7/17]‘31
(C.49)
which, importantly, contains two system’s superopera-
tors. The T-product of the nth power of F(t) can be
written as

Tj]; 0 =Ts glF 070l d
= B lF O30 oo+ TsF0) - GF0)
= nds SEOVF0) - F ()

—_—

(C.50)

where, since the derivative of a single F(t) contains two
system’s superoperators, we can always move it in front
without “penalty” signs from the Fermionic time order-
ing. Therefore,

d

Gost) = Ts (550 s0 . (@)



To finish, we change to the Shroedinger frame defined as

P& () = Ut)ps(U (1) (C.52)

where U = e~ *Hs? and where Hg is the system’s Hamil-

tonian. The time derivative in this frame reads

9ot = LUmpsUT()
= il ps(0)] + U Sps(]UT ()
= —i[H, ps(t)]
U (jtﬁ-@)) ps (U (1)

Appendix D: Identities for the correlation functions

In this section, we derive constraints on the correla-
tions C(to,t1) defined in Eq. (B.94). To do this, we
define the spectral density

W) =7 go(w—wi)
k

(D.1)

which quantifies the strength of the interaction between
the environment and the system. We then have

Co= g, t1) = Trg[BY(t2) B(t1)p%]

= Zg Trg| ck (t2)ck(t1) P

— § 92 Wk t2 t1) Zq
1 iw(ta—t1), e

= — | dwJ(w)e"™'"2 7" n(w) |
i

where nj! = TrE[chkp?]. The equilibrium ther-
mal state for the environment is the Boltzmann
distribution p%' = exp[-B>, (wk — ,u)clck]/Z%q =
[T e #er=meier /(1 + exp[—B(wi — p)]), where Z5! =

Trgexp -8 Y, (wi — p)cfer] = TI(1 + exp[—Blwy —
1)]). These definitions allow to write the Fermi-Dirac dis-
tribution ny? = exp [—B(wi — )]/ (1+exp[—B(wr—p)]) =
1/(exp[B(wr — p)] + 1) which, in the continuum version,
reads

(D.3)
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We can also consider

00:_1<t2, tl)

= Z g,%TrE[Ck (ZfQ)C;Tc (t1)p]
k

= Trg[B(t2) B (t1)p]

= Zgze_iw’“(tz_“)TfE [exe)pl

— 292 —iwg (ta— tl)( nZQ)

= 1 / J(w)e” @271 — ped(w)] .

(D.4)

™

Both Eq. (D.2) and Eq. (D.4) can be written together as

— 0+ 20n%(w)
2 b
(D.5)
which is Eq. (I1.2) in the main article. Alternatively, we
can also write

d . 1
Co(taty) = [ Z oyt

Co="Y(ta,t1)

= Z giTrplex(t2)ck(t1)p)
k

— Trp[B(t) B (t1)]

= > gfe s Trp egcl)

& | (D.6)
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where we used Eq. (B.73), i.e

c};pg = (26(“”“7“),0[36r (D.7)
Inspection of Eq. (D.2) and Eq. (D.6) directly leads to
the following correspondence between time-reversal and
conjugation, i.e.,

C(ty,t1) = C(t1,ta) , (D.8)

where the bar denotes complex conjugation and for o =
+1. At the same time, by comparing Eq. (D.2) and
Eq. (D.6) we arrive to the relation

CUZ?l(tl,tQ) == eiﬁucgzl(tg - iﬂ,tl) . (Dg)
Using the ansatz in Eq. (IL.6), i.e
7 (ty, 1) Za e bm(tz—t) (D.10)



together with Eq. (D.9) and Eq. (D.8) we find
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which implies
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This allows us to explicitly write
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which shows their similarity in the time-dependence in
the exponent. Similarly,

Co=l(t,ty) = Y g eV (2t
m

_ —o=1 —bzfﬁl(tz—tl)
= E a,, e
m

=—1
E azmzfle*b‘fn (t2—t1)
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(D.13)

Co="(tg, t1) =

Similarly, since Eq. (D.12) implies b7, = b7,, we have

C(ta, t1) = Z El,&ne_gf"(tQ_tl)

§ dgle_bgn(tQ_tl)
m

(D.14)
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