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We investigate spin chains with bilinear-biquadratic (BLBQ) spin interactions as a function of
an applied magnetic field h. At the Uimin-Lai-Sutherland (ULS) critical point we find a gapless to
gapless transition revealed by the dynamical structure factor S(g,w) as a function of h. At h = 0, the
envelope of the lowest energy excitations goes soft at two points ¢1 = 27w /3 and g2 = 47 /3, dubbed
the phase A. With increasing field, the spectral peaks at each of the gapless points bifurcate, making
in total four soft modes, and combine to form a new set of excitations that soften at a single point
q = m at he1 = 0.94. Beyond h.1 the system enters another gapless B-phase until the transition at
he2 = 4 to the fully polarized phase. We compare the ULS model results with those for the AKLT
model as a representative of gapped Haldane phase. We explain the mechanism of the gapless to
gapless transition in the ULS model using its conserved charges and a spinon band picture. We also
discuss the universality of central charges of the BLBQ family of models subjected to a magnetic

field.

I. INTRODUCTION

Quantum magnetism has been a subject of intense
study, from exact solutions in one dimensions, to long
range ordered states in higher dimensions, to quantum
spin liquids arising from geometric frustration and com-
peting interactions. Among various quantum magnetic
systems, 1D spin systems are rather unique. In con-
trast to its higher dimensional counterparts, particles in
one dimensional systems are highly affected by quantum
fluctuations which prevent the breaking of continuous
symmetries, and are much more likely to exhibit collec-
tive behavior because they cannot avoid the effects of
interactions.

One dimensional magnetic systems have a long history
that dates back to 1931 when the exact solution of the
spin-1/2 Heisenberg chain was found by Bethe [1], predict-
ing algebraic correlations in the ground state and gapless
excitations. The mechanism of such gaplessness was given
by the Lieb-Shultz-Mattis theorem whereby the separa-
tion between the ground and first excited state energies of
a half-integer spin chain was shown to vanish in the ther-
modynamic limit [2]. Haldane’s generalization to larger
spin-S SU(2) chains, using a mapping to a non-linear
sigma model, showed that one dimensional Heisenberg
antiferromagnets with integer spins have an excitation
gap [3-5], later observed in experiments [6, 7]. Following
Haldane’s prediction, much research has been done to
study quantum phase transitions (QPTs) of integer spin
chains under the influence of quadratic spin interactions
and magnetic field [8-11]. While these papers have pro-
vided some understanding of the magnetic properties of
the BLBQ model, the static and dynamic properties of
BLBQ models coupled to an external magnetic field have
not been explored and is the topic of this paper.

The BLBQ Hamiltonian is a good description of
(quasi) one-dimensional quantum magnetic systems such
as CsNiCls [6, 12, 13], LiVGezOg [14, 15]. Recently we

also proposed that such models naturally arise in strong
spin-orbit coupled Mott insulators, such as OsCly, in
which the transition metal is in the 5d* electronic config-
uration [16, 17].

Our two main discoveries of the BLBQ spin-1 quantum
chain as a function of h are: (1) a continuous phase
transition from the gapped Haldane phase to a gapless
intermediate phase that precedes the polarized phase; and
(2) a continuous phase transition from a gapless phase
to another intermediate gapless phase for the Uimin-Lai-
Sutherland (ULS) critical Hamiltonian (see Eq. 1). In
case (2), while both phases harbor gapless excitations,
their nature are different, with modes that go soft at
different points in the Brillouin zone. There have been
reports on electronic gapless to gapless phase transitions in
metals that can be interpreted as a Lifshitz transition [18],
whereby the topology of the Fermi surface of the metal
changes at the transition, resulting in a new metallic phase
that gives rise to anomalies in the electronic properties [19].
We show that the QPT in the BLBQ model mentioned
above can also be understood as a Lifshitz-type phase
transition involving 3 spinon bands arising from the SU(3)
symmetry at the ULS point, with 4 soft magnon modes
decreasing to 1 soft mode across the transition. We
compare the static and dynamical signatures of the field-
induced phases of the BLBQ model at different points.
We propose material candidates of BLBQ magnets where
our predictions for the dynamical structure factor may
be observable by inelastic neutron spectroscopy.

The paper is organized as follows. Section II briefly
reviews the BLBQ model and the phase diagram as a
function of external magnetic field. Section IIT introduces
definitions and computational methods. Section IV dis-
cusses the results for the AKLT model as a representative
of the Haldane phase of the BLBQ, to be compared with
those of the ULS model. Our main results are shown in
section V where we present both statics and dynamics
of the ULS model and the phase transitions in a field.
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Left panel: phase diagram of the spin-1 bilinear-biquadratic (BLBQ) model parameterized by the angle : H =

2 iy cos0 Si - S; +sinb (S - S;)%. A denotes the gap which can be zero or finite in different phases. We focus on two
representative points: the Affleck-Kennedy-Lieb-Tasaki (AKLT) model at 6§ = 0.10247 (8 = 1/3), and the critical ULS model at
0 =7/4 (B =1). VBS refers to the valence bond solid ground state of the AKLT model at h = 0. Right panel: schematic phase
diagram of BLBQ parameterized by § and h reproduced from Ref.[9]. Phase boundaries are marked by black solid lines. black
dashed line marks a cross-over to an effective spin-1/2 XXZ model in a field within the B phase; at 8 = 1 the mapping is to an
effective spin-1/2 Heisenberg model. We obtain the evolution of the static and dynamical correlation functions in the gapless
phase A | B-phase and Haldane phase along the two red dashed lines.

Section VI includes discussions of DMRG, the single mode
approximation, extraction of the central charge of these
models, and prospective materials to where our predic-
tions may be observed. Section VI concludes with a
summary and open questions.

II. MODEL

It was first argued by Haldane, and later rigorously
proved, that one dimensional Heisenberg antiferromag-
nets with integer spins have an excitation gap and finite
correlation length [3, 5]. This gapped one-dimensional
integer-spin Heisenberg antiferromagnet can be consid-
ered a particular case of the Haldane phase in a more
generic spin-1 bilinear biquadratic Hamiltonian (BLBQ)
[20], defined on a chain of L sites by,

Hpreg :Zsi‘sj+5(si‘sj)2a (1)
(i3)

where we have set the exchange energy J = 1. Its well-
known phase diagram, parameterized by S or the related
angle tan § = 3, is shown in Fig. 1. In this paper, we will
discuss the dynamical properties in these one-dimensional
quantum magnets, particularly at the Affleck-Kennedy-
Lieb-Tasaki (AKLT), Uimin-Lai-Sutherland (ULS), and
Heisenberg points marked in the figure. In addition, we
add an external magnetic field A yielding the Hamiltonian:

H=Hprpg+hy 5. (2)

where h is measured in units of the exchange energy.

We calculate the static and dynamical structure factors
using the DMRG algorithm [21, 22] for the Hamiltonian
defined in Eq. 2 to provide direct signatures that can be
probed by neutron spectroscopy. Specifically we study
B =1 for the critical ULS model for which we find two
transitions: a gapless to gapless transition at h.; and a
second transition from a gapless to a polarized phase at
heo. We contrast the behavior of the critical ULS point
with the AKLT model at § = 1/3 as a representative
of Haldane phase that also shows two transitions but of
different character: a gapped to gapless transition at h.q,
followed by a transition at h.o to a polarized phase.

Besides the unbiased DMRG results, we provide inter-
pretations of the gapless to gapless QPT using a spinon
band picture. In the discussion section we apply a single
mode approximation (SMA) analysis for the gapped-to-
gapless transitions of AKLT Hamiltonian under a field,
which shows the extent to which magnons in the Haldane
and phase B can be captured by a single mode excitation,
and indicate the degree of fractionalization. We also pro-
vide insights of universality of these phases via central
charges. Finally we describe the candidate materials with
5d* electronic configuration and strong spin-orbit cou-
pling that are suitable to observe the gapless-to-gapless
phase transition in the orbital sector.

In the following, we define S, = )", S?, and Eg(S.) the
ground state energy of the BLBQ model at the parameter
B without a field in spin sector S.. Because both Hprpg
and the field term commute with S, S, is a conserved
quantum number of H. This implies that for every h,
the ground state of Eq. (2) with energy Eg(h) is an
eigenstate of Hprpg with energy Eg(h) — hS, for some
—L < S, < L. Moreover, this eigenstate is the ground
state of the sector or block of Hgrpg with that value of



S., so that by mapping each h to its S, sector, we can
find the ground state of Eq. (2) for any h. Therefore,
for a finite size system the QPT of the new Hamiltonian
depends on the re-distribution of the energy spectrum of
Hprpg: the QPT is driven by level crossings at certain
h¢1 at which an old excited state becomes the new ground
state.

To guide the discussion in this paper, we depict a
schematic phase diagram of the BLBQ model at various
values of 8 for the BLBQ model in an applied magnetic
field in Fig. 1 based on our DMRG results. We find that
the gap in the Haldane phase closes at a critical field
he1 and the system enters a gapless B-phase. In a small
AKLT chain solved by ED (see Supplemental Fig.S7 [23]),
this gaplessness can be viewed as a successive falling of
excited states to the new ground states after the first
level crossing at h.;, and becomes a critical region in the
thermodynamic limit.

The system at the ULS point is gapless with 2 incom-
mensurate soft modes, followed by the gapless phase A
when subjected to a small magnetic field. We found that
this phase A has 4 soft modes instead of 2 and persists for
a large range of external fields before reaching the first crit-
ical point at h.. At this point we find a gapless-to-gapless
transition. In a small system solved by ED, the magneti-
zation of the ULS model under a field exhibits steadily
increasing steps, and is predicted to increase smoothly
within the two phases in a large system as a function of
h, until ultimately reaching the transition point of the
polarization field [24]. The calculation by DMRG shows
more subtle structure prior to the gapless-to-gapless phase
transition at h.; =~ 0.94, and that the magnetization is in
fact zigzag instead of smooth even for large systems. We
will explain the behavior at this transition quantitatively
by exploiting the SU(3) symmetry of the BLBQ model at
the ULS point and developing a picture of Lifshitz-type
transition that involves depopulation of spinon bands.

III. COMPUTATIONAL METHODS

Statics: We first investigate the static signatures of the
BLBQ model on a chain of L sites using density matrix
renormalization group (DMRG) [21, 22]. We calculate
the spin-spin correlation function between spins separated
by a distance R defined by:

Cs(R) = %\ Z<Sz “Sitr)l; (3)

where ¢ labels the sites. We also calculate the momentum-
space correlations

1 iq(r;—r
S(q) =75 D_ "S- 8), (4)
ij

in order to elucidate the nature of the ground state. Here,
r; and r; are the real-space coordinates of sites ¢ and j, and

k represents the crystal momentum. It is well-known that
exponentially decaying spin-spin correlations indicate the
presence of a spectral gap, whereas a power-law decay of
correlations implies a gapless critical state [25, 26]. Hence,
although the static spin-spin correlations do not provide
information about the dispersion of the modes, they can
nevertheless provide qualitative information about the
nature of the ground state for varying external fields h.

Dynamics: The dynamical structure factor S(q,w) as a
function of frequency w and momentum ¢ can be mea-
sured with inelastic neutron scattering, adding to their
importance. S(g,w) is defined as usual

s = 7 Yo [ arlse st ) e 5)

which is related to Eq.(4) by S(¢) = [ S(g,w)dw. To
evalute Eq.(5) under open boundary condition (OBC)
by DMRG, we take the central site ¢, and compute the
dynamical structure factor by its analytic continuation
which is given by the real space function:

Sa’ﬂ(r, cyw) = (g.8.]5 S§|g.s.>, (6)

w + 25 -+ H — EO
for all sites r, where |g.s.) is the ground state of the
Hamiltonian H (either for the AKLT or ULS model),
with or without magnetic field, Ey the corresponding
ground state energy, and § a small broadening factor to
ensure the convergence of the Green’s function. From the
Fourier transform we obtain S(g,w) and by integrating
over all momenta, the density of states S(w) = S(c, ¢, w).

For S, = 0 or at h = 0 the static and dynamic cor-
relation functions involving xzx, yy, and zz are all equal
due to rotational symmetry. However, in a finite field,
while zx and yy correlations remain equal, they can differ
from the zz correlations. In what follows, we discuss the
dynamical behavior of both STS~ and S%S% (the §*5*
dynamics are shown in the supplemental material [23]).

Reference [27] describes in detail our Krylov-space ap-
proach of dynamical DMRG. The supplemental material
[23] provides evidence of convergence with the number of
states m kept within DMRG, and shows when finite size
effects in the dynamical structure factor can be neglected.
We have used § = 0.05 as the broadening factor, and have
scanned the frequencies in increments of Aw = 0.025 in
units of energy. Both statics and dynamics are computed
with DMRG with a desired truncation error 10~7 that
requires us to retain up to a maximum number of m = 800
states.

Entanglement: The von Neumann entanglement entropy
S,n also serves as another important signature of the
model. S,y of a subsystem A of the quantum spin chain
with the rest of the chain is calculated by the reduced
density matrix pa:

pa=Trg [lg.5.) (9-5.], (7)
S'=—Tr[palog(pa)] (8)



and provides a way to probe its entanglement structure.
The second order transition point in a field is directly
reflected in the discontinuity of entanglement entropy,
which, in the low field regime, can be used as a benchmark
especially for exactly solvable models like AKLT.

In addition, we also use entanglment properties to probe
the possible conformal field theory (CFT) description
of gapless modes. The entanglement entropy of 1+1
dimensional CFT under OBC satisfies

S(n) = S°FT(n) + S99 (n) + const 9)

where n is the bond position. The first two terms S“¥7'(n)
and S99 (n) are defined as [28, 29]

CFT () = C1og | 2 sin (™"
SY 5 (n) = 610g[7r sm(L)}

§O5C(y =N " pa (2 _costBamn/ )
(n) ; (L) |L sin(nm /L)

where ¢ = N — 1 is the central charge and A, the scaling
dimension of the SU(N) Wess-Zumino-Witten (WZW)
theory, N defines the SU(N) symmetry of the effective
CFT, L the total length of chain and F*(n/L) is a uni-
versal scaling factor which has only one scaling dimension
a = 1 for SU(2) and SU(3), and it can be treated ap-
proximately as a constant [30, 31]. We fit our data from
DMRG against Eq.(10) and extract the central charge ¢
in the gapless phases as an indicator of their universality
class. Extracting central charge using Eq.(10) involves the
fitting of oscillatory waves with fine periodicity, therefore
we have increased the number of states to m = 3000 to
enhance the accuracy of the fitting. With this value of m
we indeed obtain ¢ = 2 for the ULS model from Eq.(10),
exactly as expected by the SU(3) WZW theory.

(10)

IV. HALDANE PHASE

This section discusses the static and dynamical proper-
ties of the AKLT model, as a representative of the Haldane
phase under an external field. It is defined by Eq. (1)
with 8 = § and a ground state energy [32] Ey/L = —2/3.
The Hamiltonian in an external field is:

1
Hakrrz = ZS’L -S; + g(sz‘ -S;)% + hZSiZ7 (11)
(i5) @

The AKLT Hamiltonian is not integrable. While some of
its stationary eigenstates can be constructed explicitly [33,
34], less in known about the signatures of its excited states
beyond the VBS ground state and about its dynamical
properties, and are discussed below.

A. Statics of AKLT

In this subsection we discuss the static behavior of an
AKLT chain when subjected to magnetic field. We will

look into its entanglement properties, magnetization and
two-point correlations that probe phase transitions.

The magnetization is obtained both by simulating the
model with a field, and also by using the relation

with E(S,) = Eqxi(S;) being the ground state energy of
the AKLT model in the Sz symmetry sector without the
field. Since the total magnetizationS, =), S7 is a good
quantum number, it can only increase in integer steps.
As a result, we can compute quantum sectors of different
S, separately, and the energy differences thereof can be
attributed to different magnetic field h(S,). Figure 2(a)
shows the magnetization per site vs magnetic field, where
two critical points can be identified by kinks in the total
magnetization. Due to the non-zero gap above its |V BS)
ground state, the zero-magnetization phase is protected
before the gap is closed by the increasing magnetic field
at her = 0.75£0.02, after which the magnetization begins
to increase until saturation at a polarization field hq.o = 4.
Further evidence from the von-Neumann entropy shown
in Fig 2(b) also reflects the same transition.

It is worth pointing out that h.o = 4 marks the phase
transition point to the polarized phase for all Hamiltonians
in the BLBQ family. We briefly sketch the proof below:
The critical value h,, is the lowest field at which the BLBQ
system becomes fully saturated. For this to happen, the
sector with S, = L — 1 has to have lower energy than the
sector with S, = L, and the field needed satisfies

Eprpq(L) = he,L = Eprpq(L — 1) = he, (L — 1), (13)
where Eprpqo(L’) is the ground state energy of BLBQ
Hamiltonian without field in sector S, = L’. We use PBC,
which coincides with OBC in the thermodynamic limit
L — oco. The sector with S, = L has only one state, with
all spins having m = 1 with the total energy contribution
from Hprpg given by Eprpg = (1+8)L. Now the sector
with S, = L — 1 has exactly L states, and all states have
L — 1 spins with m = 1 and one spin with m = 0. We
call |k,) the state with m = 0 on the p-th site. Then

Hprpq lkp) = [kp+1) + |kp—1) +[(1+ B)L = 2] |kp) , (14)
The

which can be solved by a Fourier transform.
|S, = L — 1) ground state can then be written as

Sa=L—1)=> (-1)"|ky), (15)

p

with energy (1 + 8)L — 4; using Eq. (13) yields he = 4.
Moreover, the Von Neumann entropy of the ground state
of the S, = L — 1 sector is exactly equal to In(2), and
that of the fully saturated state is 0. Therefore, the Von
Neumann entropy has a discontinuity at h = h.o = 4, as
expected, due to the second order nature of the transition.
To conclude the phase diagram, we have identified three
different phases: the SPT phase for 0 < h < h.j, the
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FIG. 2. Results of AKLT model under a field (a) Magnetization per site s. as a function of h > 0, showing two second-order
phase transitions. Data obtained from different system sizes converges rapidly and coincide with each other (b) von Neumann
entanglement entropy Syn as a function of h at central bond computed for the same set of system sizes. (c) Static structure
factor under different external field. (d) Real space correlation functions at h = 0.0, 0.5 for the VBS state, and h = 0.9,1.0 for
the gapless phase B. Curves of the same phase coincide. (e) Correlation function of longitudinal and transverse components at
different fields of phase B. (f) Exponent of real-space correlation function fitted by S(R) ~ R™" in the phase B.

gapless intermediate phase for h.; < h < 4, and the fully
saturated phase for h > 4, that we now further explore.

Note that in the thermodynamic limit |hq.| =
limy o0 |he1 (L)], the results depend on the boundary con-
ditions: for open boundary conditions (OBC), |h.1(L)| =
Eorit (S, = 2) — Egrie(S. = 1) > 0, because the ground
state is four-fold degenerate with Sz = 0 and Sz = 1. For
periodic boundary conditions (PBC), the ground state
is unique with S, = 0 and then |h¢(L)| = Eurit(S, =
].) — Eaklt(SZ = 0) >0 [32}

Figure 2(b) shows von Neumann entanglement entropy
as a function of h at the central bond of AKLT. At small
fields the VBS ground state is unchanged, and S, = log 2
due to the pair of dangling spin-1/2 bonds at both ends.
The Haldane-B transition at h.; is evident by the sudden
jump from the VBS plateau to a peak. Then S, drops at
higher fields within the phase B and becomes zero beyond
the transition at h.o to a product state. The decreasing
Sy in phase B of AKLT is qualitatively different from
that of the ULS model; in the latter it is a constant in the
entire phase as shown in Sec.V. Moreover, it is interesting
that the S, of the AKLT model converges at high field
close to heo = 4 to about the same value as S, of the ULS
model. We can understand this behavior qualitatively
in terms of a single mode approximation as discussed in
Sec.VIB.

The correlation functions of the AKLT model are shown
in real space (Figure 2(d)) and in momentum space (Fig-

ure 2(c)) for different h. In the VBS phase 0 < h < h1,
the ground state correlation function of Eq.(11) remains
the same as that of the AKLT model’s VBS state, because
the field is not strong enough to change the nature of the
ground state from the h = 0 VBS ground state.

The two-point correlation function of a VBS state can
be calculated analytically, having an exponential behavior
under OBC [35]:

S(r) = (—1)" (S§S%) = é (;)Ir

2(1 — cos(q))
5+ 3 cos(q)

which is an exact result in the thermodynamic limit arising
from the hidden string order [36, 37]. The finite corre-
lation length and the static structure factor of the VBS
phase in Eq.(16) is consistent with the fitting of our nu-
merical data in Figure 2(d): the correlation function of the
VBS ground state of spin-1 AKLT chain decays exponen-
tially, and the static structure factor has a smooth peak at
q = 7. In the gapless intermediate phase, h.y < h < hes,
the correlations decay following a power-law correlation,
indicating that the gap has vanished. This is as expected,
because the SPT phase cannot make a transition to a
trivial phase without either breaking the symmetry or
closing a gap.

The correlation function of the VBS Haldane phase
is known from Eq.(16) analytically and agrees with our

(16)
5%%q) =
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FIG. 3. Dynamic results of AKLT model under a field. St~ (¢,w) at field h = 0 (sz = 1/200), h = 0.5 (sz = 1/200), h = 1.0
(sz =~ 0.3), and at field h = 1.5 (sz =~ 0.5). (a-c) are within phase A while (d) in within phase B. Dynamical structure factors

are obtained by 200-site DMRG under OBC.

numerics. At higher fields in phase B, we have numer-
ical results for the longitudinal and transverse correla-
tions, Fig.2(d,e). By fitting the total S(R) o« R™" or
the transverse correlations for h.y < h < hqo (since the
longitudinal correlations are constant), we obtain the field
dependence of the exponent 7 shown in Fig.2(f). We find
that n varies continuously with increasing field, which
is reminiscent of the dependence of the exponent on the
Tomonaga-Luttinger liquid interaction parameter. Also,
as h approaches h.o, n — 0.7, which is close to that of the
ULS model at large field, supporting the claim of Fig.1
that both AKLT and ULS can be effectively captured by
XXZ model when h is close to (and smaller than) hes.
This is discussed in greater detail in Sec.V.

B. Dynamics of AKLT

We next present dynamical information of the AKLT
model when subjected to a magnetic field, where we show
explicitly the evolution of magnon bands with increasing
field. Figure 3 shows the dynamics in the STS~ sectors,
for different fields h, calculated using DMRG with the
correction vector method [38] on a L = 200 OBC chain.
(The S=S* and S*S* dynamics can be found in the
supplemental material). These results should be compared
with those of the ULS model to be discussed in the next
section. For zero field, the STS~ and S%S* dynamics
coincide, but start differing once the field is turned on
since the field breaks time reversal symmetry. For h < h,q,

the S%S% dynamics is similar to that at h = 0, as can
be confirmed analytically, because, (i) the ground state
remains a VBS state, and, (ii) H — Ey does not depend
on field, as the energy contribution of field in H and Ej
cancels out. On the other hand, the STS~ dynamics
already shows a change: It moves down in energy exactly
by h. This can also be confirmed analytically, because,
(i) the ground state remains the VBS state, and, (ii)

1
w—H(h) + Ey(h)
1
wt — H(h=0)+4 Ey(h=0)

SEIVBS) =

SEIVBS),  (17)

with @® = w + h, and implies that the peak that is
present at ¢ = 7 for h = 0 at w = h. moves down (for
S linearly with h, so that at h = h,; it exactly touches
w=0.

For hey < h < hee = 4 (phase B), the $*5% dynamics
(see Fig.S3 of Supplemental [23]) has a peak at ¢ = 7 and
w =~ h¢1, a peak that decreases in intensity as h increases,
and develops a FM peak that increases with increasing
h for ¢ = 0. Meanwhile, he; < h < hey = 4, the STS™
dynamics has a peak at ¢ = 7 and w = 0, and two nearly
linear branches of weak intensity, both going up in energy
and away from ¢ = 7 to ¢ < m, ¢ > m: one with negative
slope and to ¢ > m, and one with positive slope; these
branches slowly converge to each other and toward ¢ = 7
as the field h goes to h.;. In other words, the slope of
these branches slowly tends to infinity (become vertical)
as h increases to h.1. Moreover, as h increases, the overall



intensity of the STS~ dynamics decreases, and becomes
exactly zero at h = he = 4. It is worth pointing out
that, the gapless mode at ¢ = 7 in AKLT’s phase B has
a varying dispersion as magnetic field increases. This can
be seen from Fig.3(c,d), where the dispersion is stretched
to a wider energy range and the slope of the dispersion
decreases, where the high energy tail gets heavier that
reflects the increasing fractionalization from Fig.3(c) to
(d). We explain this behavior in the discussoin below using
the single mode approximation. It shows the dispersion
at fields close to but smaller than h.s resembles that of
the phase B of ULS (8 = 1) and should be approximately
the same as ¢ = 7 mode in Fig.5(d).

At even higher fields, we have the trivially ferromagnetic
h > heo = 4 phase has no STS~ dynamics, but has non-
zero S~ ST dynamics, and trivially FM S?S? dynamics
proportional to 6(w)d(k).

V. ULS CRITICAL POINT

This section presents our main results on the QPTs in
the Uimin-Lai-Sutherland (ULS) model corresponds to
the parameter 8 = 1 of the BLBQ Hamiltonian family
[39-41]. Under an external field the Hamiltonian is given
by:

Hypsz =Y Si-S;+(Si-$;)
(i)

2+ hZSZ (18)

The ULS model has SU(3) symmetry, which is broken
to U(1) x U(1) by the application of a magnetic field h
in the z-direction [9, 17]. The ground state of the ULS
model with an A field then becomes the ground state of a
block Hamiltonian with a fixed S, of the model without
a field.

In the 70s, Uimin, Lai, and Sutherland used the Bethe
ansatz method to describe the power law correlations
in the ground state [39-41]. Kiwata [8] studied the be-
havior of the ULS model under a magnetic field, and
estimated the critical magnetic field h. at which the mag-
netization curve has a cusp, and showed that h. is a
boundary between two states: the phase at lower fields
containing excitations with m = 41,0, —1 and the higher
field phase containing only m = +1,0. Later, Fath and
Littlewood [9] showed that in a field, one can identify a
massless phase that is connected to the gapped Haldane
phase and phase A with “depleting bands”. These studies
provide some intuition of distinct dynamics in each spinon
sector. While the aforementioned works have provided a
good understanding of the magnetic properties of the ULS
Hamiltonian, their dynamics and critical behavior near
the transition have not been explored. In this section we
will discuss the relevant static phenomena first, followed
by numerical and analytical analysis of its dynamics that
lead to testable predictions for experiments.

A. Static Response of ULS Model

Figure 4(a) shows the magnetization as a function of
h, where Eq. (18) is evaluated for the ULS model using
DMRG. Similar to the description in section IV A, we
use the relation h(S*) = E(S, + 1) — E(S;) to find the
magnetization under different magnetic field h. We see a
second-order phase transition at h.; &~ 0.94. As explained
in previous section IV A, the transition to the fully satu-
rated phase occurs at h.o = 4. Figure 4(b) shows the Von
Neumann entanglement entropy obtained by integrating
out half the system with a cut at the center bond, as a
function of h.

The transition to the intermediate phase at h.; de-
mands a different explanation from the one for the gapped
AKLT model and other gapped models within the Hal-
dane phase. In the ULS model there is no energy gap,
hence it is not a priori clear why the phase A of ULS
is protected as h increases. As we show next, the SU(3)
symmetry of the ULS model can be exploited to explain
the stability of the gapless phase A and the transition
at h.i;. For this purpose, it is helpful to map the ULS
Hamiltonain onto a fermion model, in which spin-1 op-
erators are decomposed into partons by the mapping
Si = ¢jsl’¢z with ’(ﬂz = (am, a0, CL,‘7_1) describing 3 anni-
hilation components of a fermionic spinor corresponding
tom =1,0,—1. We follow the fermionizing approach of
Ref. [42] to show that the ULS Hamiltonian (with some
auxiliary constants) can be written as

Z S;-S;+(S;-S;)* — const
(ig)

_ o ot .
= E Qi mAj,m @ s Qi
(ij)smm/

Hyps — const =

(19)

where we have defined the auxiliary constant term const =
nyn; + 3n; with n, Zm azmalm being the total on-
site occupation number operator. This representation is

faithful as long as there is 1 particle per site:

> alnm =1 (20)

m=—1,0,1

(See appendix.IX B). The fermionic representation helps
understand if the system has a larger symmetry than
apparent, without having to write Hy g in terms of gen-
erators of the Lie algebra of SU(3). Equation (19) can be
compactly written as — 2 j>(1pj 1@-)(1/1}@/11-). This expres-
sion is invariant under any symmetry transformations in
{U € GL(3,0)|UTU =1, det(U) = 1} = SU(3), which
directly shows the SU(3) symmetry of the ULS point.
From this representation, we see three conserved quanti-
ties, by computing the following commutators

[N, Hups) = [Z Ay Qi HULS‘| =0, (21)

where we have defined N,, to be the total occupation
number operator of m-type fermion of the whole lattice.
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Let N,, be the eigenvalue of Nm, which must be an integer
because it is a good quantum number. We can hereafter
identify N_; as the number of sites with m = —1, Ny
the number of sites with m = 0, and Ny number of sites
with m = 1. The ULS model then conserves Ny, Ny, and
N_; separately. Because the sum of the three equals the
number of sites L, there are two linearly independent (1.i.)

quantities; thus the ULS model has two local symmetries.

Let us choose the total Sz and the total Ny: [Hys, Sz]
= [Hyrs, N1] = 0. A field A in the z direction does not

change these symmetries, because ), S7 = ). a;r 1031 —
.

ag,qaz}—l obviously commutes with all N,,,. We can
then label the energy of the ULS in each block (Sz, Ny)
with Eyrs(Sz, N1), and the energy of the ULS with field
as Fyrs(Sz,N1) + hSz. Because we choose h > 0, Ny
tends to decrease as h increases, and Sz tends to become
more negative, so that |Sz| increases as h increases. For
h < hcy, the system can decrease its energy by either
increasing |Sz|, or, by decreasing N; (because both are
conserved and 1.i.), or, both. Decreasing N; while at the
same time increasing |Sz| increases Eyrs(Sz, N1) but
decreases hSz, so the two terms compete.

At first, it costs more to constantly increase |Sz|, and
the system must instead zigzag |Sz|. But at some large
enough field A, the field term wins and decreasing |Sz| is
no longer advantageous energetically. This happens when
N; cannot be decreased any further, that is, when N;

reaches its minimum value: zero. This point marks the
second order phase transition at h = h.,. From h > h
onward, there are no longer ground states with m =1
sites, the magnetization Sz equals —N_1, and N; = 0.

Figure.4(d,e) shows the numerical results of the decay
of the real space correlations (both longitudinal and trans-
verse) for the ULS model subjected to different fields. The
power law exponent 7(h), as shown in Fig.4(f), varies con-
tinuously in both phase A and phase Bs but changes dra-
matically at transition h.1, indicating an abrupt change
in the underlying Tomonaga-Luttinger theory. As the
field increases toward h.s, 1 gradually decreases and con-
verges 1 — 0.7, consistent with the behavior in the AKLT
model.

Figure.4(e) shows the power-law decay of longitudinal
components S§S% of phase B, which is again almost con-
stant, thus the decay of S(R) is mainly attributed to
the transverse components S§S% and S§S7 like in the
AKLT model. This behavior can be quantitatively de-
scribed by exploiting the SU(3) symmetry at ULS point
and its spinon bands. In the fermion representation, S, =
n1 —n_1, hence the longitudinal correlator is <SfS]z> =
(nianja) + (ni—1nj—1) — (ns,1nj,—1) — (ni,—1mj1). Not-
ing that spinon of 1-type is completely depleted in phase
B, the longitudinal correlator is reduced to

<SleJZ> = <7711'7,177,j7,1> (22)
for the ULS model in an intermediate field. Also Fig.4(e)



shows that, within phase B, the transverse correlator is
almost constant, indicating that n_; in the phase B is
approximately ordered with

(n_1) =~/ (5785), VO0<i,j<L (23)

Using ), (ni,m) = 1 and the fact that n; = 0 in phase
B, we must have

(no) = 1—/(5:8) (24)
implying that ng is also ordered in phase B. In fact for
the polarized phase h > h., our numerical calculation
indeed gives (S7S%) =1, V0 <i,j < L, consistent with
(n_1) = 1 and complete depletion (ng) = 0. This provides
a description of the phase transition via depopulation of
bands and its resemblance to Lifshitz transition.

Now that (S7.5%) is a constant in phase B (both ng and
n_y are ordered), the decay of S(R) = (So - Sg) is entirely
attributed to transverse spin components like (S7S7),
which arise from the exchange of particles between the
two spinon bands. It is simple to check that within
phase B the transverse contribution is related to a kinetic

exchange of spinons among two flavors at a given site,
described by,

(8787) = (KiK;)
2
K; = %(a;‘r,oai,q + ai,Oal'L,—l) 25)

Hence even though spinons are ordered in the orginal
lattice, transverse correlations of spins nonetheless show
a power law decay.

B. Dynamics of ULS Model

It was shown in Ref. [11] that at 8 = 1, the spin-1 chain
has an exact mapping to a Schwinger boson representation
by projecting out the antiparallel states in the bond-
operator representation at large enough magnetic field
before saturation at h.o. Thus in a large enough magnetic
field the spin-1 chain can be considered a spin-1/2 chain.
This boson representation gives a very good picture for
understanding the magnetization of spin-1 ULS at large
field qualitatively. There are two more questions we can
ask based on this insight: how does the SU(3) system
continuously transit to an effective SU(2) system, and,
how can we describe the dynamical evolution from a spin-
1 chain to its effective spin-1/2 map. In this subsection
we will discuss these questions using the results of the
dynamical correlations for the ULS model obtained from
DMRG.

Figure 5 shows the S*S~ component of the dynamical
structure factor calculated using DMRG for a lattice
of 200 sites with open boundary conditions, with and
without field a h, as indicated. (The S*S* and S—S*
components are shown in the Supplement [23]). Before

the first transition at h.;, the dynamical structure factor
S(g,w) in Fig. 5(a) shows that a wide range of frequencies
are excited at a given momentum, in contrast to the
gapped Haldane phase that shows sharper modes. At low
energies, the spectrum for the ULS model has two gapless
incommensurate modes at ¢ ~ 27/3,47/3 corresponding
to the two peaks shown in Fig. 4(c) at h = 0. This
is a distinct fingerprint observable by inelastic neutron-
scattering. The broad spectrum provides clear evidence
for fractionalized excitations.

Adding a field breaks the SU(3) symmetry of the ULS
model into U(1)xU(1). As shown in Fig. 5(b), this re-
duction of symmetry is accompanied by the bifurcation
of the two incommensurate modes that are both two-fold
degenerate, resulting in 4 distinct gapless modes. Upon
increasing the field, we find that the two pairs of modes
move in opposite directions in momentum space. Near A
one pair of modes recombines into a degenerate mode at
7, the other pair moves further away from each other and
becomes fainter as the field reaches h.;. Finally, as shown
in Fig. 5(d), at h = 1.5 > h. we see only one gapless
mode at 7 while the other pair is completely washed out.

Importantly, in Fig. 5(h) which shows the dynamical
structure factor at h = 1.0, the S(g,w) is not as sharp and
linear as in the AKLT model or Heisenberg model shown
in the Supplement[23], instead it forms a fan emanating
from the gapless point at ¢ = 7 to higher energies with
decreasing spectral weight. This behavior resembles the
spectrum of a spin-1/2 Heisenberg chain obtained by
Bethe ansatz [1, 43, 44].

In order to understand how the phase transition is re-
flected in the bifurcation in dynamical structure factor
shown in Fig.5(a-d), we adopt a fermion band representa-
tion of the problem. Let k,, denote the fermi momentum
of the spinon of m-flavor. The single-particle density
of m-flavor spinon can thus be approximated by p,, =~

ffz dk /27 = k,, /7. Notice that the spinon representa-
tion is faithful iff n; = 1, and that p,, = >, (nim) /N,
the 3 fermi momenta are thus related by

> km=m (26)

m=—1,0,1

The magnetic field contribution in terms of spinons is
hS; = Zh(ailai,l - aj’,flai,q) (27)
i

without which all 3 bands are degenerate, hence on the
ULS point k,, = 7/3 for all 3 bands. As SU(3) is broken
by a small but non-zero field, ky will remain intact, yet
the other two momenta will change by ki 3 =7/3 £ h/v,
where v is the spinon velocity.

Next we show this fermion band picture provides an
explanation of the dynamical spectral function shown in
Fig.5. Low energy spinons of the SU(3) model can be
approximated by a pair of chiral fermions [45]

Qi R fL,m(gc)e_ikm“' + fR,m(m)eika (28)
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where fr, , and fr ,, respectively denote left and right chi-
ral fermion annihilation operators relevant for m-spinon
with momenta k,, = m/3. Therefore, in the low energy
sector for h < vk,,, the magnon excitation can be ap-
proximated by

S+(x) ~ f;,lfL,Oe_i(lirkO)w + fz,lfR,Oei(kl—i_ko)w

+ f}];70fL7_16_i(ko+kl)m + f£7_1fR7Oei(k1+ko)m
(29)

in terms of the scattering channels between left and right
chiral fermions. From previous analyses of fermion bands,
it is readily seen that the momenta relevant for these
processes are

ki+ ko = 271'/3— h/’U7
(30)
ko +k_1=2m/3+h/v -

This explains the bifurcation of modes at ¢ = 27/3 and
q = 4m/3 shown in Fig.5(f). Further increasing h towards
h.1 leads to the reduction of fermi momentum kq, thus
the de-population of spinon of m =1 type. Its complete
de-population happens at h = h.; - exactly the end of
the zigzag magnetization pattern. In other words, h¢
can be viewed as the chemical potential puy = h.; of
the 1-type spinon, which touches the bottom of the 1-
type spinon band and gives a zero occupation at ground
state. Therefore upon entering the B-phase, all excitation
channels in ST relevant for fr /.1 vanish, and the only
modes left are those with kq + kg = kg = w. This explains
the “recombination” of modes shown in Fig.5(a-d).

Furthermore, this fermionic band picture also allows
us to explain the square-root-like scaling behavior in the
magnetization for 0 < he.y —h = 6h < h near the critical
point h.1. Asis clear from Eq.(27), varying h is equivalent
to a varying chemical potential p} (h) of relevant spinon.
Its dispersion for small 6k > 0 can then be written as

€1, — ,U/l = €l,g — oh - (31)

Assuming a parabolic dispersion €1 , = ag?® of the 1-type
spinon near the bottom of the band, where « is a constant,
at the Fermi momentum we have

ki = (6h/a)*/? (32)

From Eq.(27) it’s magnetization near h.; can be evaluated
by

S, =|ky —k_1| =k_1 — (6h/a)'/? (33)

which immediately determines the critical exponent of
magnetization near h.q:

05, (her) ox Gh1/? (34)

which agrees with numerical results in Fig.4(a). The
same physics takes place at the second phase transition
near h.o = 4, where, instead of 1-type spinon, it is the
0-type spinon that gets depopulated due to the shift
of its fermi momentum ko, or equivalently its chemical
potential pg. Because of the complete depopulation of
1-type spinon at h.;, the constraint of Eq.(26) changes



into kg + k_1 = m. The Zeeman term relevant for (-1)-
type spinon —hail _10n,—1 Taises the chemical potential
Lo, thus continudusly lowers the energy of the lowest
occupied state. This leads to the transfer of spinons
from m = 0 into m = —1 band. Assuming a parabolic
band of 0-type spinon again gives the same magnetic
critical exponent S, (heo) Sh1/2. Ultimately at heo the
m = 0 band becomes completely unoccupied and we
obtain k_; = 7 as in Fig.5(d).

Moreover, the magnetic critical exponent on the right
side of hep (hea > h > hep) is readily derived starting
from the phase B. Noting that h ), S7 is a good quantum
number, previous analysis on S, (hes) oc 6h/? applies to
the all ULS models of phase B, including those near h.
from the right side. Taylor expansion of the aforesaid
square root scaling at finite 6h = h — h.; > 0 immediately
gives a linear dependence on §h. The same argument
applies to the critical behavior at small h near h = 0. In
all, near h = 0 we have

S.(h) o< ht (35)

near h.; we have

(hei —R)Y2, h < he
S.(h 36
( )O({(h—hd)l, hei < h (36)
and near h.o
S.(h) o (hey — h)Y?, b < heg (37)

Therefore, in this spinon band language, the two phase
transitions at h.; and heo are both continuous transition
in the thermodynamic limit, as a “topological” phase
transition of the Lifshitz type that involves 3 distinct
spinon bands: the fermi surface (point) of the 1-type
spinon vanishes at h.;; the fermi surface (point) of the
0-type spinon vanishes and gives rise to the emergence of
the (-1)-type at heo.

To further understand the end of the phase diagram
shown in Fig.5(d), we would like to point out that it
was obtained in Refs. [10, 11] that in the spin-1/2 bond
operator representation of spin-1, the spin states anti-
parallel to the applied field can be projected out, thus the
bond operator representation can be approximated by

St S-
Tt =g+ Ty =S
— ~u't, =87, —Ntzu:S,
1 1 1
Z o Z(utu — T I =8*4+ =
S 2(uu tztz)+2_8 —|—2

where t] creates a triplet state of spin-1/2 bond by tI |0) =
1/vV2(114) + [41)) and u' the bosonic creation operator
defined by uf [0) = [11). Eq. (38) is the Schwinger boson
representation of the pseudo-spin-1/2 operators. Applying
such projection produces an effective spin-1/2 anisotropic
Heisenberg model subject to an effective magnetic field:

Heppox Y SPST + 8YSY + AS;S7 + hepr Y S7 (39)
(i7) i

11

where hepp = (h+ 3 —1)/2 and A = (1 + )/2. This
explains the resemblance between the spin-1/2 system
and spin-1 system near saturation at h.s. Such a mapping
from the spin-1 system to the spin-1/2 system is exact
for 8 =1 at h 2 he. In particular, for § = 1 and
h = h.s = 4 where ULS model is polarized, the effective
field in Eq.(39) becomes h.s; = 2, which is exactly the
field that polarizes the spin-1/2 XXZ model [46]. At fields
above but close to h.1, we expect the dynamical structure
factor of the ULS model’s gapless intermediate phase to
coincide with that of the spin-1/2 model calculated by
Bethe ansatz, whose intensity decreases as field becomes
stronger. Figure 4(c) (for h = 1.0 > h.1) validates such a
mapping in the intermediate phase of ULS. Moreover, the
evolution of dynamical structure factor shows explicitly
how the mapping into spin-1/2 model emerges from the
bifurcation and recombination of degenerate soft modes.

VI. DISCUSSION
A. Central Charge

In this section we turn to a brief discussion of the central
charge to provide insight into their effective underlying
CFT descriptions Many pioneering works have been done
for the spin-1 antiferromagnetic chain using the NLoM |3,
4], which has been recently extended from the Heisenberg
model with 5 = 0 to the BLBQ Hamiltonian with a wider
range of 5 > 0 [47].

Field AKLT Heisenberg
A >0 >0
h=0 qo NA NA
c NA NA
A >0 >0
A < hex % NA NA
c NA NA
A 0 0
her < |h| < he2 qo ™ ™
c c—1 c—1

TABLE I. Summary of energy gap A, momentum of gapless
modes qo, and central charge ¢ of Heisenberg and AKLT model
under different fields. The central charge of the ULS model at
fields corresponding to the XXX intermediate phase is ¢ = 1
due to its mapping to the spin-1/2 chain. Although such a
mapping is no longer exact on the path from =1 to =0,
the behavior of the central charge in the B and XXZ phases
is shown in Fig.6(d). Away from the phase transition at the
corresponding h.; the central charge is close to ¢ = 1. The
right arrow in the table ¢ — 1 indicates that the central charge
is unity only away from the transition within the accuracy of
the numerical results.

While NLoM captures the presence of the elementary
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magnon at ¢ = 7 in the extended region of the Haldane
phase, it fails to accurately capture correlation functions
beyond the AKLT point at 8§ = 1/3. In this section,
we investigate a possible field theory starting from the
Haldane phase boundary at the ULS point at 5 =1 by
looking into the central charge of the phase B. We show
that perturbation of 3 is irrelevant in phase B, that is, a
theory with ¢ = 1 is robust for a very wide range of § in
the gapless regions that emerge in the ULS or Haldane
model under a field.

It is well-known that in the continuum limit an antifer-
romagnetic spin-1/2 chain can be described by an SU(2)
WZW theory with central charge ¢ = 1, which can be
generalized to many other 141-dimensional quantum crit-
ical systems with higher SU(N) symmetries with central
charge ¢ = N — 1. We present below the entanglement
entropy at different bonds in models studied in previous
sections, and investigate the existence of possible effective
CFT correspondence by extracting the central charge in
the phase B.

The ULS model at h = 0 can be captured by a SU(3)
WZW theory with ¢ = 2. Under h.; < h < he, ULS
model can be mapped exactly to a spin-1/2 Heisenberg
model [10, 11], hence in the low energy regime this inter-
mediate phase should have an effective CFT with central
charge ¢ = 1. As we move away from the ULS point by
increasing 8 from 8 = 1, the mapping to the spin-1/2

Heisenberg model is no longer exact in the intermediate
phase because the anti-parallel states in the bond-operator
representation cannot be projected out, unless the field
is close to saturation at h.,. The deviation from the
effective spin-1/2 chain can be seen from the difference in
their spectral weight distribution of intermediate phase
shown in Fig. 3(d) and Fig. 5(d). However, as we are
to show next, the ¢ = 1 theory can be robust against a
non-perturbative deviation of 8 = 1 where the mapping
to the spin-1/2 model is not valid.

The entanglement entropy of 1+1 dimensional CFT
under OBC satisfies

S(n) = SFT(n) + S99 (n) + const (40)
where n is the bond position. The first two terms are as
defined in Eq.(10). Figure.6 shows results of entanglement
entropy (EE) as a function of bond position n, and is
fitted by Eq. (10) to extract the central charge at different
fields. As a benchmark we show in Fig. 6(a) the EE(n)
of the spin-1/2 Heisenberg model with ¢ = 1, which is
equivalent to ULS model under fields h.y < h < heo.
Fig. 6(b) shows the EE(n) of the AKLT model near the
first critical field hq1 (8 = 1/3) ~ 0.75.

It is worth pointing out that while the EE of the spin-
1/2 Heisenberg model oscillates strongly under OBC, the
EE of AKLT’s intermediate phase does not, hence we can
drop the S9%¢ term in Eq. (10). When 6hy = h — hey <



0.1, i.e. hes < h < 0.85, the central charge ¢ ~ 0.5
deviates from spin-1/2 chain’s ¢ = 1 which reflects the
invalidity of the mapping, yet, as shown in Fig. 6(d), the
central charge converges rapidly after h; > 0.1 toc=1
and remains such up to saturation at h.o = 4. In the
spin-1 Heisenberg model where 8 = 0, the central charge
also quickly converges to ¢ = 1, but this time EE oscillates
with larger amplitude and periodicity than that of AKLT
for small §hy = h — hey as shown in Fig. 6(c). In the
Heisenberg model, the central charge converges to ¢ =1
beyond dhy > 0.4, i.e. h > 0.8 and remains the same until
saturation, and the oscillation of EE also disappears after
the convergence like that of the AKLT. Hence, although 3
deviates non-perturbatively from 8 =1 to AKLT model
with 8 = 1/3, or to Heisenberg model with 5 = 0, a
central charge ¢ = 1 continues to describe the gapless
intermediate phase.

B. Single Mode Approximation

Motivated by the sharp signal of the dynamical struc-
ture factor in Fig.3(a-d) and Fig.5(d), we investigate the
extent to which a single mode approximation (SMA) can
describe the spectrum of the aforementioned models.

To understand the the nature of the excitations in
the intermediate phase B of H(h; ) we turn to Bijl and
Feynman’s SMA method[48], which successfully described
the phonon-roton curve in ‘He and was later used to
explain the antiferromagnetism in extended Heisenberg
models with a Haldane gap [35, 49, 50]. SMA assumes the
existence of well-defined modes with a sharp dispersion
S(q,w) x S(q)d(w — w(q)). It was shown previously that
SMA works well in capturing the gap above the AKLT
ground state [51]. As we discuss below, SMA is able to
capture the essence of the field-induced gapless modes at
fields above but close to h.; near the Haldane-phase B
boundary (see Fig.1) with good accuracy. However, SMA
becomes too coarse of an approximation to capture the
gapless modes at higher fields in the B intermediate phase
due to increasing magnon fractionalization.

Though the AKLT chain does not order unless it is
in the saturated phase h > 4, when the requirement for
SMA to be valid is rigorously met, nevertheless, we find
that SMA can capture the essence of the modes when the
fractionalization of the magnon modes is weak, and the
deviation from SMA provides a quantitative measure of
the degree of fractionalization. One point to note is that
the gap deduced by SMA is the upper bound of the actual
gap as is evident from Fig.1. The strength of SMA is
that it provides qualitative information on the excitations
based only on the static structure factor, without detailed
information on the dynamical information. In order to
compare with the well-known result by Arovas, Auerbach
and Haldane [35] we scale down the Hamiltonian by 1/2
hereafter in this section. By SMA we assume the magnon
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excitations can be described by
« 1 iqri QO
S g.s.) = ZZ@ 5% |g.5.) (41)

where |g.s.) is the ground state of Hamiltonian H which
can be readily computed by DMRG, a = z,y, z are three
different magnon branches. This is a good approximation
if the magnon dispersion is strongly peaked at the energy
of the state S [g.s.). The dispersion within SMA is then
given by

(g-s.1[52,, [H, 5¢]]lg-5.)

2(g.5.19%,S51g-5.)

WSMA — (42)

where the denominator is simply the static structure factor
evaluated in the ground state. In the presence of inversion
symmetry (or PBC) commutators in the numerator can
be worked out directly. Here we choose the S% magnon
branch and the energy is evaluated to be:

(1 —cosq)C(B)
S(q)

where C(f) is a collection of correlators between nearest
neighbors. It is also independent of ¢ and fully determined
by the choice of the magnon branch, the parameter 5 in
the BLBQ Hamiltonian. For a derivation of wg s 4 readers
can refer to Appendix IX A. Futhermore, in the S* branch
the z-field term of the commutators in Eq. (42) vanishes,
thus we can simply use the non-perturbed Hamiltonian
for the numerator. The spectrum becomes gapless, i.e.
wsma = 0 when the structure factor S(g) diverges, as
seen from Eq.(43).

We make no attempt to apply SMA to the phase A be-
cause it is an extremely fractionalized phase that strongly
violates S(q,w) x S(q)d(w—w(q)). It turns out that, even
though for h.; < h < he the ULS gives much sharper
signal in dynamical structure factors shown in Fig. 5(d),
SMA is a poor approximation to capture the dynamical
information, which is reflected by a non-zero minimum of
wsma in Figure.7(f). This can be qualitatively accounted
by the fact that, at least for fields close to but smaller than
saturation field h.o = 4, the behavior of spin-1 BLBQ
chains very much resembles that of a spin-1/2 Heisenberg
chain, and can be mapped exactly to spin-1/2 chain for
ULS point [10, 11]. The dynamical solution of spin-1/2
chain from Bethe ansatz is qualitatively consistent with
phase B of ULS shown in Fig. 5(d), both of which have
a S(q,w) that resembles a fuzzy fan area of fractional-
ized signal emanated from ¢ = 7. SMA loses too much
information by ignoring these fractionalized modes.

Figure.7 shows the single mode dispersion wgar4 at
different fields obtained for different L. Fig. 7(a-e) show
results for the AKLT model. In the VBS ground state,
the SMA dispersion can be solved exactly: wgpa =
5(5 4+ 3cosk)/27 with the SMA gap wgpra(m) = 0.370,
which is very close to the number A == 0.350 given by ED.
At h = 0.8, which is slightly larger than h.; and belongs to

WsMA = (43)
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FIG. 7. SMA results (solid lines) compared with S(g,w) obtained by DMRG (intensity plot) in (a) AKLT VBS state; (b-e)
AKLT phase B at h=0.8, h =1.8, h = 2.8 h = 3.8 > h.1 calculated for different L. The gap of the VBS state is remarkably
close to the exact result of Ay ps = 0.350. Within the phase B of AKLT, at field slightly larger than hci, e.g. h = 0.8 in (a),
the (upper bound of) gap given by wsara(k) is close to zero and decreases as L increases, indicative of a gapless mode in the
thermodynamic limit. However as h keeps increasing in (b,c), the gapless mode is no longer captured by SMA. (f) ULS: SMA
and DMRG for the gapless intermediate phase at h = 1.5 > h.1 &= 0.94. The upper bound is not tight enough to capture the

gapless mode at 7.

the gapless phase B of AKLT, the lowest excitation energy
for L = 180 obtained by SMA is about wgpra ~ 0.03 at
q = m, which is tiny compared to that of the VBS state.
This upper bound of the gap is affected by the finite size
L and decreases with increasing L, so we can speculate
that there is a gapless mode at fields larger than but close
to he1 within the intermediate phase, and the slope of the
two nearly linear branches slowly tends to infinity as h gets
close to h.1, which actually represents a one-dimensional
Bose condensation at the critical point [52]. Such Bose
condensation breaks down as the field h increases beyond
Ret.

Figure.7(b-e) shows the same SMA calculation at larger
fields within phase B of AKLT. As the field h increases
within B and gets further away from the Haldane-B bound-
ary, the lowest excitation energy captured by SMA no
longer converges to zero. This can be readily seen in the
static structure factor S(¢) in Fig.2(d), that the spiky
S(q) of phase B at ¢ = m decreases as magnetic field h in-
creases, hence the approximated gap by wsa4 in Eq.(43)
becomes larger. In other words, since the existence of
a gapless mode is already guaranteed by the diverging
correlation length, a non-zero gap in SMA means the
upper bound of the gap is not asymptotically tight, which
suggests the assumption S(q,w) x S(¢)é(w — w(q)) is
no longer accurate for the dynamical structure factor at
higher field away from Haldane-B boundary and the Bose
condensate breaks down. Further increase of magnetic

field enhances fractionalization and ultimately the system
resembles a spin-1/2 model somewhere near saturation
field h.o, where all spin states anti-parallel to the applied
field can be asymptotically projected out as in the case of
the A-B transition in the ULS model in a field. Therefore,
from the calculated data in Fig.7, we can speculate that
the SMA result of AKLT after some large enough field
between Fig.7(d) and (e) should be the same as an effec-
tive XXZ model under an effective magnetic field, whose
S(g,w) is similar to that of the phase B of ULS shown in
Fig.7(f). This qualitatively explains the shape of intensity
distribution in Fig.7(e), thus the heavier tail at higher
energy in AKLT phase B shown in Fig.2(k,l), and the
decreasing of entanglement entropy at larger fields shown
in Fig.2(c).

C. Material Candidates

In this subsection we discuss candidate materials with
d* configuration where the field-induced Lifshitz-type tran-
sition of ULS Hamiltonian may be observed. Contrary
to common wisdom that d* materials are non-magnetic
in both strong spin orbital coupling (SOC) and Hund’s
coupling limits [53], our recent study using the full multi-
orbital Hubbard model of d* configurations indicates that
a magnetic phase transition is possible in a realistic param-
eter regime [16, 54]. For example, CagRuO,4 was shown to



have finite magnetic moments [55-57], and experiments
on double perovskite iridates [58-64], honeycomb ruthen-
ates [65-67] have also revealed non-trivial magnetism for
the d* configuration.

In our previous work [17] using DMRG on the model de-
rived for d* transition metal oxides we also find a gapless-
to-gapless transition with increasing SOC. The behavior
near the transition point of the d* model captured by a
mean-field theory described by a ULS model comprised
of only L = 1 orbital degrees of freedom at g = 1 with
an additional spin-orbital interaction. In the following we
briefly describe the origin of the model and its connection
with the ULS Hamiltonian in the orbital sector.

The effective Hamiltonian for d* materials is effectively
described by [16, 17]:

Hgy = — JZ(S, . S])'P(Ll + Lj = 1)
(i5) (44)

The effective coupling constants J and A represent fer-
romagnetic exchange and spin-orbit interactions. The
projection operator in the first term, P(L; +L; =1) =
f%L%m(L%m — 6), is defined on a bond connecting or-
bital sectors of two adjacent sites. For a two site problem,
the total orbital angular momentum can be Ly = 0,1
or 2. Therefore, the projector P(L; +L; =1) = 0,1,0
for Ly = 0,1, 2 respectively. For J > 0, this projector
makes the Ly = 0 and 2 quantum sectors energeti-
cally unfavorable on the two-site bond, while preferring
L;;y = 1 angular momentum on the bond. Upon expand-
ing the projector we arrive at the explicit form of the
Hamiltonian:

(i) (45)

+/\ZLi'Si7

In Ref.[17] we have shown that the model exhibits an
emergent spin-orbital separation in a spin-orbital interact-
ing system. Therefore we can factorize our Hamiltonian
into a spin and orbital part, similar to a mean-field ap-
proximation,

J
Has zmzz«h Lj)*+ L L - 2)
(i) (46)
+AMs > L;

where we assume M2 ~ >_ij(Si-S;) and treat the spin-
orbit coupling in the Ising limit with Mg = Y, [(S?)].
This approximation is justified by the numerical results
that shows the magnetization of spins remains large for
weak enough SOC. In summary, the similarity with Ref. [9]
lead us to expect that our model (Eq. 44) can be well
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approximated by only the orbital term in the Hy4 Hamil-
tonian with a Zeeman field L* (Eq. 46). The first term
in H™/ is exactly the ULS Hamiltonian up to a constant.
Therefore the effective Hamiltonian can be interpreted
as the ULS Hamiltonian with an additional Zeeman field.
Setting the energy scale J = 1 we have:

Hepy = Z((Li Lj)? + Ly - Lj) +hepr Y L, (47)
(i5) i

where L; are the spin-1 Pauli operators at site i, and
hers = 2A/M, is the strength of an effective external
Zeeman field experienced by the orbital degree of freedom.
This is an orbital analog of ULS model with a field, as
discussed in Sec.V Eq.(18). Therefore we expect our
predictions in Sec.V are useful to guide explorations for
5d* transition metal oxides like OsCly, CasRuQOy, and
other double perovskite iridates.

VII. SUMMARY AND OUTLOOK

In summary, we have investigated the one-parameter
bilinear biquadratic Hamiltonian family for two parameter
values 8 = 1/3, the AKLT model as a representative of
the Haldane phase, which is compared with 5 = 1, the
ULS critical point and shown the process by which the
ground state evolves under a magnetic field. Both models
undergo two second order transitions: the AKLT model
first transitions from the Haldane phase to a gapless phase
B, and then to the fully saturated phase at field h.o = 4.
The ULS critical point, already gapless at zero field, goes
through a second transition to the gapless phase B before
reaching the fully polarized phase at h.o = 4. We showed
that the gapless to gapless transition in ULS model under
a field can be understood as a Lifshitz type transition that
involves 3 distinct spinon bands in the gapless to gapless
transition. In the spinon band language, the two phase
transitions at h.; and h.o are both continuous transition
in the thermodynamic limit, as a “topological” phase
transition of the Lifshitz type that involves 3 distinct
spinon bands: the fermi surface (point) of the 1-type
spinon vanishes at h.;; the fermi surface (point) of the
0-type spinon vanishes and gives rise to the emergence of
the (-1)-type at h.o. We have scrutinized the universality
of central charge in the gapless phase B which can be
effectively captured by a CFT with ¢ = 1. We expect our
predictions of the spin dynamics will open the door for
inelastic neutron scattering measurements in candidate
materials of relevant quasi-one dimensional d* materials
[16, 17]. Future theoretical work will involve the nature
of edge modes of BLBQ models under OBC, the effect of
thermal fluctuations on symmetry protected topological
states in addition to a field, and a field-theoretic approach
to determine the effective CFT to describe the gapless
intermedate phases.
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IX. APPENDIX

A. Derivation of C(3) of SMA

In this section we sketch the derivation of C(f) men-
tioned in Eq. (43). As an example we will derive the S,S,
channel. Here we use the conventional BLBQ parameter-

ized by f:

H= Z (gz : §i+1) +8 <§1 : §i+1)2 (48)

i+l

The evaluation of SMA can be reduced to the evaluation
of commutator in Eq. (42).

. ’
e—ta(n—n')

o [, 551 = 3 ([S2 8- S| 82 - 83 [82, 80+ S| ) —

- B ([ 3/7 (_’i'gi+1>2:| Sff —Sf: [Sff/, <§1§z+1>2:|> eiq(L"n') = Hy, +HQ

where we have moved to Fourier basis. To two terms in
above equation have are from the linear and quadratic
term of BLBQ Hamiltonian respectively. We evaluate the
linear term first then the quadratic term. The linear term
in the commutator is

Z ({S’Zl,’ g’ ' g”l} S, =55 [ s 5’; : §i+1}> e—ia(n—n")

inn’

(50)
Noting that if n # ¢ and n # i+ 1, then the commutation
factor of linear term must vanish. So we only need to add
up these two indices. In presence of inversion symmetry
the summation becomes, this gives

1
Hp, = —2(1— cos Q)E Z SYSE + 8PS (51)
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where the normalized sum over ¢ contributes to C(5). This

alone will be the SMA for the spin-1 Heisenberg chain.

Note that the two point correlation in the summation
will evaluate to a negative number in antiferromagnetic

chain, so the dynamical signal is proportional to 1 — cosgq.

In a similar way we apply the inversion symmetry to

Hg and have which is again proportional to 1 — cosg.

So, in arbitrary units we may ignore the multiple-point
correlation functions that are independent of momentum
during the evaluation of single-mode dynamical structure
factor. In fact for AKLT model C(8) ~ 1 [50] so the
arbitrary units should be very close to the actual value.

B. Fermionization of ULS Model

In this section we show a detailed derivation of ULS’s
fermionic representation. Rewriting the Hamiltonian in
the fermion language is allows us readily notice the SU(3)
symmetry as mentioned in the main text, and is a useful
tool in finding conserved charges that is not explicit other-
wise. For spin-1 sites, define spin-1 operator S; = w;rgz/}h
where S is spin matrix in spin-1 Hilbert space:

V2 0
0 V2 (52)
0 0

0
5% = 0, st=

OO =
o OO
oo O

-1
and ¥ = (a; 1,a;0,a;-1)", with ai,m(a;m) being fermion
annihilation (creation) operator of spin-m at site i. So
we have

% =alay —al ja_y (53)
St = (Sf)Jr =2 (aJ{ao + a;ga,l) (54)

There is a constraint that the spin on each site is 1, thus

1 1 1

8% = _6*8* 4 — (STS~ + S5~ S+
2 2 4 ( ) (55)
1
=(n—neny —non_1 —nin_1) =1

where n,, is the on-site occupation number operator of

m-type fermion, and n; = > a}maim being the total



on-site occupation number operator. The standard ULS
Hamiltonian in spin language is written as

Hyps =Y SiS;+(S;-8;)* —2I (56)

(i)
note the identity I is spanned in 3 ® 3 Hilbert space. The
on-site identity is Io = >, (a|lpla) alas =, ala, =
|

HULS’:HULS_C:ZSi'Sj+(Si'Sj)2_C
(i5)
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n, hence I = n;n;. Therefore we can make use of the
fermion representation of identity as auxiliary parameters.
Let us define a diagonal constant ¢ = n;n; + 3n;, then
the equivalent ULS Hamiltonian H can be expressed by.

_ Tt LN T ) T _ LN T i )
= _[ § @; 105,105 1041 + 05 005,005 1Gi,0 T Q5 _10j5,-10; 105, —1 + 05 105,005 00i,1 T A g0j,~10; _104,0

(ig)

T 1 ) | P S T S T S
+ E a; 105,-105 _1G4,1 + 05 005,105 15,0 + G 15,005 0Gi,—1 + G; 105105 104, —1

(ig)

(57)

== Y alaimal 0 ==Y (W) W)

(ig)smm’ (i)

It is then obvious that Hyrs remains invariant under
transformations in SU(3) = {U € GL(3,C)|U'U =
I, det(U) = 1}. It is then straightforward to show the
3 conserved quantities explicitly by the fermion repre-

(

sentation. That is, [N, Hurs] = [>,, alan, Hurs] = 0.
Hence the total occupation number N,, of m = —1,0,1
are good quantum numbers separately.

! H. Bethe, Zeitschrift fiir Physik 71, 205 (1931), ISSN 0044-
3328, URL https://doi.org/10.1007/BF01341708.

2 E. Lieb, T. Schultz, and D. Mattis, Annals of
Physics 16, 407 (1961), ISSN 0003-4916, URL
http://wuw.sciencedirect.com/science/article/
pii/0003491661901154.

3 F. Haldane, Physics Letters A 93, 464 (1983),
ISSN 0375-9601, URL http://www.sciencedirect.com/
science/article/pii/037596018390631X.

4 F. D. M. Haldane, Phys. Rev. Lett. 50, 1153 (1983),

URL https://link.aps.org/doi/10.1103/PhysRevlett.

50.1153.

5 1. Affleck, Journal of Physics: Condensed Matter 1, 3047
(1989), URL https://doi.org/10.1088%2F0953-8984%
2F1%2F197,2F001.

6 W. J. L. Buyers, R. M. Morra, R. L. Armstrong, M. J.
Hogan, P. Gerlach, and K. Hirakawa, Phys. Rev. Lett. 56,
371 (1986), URL https://link.aps.org/doi/10.1103/
PhysRevLett.56.371.

7 R. M. Morra, W. J. L. Buyers, R. L. Armstrong, and
K. Hirakawa, Phys. Rev. B 38, 543 (1988), URL https:
//link.aps.org/doi/10.1103/PhysRevB.38.543.

8 H. Kiwata, Journal of Physics: Condensed Matter 7, 7991
(1995), URL https://doi.org/10.108872F0953-8984/,
2F7,2F417,2F008.

9 G. Fath and P. B. Littlewood, Phys. Rev. B 58,
R14709 (1998),
1103/PhysRevB.58.R14709.

10 H.-T. Wang, J.-L. Shen, and Z.-B. Su, Phys. Rev. B 56,

URL https://link.aps.org/doi/10.

14435 (1997), URL https://link.aps.org/doi/10.1103/
PhysRevB.56.14435.

1 H.-T. Wang, H. Q. Lin, and J.-L. Shen, Phys. Rev. B 61,
4019 (2000), URL https://link.aps.org/doi/10.1103/
PhysRevB.61.4019.

127, Tun, Buyers, W. J. L., Armstrong, R. L., Hirakawa,
K., and B. Briat, Phys. Rev. B 42, 4677 (1990), URL
https://link.aps.org/doi/10.1103/PhysRevB.42.4677.

13 1. A. Zaliznyak, S.-H. Lee, and S. V. Petrov, Phys. Rev. Lett.
87, 017202 (2001), URL https://link.aps.org/doi/10.
1103/PhysRevLett.87.017202.

14 p Millet, F. Mila, F. C. Zhang, M. Mambrini, A. B.
Van Oosten, V. A. Pashchenko, A. Sulpice, and A. Stepanov,
Phys. Rev. Lett. 83, 4176 (1999), URL https://link.aps.
org/doi/10.1103/PhysRevLett.83.4176.

15 3. Lou, T. Xiang, and Z. Su, Phys. Rev. Lett. 85,
2380 (2000), URL https://link.aps.org/doi/10.1103/
PhysRevLett.85.2380.

16 0. N. Meetei, W. S. Cole, M. Randeria, and N. Trivedi,
Phys. Rev. B 91, 054412 (2015), URL https://link.aps.
org/doi/10.1103/PhysRevB.91.054412.

17°S. Feng, N. D. Patel, P. Kim, J. H. Han, and N. Trivedi,
Phys. Rev. B 101, 155112 (2020), URL https://link.aps.
org/doi/10.1103/PhysRevB.101.155112.

18 1. Lifshitz (1960).

19 M. Rodney, H. F. Song, S.-S. Lee, K. Le Hur, and E. S.
Sgrensen, Phys. Rev. B 87, 115132 (2013), URL https:
//link.aps.org/doi/10.1103/PhysRevB.87.115132.

20 1. Affleck and E. Lieb, Letters in Mathematical Physics 12,


https://doi.org/10.1007/BF01341708
http://www.sciencedirect.com/science/article/pii/0003491661901154
http://www.sciencedirect.com/science/article/pii/0003491661901154
http://www.sciencedirect.com/science/article/pii/037596018390631X
http://www.sciencedirect.com/science/article/pii/037596018390631X
https://link.aps.org/doi/10.1103/PhysRevLett.50.1153
https://link.aps.org/doi/10.1103/PhysRevLett.50.1153
https://doi.org/10.1088%2F0953-8984%2F1%2F19%2F001
https://doi.org/10.1088%2F0953-8984%2F1%2F19%2F001
https://link.aps.org/doi/10.1103/PhysRevLett.56.371
https://link.aps.org/doi/10.1103/PhysRevLett.56.371
https://link.aps.org/doi/10.1103/PhysRevB.38.543
https://link.aps.org/doi/10.1103/PhysRevB.38.543
https://doi.org/10.1088%2F0953-8984%2F7%2F41%2F008
https://doi.org/10.1088%2F0953-8984%2F7%2F41%2F008
https://link.aps.org/doi/10.1103/PhysRevB.58.R14709
https://link.aps.org/doi/10.1103/PhysRevB.58.R14709
https://link.aps.org/doi/10.1103/PhysRevB.56.14435
https://link.aps.org/doi/10.1103/PhysRevB.56.14435
https://link.aps.org/doi/10.1103/PhysRevB.61.4019
https://link.aps.org/doi/10.1103/PhysRevB.61.4019
https://link.aps.org/doi/10.1103/PhysRevB.42.4677
https://link.aps.org/doi/10.1103/PhysRevLett.87.017202
https://link.aps.org/doi/10.1103/PhysRevLett.87.017202
https://link.aps.org/doi/10.1103/PhysRevLett.83.4176
https://link.aps.org/doi/10.1103/PhysRevLett.83.4176
https://link.aps.org/doi/10.1103/PhysRevLett.85.2380
https://link.aps.org/doi/10.1103/PhysRevLett.85.2380
https://link.aps.org/doi/10.1103/PhysRevB.91.054412
https://link.aps.org/doi/10.1103/PhysRevB.91.054412
https://link.aps.org/doi/10.1103/PhysRevB.101.155112
https://link.aps.org/doi/10.1103/PhysRevB.101.155112
https://link.aps.org/doi/10.1103/PhysRevB.87.115132
https://link.aps.org/doi/10.1103/PhysRevB.87.115132

21

22

23

24

25

26

27
28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

57 (1986).

S. R. White, Phys. Rev. Lett. 69, 2863 (1992), URL https:
//link.aps.org/doi/10.1103/PhysRevLett.69.2863.

S. R. White, Phys. Rev. B 48, 10345 (1993), URL https:
//link.aps.org/doi/10.1103/PhysRevB.48.10345.

See Supplemental Material at [URL will be inserted by
publisher| for a description and usage of the computer
code.

J. B. Parkinson, Journal of Physics: Condensed Mat-
ter 1, 6709 (1989), URL https://doi.org/10.1088%
2F0953-89847,2F1%,2F37%2F017.

M. B. Hastings and T. Koma, Communications in Math-
ematical Physics 265, 781 (2006), ISSN 1432-0916, URL
https://doi.org/10.1007/s00220-006-0030-4.

B. Nachtergaele and R. Sims, Communications in Math-
ematical Physics 265, 119 (2006), ISSN 1432-0916, URL
https://doi.org/10.1007/s00220-006-1556-1.

A. Nocera and G. Alvarez, Phys. Rev. B 94, 053308 (2016).
P. Calabrese and J. Cardy, Journal of Statistical
Mechanics: Theory and Experiment 2004, P06002
(2004), URL https://doi.org/10.1088%2F1742-5468Y%
2F20047,2F06%,2Fp06002.

P. Calabrese, M. Campostrini, F. Essler, and B. Nienhuis,
Phys. Rev. Lett. 104, 095701 (2010), URL https://link.
aps.org/doi/10.1103/PhysRevLlett.104.095701.

J. D’Emidio, M. S. Block, and R. K. Kaul, Phys. Rev. B
92, 054411 (2015), URL https://link.aps.org/doi/10.
1103/PhysRevB.92.054411.

P. Kim, H. Katsura, N. Trivedi, and J. H. Han, Phys. Rev.
B 94, 195110 (2016), URL https://link.aps.org/doi/
10.1103/PhysRevB.94.195110.

1. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, Commun.
Math. Phys. 115, 477 (1988).

D. P. Arovas, Physics Letters A 137, 431 (1989),
ISSN 0375-9601, URL http://www.sciencedirect.com/
science/article/pii/0375960189909213.

I. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, Phys.
Rev. Lett. 59, 799 (1987), URL https://link.aps.org/
doi/10.1103/PhysRevLett.59.799.

D. P. Arovas, A. Auerbach, and F. D. M. Haldane, Phys.
Rev. Lett. 60, 531 (1988), URL https://link.aps.org/
doi/10.1103/PhysRevLett.60.531.

M. den Nijs and K. Rommelse, Phys. Rev. B 40,
4709 (1989), URL https://link.aps.org/doi/10.1103/
PhysRevB.40.4709.

S. M. Girvin and D. P. Arovas, Physica Scripta T27, 156
(1989), URL https://doi.org/10.10887%2F0031-89497
2F1989%2Ft27%2F027.

T. Kiithner and S. White, Phys. Rev. B 60, 335 (1999).

B. Sutherland, Phys. Rev. B 12, 3795 (1975), URL https:
//doi.org/10.1103/PhysRevB.12.3795.

G. V. Uimin, JETP Letters 12, 225 (1970), URL http://
www.jetpletters.ac.ru/ps/1730/article_26296.shtml.
C. K. Lai, J. Math. Phys. 15, 1675 (1974), URL https:
//doi.org/10.1063/1.1666522.

Y. Q. Li, M. Ma, D. N. Shi, and F. C. Zhang, Phys. Rev.
Lett. 81, 3527 (1998), URL https://link.aps.org/doi/
10.1103/PhysRevLett.81.3527.

M. Mourigal, M. Enderle, A. Klopperpieper, J.-S. Caux,
A. Stunault, and H. M. Rgnnow, Nature Physics 9, 435
(2013), ISSN 1745-2481, URL https://doi.org/10.1038/
nphys2652.

B. Lake, D. A. Tennant, J.-S. Caux, T. Barthel,
U. Schollwéck, S. E. Nagler, and C. D. Frost, Phys. Rev.

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

18

Lett. 111, 137205 (2013), URL https://link.aps.org/
doi/10.1103/PhysRevLlett.111.137205.

I. Affleck, Nuclear Physics B 305, 582 (1988), ISSN 0550-
3213, URL https://www.sciencedirect.com/science/
article/pii/0550321388901174.

D. C. Cabra, A. Honecker, and P. Pujol, Phys. Rev. B 58,
6241 (1998), URL https://link.aps.org/doi/10.1103/
PhysRevB.58.6241.

M. Binder and T. Barthel, Phys. Rev. B 102,
014447 (2020), URL https://link.aps.org/doi/10.
1103/PhysRevB.102.014447.

R. P. Feynman and M. Cohen, Phys. Rev. 102, 1189 (1956),
URL https://link.aps.org/doi/10.1103/PhysRev.102.
1189.

E. S. So/rensen and I. Affleck, Phys. Rev. B 49,
15771 (1994), URL https://link.aps.org/doi/10.1103/
PhysRevB.49.15771.

O. Golinelli, T. Jolicceur, and E. S. Sgrensen, The Euro-
pean Physical Journal B - Condensed Matter and Com-
plex Systems 11, 199 (1999), ISSN 1434-6036, URL https:
//doi.org/10.1007/BF03219165.

A. D. J. (auth.), T. L. Ainsworth, C. E. Campbell, B. E.
Clements, and E. K. (eds.), Recent Progress in Many-Body
Theories: Volume 3 (Springer US, 1992), 1st ed., ISBN
978-1-4613-6535-8,978-1-4615-3466-2.

L. Affleck, Phys. Rev. B 43, 3215 (1991), URL https:
//link.aps.org/doi/10.1103/PhysRevB.43.3215.

G. Chen and L. Balents, Phys. Rev. B 84, 094420 (2011),
URL http://link.aps.org/doi/10.1103/PhysRevB.84.
094420.

C. Svoboda, M. Randeria, and N. Trivedi, Phys. Rev. B
95, 014409 (2017), URL https://link.aps.org/doi/10.
1103/PhysRevB. 95.014409.

S. Nakatsuji, S.-i. Ikeda, and Y. Maeno, Journal
of the Physical Society of Japan 66, 1868 (1997),
https://doi.org/10.1143/JPSJ.66.1868, URL https://doi.
org/10.1143/JPSJ.66.1868.

M. Braden, G. André, S. Nakatsuji, and Y. Maeno, Phys.
Rev. B 58, 847 (1998), URL https://link.aps.org/doi/
10.1103/PhysRevB.58.847.

J. Carlo, T. Goko, I. Gat-Malureanu, P. Russo, A. Savici,
A. Aczel, G. MacDougall, J. Rodriguez, T. Williams,
G. Luke, et al., Nature materials 11, 323 (2012), URL
https://doi.org/10.1038/nmat3236.

G. Cao, T. F. Qi, L. Li, J. Terzic, S. J. Yuan, L. E.
DeLong, G. Murthy, and R. K. Kaul, Phys. Rev. Lett.
112, 056402 (2014), URL https://link.aps.org/doi/10.
1103/PhysRevLett.112.056402.

M. A. Laguna-Marco, P. Kayser, J. A. Alonso, M. J.
Martinez-Lope, M. van Veenendaal, Y. Choi, and D. Haskel,
Phys. Rev. B 91, 214433 (2015), URL https://link.aps.
org/doi/10.1103/PhysRevB.91.214433.

S. Bhowal, S. Baidya, 1. Dasgupta, and T. Saha-Dasgupta,
Phys. Rev. B 92, 121113 (2015), URL https://link.aps.
org/doi/10.1103/PhysRevB.92.121113.

S. Fuchs, T. Dey, G. Aslan-Cansever, A. Maljuk,
S. Wurmehl, B. Biichner, and V. Kataev, Phys. Rev. Lett.
120, 237204 (2018), URL https://link.aps.org/doi/10.
1103/PhysRevLett.120.237204.

B. Ranjbar, E. Reynolds, P. Kayser, B. J. Kennedy, J. R.
Hester, and J. A. Kimpton, Inorganic Chemistry 54, 10468
(2015), URL https://doi.org/10.1021/acs.inorgchem.
5b01905.

B. F. Phelan, E. M. Seibel, D. Badoe Jr, W. Xie, and R. J.


https://link.aps.org/doi/10.1103/PhysRevLett.69.2863
https://link.aps.org/doi/10.1103/PhysRevLett.69.2863
https://link.aps.org/doi/10.1103/PhysRevB.48.10345
https://link.aps.org/doi/10.1103/PhysRevB.48.10345
https://doi.org/10.1088%2F0953-8984%2F1%2F37%2F017
https://doi.org/10.1088%2F0953-8984%2F1%2F37%2F017
https://doi.org/10.1007/s00220-006-0030-4
https://doi.org/10.1007/s00220-006-1556-1
https://doi.org/10.1088%2F1742-5468%2F2004%2F06%2Fp06002
https://doi.org/10.1088%2F1742-5468%2F2004%2F06%2Fp06002
https://link.aps.org/doi/10.1103/PhysRevLett.104.095701
https://link.aps.org/doi/10.1103/PhysRevLett.104.095701
https://link.aps.org/doi/10.1103/PhysRevB.92.054411
https://link.aps.org/doi/10.1103/PhysRevB.92.054411
https://link.aps.org/doi/10.1103/PhysRevB.94.195110
https://link.aps.org/doi/10.1103/PhysRevB.94.195110
http://www.sciencedirect.com/science/article/pii/0375960189909213
http://www.sciencedirect.com/science/article/pii/0375960189909213
https://link.aps.org/doi/10.1103/PhysRevLett.59.799
https://link.aps.org/doi/10.1103/PhysRevLett.59.799
https://link.aps.org/doi/10.1103/PhysRevLett.60.531
https://link.aps.org/doi/10.1103/PhysRevLett.60.531
https://link.aps.org/doi/10.1103/PhysRevB.40.4709
https://link.aps.org/doi/10.1103/PhysRevB.40.4709
https://doi.org/10.1088%2F0031-8949%2F1989%2Ft27%2F027
https://doi.org/10.1088%2F0031-8949%2F1989%2Ft27%2F027
https://doi.org/10.1103/PhysRevB.12.3795
https://doi.org/10.1103/PhysRevB.12.3795
http://www.jetpletters.ac.ru/ps/1730/article_26296.shtml
http://www.jetpletters.ac.ru/ps/1730/article_26296.shtml
https://doi.org/10.1063/1.1666522
https://doi.org/10.1063/1.1666522
https://link.aps.org/doi/10.1103/PhysRevLett.81.3527
https://link.aps.org/doi/10.1103/PhysRevLett.81.3527
https://doi.org/10.1038/nphys2652
https://doi.org/10.1038/nphys2652
https://link.aps.org/doi/10.1103/PhysRevLett.111.137205
https://link.aps.org/doi/10.1103/PhysRevLett.111.137205
https://www.sciencedirect.com/science/article/pii/0550321388901174
https://www.sciencedirect.com/science/article/pii/0550321388901174
https://link.aps.org/doi/10.1103/PhysRevB.58.6241
https://link.aps.org/doi/10.1103/PhysRevB.58.6241
https://link.aps.org/doi/10.1103/PhysRevB.102.014447
https://link.aps.org/doi/10.1103/PhysRevB.102.014447
https://link.aps.org/doi/10.1103/PhysRev.102.1189
https://link.aps.org/doi/10.1103/PhysRev.102.1189
https://link.aps.org/doi/10.1103/PhysRevB.49.15771
https://link.aps.org/doi/10.1103/PhysRevB.49.15771
https://doi.org/10.1007/BF03219165
https://doi.org/10.1007/BF03219165
https://link.aps.org/doi/10.1103/PhysRevB.43.3215
https://link.aps.org/doi/10.1103/PhysRevB.43.3215
http://link.aps.org/doi/10.1103/PhysRevB.84.094420
http://link.aps.org/doi/10.1103/PhysRevB.84.094420
https://link.aps.org/doi/10.1103/PhysRevB.95.014409
https://link.aps.org/doi/10.1103/PhysRevB.95.014409
https://doi.org/10.1143/JPSJ.66.1868
https://doi.org/10.1143/JPSJ.66.1868
https://link.aps.org/doi/10.1103/PhysRevB.58.847
https://link.aps.org/doi/10.1103/PhysRevB.58.847
https://doi.org/10.1038/nmat3236
https://link.aps.org/doi/10.1103/PhysRevLett.112.056402
https://link.aps.org/doi/10.1103/PhysRevLett.112.056402
https://link.aps.org/doi/10.1103/PhysRevB.91.214433
https://link.aps.org/doi/10.1103/PhysRevB.91.214433
https://link.aps.org/doi/10.1103/PhysRevB.92.121113
https://link.aps.org/doi/10.1103/PhysRevB.92.121113
https://link.aps.org/doi/10.1103/PhysRevLett.120.237204
https://link.aps.org/doi/10.1103/PhysRevLett.120.237204
https://doi.org/10.1021/acs.inorgchem.5b01905
https://doi.org/10.1021/acs.inorgchem.5b01905

19

Cava, Solid State Communications 236, 37 (2016), URL and G. Cao, Phys. Rev. B 90, 161110 (2014), URL https:
https://doi.org/10.1016/j.ssc.2016.03.017. //link.aps.org/doi/10.1103/PhysRevB.90.161110.

64 T. Dey, A. Maljuk, D. V. Efremov, O. Kataeva, S. Gass, 57 V. V. Gapontsev, E. Z. Kurmaev, C. I. Sathish, S. Yun,
C. G. F. Blum, F. Steckel, D. Gruner, T. Ritschel, A. U. B. J.-G. Park, and S. V. Streltsov, Journal of Physics: Con-
Wolter, et al., Phys. Rev. B 93, 014434 (2016), URL https: densed Matter 29, 405804 (2017), URL https://doi.org/
//1link.aps.org/doi/10.1103/PhysRevB.93.014434. 10.1088/1361-648x/aa7fd6.

65 R. Kumar, T. Dey, P. M. Ette, K. Ramesha, A. Chakraborty, 58 M. Fishman, S. R. White, and E. M. Stoudenmire, The iten-
I. Dasgupta, J. C. Orain, C. Baines, S. Téth, A. Shahee, sor software library for tensor network calculations (2020),
et al., Phys. Rev. B 99, 054417 (2019), URL https://link. 2007.14822.
aps.org/doi/10.1103/PhysRevB.99.054417. 69 @. Alvarez, Computer Physics Communications 180, 1572

56 J. C. Wang, J. Terzic, T. F. Qi, F. Ye, S. J. Yuan, (2009).

S. Aswartham, S. V. Streltsov, D. I. Khomskii, R. K. Kaul,


https://doi.org/10.1016/j.ssc.2016.03.017
https://link.aps.org/doi/10.1103/PhysRevB.93.014434
https://link.aps.org/doi/10.1103/PhysRevB.93.014434
https://link.aps.org/doi/10.1103/PhysRevB.99.054417
https://link.aps.org/doi/10.1103/PhysRevB.99.054417
https://link.aps.org/doi/10.1103/PhysRevB.90.161110
https://link.aps.org/doi/10.1103/PhysRevB.90.161110
https://doi.org/10.1088/1361-648x/aa7fd6
https://doi.org/10.1088/1361-648x/aa7fd6

	Gapless to gapless phase transitions in quantum spin chains
	Abstract
	Introduction
	Model
	Computational Methods
	Haldane Phase
	Statics of AKLT
	Dynamics of AKLT

	ULS Critical Point
	Static Response of ULS Model
	Dynamics of ULS Model

	Discussion
	Central Charge
	Single Mode Approximation
	Material Candidates

	Summary and Outlook
	acknowledgements
	Appendix
	Derivation of C() of SMA
	Fermionization of ULS Model

	References


