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Recently, the premelting and formation of ice due to the Casimir-Lifshitz interaction, proposed
in early 1990s by Elbaum and Schick [Phys. Rev. Lett. 66, 1713-1716 (1991)], have been general-
ized to diverse practical scenarios, yielding novel physical intuitions and possibilities of application
for those phenomena. The properties of materials, in particular, the electrical permittivity and
permeability, exert significant influences on the Casimir-Lifshitz energies and forces, and hence on
the corresponding premelting and formation of ice. To address these influences in detail and ex-
plore the resulting physics, here we revisit and extend the analyses of previous work, with both
the dielectric data utilized there and the latest dielectric functions for ice and cold water. For the
four-layer cases considered by some of us, the existence of stable configurations depending on the
initial conditions has been confirmed, and different types of stability corresponding to minima of
the Casimir-Lifshitz free energy are demonstrated. As the new dielectric functions for ice and cold
water deviate considerably from those used by Elbaum and Schick, their vital impacts on three- and

four-layer configurations are therefore being reconsidered.

I. INTRODUCTION

Relevant surface free energies should be carefully eval-
uated when considering the formation of ice and water
layers. An important contribution to the theories for
surface forces came from Casimir,! who related the force
between a pair of neutral planar perfect metal surfaces
to changes in the zero-point energy of vacuum. Later,
a much more general theory was derived by Lifshitz and
co-workers for interactions between surfaces.?3 Attempts
to verify the Lifshitz formula®?3 were taken quite early us-
ing surface force measurements,* ¢ although those were
far from conclusive. Much more definitive were studies of
thin film growth.”® It was in parallel extensively studied
theoretically, for instance by the groups led by Parsegian
and Ninham.!? 14 Since the late 1990s, accurate measure-
ments for Casimir forces between metal surfaces were car-
ried out by Lamoreaux and co-workers,'> 17 and later by
others.'® 20 The zero-temperature theory has been rather
well verified, but the finite-temperature correction, es-
pecially for systems consisting of imperfect metals, re-
mains controversial.'® 2> The books by Milton,2® Bordag
et al.,>” Dalvit et al.,?® Buhmann,?*3° and Sernelius,?”
describe well this active and important research topic.

Notably, interesting phenomena and applications also
come from the finite-temperature Casimir-Lifshitz for-
mula. For instance, the potential role of Casimir-Lifshitz
free energy in ice premelting®! and formation3? was put
forward by Elbaum and Schick. In the specific context
of ice/water systems, it has in particular been shown
that Casimir-Lifshitz forces,>' 37 combined with dou-
ble layer forces due to experimentally unknown impu-
rity charges,?33839 can give rise to short range repul-
sion and long range attraction leading to an equilib-
rium system with the experimentally observable partial
ice premelting.?4* The existence of thin surface films
of liquid water on ice particles*®%5 has been proposed
as a factor influencing environmental physics, includ-
ing potential effects on frost heave,*” and charging of
thunderclouds.*®°° Based on experimental observations,
heat insulating gas hydrate strata was proposed to play a
role for the internal geophysics on Pluto®! and the moon
Enceladus.®? Both the chemical composition and insu-
lating properties for large scale heat insulating strata on,
e.g., the moon Enceladus could be influenced by forma-
tion of Casimir-Lifshitz energy induced micronsized ice
layers on the interface between gas hydrate clusters and
the salty ocean water.?3:54



In an expansion of the work by Elbaum and Schick,3!:32
we predicted that ice could form at a water-silica inter-
face at the triple point of water.3® This is an update
and expansion of that paper, and the purpose is quadru-
ple. Firstly, we will compare our past predictions about
the ice formation on silica surfaces, which are based
on ice and water dielectric functions from Elbaum and
Schick,?! with predictions based on different revised and
improved dielectric functions for ice®®°% and water®®°”
at the triple point of water. Secondly, this also encour-
ages us to take a careful look at the results obtained by
Elbaum and Schick for ice premelting®! and ice formation
on water surfaces.?? The contradictory results found de-
serve careful inspection, and the significant dependence
on the dielectric functions of media should be empha-
sized. Thirdly, we use a new theory for Casimir-Lifshitz
free energies in inhomogeneous media®® to explore some
generalized cases beyond the three-layer system described
by the classical Lifshitz theory. Finally, we have detected
a minor error of ours in Ref. 36. This brings about a bet-
ter agreement between results obtained by using ab initio
calculated dielectric functions for silica materials®® and
those using experimental dielectric functions (the latter
derived from a paper by van Zwol and Palasantzas,’° but
treated incorrectly in Ref. 36).

This work is organized as follows: In Sec. II, we present
the theory, including the generalized case where more
than one layer are allowed to expand at the expense of
other layers,®>%! and we also discuss relevant configura-
tions. As has been demonstrated in our past work,3% with
the ab initio dielectric functions for silica materials®® and
the experimentally based dielectric functions from El-
baum and Schick?!+32 for ice and water, an ice layer could
grow between the water and silica interface. Within the
models applied, this previous result is correct as shown
in Sec. ITI. We will demonstrate that when a minor er-
ror in Ref. 36 is corrected, plausible results follow, which
are consistent with the results3% obtained using silica di-
electric functions from both Malyi et al.?® and Grabbe.52
We explore and expand both our past work®® and those
of Elbaum and Schick®32 in the light of the new im-
proved dielectric functions for ice and water. In Sec. IV,
we try to provide some detailed discussions on the results
demonstrated in Sec. III. A simple characteristic param-
eter method is proposed to facilitate the estimation of the
stability properties influenced by the Casimir-Lifshitz in-
teraction. Conclusions are given in Sec. V. Details of
a method to evaluate the four-layer Casimir-Lifshitz free
energy are provided in the Appendix.

II. THEORY

The natural units h = ¢ = ¢g = po = kp = 1
are used, unless specified in the current publication. In
our previous work,?® we considered a planar layered sys-
tem consisting of silica, ice and water. The Casimir-
Lifshitz free energy in such a three-layered planar geom-

etry (Dzyaloshinskii-Lifshitz-Pitaevskii or DLP configu-
ration for short), where medium 1 and 3 are separated
by medium 2 with a thickness d (for example Fig. 1a), is
well known.?3
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The reflection coefficients for transverse electric (TE, s =
E) are defined as
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in which the electromagnetic response properties of
medium ¢ is described by the permittivity €; and perme-
ability u,;. Here, ,, = 2nT'n is the Matsubara frequency.
The transverse magnetic (TM, s = H) counterpart of 7“5—
is obtained by making the substitution € <> p. In this
paper, we focus on the nonmagnetic media.

Very recently, Parashar et al.,%3 Li et al.,’® Esteso
et al.,.5! Luengo-Marquez and MacDowell,?>*6 demon-
strated how to expand the classical Lifshitz theory to the
case containing two intermediate layers that can both
grow or decrease at the expense of each other. For the
four-layer system illustrated by Fig. 1b, the Casimir-
Lifshitz free energy between medium 1 and 4 is derived
with the method proposed in Ref. 58 as (for an alterna-
tive derivation, please refer to the Appendix)
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where dy and ds are the thicknesses of media 2 and 3,
respectively. When media 2 and 3 are the same, then the
reflection coefficients 7, and rk, are both zero, which
means Eq. (3) reduces to the classical DLP free energy
as in Eq. (2). When Casimir-Lifshitz free energies of the
the slab 1-2-3 and 2-3-4 DLP configurations are included,
then the total free energy F' = Fi4+ F13+ Fo4 is expressed
as
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which is consistent with the results presented by Es-
teso et al.%! and more recently by Luengo-Marquez and
MacDowell.>® (Since in the 4-media case there are three
reflection coefficients, one might think that terms with
three reflection coefficients could appear. Such terms,
however, are forbidden by parity invariance; only even
powers of reflection coefficients can appear in the free
energy.)

According to Eq. (1) and Eq. (2), when conditions,
such as rgo,ro; > 0, are properly satisfied so that the



Figure 1. Schematic illustrations for three- and four-layer configurations. (a) A example of three-layer configuration, namely
silica-ice-water. (b) A example of four-layer configuration, namely silica-ice-water-vapor.

Casimir-Lifshitz free energy depends on the separation
between medium 1 and 3 as a monotonically decreas-
ing function, then a repulsive Casimir-Lifshitz force is
found. This implies that the expansion of the intermedi-
ate medium 2 decreases the free energy, forming a more
stable system. As has been known since Ref. 3, this kind
of condition could typically be satisfied if e; > €9 > €3 or
€1 < €9 < e€3. This repulsion has already been observed
in experiments.®%* Similarly, if the free energy increases
with the separation, an attractive Casimir-Lifshitz force
results, which means the system would tend to elimi-
nate the intervening medium to stabilize itself. There-
fore, the electromagnetic response properties of media
will be significant to the stability induced by the fluc-
tuating electromagnetic field. Moreover, when two bulk
media interact via more than one intervening medium,
multiple stabilities could show up, implying more com-
plicated possibilities and phenomena.

The thermodynamic aspects of the problem can be dis-
cussed in simple terms when we require, as here, the
temperature to be constant. The thermodynamic po-
tential of interest is then the free energy F', defined as
F =U —TS, where U is the internal energy and S the
entropy. The Casimir pressure at thermal equilibrium
is p = —(0F/0d)r, where d is the width of the layer.
This leads to the following expression for the force den-
sity in the inhomogeneous boundary layer, f = —%EQVE.
The Casimir force is thus zero in homogeneous regions
and there are no longitudinal tensile stresses (no surface
tension) in the plane boundary, in contrast to what had
been the case if the boundary were curved. The free
energy, in turn, is connected with the canonical ensem-
ble in statistical mechanics. Going on to stability issues,
one has to consider second order variations of the free
energy. Under a small external disturbance, the mechan-
ical work needed to bring the system from its equilibrium
state to a neighboring state is positive. This means at
the triple point of water, the coexistence of the three
phases with fixed temperature and equal chemical po-
tentials in equilibrium, the Helmholtz free energy should
be minimized. In even more complicated cases, such as
dielectric fluid exposed to an electric field, the free en-

ergy tends towards a minimum. The central inequality
becomes (Jp/0p)p,r > 0, where p is the chemical po-
tential per unit mass, p the density of the fluid, and D
the electric displacement. This case is general enough
to include electrostriction also. A detailed discussion of
this situation can be found in Ref. 65. In turn, it is built
upon the presentation in Landau and Lifshitz%6, Sec. 18.

Even though we investigate the Casimir-Lifshitz inter-
action in this paper, it is noteworthy that in realistic en-
vironments, such as the ocean, permafrost, or aerosphere,
various surface effects, for instance the salt effect, exert
their influences on the premelting and formation phenom-
ena. Most recently, electron tunnelling effects (forming
an electric double layer in vacuum) have been proposed
to enhance heat transferS” and friction®® between metal
surfaces, requiring important modifications to the reflec-
tion coefficients. Although we here work with dielectrics,
rather than metals, in thermal equilibrium in aqueous
environment, the electric double layer due to ions in so-
lution is anticipated to be indispensable in our studies,
especially when liquid water is an intermediate layer (our
4-layer case). However the effect of aqueous ions on the
dielectric function of water, and therefore on reflection
coefficients, is low except at extremely high salt concen-
trations (exceeding 1 mol/L)%. The impact of electro-
static energies of aqueous ions is likely to be more sig-
nificant than their indirect impact on the Lifshitz inter-
action. Nevertheless, the possibility of tuning the pre-
melting and formation of ice externally, controlling the
heat flux with an external electric field”%7!, is also worth
pursuing for both theoretical and practical benefits.

In the following section, some realistic cases will be
investigated to acquire an explicit understanding of the
role of Casimir-Lifshitz free energy in the premelting or
formation of ice in these cases and its generalizations.



III. RESULTS

A. Results using Elbaum and Schick models for ice
and water

In this part, we recheck and extend some previous
work. In Ref. 36, we studied the ice growth on the inter-
face of silica and water, i.e. the silica-ice-water system, at
the triple-point of water. The dielectric functions for ice
and water are taken from Elbaum and Schick.?!:32 As for
dielectric functions of silica with various nanoporosities,
previous first-principle evaluation,® together with the
phonon contributions counted, is employed.?® To make
comparisons, we also used silica data from Grabbe®? and
from van Zwol and Palasantzas.®® The dispersions of di-
electric functions of ice, water and silica materials are
plotted in Fig. 2, where the error in the calculation when
using the data from van Zwol and Palasantzas®® in our
previous paper3® has been corrected.
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Figure 2. Permittivities of water (Cyan), ice (Magenta) and
different silica materials (green, red and blue for Grabbe,?
van Zwol et al.?® and Malyi et al.,”® respectively) as functions
of frequency exponent p. The frequency (in units of rad/s) ¢
is related to the exponent p = log,, {/{r, in which {7 = 27T
is the n = 1 Matsubara frequency at the temperature of the
triple-point of water, 273.16 K. The static dielectric constants
for ice and water are, respectively, 91.5 and 88.2 as in Ref. 31,
while for SiO2 materials, their static values are 4.97, 4.32,
3.90, 2.62, and 1.69 from Ref. 59 for average volumes per SiO2
V = 35.68, 41.14, 44.53, 68.82, and 141.87 AB, respectively,
3.80 for Grabbe,®? and 3.90 for data set 1 and data set 2 of
van Zwol et al.% The UV contributions of the ice dielectric
function are modeled according to Refs. 72 and 73, which are,
respectively, Reference 12 and Reference 13 quoted in Ref. 31.

With the corrected data, Casimir-Lifshitz free ener-
gies of silica-ice-water systems with various silica mate-
rials are demonstrated in Fig. 3. Although the correc-
tions do not qualitatively change our result, that is, a
nano-sized ice film could form between water and silica,
quantitatively undeniable variations happen, for instance

the magnitude of the minimum free energy for the data
set 1 of van Zwol et al. is only about one third of that
in previous work.3¢ Actually this quantitative sensitivity
with the properties of material (mainly the permittivity
in our study here) is not uncommon and deserves con-
siderable care. The ice-water-vapor system investigated
by Elbaum and Schick®!3? is a good example. As shown
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Figure 3. The Casimir-Lifshitz free energy per unit area for
silica-ice-water configuration at the triple-point of water as a
function of the thickness of ice layer. Its dependence on silica
permittivities, thus the nanoporosities, is shown.

in Fig. 4, the results by Elbaum and Schick®! have been
rederived with the ice modeled according to Reference 12
cited in Ref. 31 or Ref. 72. The minimum of the Casimir-
Lifshitz free energy is reached when the thickness of wa-
ter layer is about 36 A. However, when the Reference 13
or Ref. 73 model of ice in the ultraviolet region is em-
ployed, the premelting water layer still appears, but with
a thickness around 22 A. Given the fact that the devia-
tion between the two dielectric constant models for ice
is less than 1%, the deviations resulting from differences
of these two UV models for ice are quite striking. It is
thus clear that to achieve an accurate quantitative pre-
dictions for the experimental exploration, highly reliable
data about the dielectric functions of materials involved
are crucial.

Apart from the electromagnetic properties, the struc-
ture of the system can also provide remarkable diversities.
Esteso et al.%! have investigated the premelting of a thin
ice layer absorbed on a quartz rock surface through the
stress tensor approach. The consistency with Refs. 31
and 36 justified their method, and multiple stable states
for a given total thickness of ice and water layers were
seen. Here we utilize the free energy approach in the
hope to clarify relevant properties of the silica-ice-water-
vapor system. As shown in Fig. 5a, for the silica material
with the average cell volume V = 35.68 A3, in the ds-d3
plane (here dy and d3 are the thicknesses of ice and wa-
ter layers, respectively), there are two regions, i.e., the
green and blue trenches, where the Casimir-Lifshitz free
energy minimizes itself locally. On other parts of that
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Figure 4. The Casimir-Lifshitz free energy of ice-water-vapor
system as a function of water layer thickness. The results are
obtained based on the data used by Elbaum and Schick in
Ref. 31. The Casimir-Lifshitz free energies are plotted with
the UV models for the ice dielectric function given by Refer-
ence 12 (red) and Reference 13 (blue) cited in Ref. 31, respec-
tively. The behavior near the minima is shown in the right
insets. The deviation between the dielectric functions for ice
with different UV models, denoted 12 and €13, is defined as
(e13 — €12)/e12. Its dependence on the frequency exponent p
is given in the middle inset.

plane, however, the free energy will finally fall into ei-
ther trench whenever possible, depending on the initial
state. If the amount of water absorbed on this silica
material is almost fixed, such that the total thickness of
ice and water layers can be regarded as a constant, then
the minimum of Casimir-Lifshitz free energy, as demon-
strated in Fig. 5b, would be split into two by increasing
total thickness d = dy + d3. The depths of the two min-
ima increase much slower than does the distance between
them, which may signify a clear separation between the
two phases and facilitate possible experimental investiga-
tions. If the average cell volume of SiOs is increased to
V = 68.82 A3, then only one physically nontrivial mini-
mum trench survives, and there is a global minimum of
free energy on the do-ds plane (at about do = 3.2nm
and d3 = 3.9nm). In addition, by attaching more water
to this silica material, the ice layers will keep growing
and the water layer always remains in the nano-scale.
If the average cell volume is further increased to about
V = 141.87 A3, the property of stability will be radically
changed, as illustrated in Fig. 5e. The strong stability is
now at do = 0, which means then the system is stabilized
when the ice layer vanishes. If an ice layer is put on this
silica, its thickness will determine whether it could melt
easily. On the other hand, when a water layer is on this
silica, the Casimir free energy prevents the formation of
ice at the silica-water interface.

B. Results using recent models for ice and water

Recently, Fiedler et al.>” re-analysed the available data

for the optical spectra for water. A careful parameteri-
sation for ice cold water was performed, which simulta-
neously fitted both the real and imaginary parts of the
dielectric function at real frequencies. Preliminary calcu-
lations, using the new dielectric function for water,®” to-
gether with the older dielectric function for ice,?! resulted
in a prediction that micron-sized ice layers can form at
water surfaces. This is in contrast to the work by Elbaum
and Schick,?!32 in which the ice premelting®! due to dis-
persion forces was predicted, while no ice formation on
water surfaces3? was seen. Considering the importance
of this topic, we revisit this problem using the most re-
cently reported dielectric functions for both ice and water
obtained by Luengo-Marquez and MacDowell.??26

As shown in Fig. 6a, the new dielectric functions
deviate significantly from those used by Elbaum and
Schick332 (up to about 10%). To address the inconsis-
tency between Fiedler et al.>” and Elbaum and Schick,3!
we evaluate Casimir-Lifshitz free energies in the ice-
water-vapor and water-ice-vapor systems with these new
data (see Fig. 6b). The results are clearly in favor of the
conclusions in Ref. 57, since an ice film of micron size is
promoted by the Casimir-Lifshitz interaction, while the
ice-water-vapor configuration is unstable. Therefore, it
seems that the investigations are converging to similar
conclusions as the properties of media are characterized
more and more accurately. Further exploring the ice-
freezing on silica rocks as in Ref. 36, we see a vastly
different picture. As illustrated in Fig. 6¢ and Fig. 6d,
with the dielectric functions for silica by Malyi et al.,?”
if the average cell volume of silica is small enough, for
instance V = 35.68 A3, the ice film separating this silica
and water should vanish to stabilize the system. On the
contrary, when the average cell volume V is large, such
as V = 141.87 A3, a nano-sized water film is predicted
to vanish. The sensitivity to the average cell volume is
particularly striking. For example, for V = 68.82 A3, as
shown in Fig. 6, the material contacting with the surface
of this silica can be either ice or water, depending on
the initial state. In these three-layer cases, the premelt-
ing and formation of ice, characterized by the nano- or
micron-sized intervening layer, are not seen with the new
data, unlike that claimed before.?6 But the multi-stable
property for some particular case may offer convenience
for observations. As for the four-layer cases, drastic mod-
ifications caused by the new data are obvious according
to Fig. 7. We see one and only one local and global min-
imum of Casimir-Lifshitz free energy (located at about
ds =~ d2 = 0.2um) in Fig. 7a, instead of two local minima
for separated regions as in Fig. ba. This is further illus-
trated by comparing Fig. 7b with Fig. 5b. Furthermore,
for the V = 68.82A% silica, Fig. 7c and Fig. 5¢ show to-
tally different behaviors. Without a trench as in Fig. 5c,
Fig. 7c is more analogous to Fig. be, and the similarities
are also found between Fig. 7d and Fig. 5f. The difference
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between the V = 68.82 A3 cases in Fig. 5¢ and Fig. 7c is
that a much more deeper basin is found in Fig. 7c. For
rock built from quartz (the silica that mimics this best
in our study is the one with V = 35.68 A®), we find in
Fig. 7b a shallow energy minimum as a function of wa-
ter layer thickness. This minimum moves with increasing
total thickness of the ice+water layer indicating growth

of the water layer.

IV. DISCUSSION

As is known, the static (zeroth order of Matsubara
frequency) terms are quite important to the Casimir-
Lifshitz interaction and thus the premelting and forma-
tion phenomena. However, as we shall see below, a rela-
tive wide band of electromagnetic responses (mainly the
electric response here) of materials exerts significant in-
fluences as well. An explicit investigation on this effect
will not only clarify the physical picture, but also be req-
uisite when analysing or engineering ice premelting and
formation processes in realistic and practical systems.
Rewrite the Casimir-Lifshitz free energy in Eq. (1) as the

sum of the contributions from each Matsubara frequency

F =Y AF(n), (5)
n=0

then with this expression we look into the details of
Casimir-Lifshitz free energy as Fig. 8 shows. As demon-
strated in Fig. 8a, for small separations, AF'(n > 0) can
be large enough to make considerable contributions even
in very high orders of Matsubara terms. For instance,
when d = 2.5nm, AF(n) can be up to 10% of |AF(0)]
even for n = 125, and deceases slowly, which renders
the total Casimir-Lifshitz free energy large and positive.
When the thickness is large, such as d = 20.0nm in the
same figure, for high orders A 7'(n) remains close to zero.
The minimum of Casimir-Lifshitz free energy in Fig. 3
is accomplished since the negative Matsubara terms are
also suppressed by large separations. So in this case, the
properties of dielectric functions in the mid-infrared to
ultraviolet region is the most important. To understand
the connection between the dielectric properties and the
behaviors in Fig. 8a, we introduce the following charac-

teristic index

(6)
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Figure 6. Previous work revisited with the latest dielectric functions for ice and water
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5556 pear the triple point of water. (a) A

comparison between the latest dielectric functions®®*® (LM) and those used by Elbaum and Schick®'*? (ES). The error between
them is defined as (eLm — €rs)/eLm. The dependence of errors on the frequency exponent p for ice (solid green) and water
(dashed green) are given in the inset. (b) The Casimir-Lifshitz interaction free energies of ice-water-vapor and water-ice-vapor
configurations evaluated with the latest data. Utilizing the new data, (c) and (d) demonstrate the dependences of free energy
on ice and water films in the silica-ice-water and silica-water-ice configurations, respectively.

in which an arbitrary constant factor A for each sys-
tem, independent of the properties of media, is added.
Then according to Fig. 8a and especially Fig. 8b, the
correspondence between A F'(n) and 7 is straightforward,
which facilitates the prediction for the stability proper-
ties due to Casimir-Lifshitz interaction. Both Fig. 8a
and Fig. 8b justify the outstanding contribution from
the zeroth Matsubara term, and both nonretarded and
retarded interactions are important. Typically the rela-
tion /e2(i¢){d ~ 1 could be useful when estimating the
size of intermediate medium if any. The correspondence
between AF'(n) and 7 is also evidently illustrated by
Fig. 8d. A particularly novel situation, introduced by the
latest data for ice and water,?>6 is the V = 68.82 A® case
depicted in Fig. 6. Fig. 8c shows that either for silca-ice-
water or silica-water-ice, A7'(1) in the V = 68.82 A3 case
is always negative, which is due to negative (but close to
zero) characteristic indices for either case. The charac-
teristic index 7 (and that for four-layer cases) could serve
as a tool to search on systems for experimental studies
or applications, which should exhibit specific ice premelt-

ing or formation properties. For instance, one would like
the characteristic index of the system to properly change
sign in the band of frequency, if a premelting water layer
or partially freezing ice layer is required. To be more
specific, a sign change happens at the frequency about
10 PHz as shown in Fig. 8b for V = 35.68 A3 case, lead-
ing to a thin ice film stabilized by the Casimir-Lifshitz
interaction. A similar behavior but with opposite sign for
V = 141.87 A3 case in Fig. 8b will destabilize this film, if
any.

The four-layer scenarios are much more complex. But
we see a clear pattern in Fig. 5 and Fig. 7, and the
competition amongst the three interaction terms should
be responsible for it. Before we discuss this issue, it is
helpful to see how the four-layer system is changed to a
three-layer case. To be more specific, we focus on the
systems investigated in Fig. 7, which leads us to results
in Fig. 9. There, for each given thickness of the water
layer, we consider the minimum Casimir-Lifshitz free en-
ergy reached by varying the thickness of ice layer. Denote
the contributions to the free energy from silica-water-ice,
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Figure 7. The Casimir interaction free energy of silica-water-ice-vapor system at 7' = 273.16 K with the average volume per
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and water from Luengo-Marquez and MacDowell?®:%6

are employed. For subfigures a, c and e (the corresponding projection of

each 3D surface is given at the top), the dependence of free energy on the thicknesses of ice and water films are demonstrated.
For subfigures b, d and f, the dependence of free energy as the function of water film thickness, with the total thickness of ice

and water layers fixed as d = dz + ds, are given.

water-ice-vapor and silica-vapor as Fswr, Fwrv and Fig
respectively, corresponding to 1-2-3, 2-3-4 DLP systems

and Fy4 described in Eq. (4), then we use the ratios de-
fined as

Fwrv ~ FPwiv

Bswr Fowr’ Bia Ty (7)
which are demonstrated in Fig. 9. As one increases the
given thickness of water layer, the contributions from
Fswr and Fi4 are both suppressed. It is absolutely natu-
ral, since with an enlarged separation between silica and
ice, and hence silica and vapor, the interaction between
these two materials will surely decay. Then only the
water-ice-vapor interaction survives, which is illustrated
as the consistency between the inset of Fig. 9 and Fig. 6b.
More importantly, Fig. 9 shows that when the thickness
of water layer is not so large, the Casimir-Lifshitz in-
teraction between silica and vapor dominates, which is
clearly shown in Fig. 9 with relatively small water layer
thickness. Therefore, the interactions mediated by more
than one medium can be much more significant than the
classical DLP contributions, even with larger separations.
This is further confirmed by observing that Fswi decays
much faster than Fi4 as a larger water layer thickness is
given.

For the Casimir-Lifshitz interaction mediated by two

media, one might expect its free energy in this case here,
namely Fi4, could be characterized by the index as in
Eq. (6), that is, from Eq. (4),

€5 — &

~ /-\,2 ~ ~
N X T43(1 —735)721, Tij = .
( 32)721, Tij e +e

(8)

Equation (8) includes the direct interaction between
silica-water (or 1-2) and ice-vapor (or 3-4) interfaces and
the leading contribution passing through the water-ice
(or 2-3) interface once. However, although one can check
that contributions from interactions mediated by a third
interface is quite small compared to the direct interac-
tion, namely the O(rj3r3;) term in Eq. (4) or 743721 in
the characterized form, Fig. 10 shows that the charac-
teristic index defined in Eq. (8) is not enough in this
case. As the Matsubara frequency increases, the Mat-
subara term and its corresponding characteristic index
7 (red triangle) behave distinctly different. This actu-
ally illustrates the fact that properties of materials can
strongly influence the effective range of Casimir-Lifshitz
interaction. Unlike in Fig. 8, the interaction range in the
four-layer case here is of micron size order, almost one
thousand times larger than that in Fig. 8. It is thus rea-
sonable to include the contribution from the retardation
effect, which leads us to a modified characteristic index,
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defined as follows

7 ¢ Tag (1 = Py )Py e 2VERttVESd)C, 9)
In Fig. 10, 77 (blue circle) proves itself a good character-
istic index for the Casimir-Lifshitz free energy mediated
by more than one layer at least for Fy4 in Eq. (3). So
both properties of materials and the retardation of field
(in addition to the static interaction) exert significant in-
fluences. The minimum of the total Casimir-Lifshitz free
energy is obtained due to a subtle balance amongst those
various factors above, which show themselves in each con-
tributing free energies no matter whether they arise from
three- or four-layer cases. The Casimir-Lifshitz interac-
tion is many-body in nature after all.

Though complicated, we could also try to understand
some of the details of this subtle balance from both Fig. 5
and Fig. 7, in which a clear pattern presents, though they
look complex at first glance. Fig. 5a obviously gains its

two trenches corresponding to the minima of Casimir-
Lifshitz free energies for silica-ice-water and ice-water-
vapor evaluated with the data in previous work.?® The
similarities between Fig. 5c,e and Fig. 7a,c are also appar-
ent. For simplicity, we focus on the systems depicted by
Fig. 7 again. According to Fig. 11, for the silica material
with the average cell volume V = 35.68A3, both silica-
water-ice Fgwr and water-ice-vapor Fyyry contribute pos-
itively when the thickness of water layer is given in the
range 100 nm < dz < 300 nm. On the contrary, Fiy is
always negative, and together Fgwr and Fywry produces
a global minimum of total Casimir-Lifshitz free energy
at about ds =~ 0.2 pm, just as shown in Fig. 7a. Larger
average cell volume decreases the permittivity of silica
material, which not only renders F}4 more negative, but
also eliminates the ability of Fswr to compensate Fi4.
So the behaviors shown in Fig. 7c,e are mainly caused
by Fis (also see the V = 68.82A% and V = 141.87A3
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Figure 10. The Matsubara term as a function of the sum d of
the water d2 and ice d3 thickness with d = 2d2. The systems
investigated in Fig. 7 are studied in detail. Red triangles
and blue circles are, respectively, plotted with overall scale
adjusted for characteristic indices 1 and 7 defined in Eq. (8)
and Eq. (9), with d = 2d2 = 0.25um.

cases in Fig. 11). Based on these analyses, it can be ex-
pected that with the characteristic indices for DLP and
four-layer interactions defined above, the possible influ-
ences of Casimir-Lifshitz interaction on the stability of a
configuration under study can be predicted qualitatively.
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Figure 11. The systems investigated in Fig. 7 are stud-
ied in detail. For different silica materials with the aver-
age cell volume V = 35.68A% (red), V = 68.82A° (blue)
and V = 141.87A3 (green), the Casimir-Lifshitz free ener-
gies from silica-water-ice Fswi (dot), water-ice-vapor Fwry
(dash), four-layer interaction Fi4 (dash dot), and the total
free energy F' = Fswi + Fwrv + Fia (solid) are plotted, when
the minimum of F' is reached for each given water layer thick-
ness.

V. CONCLUSIONS

In this paper, we redo and extend the previous work
on the premelting and formation of ice, either on a bulk
of silica rock or on the ice-cold water, caused by the
Casimir-Lifshitz interaction. It can be safely claimed
that the detailed properties of materials (in the cases
considered in this paper, their permittivities) influence
these premelting and formation phenomena. (During our
study, a mistake in our previous work®® has been spot-
ted and the corrected results are given.) Perhaps the
most important observation from the recent modelling
of ice and water could be that their dielectric functions
at the triple point of water only have crossings between
the n = 0 and n = 1 Matsubara frequencies.’® 7 This
fundamentally alters the predicted behaviour compared
to when the dielectric functions from Elbaum and Schick
are used.?! For the original ice-water-vapor structure, the
most recent dielectric functions for ice and water lead to
the formation of a thin ice layer on the water, which is
in contradiction with the premelting prediction from El-
baum and Schick.?! Our results confirm those in Ref. 57,
that is, micron-sized ice layer forms on the surface of cold
water. We suggest that careful optical measurements of
water and ice at different temperatures and pressures
should be highly interesting. Such measurements have
the potential to improve our understanding of the role
for dispersion forces in ice formation and melting.

As can be expected, the three-layer silica-ice-water and
four-layer silica-ice-water-vapor systems, behave differ-
ently from those studied in previous work using the pa-
rameters from Elbaum and Schick.?! 376! The ice forma-
tion on the silica is not seen, but a bulk of ice or water is



directly in contact with the silica surface, depending on
the permittivity of the particular silica materials or the
initial condition of ice or water for some cases, such as
the V = 68.82 A3 case here.

In four-layer scenarios, we see both a single global sta-
ble state of water and ice layers (Fig. 5¢, Fig. 7a), the
coexistence of a meta-stable and a stable state (Fig. 5a),
and the relatively stable region like a waterfall (Fig. 5e,
Fig. 7c,e). Those complicated situations occur due to
correlations of different types of Casimir-Lifshitz interac-
tions. Two indices are introduced to characterize those
interactions here for the four-layer case. With the char-
acteristic indices, it will be easier to estimate influences
of the Casimir-Lifshitz interaction on the stability of the
system to be investigated. On the theoretical side, they
and their generalizations in more complex situations, for
instance multi-slab cases in general, may help to throw
light on the mechanics of the Casimir-Lifshitz interaction
mediated by inhomogeneous materials, which is now still
largely veiled.

In this work we have analyzed the induced inhomo-
geneous free energies in layered media generated by
Casimir-Lifshitz interactions. This analysis assumes that
surface charge and surface adsorption of free ions (salt
or dissociated water) is not significant, corresponding
to a system at the isoelectric point (IEP) where any
such surface charge is neutralized. Both ice”® and quartz
(silica”™) have a low IEP around pH 3-3.5. At other pH
conditions away from the IEP, including pH 7, charge-
dependent effects can be important 3%, with ion adsorp-
tion layers generally creating a repulsive force that would
enhance premelting. These charge-induced interactions
deserve further attention and must in general be impor-
tant for both ice formation and premelting.
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Appendix A: Derivation of free energy for four-slab
system

We consider a 4-layer system, each layer being homo-
geneous:

z<a: €1, K1,
a<z<b: ey, o,
b<z<c: es,pus,
c< z: €4, [14.

g, u(z) = (A1)

11

The free energy is given in general by

T & d?k
F== In APAM
2,,_2_300/ @n)? ’

the sum being over Matsubara frequencies (,. We
will use the inhomogeneous medium description given in
Ref. 58. We regard the regions 2 and 3 as a single region,
called “in” where the medium is inhomogeneous. To ob-
tain an unambiguously finite result, we subtract a refer-
ence energy corresponding to removing the boundary a,
that is, letting medium 2 to extend to —oco. Then, we
add back in the energy corresponding to that reference
energy. So

(A2)

= Fsub + Frcf- (A’?’)
Here we consider the TE contribution only, the TM con-
tribution being obtained by the obvious substitutions.
Consider first the reference situation, which is just the
familiar DLP configuration. There, according to Ref. 58

ag =1~ 2o hOlonendld oy
le2,— e3,+]u(b)[es,—, ea,+]u(c)
where e; satisfy
1 k2
<8Zf8z o EiC2> e; =0, (A5)

in which the medium ¢ has been analytically extended to
the whole space. The generalized Wronskians are defined
by (prime means derivative with respect to the argument)
1, 1
e, 6] = —ee; — —e
[ 1 J] 1 ) 14

/' €i, (AG)

J

evaluated at the same point.
In the DLP configuration, we may define

ei+ =€ K = Vk2 4 it (AT)
Then it is immediate to find
Arch =1- TQEgrfge_%S(c_b), (A8)
in terms of the reflection coefficients
E_Rj—Ri o K
ro= = k= —. A9
9 I%j + I%Z 1 1 ( )

This directly gives the Lifshitz energy in Eq. (1).
Now for the subtracted four-slab configuration, we
need to compute

Aib —1_ [el,—aein,—]u(a)[ein,-he4,+]u(c), (A10)
[elﬁaein-,Jr]u(a)[ein-fv64#]#(0)
where the effort is only in finding the solution in the

2 + 3 region. We can take ej,+(2) to be e¥*2* for a <
z < b; then by requiring, from the differential equation



Eq. (A5), continuity of the solution, and of % times the
derivative of the solution, we find

ey =€ a<2<b (Alla)
ein5(2) = | (kg — f2)eT ™Y 4 (R + fy)etral=—h)
1
><2—i%36j”“2b7 b<z<e (Allb)
Then Af;b is readily calculated to be
E 2k3(c—b E
AE 14 e BT AR

2ha(c—b) 4 B B
e2rs(emb)  rirgs
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When this is multiplied by AZ; in Eq. (A8), the denom-

ref
inator in Eq. (A12) is cancelled, and we are left with

AE =14 ’I”4E3’I”3E2672K3(C7b) + T3E'2T2E'1672n2(b7a)

E —2r3(b—a) 6—2N3 (c—D)
3

+’I“2El T45€ (A13)

which is precisely the result stated in Eq. (4) after we
replace b —a — da, ¢ — b — ds. The decomposition given
in Section II of F' = Fy4 + Fi3 + F54, is now immedi-
ate, where Fi4 has a rather immediate interpretation in
terms of multiple scattering, given that the transmission
coefficient between region 2 and 3 satisfies t35 = 1 — rZ;.
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