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We study the symmetries of twisted trilayer graphene’s band structure under various extrinsic
perturbations, and analyze the role of long-range electron-electron interactions near the first magic
angle. The electronic structure is modified by these interactions in a similar way to twisted bilayer
graphene. We analyze electron pairing due to long-wavelength charge fluctuations, which are coupled
among themselves via the Coulomb interaction and additionally mediated by longitudinal acoustic
phonons. We find superconducting phases with either spin singlet/valley triplet or spin triplet/valley
singlet symmetry, with critical temperatures up to a few Kelvin for realistic choices of parameters.

Introduction: Recently, it has been shown that su-
perconductivity and exotic correlated phases can emerge
when two or three monolayers of graphene are laterally
stacked with a small relative twist angle between suc-
cessive layers [1-4]. Observation of insulating behav-
ior and/or superconductivity have also been reported for
graphene bilayers on hBN substrates [5, 6], ABC-stacked
trilayers on hBN substrates [7—10], pairs of graphene bi-
layers twisted with respect to each other [11-14], rhom-
bohedral tetralayers [15], rhombohedral trilayers [16, 17]
and twisted transition-metal-dichalcogenide layers [18].
However, twisted bilayer graphene (TBG) [1, 2] and
its recent cousin, the alternating-angle twisted trilayer
graphene (TTG) [3, 4], are the only systems to date
where superconductivity has been unambiguously estab-
lished [19-21].

Twisted trilayer graphene with alternating angles
shows a series of magic angles with remarkably flat bands,
where, under certain conditions, the trilayer system be-
haves as a TBG with renormalized interlayer hoppings
plus a monolayer [22]. This follows from the mirror sym-
metry around the central layer of the system. This sym-
metry can be broken by various experimentally-relevant
perturbations. In this case, calculations of the electronic
structure in the absence of this mirror symmetry shows
hybridized monolayer and twisted bilayer features [3, 23—
27]. The effects of electron-electron interactions and spin
fluctuations have also been considered [24-31], as well as
the role of external magnetic fields [32].

In this work, we study the symmetries of the con-
tinuum model, the effects of symmetry-breaking per-
turbations on the band structure, and the renormaliza-
tion of electronic energies by electron-electron interac-
tions within a self-consistent Hartree formalism, com-
plemented by the analysis of the exchange potential at
half filling. Then by using an extended Kohn-Luttinger
mechanism that includes electron-hole pairs, plasmons,
and phonons, we analyze how the screened Coulomb in-
teraction can induce pairing in TTG.

Band structure and symmetries of the continuum
model: To form TTG, we consider three monolayers
stacked one on top of the other in perfect atomic registry,

i.e. in the AA stacking configuration. Labeling the layers
consecutively, we twist layers £ = 1 and ¢ = 3 by —0/2
and layer £ = 2 by +6/2 about a fixed hexagon center. To
describe the low-energy physics at small angles, we adopt
a valley-projected continuum Hamiltonian [22, 33-35]
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where ¢ = 27v/3, hvp/a = 2.135 eV, wy = 79.7 meV
and w; = 97.5 meV are the interlayer tunneling am-
plitudes whose imbalance accounts for some lattice re-
laxation [34], v = =+ is the valley index, k? = R(#)k,
K, = é—g (F¥1,0) are the microscopic unrotated zone cor-
ners, and s is a small AA coupling between the first and
third layers. If we use the conventional Slater-Koster
parametrization [34], v2 ~ 0.3 meV, which justifies its
neglect hereafter. It is included here to clarify some sym-
metry properties to be discussed. We note in passing that
this approximation warrants further inspection in future
work since it plays an important role in the modeling
of graphite’s band structure [36, 37]. To study various
perturbations [38-42], we also add on-site couplings to
the first and third layers. For substrate induced masses,
Vi = 610,, V3 = d30,, while for a perpendicular displace-
ment field, V7, V5 o< 1. Direct coupling to £ = 2 is ignored
since this layer is encapsulated and therefore difficult to
access.

We now consider the symmetries of Hamiltonian (1)
with V3 = V3 = 0. Our choice of twist center ensures
that the structure is maximally symmetric. A different



Figure 1. Single-particle band structure with various perturbations: (a) Intrinsic TTG with a twist angle of § = 1.59°
where the monolayer band is decoupled from the narrow bilayer bands. (b) A perpendicular displacement field AV = 50 meV

between the outermost layers hybridizes these bands.

(c) A non-zero staggered sublattice potential, 61 = J3 = 10 meV,

generically breaks both 7TC2, and M, and gaps out the Dirac cones near charge neutrality, endowing the resulting bands with
possible nonzero Chern numbers. (d) For the special case, 61 = —d3, while both 7C5. and M, are broken individually, 7C2. M.
is preserved. In this case, we find that the bands are mixed, but the Dirac cones are preserved, though they can be pushed to

different energies.

twist center, for instance, about a registered site, retains
only a subgroup of the maximal group. The vertical
rotations about the z axis, Cg,, are respected by each
plane individually. The horizontal rotations about the
in-plane axes, Cy, and Cy,, preserved by TBG, are ex-
plicitly broken due to the presence of the middle layer
in TTG. However, reflection symmetry about the plane
of the middle layer M, that exchange the top and bot-
tom layers is preserved in TTG. Alternatively, one can
substitute M, for inversion symmetry Z that is equiva-
lent to M, followed by a rotation. Therefore, the point
symmetry group of the lattice is Cg, @ T, where T is lo-
cal time-reversal symmetry. In addition to these micro-
scopic point symmetries, we can also now impose valley
projection symmetry which becomes exact in the limit
of large moiré wavelength. In this case, only a subset of
Cen ® T is preserved at a single valley, namely Cy, is
broken because it takes K, to K_ in momentum space.
The symmetry group of the Hamiltonian thus factorizes
into a direct product of valley symmetry and a magnetic
point symmetry group that consists of {Cs., T Ca,, M, }.

The presence of z-mirror symmetry allows us to sim-
plify Eq. (1) significantly. Mirror symmetry maps the
middle layer, / = 2, into itself, while it interchanges
layers / = 1 and ¢ = 3. So we can form linear com-
binations of the wavefunctions of these two exchanged
layers that are odd and even under mirror symmetry.
Such a transformation is executed by the unitary op-
erator U = 271 (1,0,1;0,v/2,0;—1,0,1) [22, 35]. Un-
der this transformation, the Hamiltonian factorizes into
H)(k,r) = UM U = Hige (k,0) © Hifig (),
where the mirror-odd sector, 7:1955(} (k,r), behaves as
though it were a TBG system with enhanced interlayer

couplings by a factor of v/2 and the mirror-even sector,
7:11‘?/’[1(; (k,r), mimics a single rotated layer of graphene.
taa behaves like an interlayer bias on the bilayer spec-
trum, and an overall shift in the monolayer spectrum.
This transformation is convenient because it casts the
Hamiltonian into a direct sum of two Hamiltonians that
are well-understood. Denoting operators in the new ba-
sis with an overline tilde, we see that (3, = C3, and
TCs, = TC5, since these preserve layer index. In the
mirror-odd sector, there are additional symmetries thus
far neglected that exchange the mirror basis states when
v2 = 0. We can call them Cs, and 7 C5,, although they
do not correspond naturally to rotations in the original
layer basis. When -5 # 0, these symmetries are broken,
but all the other symmetries of the lattice in the layer
basis are still preserved.

Within a single valley, we have one unbounded Dirac
cone coming from the monolayer spectrum located at ei-
ther K or K’; in addition, we also have two Dirac cones
at K and K’ from the TBG’s flat bands near charge neu-
trality. These Dirac cones are protected by 7C5, as in
TBG [43, 44]. The two Dirac cones from the TBG spec-
trum are related to each other by Cs,, and consequently,
are pinned to the same energy. However, in the absence
of particle-hole symmetry, there is no symmetry which
pins the monolayer Dirac cone to the same energy. Be-
cause of this energy offset, unlike in TBG, TTG in the
single-particle limit is formally metallic for all energies in
the continuum model. This important difference alters
the Fermi surface geometry of TTG when compared to
TBG, and may be important in the analysis of correlated
insulating phases. For instance, there is technically no
magic angle around which isolated energy bands become
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Figure 2. Hartree-Fock renormalization of band structure: Low energy band structure and DOS obtained for § = 1.59°
with (a) AV =0 meV and (b) AV = 60 meV. Different colors denote different fillings, as indicated in the DOS. The horizontal
lines denote the Fermi level. The Fock bands at half filling are shown in for (¢) AV = 0 and (d) AV = 50 meV. Dotted lines

are the bands in the opposite valley.

spectrally flatten like in TBG. However, the presence of
z-mirror symmetry allows us to still define a quasi-flat
band by first projecting into the mirror-odd sector and
then imposing band-flatting conditions on just the two
bands nearest to charge neutrality within this sector. The
highly-dispersive monolayer band becomes a spectator in
this scheme. For our choice of parameters, this scheme
produces a magic angle at § ~ 1.57°. This magic angle
occurs at a larger angle than in TBG because of the en-
hancement in interlayer coupling strengths. In addition,
we can also add an interlayer bias that couples directly
to the £ = 1 and ¢ = 3 layers. The presence of this poten-
tial preserves all in-plane symmetries, but it breaks M,.
Because of this, the monolayer and bilayer bands are hy-
bridized. However, in this case, the Dirac cones that are
protected by in-plane symmetries are maintained; sec-
ondary Dirac points can be generated as well. To liber-
ate these Dirac cones, we can add staggered sublattice
potentials to the outer layers. Generically, this breaks
both M, and C5, symmetries, and therefore, can gap
out the Dirac cones as well as hybridizing the mirror-odd
and mirror-even sectors.

Band structures for different sets of parameters are
shown in Fig. 1. In Fig. la, we observe that pristine
TTG features decoupled bands from the mirror-odd and
mirror-even sectors. A perpendicular displacement field
AV = Vi — V3 couples these two sectors, as shown in
Fig. 1b. The presence of a substrate induces an stag-
gered sublattice potential that can couple the two mirror
sectors as well as gapping out all the Dirac cones in the
system, as shown in Fig. 1c. In this situation, the nar-
row bands are isolated from all the other bands and can
carry a finite Berry curvature. Depending on the value
of the staggered sublattice potential, the Chern topology

of these bands can be tuned, as detailed in Ref. [45].

Long-range Coulomb interaction: At fractional fillings,
interaction-driven band renormalization can significantly
distort the bands represented in Fig. 1. We now consider
the effect of the long range Coulomb interaction treated
within the self-consistent Hartree-Fock approximation in
Eq (1). As emphasized in Refs. [46-48] the inhomoge-
neous charge distribution leads to an electrostatic poten-
tial of the order of Vy ~ €?/eL, where e is the electron
charge and L the moiré length. In TBG near the magic
angle, it has been shown that the electrostatic Hartree
interaction strongly distorts the band structure [47]. In
TTG, the situation is quite similar; we find that the self-
consistent order parameter of the Hartree Hamiltonian
also depends linearly on the filling fraction owing to the
dominance of the narrow bands over the monolayer Dirac
cones. Figure 2 displays the band structure of TTG as a
function of filling for a screening of € = 10. The effect of
the Hartree potential varies significantly as a function of
filling. This leads to an approximate pinning of the van
Hove singularities at the Fermi energy at certain fillings,
even in the presence of a displacement field.

We also consider the Fock potential. In TBG, this
term leads to gaps and broken symmetry phases [48].
We analyze the system at half filling, where the Hartree
potential is expected to vanish. The calculations have
been carried out by projecting the Fock potential on six
central bands [49]. Results are shown in Fig. 2. The non-
interacting flat bands are shifted downwards, and signif-
icantly widened and separated. The monolayer band is
less affected, and the system remains metallic.

Superconductivity: Next, we study the onset of the
superconducting (SC) order in TTG, as induced by the
combined effects of the 2D plasmon and the longitudinal



acoustic phonons of the three constituting layers. The
calculation represents a straightforward generalization of
the one developed by two of us in the recent paper [50] for
the case of the TBG. It consists in solving the linearized
gap equation in which the pairing interaction is mediated
by the Coulomb potential screened by the particle-hole
excitations and the acoustic phonons within the random
phase approximation (RPA). The idea strictly recalls the
Kohn-Luttinger mechanism of the superconductivity in-
duced by repulsive interactions [51].
The linearized gap equation can be written as:

Arama(k) =3 > Tz (kg AL (g),  (2)

ninz q

where A is the order parameter, mq 2,n; 2 are band in-
dices, «, 3 are the spin/valley flavors, and T is the pairing
interaction kernel, which encodes the screened potential
as well the temperature dependence of the Eq. (2). A de-
tailed description of the method including the derivation
of the Eq. (2) is provided in Ref. [45]. In what follows,
we consider inter-valley superconductivity, meaning that
a and (8 have opposite valley indices in the Eq. (2). In
contrast, we do not impose any constraint to the spin
texture of the SC ground state, meaning that our model
can be compatible with both spin singlet or spin triplet
superconductivity. However, it is worth noting that the
violation of the Pauli limit reported by the recent exper-
iment [52] strongly suggests that the SC ground state of
the TTG is a spin triplet.

Given the temperature dependence of the kernel I', Eq.
(2) defines the SC critical temperature, T¢, as the one at
which the largest eigenvalue of I" is equal to 1. Fig. 3
shows the critical temperature as a function of the filling,
v, obtained for the twist angle § = 1.59° and inter-layer
potential: AV = 0eV (red line) and AV = 0.06eV (blue
line). The corresponding band structure and density of
states (DOS) of the central bands are shown in the Fig.
2. Here, the DOS is expressed in units of merlAal,
Ac being the area of the moiré unit cell. As is evident,
the behavior of T, upon varying the filling follows the
evolution of the DOS at the Fermi level, the latter being
marked by the horizontal lines.

Finally, we study the symmetry of the SC order pa-
rameter, as given by the eigenvector of the kernel T,
Eq. (2), corresponding to the eigenvalue 1, at T = T..
As a representative case, Fig. 3 shows the amplitude (a)
and the phase (b) of the order parameter, in the valence
v and conduction ¢ band, as obtained for: 8 = 1.59°,
AV = 0.06eV and n = —1. The black lines identify the
Fermi surface. Remarkably, also the conduction band
contributes to the superconductivity, albeit marginally.
The reason for that can be understood by noting that
the conduction band crosses the Fermi surface close to
the Dirac points, see Fig. 2(b), where the bands flatten.
The results of Fig. 3 suggest an extended s-wave symme-
try without sign changes along the Fermi surface, which
is analogous to what obtained in the Ref. [50] for the case
of the TBG.
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Figure 3. Superconducting order parameter and tran-
sition temperature. Amplitude (a) and phase (b) of the
SC order parameter in the valence v and conduction ¢ band,
as obtained for: # = 1.59°, AV = 60 meV and v = —1.
The black lines identify the Fermi surface. c) Critical tem-
perature as a function of the filling, v, obtained for the twist
angle 0 = 1.59° and inter-layer potential: AV = 0 meV (red
line) and AV = 60 meV (blue line).

Conclusions: We have analyzed the symmetries, band
structure, role of interactions, and superconductivity of
twisted trilayer graphene near the first magic angle. Our
results are similar to those found for twisted bilayer
graphene. The presence of an additional layer, and the
accompanying electronic bands with monolayer disper-
sion, does not modify qualitatively the features found in



twisted bilayer graphene.

To summarize, our main results are:

- The long-range electron-electron interaction modifies
significantly the central bands. The Hartree potential
widens the bands, leading to a bandwidth ~ 20 — 40
meV. The exchange potential at half filling separates the
occupied valence band from the empty conduction band,
which become 20 —40 meV apart. The presence of an ad-
ditional linearly dispersive band prevents the formation
of a gap and an insulating state.

- Long-wavelength charge fluctuations, renormalized
by their coupling by the electrostatic interaction, and also
by their interaction with longitudinal acoustic phonons,
are sufficient to induce superconductivity, with critical

temperatures up to a few Kelvin. The order parameter
has a significant structure near the Fermi surface pock-
ets. Pairing by long-wavelength excitations, which do not
mix valleys, leads to degenerate spin singlet /valley triplet
and spin triplet/valley singlet superconducting phases.
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