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We explore topological properties of a modified Haldane model (MHM) in which the strength
of the nearest-neighbor and next-nearest-neighbor hopping terms is made unequal and the three-
fold rotational symmetry Cs is broken by introducing a dimerization term (|t1y(2w)| < t1s(zs)) in
the Hamiltonian. Using the parameter n = t14/t1s = tow/t2s, we show that this MHM supports a
transition from the quantum anomalous Hall insulator (QAHI) to a higher-order topological insulator
(HOTI) phase at n = £0.5. It also hosts a zero-energy corner mode on a nanodisk that can transition
to a trivial insulator without gap-closing when the inversion symmetry is broken. The gap-closing
critical states are found to be magnetic semimetals with a single Dirac node which, unlike the classic
Haldane model, can move along the high-symmetry lines in the Brillouin zone (BZ). Our MHM offers
a rich tapestry of HOTI and other topological and non-topological phases.

Introduction.— The discovery of topological insulators
(TIs)[1-4] has triggered a rapidly developing research
field. The signature of a d-dimensional TT is the emer-
gence of robust, symmetry-protected gapless states on
its (d — 1)-dimensional boundaries. Recently, topolog-
ical insulators with higher-order bulk-boundary corre-
spondences have also been discovered, which are dubbed
as higher-order topological insulators (HOTIs)[5, 6]. A
HOTI exhibits a gapped (d — 1)-dimensional boundary
and supports topologically protected states on a lower,
(d — n)-dimensional boundary where n > 2. For exam-
ple, a three-dimensional (3D) HOTTI exhibits 2D gapped
surfaces and topologically protected states on its one-
dimensional (1D) hinges. Similarly, a two-dimensional
(2D) HOTT hosts nontrivial states on the 0D corners of
a nanodisk rather than the gapless propagating 1D edge
states. HOTIs have been proposed and realized in a vari-
ety of 3D and 2D materials[5-41], as well as in photonic
and phononic systems[42-60], quasicrystals[61], amor-
phous systems[62, 63], heterostructures[64, 65], mag-
netic compounds[66-68], topoelectrical circuits[69-71],
interacting fermion and boson systems[72-78], non-
Hermitian[79-86] and other systems[87-100].

Haldane model, which has become a classic in the field
of topological materials, realizes the quantum Hall ef-
fect on a honeycomb lattice without an external mag-
netic field[101], and thus hosts a quantum anomalous
Hall insulator (QAHI) state. The introduction of mag-
netic phases ¢ on the next-nearest-neighbor (NNN) hop-
pings breaks the time-reversal symmetry 7 of the Hal-
dane model without generating a net magnetic flux in the
plaquettes. Here, we discuss a modified Haldane model
(MHM) in which the three-fold rotational symmetry Cs is
broken via dimerization along the ¢ direction as shown in
Fig. 1(a), where t1, and to4 are the hopping parameters
for the +4; bonds and +aq,2 are the lattice vectors, re-
spectively. The other hopping parameters are labelled as
t(1,2)yw- We define the parameter 7 = t1,,(2u)/t15(2s), and
obtain the full phase diagram for our MHM in the three-
dimensional (m, ¢,n) parameter-space, where m is the

inversion-breaking on-site potential term. We find that
due to the breaking of T (¢ # 0,+7), the critical gap-
closing states are semimetals with a single Dirac node.
When m is zero, phase transitions accompanying band-
gap closing and reopening are observed at n = £0.5 from
a QAHI to an insulating phase with zero Chern number
which we show to be a HOTI (Fig.1(b)) protected by
inversion symmetry.

For any 2D insulator with a zero Chern number (C' =
0), Wannier functions (WFs) of the occupied bands [102]
can be used to identify topologically nontrivial states.
The symmetric WFs associated with smooth and sym-
metric Bloch wave functions may or may not be well de-
fined [103] and, in general, a set of symmetric WFs can-
not be found for all the occupied bands in a nontrivial in-
sulator [104, 105]. Note that there is a mismatch between
the Wannier centers (WCs) and the lattice sites [7, 8, 106]
in nontrivial states. WCs can be formulated in terms of d-
dimensional polarization.[107-109] The position of a WC
is tied to a symmetric invariant point and the projection
is quantized, so that it can serve as a topological index
for defining a topological insulator.

We will explore the evolution of topological states on
various edges on our MHM by examining locations of
WCOCs and their mismatch with the lattice sites and the
associated polarizations po=z 4 [11]. A quantized nonzero
polarization indicates that the insulator is nontrivial. Fi-
nally, the HOTI phase is identified through the emer-
gence of in-gap zero-energy modes in a properly designed
nanodisk: when one electron is added in the zero mode, a
fractional charge appears at each corner as expected for a
2D HOTI (Fig. 1(b)). Interestingly, the trivial insulator
is found to transition to the HOTI without gap-closing
along certain paths in the phase space.

Modified Haldane model and the associated phase
diagram— We start by commenting on the Haldane model,
which was proposed for the realization of a QAHI or a
Chern insulator on a honeycomb lattice in the absence
of an external magnetic field[101]. The key insight is
the introduction of time-reversal breaking phase ¢ on the



FIG. 1: (a) Our modified Haldane model with A (yellow) and
B (brown) sublattices. ai and a2 denote lattice translation
vectors and t1s,1w (t2s,20) are the NN (NNN) hopping param-
eters, where 15 (t2s) is assumed to be greater than t1., (t2w)-
¢ is the magnetic phase. (b) Phase transitions realized in the
model range from a QAHI to a HOTI via a critical semimetal
phase that hosts a single Dirac cone.

NNN hopping terms (Fig. 1(a)), which induce zero net
magnetic flux in the plaquettes, so that the translational
symmetry of the system is preserved. The three-fold ro-
tational symmetry Cs is also preserved in the model be-
cause the NN and NNN hopping strengths are equal, i.e.
t1 = ti1s = t1w and to = tos = ta,, ( Fig.1(a)). The
Haldane model Hamiltonian can be written as,

H=t Z C;-er-f—tz Z e_iv”'(bc;-rcj—l—mZEic;rci (1)

<i,j> <Li,5> i

Here, v;; = sign(cil X d})z = =+1, accounts for the al-
ternating sign of the magnetic phase, with J172 being the
vectors along the two NNN bonds. m is the inversion-
breaking on-site potential. €; = +1(—1) when ¢ refers
to the A (B) sublattice sites. In the Haldane model, the
phase transition between a QAHI and a trivial insulator
occurs when m = 43v/3tosin¢, and the gap closing and
reopening takes place at the Cs3 symmetric points K and
K'.

We turn now to consider the MHM, which involves
making the NN and NNN hopping strengths unequal as
shown in Fig. 1(a), where [ty (2uw)| < tis2s)- This is
equivalent to applying a uniaxial strain to the honey-
comb lattice along the x-direction[110]. As a result, Cs
is broken and the Hamiltonian takes the form H(k) =
Z?:o di(k)o;. Here oy and o are the identity matrix and
the three Pauli matrices acting in the sublattice space.
The d;(k) terms can be expressed as:

dy = 2cos¢[tas(cosk - ag + cosk - ag) + ta,cosk - (a3 — az)],
dy = tiscosk - d1 + t14(cosk - d2 + cosk - d3),

dy = t1ssink - 01 + t14(sink - 6o + sink - d3),

d3 = 2sing[tes(sink - a3 — sink - ag) — to,sink - (a3 — az)]

+m.

We can understand the topological features of the
MHM by examining gap-closing/reopening transitions.
For this purpose, we introduce the new parameter n =
tiw/t1s = taw/tas and work out a generalized phase dia-
gram in the 3D parameter space of (m, ¢,n) as shown in
Fig. 2(a), where ¢ € [—m, 7], and € [—1,1]. Our analy-
sis shows that the gap-closing phase transition occurs at

1
m = £3tassingy [4 — —. (3)
n

In Fig. 2(a), at each n value in the regions n €
[-1,—-1/2) U (1/2,1], Eq. 3 describes two sinusoids (de-
noted by signs + and —) with 7-dependent amplitudes,
which separate the QAHI phase enclosed by the curves
and the insulating phase with zero Chern number. The +
and — sinusoids are seen to merge into a line at n = +1/2,
leading to two sets of pocket-like sinusoidal surfaces.

The phases on the sinusoidal surfaces represent Dirac
semimetals (DSMs) that host a single Dirac node (DN) if
T is broken. Otherwise, the 7 symmetry enforces the ap-
pearance of a pair of Dirac nodes. Location of the Dirac
nodes depends only on 7 in all cases. In the standard
Haldane model (n = 1), the DN is locked at the corner of
the BZ by the C3 symmetry. However, in the MHM, Cs
is broken, and the DN is no longer pinned at the C3 sym-
metric points K and K’. In contrast, as 7 varies from 1 to
1/2, the DN for the + (—) sinusoid moves from K — M
(K} — M). The two DNs meet at the M point and gap-
up at = 1/2, leading to the transition to the insulating
phases. At n = —1/2, the DSM phases reappear with
the DN lying at I" point. As 7 decreases, the DN for the
+ (—) sinusoid moves from I' — K’ (I' — K;). When
the two sinusoids meet at ¢ = 0 or £, T is restored and
connects the two DNs.

We emphasize that the existence of the DN does not
require symmetries, although its location is restricted by
the preserved symmetries[111]. In MHM, the symmetry

(2)



FIG. 2: (a) Phase diagram of the MHM. The black line de-
notes the path along which a phase transition QAHI(C = 1)-
HOTI-QAHI(C = —1) can occur. + and signs label the two
sinusoids discussed in the text. (b) Honeycomb lattice with
two types of zigzag edges labeled by the dashed and dotted
lines, which cut strong (red) and weak (cyan) bonds, respec-
tively. (c) The Brillouin zone and its projections on the two
types of zigzag directions marked in panel (b). (d, e) Band
structures of the critical semimetal phases which host a sin-
gle Dirac node at: (d) the M point when n = 0.5, and (e) the
I’ point when n = —0.5. Parameters used in the results of
panels (d) and (e) are: ¢, = 1.0, t2s = 0.3, m = 0 and ¢ =
/2.

M +T (combination of time-reversal and mirror symme-
try normal to the z-axis) is the only symmetry preserved
in all states. Therefore, the single DNs are restricted to
lie on the symmetry-invariant lines, K; — M — K and
K, -T-K'

One might guess that any two phases in regions away
from the pockets in Fig. 2(a) would continuously deform
into each other without gap-closing and would thus share
the same topology. However, this turns out not to be
the case because the symmetries involved differ in the
parameter space away from the pockets, so that a phase
transition can occur without gap-closing. Therefore, it
is interesting to identify the preserved symmetries in the
various regions of the parameter space.

We first focus on the inversion-symmetric plane with
m = 0. We start from the QAHI (n = 1) at ¢ = 7/2,
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FIG. 3: Evolution of the band structures for the two types
of zigzag nanoribbon edges (dotted and dashed lines in Fig.
2(b)): (a) strong-bond-cutting edge and (b) weak-bond-
cutting edge. The computations are based on a semi-infinite
nanoribbon using a Green’s function method. Parameters
used in the computations are: t15 = 1.0, t2s = 0.3, m = 0 and

¢ =7/2.

and trace the transitions along the path given by the
black line in Fig. 2(a). As 7 varies, the gap closes and re-
opens at n = +1/2, indicating transitions from a QAHI
to an unknown insulating phase when n € (—1/2,1/2)
with Chern number C' = 0. Insight into the nature of the
states involved here is provided by Figs. 3(a) and 3(b),
which show how the band structure evolves with varying
7 in nanoribbons with zigzag edges cutting the strong
and weak bonds, respectively. Over the range n € (0.5, 1],
both nanoribbons are seen to support only one chiral gap-
less edge mode around X or X’ and the MHM remains a
QAHI (C =1). At n = 0.5, the band-gap vanishes, lead-
ing to the emergence of a single Dirac node (Fig. 2(d)),



which is pinned at the M point due to Z symmetry. [This
Dirac node is located at K or K’ point in the regular
Haldane model.] This indicates the presence of a distinct
band inversion, and implies that MHM may go into a
nontrivial insulating phase, which is also suggested by
the evolution of the edge states in Fig. 3(a, b). Since the
M point of the bulk BZ is projected to the I (X’) point as
seen from the dashed (dotted) line in Fig. 2(b), the cor-
responding edge states are essentially different. For the
weak-bonds-cut (dotted line), when the band gap closes
at X', the gapless edge mode is absorbed by bulk bands,
and does not reappear when the gap reopens. But, for
the strong-bonds-cut edge (dashed line), the edge mode
survives. Unlike the topological edge mode of the QAHI,
the edge mode here is detached from the bulk states and
it is not topological. As 7 changes sign and another
band closing and reopening takes place at the I' point
for n = —0.5, the MHM transitions back into a Chern
insulator, accompanied with a chiral gapless edge mode
propagating in the opposite direction (C' = —1).

Comparing the two types of edges states, the strong-
bonds cut supports an in-gap edge mode, but not the
weak-bonds cut, which suggests that in this insulating
phase the WCs may be located at the strong and not
the weak bonds. In other words, the in-gap edge mode
can be expected only for the edges that cut through
the strong bonds, see Supplemental Material for more
discussions[111].

Wannier Centers and Higher-Order Topology— In or-
der to identify the topology of the insulator for n €
(—0.5,0.5), we discuss first the WCs associated with the
various phases on the m = 0 plane. The WC, given by
the polarization (p,,py), describes the average position of
the charge in a unit cell. The polarization can be written
as

1
Pa=z,y = _V dkAa (4)

BZ

where A, = —i(¢|0k, |¢0) is the Berry connection, V' is
the volume of the BZ, and the integration is over the
whole BZ[7-9, 11]. Due to gauge invariance, the polar-
ization is defined as p, mod aj, where a; are lattice trans-
lation vectors. As expected, our calculations reveal that
the WC lies at the center of the strong bond. In general,
since the WF's are symmetric, WCs should be located at
the invariant points of the symmetry employed. On the
m = 0 plane, the inversion symmetry Z remains intact
and ties the WC to the center of the strong bond, which
is inversion invariant. The mismatch between the quan-
tized WCs and the atomic sites serves as a topological
index to characterize the associated higher-order topol-
ogy. Notably, this kind of a phase has been referred to
as an obstructed atomic insulator in the literature[105].

Away from the inversion-symmetric plane (m # 0),
the WC will move toward the lattice site A (B) if m >0
(m < 0). When |m| goes to infinity, the WC moves to

Energy Level L=15 ji,:;iti.

FIG. 4: (a) Energy spectrum of the nanodisk we considered
when the system is in the HOTI phase. Two in-gap zero-
energy modes (red and green dots) are shown. (b) Charge dis-
tribution of the zero-energy mode indicates that if one mode
(marked in green) is filled with one electron, a fractional 1/2
electron will be distributed at each of the two corners.

the lattice site and the system transitions into an atomic
insulator. Note that, in this case, the only symmetry pre-
served is My * T, under which p, cannot be quantized.
In other words, as Z symmetry is broken, a phase tran-
sition occurs from a HOTI to a trivial insulator without
gap-closing.

A HOTT exhibits 0D zero-energy corner modes in a
properly designed nanodisk (Fig. 4). In our case, the
zero-energy corner states are protected by the particle-
hole symmetry (PHS) defined by the antiunitary op-
erator C = 03K, where K is the complex conjugate
operator[112]. Since we are required to have CH (k)C~1 =
—H(—k), the PHS is preserved in our MHM only if both
do (¢ = £7m/2) and m are zero. Otherwise, in the absence
of PHS (dy # 0) with the inversion symmetry preserved
(m = 0), the modes can be pushed away from zero en-
ergy but will remain degenerate. In this sense, the system
is still nontrivial because the WC (Berry connection) is
insensitive to the dy term. However, in the absence of
inversion symmetry (m # 0), the WC is not well defined,
and the degeneracy of the corner modes is lifted and the
system becomes a trivial insulator, as discussed above.

We have computed the eigenstates of a rhombus-
shaped nanodisk (Fig. 4(b))of size L = 15, where L is the
number of Benzene rings on each side. Fig. 4(a) shows
the energy levels. There are two degenerate in-gap zero-
energy modes (green and orange dots). If either of these
two modes is filled with an electron, 1/2 electron charge
is distributed at each of the two corners, see Fig. 4(b).

Conclusion.— We explore topological properties of a
modified Haldane model (MHM) in which we have made
the hopping strength unequal between the NN and NNN
terms and broken the three-fold rotational symmetry Cs
of the Hamiltonian. This MHM is found to harbor a new
nontrivial insulating phase on the inversion-symmetric
plane, which can transition to the trivial insulator state
without gap-closing. The HOTI nature of the nontriv-



ial phase is demonstrated by showing that the quan-
tized Wannier centers, which are enforced by the inver-
sion symmetry, do not lie at the lattice sites. The 2D
HOTT state features a zero-dimensional, zero-energy cor-
ner mode, which is confirmed by computing the spec-
trum of a properly designed nanodisk. Interestingly, we
find that the HOTI phase can transition to a trivial in-
sulator without gap-closing along certain paths in the
phase space. The gap-closing critical states are magnetic
semimetals with a single Dirac node, which is not con-
strained to lie at the high-symmetry points in the BZ
as is the case in the standard Haldane model. Regard-
ing experimental realization of our MHM, we note that
pristine and generalized Haldane models have already
been realized in optical lattices[113-116]: The parame-
ter space of our MHM could be accessed by adjusting
phase differences, frequencies and/or intensities of the
lasers involved[117]. Therefore, we expect our MHM to
be amenable to implementation in an appropriately en-
gineered optical lattice. Our MHM provides a rich play-
ground for exploring HOTI and other topological and
non-topological phases and how transitions can be in-
duced between these phases by varying the parameters
in the model.
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