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Optical spectral weight transfer associated with the onset of superconductivity at high energy scales compared
with the superconducting gap has been observed in several systems such as high-T. cuprates. While there are
still debates on the origin of this phenomenon, a consensus is that it is due to strong correlation effects beyond
the BCS theory. Here we show that there is another route to a nonzero spectral weight transfer based on the
quantum geometry of the conduction band in multiband systems. We discuss applying this idea to the cuprates

and twisted multilayer graphene.

Introduction.— Superconductivity is a phenomenon due to
the binding electron pairs near the Fermi level. A natural ex-
pectation is that any physical phenomenon at energy scales
much larger than the pairing gap is unaffected by supercon-
ductivity. However, experiments since the 1990s have shown
that cuprate superconductors are exceptions. Cuprate super-
conductors showed a change in the optical spectrum even
at an energy scale much larger (about 100 times) than the
pairing gap size during the superconducting transition [1—
9]. Since the optical spectral sum over all energies does not
change by the f-sum rule, the decreased (increased) spec-
tral weight at high energies is transferred to (from) low en-
ergies. Underdoped cuprates showed spectral weight trans-
fers from high to low energies [1-10], while overdoped
cuprates showed the opposite [5-9], which was reproduced
in dynamical mean-field calculations [11, 12]. The origin of
the superconductivity-induced spectral weight transfer (also
called color change [13, 14] or UV-IR mixing [15]) has been
debated over 20 years and continues up to date [13—18].

The anomalous spectral weight transfer is thought to
be closely related to the exotic pairing mechanism in the
cuprates, beyond the Bardeen-Cooper-Schrieffer (BCS) the-
ory. For example, an issue discussed intensively is whether the
high-temperature superconductivity in the cuprates is driven
by the interaction energy or by the kinetic energy [19, 20]. In
BCS theory, superconductivity decreases the interaction en-
ergy while increasing the kinetic energy. As the low-energy
spectral weight is approximately given by the minus of the
kinetic energy, the superconductivity-induced spectral weight
transfer from low to high energies reported in overdoped
cuprates [6-9] is thought to be explained within BCS theory.
On the other hand, the spectral weight transfer from high to
low energies implies that the kinetic energy of the conduction
electrons is reduced by superconductivity [13, 16]. This led to
a proposal that the cuprates are kinetic-energy-driven super-
conductors in the underdoped and overdoped regime [13].

Another related issue is the role of Mottness [15, 20]. Re-
cently, Phillips, Yao, and Huang (PYH) [18] studied super-
conductivity in doped Mott insulators by adding supercon-
ducting pairing to an exactly solvable Model due to Hatsugai
and Kohmoto [21]. Interestingly, they obtained a supercon-
ducting state distinguished from the conventional BCS state.

Among the properties of the Mottness-induced non-BCS su-
perconductivity, one particularly intriguing property is the
superconductivity-induced spectral weight transfer. They put
the chemical potential on the lower Hubbard band and cal-
culated the integrated single-particle spectral function for the
lower Hubbard band. Remarkably, the spectral sum increased
when superconductivity sets in, which, by a f-sum rule stating
that the total spectrum sum of the lower and upper Hubbard
band is invariant, indicates that the spectral weight was trans-
ferred from the upper to the lower Hubbard band. Based on
this observation, PYH concluded that Mottness is the key to
the problem of anomalous spectral weight transfer in cuprate
superconductors.

In this Letter, we point out that a superconductivity-induced
optical spectral weight transfer from high to low energies ap-
pears naturally within the multiband BCS theory. What is cen-
tral to the problem is instead the so-called quantum geomet-
ric effect, which has been considered mostly in the context
of flat-band superconductivity [22-25]. Although this effect
in unconventional superconductors is not so significant as in
flat-band systems, it can be large enough to have an imprint
on experimental observations, as in the cuprates. Our result
shows the importance of quantum geometry in understanding
the exotic properties of unconventional superconductors.

Optical f-sum rules.— Let us begin by explaining the opti-
cal spectral weight transfer. The optical frequency sum rule
states that the oscillator strength, the spectrum sum of the op-
tical conductivity tensor over all frequencies, depends only on
the density of electrons n.
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where o is the real part of the conductivity tensor, —e is the
electron charge, m, is the bare electron mass, and §°“ is the
Kronecker delta. This f-sum rule is independent of the form
of the interactions and the form of the ground state. Combin-
ing this sum rule with the conservation of charge, one obtains
the Ferrel-Glover-Tinkham (FGT) sum rule for the superfluid
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FIG. 1. A simplified picture of the optical spectrum of metals in the normal and superconducting states. (a), Normal state. F, represents
the energy of the excitation to the Fermi surface. There may be additional excitation channels to the Fermi surface from lower energy levels,
or from the Fermi surface to higher energy levels, both which we do not show here for simplicity. p and d represent two different electronic
bands. (b), Superconducting state. 2A indicates the superconducting gap. Both (1) intraband and (2) interband spectral weights are lost by the
opening of the superconducting gap, while (3) new electron-hole mixing excitation channels opens up.

where we use fom dwo§®(w) = 0, and the subscripts n and s
indicate the normal and superconducting states. The spectral
sum of the optical conductivity tensor is thus an important
factor determining the superfluid response, and this is what we
call the optical spectral weight. The missing spectral weight
of the “regular” optical conductivity (where regular meaning
w > 0) appears in the superfluid weight.

Optical spectral weight transfer— In conventional super-
conductors, the missing spectral weight appears mostly near
the Fermi level (photon energy up to the order of the pairing
gap) because the Drude weight is lost by the opening of the su-
perconducting gap. This is natural given that superconducting
pairing occurs near the Fermi level.

However, we note that, after the electrons at the Fermi level
condense to become Cooper pairs, it requires additional en-
ergy to excite those electrons for any excitation channel to
overcome the binding energy — this is one of the main points
of this Letter. Therefore, a missing spectral weight always
appears for interband transitions also, which may occur at
very high energies [Fig. 1(b)]. Thanks to this spectral weight
transfer, even exactly flat bands with zero Drude weight can
have nonzero superfluid weight [22]. This interband super-
fluid weight was recently proposed to be relevant in the super-
conductivity of flat bands in twisted bilayer graphene [23-25],
although it was not discussed in the context of the spectral
weight transfer.

There are also electron-hole mixing optical excitation chan-
nels generated by superconducting pairing [Fig. 1(b)]. These
excitations occur mainly between electrons and holes originat-
ing from different normal-state bands, because particle-hole-
symmetric excitations are usually forbidden by inversion sym-
metry in superconductors [26, 27]. The emergence of these
new excitations transfers the optical spectral weight from low
to high energies, reducing the superfluid weight.

We use a model of Dirac fermion
h = hvp(kgop + kyoy) 3)

to show the spectral weight transfer explicitly. Let us note
that an effective model does not satisfy the sum rule Eq. (1) in
general. Instead, the spectrum sum is (2/7) [, dwo§®(w) =
(€?/1h?) [, OkeOkeh, which may change by superconductivity
even when the electron density is conserved. The physical
meaning behind this is that the spectral weight may be trans-
ferred from the bands not included in the model. However,
our linearized Dirac model preserves the spectrum sum be-
cause OicOgah = 0, such that the spectral sum depends only
on the regularization at the high-energy cut-off A, which is not
affected by superconductivity in the limit of A — oo. There-
fore, an optical spectral weight transfer occurs only between
the two bands in the model.
The optical conductivity in the normal state is
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where we introduce a finite relaxation rate I" for the intraband
(Drude) response, while neglecting the relaxation for inter-
band transitions, and © is the Heaviside step function. In the
superconducting state with an s-wave gap 2A, it reduces to
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and the Fermi level E'r in the normal state is renormalized to
1 in the superconducting state to preserve the average electron
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FIG. 2. Optical conductivity of a Dirac fermion in normal and super-
conducting states in two dimensions. (a) Optical conductivity. Only
regular (non-superfluid) parts are shown. The red dashed line and
solid blue line correspond to the normal and superconducting states,
respectively. The Drude conductivity is shown with a finite inverse
scattering rate of I' = 0.01Er for its visual presentation, while we
take the clean limit I' — O to calculate the interband conductivities.
We consider an s-wave gap with A = 0.1EF in the superconduct-
ing state. The inset shows the spectrum of the Dirac fermion in the
normal state. (b) Loss of the interband optical conductivity by the
superconducting transition. All conductivities are calculated at zero
temperature.

density, which satisfies the self-consistency equation
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F(w) = (kw/w,u)(\/A2 + (ko +p)? — \/A2 + (ko — 1)?),
and k, = wy/w? —4(u2 + A2)2/\/w? — (2p1)? is the mag-
nitude the momentum where optical transition occurs. Fig-
ure 2 shows the regular part of the optical conductivity in the
normal and superconducting states. Both intraband and inter-
band optical conductivities originating from the electrons near
the Fermi level get reduced when those electrons form Cooper
pairs [Fig. 2(a)].

It is worth noting a difference between the intraband and in-
terband contributions. While all the intraband optical spectral
weight is lost over the gap size 0 < hw < 2A, the interband
weight is lost only partially over the gap size £, < hw <
E4 + 2A, where E, = 2EF is the optical interband spectral
gap in the normal state, and E'r is the Fermi energy measured
from the Dirac node [Fig. 2(b)]. The is because new optical
transition channels are created at hw ~ F, = 2EF in the su-
perconducting state by the electron-hole mixing, compensat-
ing the loss of the spectral weight in the transition channels of
the normal state. In contrast, electron-hole-mixing transitions
are usually prohibited at the superconducting gap scale [26—
29], such that most of the intraband weight for iw < 2A
transforms to the superfluid weight when I' < 2A.

The interband contributions arise as corrections of order
(A/Er)? to the intraband superfluid weight in the clean limit.
This is because the interband optical conductivity is O(E;l,_Q)
such that interband superfluid weight is O(AZE%3), while
the intraband contribution is the Drude weight — scaling as
O(E%™1). In the case of the Dirac model in Eq. (3), an addi-
tional logarithmic correction appears: the ratio between inter-

band and intraband contributions is (A/Er)? log(Er/A) for
small A/Ep. As conventional superconductors have a very
small ratio A/Ep S 104, the interband contribution is neg-
ligible for them. However, unconventional superconductors
can reach much higher value of A/FEr 2 0.1 [30-33], such
that the interband contribution is a few percent.

In disordered systems, the interband contributions are rela-
tively enhanced [34]. Disorder significantly reduces the intra-
band contribution to the superfluid weight when the disorder-
induced broadening Al of the Drude spectrum is comparable
or larger than the superconducting gap 2A, because the spec-
tral weight below Aw < 2A is reduced [Fig. 1(b)]. However,
the interband contribution is not affected much by disorder as
long as the interband optical spectral gap is larger than the
spectral broadening. Therefore, the interband contribution is
relatively much enhanced for 2A S ' < E,,.

Three-orbital model of the CuOs plane.— Let us apply the
above idea to a model of cuprate superconductors. We con-
sider the three-orbital tight-binding model on the Lieb lattice
[Fig. 3(a)] described by

€d f(kz) _f(ky)
f*(kz) €p gk, ky) 3
—f*(ky) 9" (ka,ky) €p

in the basis of (T, ]) spins ® (dg2_,2, ps, py) orbitals, f(k) =
tpa(1 —e*), g(ky, ky) = —tp,(1 — e #=9)(1 — etkv®), and
a is the lattice constant. We take g = 0 eV, ¢, = —2.416 €V,
tpp = 751 meV, and t,q = 1.257 eV, which are proper val-
ues to model cuprate superconductor HgBasCuOy4 [35]. We
consider the effect of doping by tuning only the Fermi level
E'r with other parameters fixed. We first take Er = 1.695
eV, corresponding to the hole doping x = 1 —n ~ 0.1 in
the underdoped regime, where n is the number of conduction
electrons per unit cell [Fig. 3(b)].

Figure 3(c,d,e) shows the band structure, Fermi surface, and
interband optical conductivity in the normal state. We neglect
the Drude conductivity and focus on the interband contribu-
tions. As we do not include correlation effects, the band struc-
ture and optical conductivity differ significantly from the ex-
perimental observations in high-T,. cuprates. Here, we only
aim to show that spectral weight can be transferred from high
to low energies without correlation effects.

We consider an orbital-independent pairing function Ay, =
Ag(cos ky — cos k), such that the gap of 2Ax opens at the
Fermi level. Figure 3(f) shows the reduction of the inter-
band optical conductivity for A; = 20 meV. Most of the
change occurs at around 4 eV and 6 eV, which are 100 and
150 times larger than the gap 2A4, respectively. This change
is due to the modification of the excitations to the Fermi level
from the two occupied p orbitals. The corresponding spectral
weight transfer up to high-energy cutoff fiw., SWT(w.) =
(h/e?)(2/m) [ dw(ofE —of?), is shown in Fig. 3(g) in unit
of meV. Here, the total spectral weight transfer 0.42 meV is
comparable to 1 meV observed in the underdoped regime [5—
9].

h = ]-spin &
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FIG. 3. Superconductivity-induced spectral weight transfer in a model of the CuO» plane in cuprate superconductors. (a-d) Tight-binding
model. (a) Location of p,,, and d,2_ 2 orbitals on the Lieb lattice. The unit cell is shown as a shaded rectangle. We consider the tight-binding
model on this lattice with hopping up to the next-nearest neighbor Eq. (8). We take onsite energies ¢4 = 0 eV and ¢, = —2.416 eV and
hopping amplitudes t,, = 751 meV and t,q = 1.257 eV. (b) Hole doping x = 1 — n as a function of Fermi level Er. n is the number of
conduction electron per unit cell. The red and blue curve corresponds to the normal and superconducting states, where Ay = 20 meV in the
latter. We take E'r = 1.695 eV in (d-g). This choice corresponds to hole doping = = 0.1 per unit cell from the half-filled conduction band. The
inset shows 6 Ep = E5C — E™al needed to preserve the average charge, which changes sign at the van Hove singularity (VHS). (¢) Band
structure. (d) Fermi surface of a hole pocket centered at (7, 7). (e) Interband optical conductivity in the normal state. Only the longitudinal part
0% = g¥¥ is shown. The contribution from the intraband Drude conductivity is not included here. (f) Superconductivity-induced reduction
of the interband optical conductivity. We take Az = 20 meV. (g) Spectral weight transfer corresponding to (e). For numerical calculations of

the optical conductivity, we take finite broadening AI' = 10 meV for the Lorentzian.

The spectral weight transfer from high to low energies oc-
curs for most other doping levels also [Fig. 3(h)]. Moreover,
our data reproduce the decrease of the spectral weight transfer
observed in the cuprates as x increases from the underdoped
regime [6-9], although the sign change observed in the over-
doped regime is almost invisible in our model calculation.

Quantum geometric perspective.— The optical spectral
weight transfer — equivalently, by the FGT sum rule, the in-
terband contribution to the superfluid weight — has an in-
teresting quantum geometric interpretation. The interband
contribution to the superfluid weight is often called a “quan-
tum geometric” contribution because it appears as the Fubini-
Study metric of the conduction band in the exactly flat-band
limit [22]. Namely, D* o Re [, Qca, Where Qoo =
> neflat.meremote (110ke [m) (m|idka|n) is the Fubini-Study
metric of the flat bands. Recent studies by the present au-
thors [36, 37] allow a stronger quantum geometric interpreta-
tion that the interband superfluid weight is quantum geometric
even away from the flat-band limit. We showed that the ma-
trix elements in the interband optical conductivity tensor have

the form of a quantum metric in the normal state;
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where [, = [d%/(2m)? in d spatial dimensions, f,, =
fn — fm, and f, is the Fermi-Dirac distribution of

the electronic single-particle state |n). Here, Q7" =
(n|iOke|m) (m|iOka|n) is the quantum metric for the pair of
states |m) and |n) [37], which produces the Fubini-Study met-
ric after summed over m and n. The FGT sum rule then
implies that the interband superfluid weight is related to the
quantum metric in the normal state. For a pairing that is uni-
form for all orbital degrees of freedom, one can see this explic-
itly in the expression derived in Ref. [38], which we rewrite in
terms of the quantum metric as

2> (%)

- Az (fn - gm)
m¥#n

En +Em

D

inter

Re]

mn]
ca )

(10)



where &, = €, — i, €, is the energy eigenvalue of the state
|n) in the normal state, and E,, = /2 + A2, An orbital-
dependent pairing can complicate the quantitative relation be-
tween quantum geometry and superfluid weight [38] because
then the optical conductivity in the superconducting state does
not simply depend on the quantum metric in the normal state.
However, even in this case, the geometric perspective can still
be useful for a qualitative understanding.

Quantum geometry gives fresh insight into the single-band
effective models of the superconductivity-induced spectral
weight transfer. In Ref. [16], Hirsch noted that, if we con-
sider the non-orthogonality of the atomic orbitals, repulsive
interactions need to be included on the bond sites as well as
the atomic sites in the Hubbard model. When superconductiv-
ity occurs, the bond-site interaction increases the total spec-
tral weight, the sum of the regular and superfluid weight [16].
Such a non-conservation of the spectral sum is allowed in ef-
fective models and is interpreted as the spectral weight trans-
fer from remote bands, not included in the model. We can
understand the importance of the bond-site interaction by not-
ing that the spreading of the Wannier function is character-
ized by the Fubini-Study metric [22, 39]. As the optical spec-
tral weight transfer is characterized by a quantum metric, in-
timately related to the Fubini-Study metric, it is also related
to the spreading of the Wannier function. In Hirsch’s model,
atomic orbitals take the role of the Wannier function, so their
overlap due to the spreading is responsible for the spectral
weight transfer.

Discussion.— Our general arguments show that the
superconductivity-induced optical spectral weight transfer can
be understood as quantum geometric effects within the multi-
band BCS theory. This is essentially the same phenomenon as
the geometric superfluidity studied previously [22, 38]. How-
ever, our approach has practical advantages over the previous
approach as well as conceptual merits in the understanding of
the physics of the cuprates.

Our approach provides a promising way to measure the
geometric contribution to the superfluid weight in flat-band
systems through the superconductivity-induced optical spec-
tral weight transfer. It was theoretically proposed that the
geometric contribution can take a significant portion in flat-
band systems [22, 38] such as twisted bilayer [23-25] and tri-
layer [31, 32] graphene. However, this proposal has not been
tested experimentally. Since the optical spectral gap between
the flat bands and the other bands is an order of 10 meV at the
first magic angle (twisting angle of ~ 1.1°) in twisted bilayer
graphene, the optical spectrum needs to be measured down to
the terahertz scale. This measurement below superconduct-
ing transition temperature 7, ~ 1K is currently challenging
but may be possible in the near future. For the trilayer, one
would need to measure the spectrum down to lower energies,
because there will be additional geometric contributions from
the Dirac cones coexisting with the flat bands.

In principle, optically measuring the geometric superfluid
weight requires the knowledge of the optical conductivity at
arbitrarily high photon energies. However, in practice, one can

achieve high precision with a moderate high-energy cutoff.
This is because the quantum metric ;" is be suppressed for
a large energy difference between m and n bands. To see this,
note from Eq. (10) that Diyger ~ (A2?/ER) > mtn Ji Re@Q™"
because the transitions from or to the Fermi level are dominant
contributions. Let us suppose that n is the unique metallic
band, and then the sum ), n, Tuns over m only. We have

mn—= b 08 w2~ O(w,,2) for large energy differ-
ence hw,,, because the interband velocity matrix element
ve = (m|0%|n) does not diverge for wy,, — oco. If we
consider the density of states [, >, .. o w?*lind
spatial dimensions at w,,, = w, which is the case for transi-
tions to free electron states, the contribution at w is suppressed

by a factor 1/w(6’d)/2 at large w.

Although we emphasize the role of quantum geometry, we
should also note that disorder and correlation effects need to
be seriously considered to explain all the salient features ap-
pearing in the cuprates. For instance, in the single-particle-
band picture, the spectral weight transfer appears within a
small energy window comparable to the pairing gap for each
transition channel. On the other hand, the spectral weight
transfer in the cuprates occurs over a very broad range of over
an electron-volt scale. The incoherent nature of the electronic
states is crucial for broadening. Also, there is a finite optical
spectral weight between the upper and lower Hubbard bands
in the cuprates. This can lead to a superconductivity-induced
optical spectral weight transfer at the Mott gap scale, larger
than the charge transfer gap. Finally, we note that a con-
crete quantum geometric interpretation of the optical conduc-
tivity and superfluid weight is yet to be developed for general
strongly correlated systems.

Note added.— While finalizing this manuscript, we have
noticed a closely related recent work by Chen and Huang [40].
They also study superconductivity-induced change in the op-
tical spectrum, although its relation to the superfluid weight
is not discussed. After we upload our preprint on arXiv, we
became aware of related works by Hazra, Verma, and Rande-
ria [41, 42], where geometric superfluidity is related to optical
conductivity for flat-band systems.

J.A. thanks Ashvin Vishwanath for encouraging him to
publish this work. We appreciate Ashvin Vishwanath, Philip
Kim, and Matteo Mitrano for helpful comments. J.A. was
supported by the Basic Science Research Program through the
National Research Foundation of Korea (NRF) funded by the
Ministry of Education (Grant No. 2020R1A6A3A03037129)
and by the Center for Advancement of Topological Semimet-
als, an Energy Frontier Research Center funded by the US De-
partment of Energy Office of Science, Office of Basic Energy
Sciences, through the Ames Laboratory under contract No.
DE-AC02-07CH11358. N.N. was supported by JST CREST
Grant Number JPMJCR1874 and JPMJCRI16F1, Japan, and
JSPS KAKENHI Grant number 18H03676.



* junyeongahn@fas.harvard.edu

T nagaosa@riken.jp

[1] L. Fugol, V. Samovarov, A. Ratner, V. Zhuravlev, G. Saemann-

Ischenko, B. Holzapfel, and O. Meyer, Temperature variations

of the energy spectrum of high temperature superconductors

near the Fermi level seen by optical absorption, Solid State

Commun. 86, 385 (1993).

I. Fugol, V. Samovarov, A. Ratner, V. Zhuravlev, G. Saemann-

Ischenko, M. Lippert, and B. Holzapfel, Anomalies in the tem-

perature behaviour of absorption in the optical 1.5-3.0 eV range

for the high-7. superconductor YBasCu3zO~_s, Physica C 216,

391 (1993).

[3] D. N. Basov, S. I. Woods, A. S. Katz, E. J. Singley, R. Dynes,
M. Xu, D. G. Hinks, C. C. Homes, and M. Strongin, Sum rules
and interlayer conductivity of high-T, cuprates, Science 283,
49 (1999).

[4] M. Riibhausen, A. Gozar, M. V. Klein, P. Guptasarma, and D. G.
Hinks, Superconductivity-induced optical changes for energies
of 1006 in the cuprates, Phys. Rev. B 63, 224514 (2001).

[5] H.J. A. Molegraaf, C. Presura, D. van der Marel, P. H. Kes, and
M. Li, Superconductivity-induced transfer of in-plane spectral
weight in BioSroCaCu2Os 5, Science 295, 2239 (2002).

[6] G. Deutscher, A. F. Santander-Syro, and N. Bontemps, Kinetic

energy change with doping upon superfluid condensation in

high-temperature superconductors, Phys. Rev. B 72, 092504

(2005).

N. Gedik, M. Langner, J. Orenstein, S. Ono, Y. Abe, and

Y. Ando, Abrupt transition in quasiparticle dynamics at optimal

doping in a cuprate superconductor system, Phys. Rev. Lett. 95,

117005 (2005).

[8] F. Carbone, A. B. Kuzmenko, H. J. A. Molegraaf,
E. van Heumen, V. Lukovac, F. Marsiglio, D. van der Marel,
K. Haule, G. Kotliar, H. Berger, S. Courjault, P. H. Kes, and
M. Li, Doping dependence of the redistribution of optical spec-
tral weight in Bi2Sr2CaCu20Osg45, Phys. Rev. B 74, 064510
(2006).

[9] C. Giannetti, F. Cilento, S. Dal Conte, G. Coslovich, G. Fer-
rini, H. Molegraaf, M. Raichle, R. Liang, H. Eisaki, M. Greven,
et al., Revealing the high-energy electronic excitations underly-
ing the onset of high-temperature superconductivity in cuprates,
Nat. Commun. 2, 353 (2011).

[10] A. Boris, N. Kovaleva, O. Dolgov, T. Holden, C. Lin,
B. Keimer, and C. Bernhard, In-plane spectral weight shift of
charge carriers in YBazCusOg.9, Science 304, 708 (2004).

[11] E. Gull and A. J. Millis, Energetics of superconductivity in the
two-dimensional hubbard model, Phys. Rev. B 86, 241106(R)
(2012).

[12] L. Fratino, P. Sémon, G. Sordi, and A.-M. Tremblay, An orga-
nizing principle for two-dimensional strongly correlated super-
conductivity, Sci. Rep. 6, 1 (2016).

[13] J. Hirsch, Superconductors that change color when they become
superconducting, Physica C 201, 347 (1992).

[14] J. Hirsch, The true colors of cuprates, Science 295, 2226 (2002).

[15] P. Phillips, Colloquium: Identifying the propagating charge
modes in doped mott insulators, Rev. Mod. Phys. 82, 1719
(2010).

[16] J. Hirsch, Apparent violation of the conductivity sum rule in
certain superconductors, Physica C 199, 305 (1992).

[17] F. Marsiglio, F. Carbone, A. B. Kuzmenko, and D. van der
Marel, Intraband optical spectral weight in the presence of a
van Hove singularity: Application to BioSroCaCu20Os s, Phys.

2

—

[7

—

Rev. B 74, 174516 (2006).

[18] P. W. Phillips, L. Yeo, and E. W. Huang, Exact theory for su-
perconductivity in a doped Mott insulator, Nat. Phys. 16, 1175
(2020).

[19] D. Basov and T. Timusk, Electrodynamics of high-7 supercon-
ductors, Rev. Mod. Phys. 77, 721 (2005).

[20] P. A. Lee, N. Nagaosa, and X.-G. Wen, Doping a Mott insula-
tor: Physics of high-temperature superconductivity, Rev. Mod.
Phys. 78, 17 (2006).

[21] Y. Hatsugai and M. Kohmoto, Exactly solvable model of corre-
lated lattice electrons in any dimensions, J. Phys. Soc. Jpn 61,
2056 (1992).

[22] S. Peotta and P. Tormd, Superfluidity in topologically nontrivial
flat bands, Nat. Commun. 6, 8944 (2015).

[23] X. Hu, T. Hyart, D. 1. Pikulin, and E. Rossi, Geometric and
conventional contribution to the superfluid weight in twisted bi-
layer graphene, Phys. Rev. Lett. 123, 237002 (2019).

[24] A.Julku, T. J. Peltonen, L. Liang, T. T. Heikkil4, and P. Térma,
Superfluid weight and Berezinskii-Kosterlitz-Thouless transi-
tion temperature of twisted bilayer graphene, Phys. Rev. B 101,
060505(R) (2020).

[25] F. Xie, Z. Song, B. Lian, and B. A. Bernevig, Topology-
bounded superfluid weight in twisted bilayer graphene, Phys.
Rev. Lett. 124, 167002 (2020).

[26] J. Ahn and N. Nagaosa, Theory of optical responses in clean
multi-band superconductors, Nat. Commun. 12, 1 (2021).

[27] J. Ahn and N. Nagaosa, Many-body selection rule for quasi-
particle pair creations in centrosymmetric superconductors,
arXiv:2108.04846 (2021).

[28] G.D. Mahan, Many-particle physics (Springer Science & Busi-
ness Media, 2013).

[29] T. Xu, T. Morimoto, and J. E. Moore, Nonlinear optical effects
in inversion-symmetry-breaking superconductors, Phys. Rev. B
100, 220501(R) (2019).

[30] T. Shibauchi, T. Hanaguri, and Y. Matsuda, Exotic supercon-
ducting states in FeSe-based materials, J. Phys. Soc. Jpn 89,
102002 (2020).

[31] J. M. Park, Y. Cao, K. Watanabe, T. Taniguchi, and P. Jarillo-
Herrero, Tunable strongly coupled superconductivity in magic-
angle twisted trilayer graphene, Nature 590, 249 (2021).

[32] Z. Hao, A. Zimmerman, P. Ledwith, E. Khalaf, D. H. Na-
jafabadi, K. Watanabe, T. Taniguchi, A. Vishwanath, and
P. Kim, Electric field—tunable superconductivity in alternating-
twist magic-angle trilayer graphene, Science 371, 1133 (2021).

[33] Y. Nakagawa, Y. Kasahara, T. Nomoto, R. Arita, T. Nojima,
and Y. Iwasa, Gate-controlled BCS-BEC crossover in a two-
dimensional superconductor, Science 372, 190 (2021).

[34] J. Hirsch and F. Marsiglio, Where is 99% of the condensa-
tion energy of TI2BazCuO, coming from?, Physica C 331, 150
(2000).

[35] M. Hirayama, Y. Yamaji, T. Misawa, and M. Imada, Ab ini-
tio effective hamiltonians for cuprate superconductors, Physical
Review B 98, 134501 (2018).

[36] J. Ahn, G.-Y. Guo, and N. Nagaosa, Low-frequency divergence
and quantum geometry of the bulk photovoltaic effect in topo-
logical semimetals, Phys. Rev. X 10, 041041 (2020).

[37] J. Ahn, G.-Y. Guo, N. Nagaosa, and A. Vishwanath, Rieman-
nian geometry of resonant optical responses, arXiv:2103.01241
(2021).

[38] L. Liang, T. I. Vanhala, S. Peotta, T. Siro, A. Harju, and
P. Tormd, Band geometry, Berry curvature, and superfluid
weight, Phys. Rev. B 95, 024515 (2017).

[39] N. Marzari, A. A. Mostofi, J. R. Yates, 1. Souza, and D. Vander-
bilt, Maximally localized wannier functions: Theory and appli-



cations, Rev. Mod. Phys. 84, 1419 (2012). ducting transition temperature: Applications to twisted bilayer
[40] W. Chen and W. Huang, Probing the quantum geometry of graphene and cold atoms, Phys. Rev. X 9, 031049 (2019).

paired electrons in multiorbital superconductors through intrin- [42] N. Verma, T. Hazra, and M. Randeria, Optical spectral weight,

sic optical conductivity, arXiv:2106.00037 (2021). phase stiffness and 7. bounds for trivial and topological flat

[41] T. Hazra, N. Verma, and M. Randeria, Bounds on the supercon- band superconductors, arXiv:2103.08540 (2021).



