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Quantum spin-orbital liquids (QSOLs) are a novel phase of matter, similar to quantum spin liq-
uids, with quantum fluctuations in both spin and orbital degrees of freedom. We use non-equilibrium
Green’s function theory to study out-of-equilibrium spin transport in an exactly solvable QSOL
model put forward by Yao and Lee. We find that the spin transport problem can be mapped to that
of a free fermion problem with effective fermionic baths that have rapidly varying density of states.
In the gapless phase, the spin current Is − Vs relation is thus highly nonlinear, while in the chiral
gapped phase, the spin current conductance is quantized to be 1/2π provided that the contacts are
sufficiently wide. The quantized conductance is a signature of the topological nature of the chiral
gapped QSOL.

Introduction.—Quantum spin liquids (QSLs) are a
form of matter with no long-range order, long-range
entanglement, fractionalized excitations and emergent
gauge fields [1–3]. Thanks to an exactly solvable model
of a QSL introduced by Kitaev and a seminal paper by
Jackeli and Khaliullin [4, 5] which points out that the
model can be realized in some strongly spin-orbit coupled
materials, Kitaev-type QSLs are an active area of inves-
tigation. The Kitaev model has also been generalized
to spin-orbital models, or Kugel-Khomskii models [6, 7],
which have both spin and orbital degrees of freedom
on each site. Yao and Lee derived a SU(2)-symmetric
version of such a model which lacks spontaneous sym-
metry breaking in its ground state and has novel ex-
citations, such as non-Abelian spinons and fermionic
magnons (FMs) [8]. Such novel quantum phases, termed
quantum spin-orbital liquids (QSOLs), are proposed to
exist in a broader range of Kugel-Khomskii models [9–
18]. Candidate materials that may realize the QSOLs,
such as Ba3CuSb2O9 [19–25], are still under investiga-
tion, while additional candidates may be found in cer-
tain 4d1 or 5d1 Mott insulators and twisted superlattice
systems [15–17, 26–29].

Experimental confirmation of QSLs and QSOLs has
been a long-standing problem. Because QSLs are elec-
trically insulating, well-developed transport techniques
cannot be utilized except in a few cases [30, 31]. Ther-
mal transport experiments have been useful for identify-
ing QSLs–especially topological QSLs, such as α−RuCl3
in a magnetic field, where half-integer quantized thermal
Hall conductance has been reported [32]. Theory and
experiment of spin transport in QSLs or QSOLs is less
well developed [33–38]. Chen et al. [39] and Chatterjee
et al. [40] suggested that by sandwiching a QSL mate-
rial between two paramagnetic metals and driving a spin
current through the structure, one could characterize dif-
ferent types of QSLs as they have different power laws of
spin current Is − Vs relation. De Carvalho et al. gener-
alize the results to the Yao-Lee QSOL model, and their
calculations show that in the gapless phase with zigzag-

type contact Is ∼ Vs while in the chiral gapped phase
Is ∼ V 3

s [41]. All the prior spin transport calculations
use equilibrium spin correlation functions.

In this Letter, we relax the assumption that the sys-
tem is near equilibrium and give a systematic formulation
of the spin transport problem in a clean Yao-Lee model
using non-equilibrium Green’s functions (NEGFs). The
difficulty of treating spin operators in diagrammatic ap-
proaches due to their non-commutativity can be tackled
using Majorana representation [42–45]. We find that the
original spin transport problem may be mapped to a free
fermion transport problem in the presence of fermionic
baths with different effective temperatures, chemical po-
tentials, and non-constant density of states (DOS). For
the gapless phase, the transport characteristic is highly
nonlinear: for the zigzag-type contact (ZC) Is ∼ V 3

s while
for the armchair-type contact (AC) Is ∼ V 5

s . For the chi-
ral gapped phase, the spin current conductance is quan-
tized if the contact is wide enough. Our results for the
gapless phases with ZCs and chiral gapped phases differ
from those found in Ref. [41] because we account for non-
equilibrium accumulation of spin excitations. Such spin
transport experiments can detect the topological phases
of QSOLs and test the existence of the predicted FMs.
Model.—Yao and Lee constructed a SU(2)-symmetric

spin-1/2 model on the decorated honeycomb lattice [8].
Despite the complexity of the original Hamiltonian and
its underlying lattice geometry, the low-energy physics is
described by a Kitaev-type Hamiltonian on the honey-
comb lattice as shown in Fig. 1:

Htot =
∑
〈ij〉λ

Jλ
4

[τλi τ
λ
j ][~σi · ~σj ]

+
χ

4

∑
〈ij〉α〈jk〉β

εαβγ [ταi τ
γ
j τ

β
k ][~σi · ~σk].

(1)

Pauli matrices ~σi = (σxi , σ
y
i , σ

z
i ) describe the spin de-

grees of freedom on site i, while τx,y,zi are for the ‘or-
bital’ degrees of freedom. The nearest-neighbor bond
between site i and j of type λ = x, y, z is denoted by
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FIG. 1. Yao-Lee model on the honeycomb lattice. The type
λ of bond is denoted by x, y, z in the figure. An arrow from
site j to i indicates matrix element hij of the Hamiltonian of
Eq. (3) for uij = 1. A solid arrow indicates hij = 2iJλ while
a dashed line indicates hij = iχ/2.

〈ij〉λ and particularly 〈ij〉α〈jk〉β labels three neighbor-
ing sites i, j, k that are ordered clockwisely within the
corresponding plaquette. This model can be exactly
solved by representing Pauli matrices in terms of Ma-

jorana fermions σαi = − ε
αβγ

2 iγβi γ
γ
i , ταi = − ε

αβγ

2 idβi d
γ
i ,

where γx,y,z and dx,y,z satisfy anticommutation relations
{γαi , γ

β
j } = 2δijδ

αβ , {dαi , d
β
j } = 2δijδ

αβ and {γαi , d
β
j } = 0

[4, 8]. Because such representation enlarges the physical
Hilbert space, the constraint Di = −iγxi γ

y
i γ

z
i d
x
i d
y
i d
z
i = 1

needs to be enforced. In this representation, Eq. (1) can
be written in terms of the Majorana fermion operators

H =
∑
〈ij〉,α

iJijuijγ
α
i γ

α
j +

iχ

4

∑
〈ij〉〈jk〉,α

ûij ûjkγ
α
i γ

α
k , (2)

where uij = −idλi dλj and Jij = Jλ/4 on the type-λ link.
Since [H,uij ] = 0 and [uij , ui′j′ ] = 0, the set of bond vari-
ables {uij} are good quantum numbers that have eigen-
values ±1 and the Hamiltonian Eq. (2) can be solved
for each different {uij}. In fact, uij acts as a Z2 gauge
field and Di serves as a generator of the Z2 gauge sym-
metry. Gauge-invariant Z2 flux operators can be defined
on each plaquette Wp =

∏
〈jk〉∈p ujk (j ∈ A sublattice,

k ∈ B sublattice), which are good quantum numbers that
label the physical eigenstates.

Equation (2) can be regarded as three copies of the
original Kitaev model and the global SO(3) symmetry
among the three species of Majorana fermions originate
from the original spin rotational symmetry. The phase
diagram of Eq. (2) can hence be inferred from that of
Kitaev model [4]: when χ = 0 and |Jx|, |Jy|, |Jz| satisfy
the triangle inequalities, it describes a gapless QSOL;
when χ = 0 and |Jx|, |Jy|, |Jz| do not meet the triangle
inequality conditions, it describes a non-chiral gapped
QSOL; at the isotropic point Jx = Jy = Jz, if χ 6= 0, it
is a chiral gapped QSOL.

It is convenient to define complex fermion operators
fi,z = (γxi − iγ

y
i )/2 and Eq. (2) can be rewritten as sum

of two parts

H = HK +HH =
∑
ij

hij
4
γzi γ

z
j +

∑
ij

hijf
†
i,zfj,z, (3)

where HK is the Kitaev model, while at the zero flux sec-
tor and isotropic point HH is equivalent to the Haldane
model [46]. The matrix elements hij when uij = 1 are in-

dicated in Fig. 1. Because Szi = f†i,zfi,z− 1
2 , the fermions

created by f†i,z carry Sz = 1 and are hence dubbed as
FMs.

We consider an experimental setup as shown in Fig. 2,
where the system is sandwiched between two spin baths.
The spin baths are paramagnetic metals described by the
Hamiltonian Hα

bath =
∑
α,n εαnc

†
αnσcαnσ, where σ labels

spin, n labels eigenstate and α = L,R labels the bath.
The system couples with the spin bath α through the
Heisenberg exchange interaction at the boundary Aα

Hα
int =

∑
〈i,iα〉∈Aα

λα ~Si · ~Siα (4)

where ~Si represents the spin i in the system while ~Siα
denotes the spin iα in the spin bath α that interacts with
spin i. It is proposed that a spin bias Vs = µ↑−µ↓ can be
induced in one bath, for example by the spin Hall effect,
where µ↑(↓) is the chemical potential of spin-up (down)
electrons, while the spin current Is through the structure
can be detected, for instance by inverse spin Hall effect,
in the other bath [40, 47–49]. In this work, we will simply
assume VL = Vs, VR = 0 and spin current flows from left
to right. We only consider the gapless phase and chiral
gapped phase, as the non-chiral gapped phase generally
does not have gapless excitations.

Formalism.—We use NEGFs to investigate the spin
transport in the forementioned model [50, 51]. The idea
is similar to the calculation of electric current in a meso-
scopic electronic system [52–55]. We aim to calculate
gauge-invariant observables, which is given by

〈O(t)〉 = Tr
(
ρinit[U(t,−∞)]†OU(t,−∞)

)
(5)

where U(t,−∞) = e−i
∫ t
−∞Hint(τ)dτ , ρinit = ρL⊗ρS⊗ρR,

ρL(R) is the density matrix of the left(right) bath with

µ↑ − µ↓ = VL(R), ρS = e−βH/Tr(e−βH) is the density
matrix of the system, all at temperature T = 1/β. Note
we use the interaction representation here. Equation (5)
may be evaluated by representing all Pauli matrices with
Majorana fermions. In this work, we assume that the flux
gap ∆flux is much larger than the temperature T and the
spin bias Vs so that we only need to focus on the fluxless
gauge sector, which has the lowest energy according to
Lieb’s theorem [56]. Because both the hybridization (4)
and the observable we are interested in, i.e. spin current,
do not mix different gauge sectors, we will simply choose
ujk = 1 and work within this gauge choice. With Wick’s
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FIG. 2. Schematic of the experiment setup. The spin-up electrons and spin-down electrons in the left spin bath have chemical
potential difference Vs, which drives spin current Is through the structure.

theorem one can therefore decompose Eq. (5) to prod-
ucts of Green’s functions and evaluate it with Keldysh
techniques [45]. When χ = 0 the spin current operator
Iij is given by

Iij =
iJλ
2

[τλi τ
λ
j ](σ−i σ

+
j − σ

+
i σ
−
j )

= 2Jijuij(f
†
j,zfi,z + f†i,zfj,z),

(6)

where i and j are nearest-neighbor sites connected by
λ-type bond and the spin current flows from j to i.
For convenience we set ~ = 1 throughout this paper.
Thus one needs to calculate the full FM propagator
Gfij(t, t

′) = −i〈Tce−i
∫
c
dτHint(τ)fi,z(t)f

†
j,z(t

′)〉, which can
be approximately obtained by re-summing relevant dia-
grams and calculating the Dyson equation (see Supple-
mental Material [57], Sec. I for more details)

Gfij = gfij +
∑
α

GfikΣfα,klg
f
lj (7)

where gfij is the bare propagator for FMs. The convolu-
tion on the Keldysh contour and the sum over repeated
indices have been implicitly indicated. Note that the time
arguments of the Green’s functions are incorporated in
the subscripts when not written explicitly. The simplest

self-energy Σ
f(1)
α,ij due to the bath α (i, j ∈ Aα) is given

by Fig. 3(a)

Σ
f(1)
α,ij =

i(λα)2

4
gMα,ijg

γ
ij (8)

while the self-consistent self-energy Σ
f(sc)
α,ij is (see Fig.

3(b))

Σ
f(sc)
α,ij =

i(λα)2

4
gMα,ijG

γ
ij , (9)

where gMα,ij(t, t
′) = −i

∑
iα,jα
〈TcS−iα(t)S+

jα
(t′)〉. In

Eq. (9) the full Majorana propagator Gγij(t, t
′) =

−i〈Tce−i
∫
c
dτHint(τ)γzi (t)γzj (t′)〉 satisfies Dyson equation

Gγij = gγij +
∑
α

GγikΣ
γ(sc)
α,kl g

γ
lj (10)

where gγij(t, t
′) is the bare Majorana propagator and the

self-energy Σ
γ(sc)
α,ij (i, j ∈ Aα) is given by

Σ
γ(sc)
α,ij =

i(λα)2

4

[
gMα,jiG

f
ij − g

M
α,ijG

f
ji

]
. (11)

Equation (7) and (8) give a first-order solution while the
closed set of Eqs. (7)(9)(10)(11) can be solved iteratively
to obtain a self-consistent solution. We point out that
one class of diagrams that we neglect corresponds to the
Szi S

z
iα

term as it does not lead to dissipation and only
contributes to the real part of the self-energy, slightly
renormalizing the Hamiltonian. The term does not al-
ter the transport qualitatively. Although throwing away
such terms may break the original SU(2) spin rotational
symmetry, the U(1) charge Sz is still conserved and hence
the spin current along the z direction is still well defined.
The other neglected diagrams include those with dressed

= +

(a)

= +

= +

-

(b)

FIG. 3. The Dyson equations for FMs (solid lines) and Ma-
jorana fermions (dashed lines). The double lines indicate the
full propagators while the single lines are for bare propaga-
tors. The wavy lines refer to gM defined in the text. The
diagrams in (a) represent the calculation of Σf(1) in Eq. (8),

while the diagrams of (b) are for the calculation of Σf(sc) and

Σγ(sc) in Eq. (9) and Eq. (11).
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vertices, dressed gM , and diagrams that cannot be rep-
resented in terms of gM .

From the perspective of NEGFs, spin transport in
Yao-Lee model and the electron transport in graphene
are similar, not only because both the Hamiltonian and
current operators are similar, but also because the non-
equilibrium dynamics is determined by the self-energies
at the system-bath interface. For FMs the effects of Ma-
jorana fermions γz and spin bath α are equivalent to that
of an effective fermionic bath with spectral function

Γα(ω) = −Σf,R
α (ω)−Σf,A

α (ω)

2πi
(12)

and distribution function

fαeff(ω) =
1

2

(
1−

Σf,Kα,ij(ω)

Σf,Rα,ij(ω)− Σf,Aα,ij(ω)

)
. (13)

if a single well-defined distribution function exists. The
superscripts R,A,K denote the retarded, advanced and
Keldysh components respectively, and bold symbols rep-
resent matrices. We will refer such effective fermionic
bath as ‘FM bath’ in this work. It can be shown that the
distribution function calculated by Σ

f(1)
α is (see Supple-

mental Material [57], Sec. II)

f
α(1)
eff (ω) =

1

eβ(ω−Vα) + 1
, (14)

which indicates that the FM bath α has exactly chemi-
cal potential Vα. To calculate the spectral function ex-
plicitly, we make local self-energy approximation (LSEA)
which assumes that the self-energy is local in space. We
note that this approximation is not essential and does
not alter the calculation qualitatively as long as the self-
energies in real space all have same ω-dependence at low
energies. Within this approximation the spectral func-
tion at small ω is given by

Γ
α(1)
ii (ω + Vα) ≈ (λαJα)2

4

∫
dω′ω′Dα

ii(ω − ω′)

×
[
tanh

β(ω − ω′)
2

+ coth
βω′

2

]
, (15)

where Jα is the local density of state (LDOS) per spin (of

spin bath α at the interface Aα) and Dα
ii = −Imgγ,Rii /2π

(i ∈ Aα).

The self-consistent self-energy Σ
f(sc)
α generally may

give a more complicated correction to both spectral func-
tions and distribution functions. However, within LSEA,
we numerically find that it only gives a minor correc-
tion to the spectral function Γ and changes the FM bath

temperature T = 1/β in f
α(1)
eff to an effective tempera-

ture T̃α = 1/βα, if the coupling λα is not too strong (see
Supplemental Material [57], Sec. III). Therefore we will

assume the effects of Σ
f(sc)
α is negligible and use Σ

f(1)
α to

(a) (b)

FIG. 4. The (a) armchair-type and (b) zigzag-type contacts.
Dashed lines represent the Heisenberg interaction and black
dots denote the sites in the spin baths.

investigate the transport in the gapless phase. Since the
spin transport problem has been mapped to a fermion
transport problem, we directly apply the Meir-Wingreen
formula for non-interacting fermions [53]

Is = 2π

∫
dω
[
fLeff(ω)− fReff(ω)

]
Tr
(
Gf,AΓReffG

f,RΓLeff

)
(16)

to obtain the total spin current passing through the struc-
ture in the gapless phase. Note that in this work when
calculating Gf,R(A) numerically we ignore the real part of
self-energy and assume it does no affect our final results
significantly.

Gapless phase.—We impose periodic boundary condi-
tion along the y-direction and focus on the isotropic point
Jx = Jy = Jz for simplicity. If the width Ly is finite,
series of FM subbands labelled by discrete ky are de-
veloped. We assume that Vα � vF /Ly, where vF is
the Fermi velocity at Dirac point. This condition indi-
cates that there are many transverse modes participating
the spin transport. The spectral function of FM bath is
rapidly varying: for the armchair-type contact (AC) de-
picted in Fig. 4(a), D(ω) ∼ |ω|, therefore according to
Eq. (15) Γα(1)(ω + Vα) ∼ |ω|3 when ω � T ; for the
zigzag-type contact (ZC) shown in Fig. 4(b), due to the
existence of localized Majorana zero modes at boundaries

[41, 58–60], D(ω) ∼ δ(ω) so Γ
α(1)
eff (ω+Vα) ∼ |ω| if ω � T .

We show below that when Vs � T , Is ∼ V 5
s for AC and

Is ∼ V 3
s for ZC. For both types of contact, Is ∼ Vs when

Vs � T . We have verified these power laws by evaluat-
ing Eq. (16) numerically (see Supplemental Material [57],
Sec. V). The spin current does not significantly depend
on the system’s length Lx if the system is sufficiently
long.

Chiral gapped phase.—We first consider an infinitely
long edge of Yao-Lee model in the chiral gapped phase,
connected with a single spin bath α. In this phase the
bulk is gapped and on the edge there are three chiral
Majorana modes γα, or equivalently one chiral FM mode
fz plus one chiral Majorana mode γz.As the edge is only
connected with one spin bath, calculation of Σf(1) and
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Σf(sc) both give f
α(1)
eff (ω) = f

α(sc)
eff (ω) = 1

eβ(ω−Vα)+1
(see

Supplemental Material [57], Sec. III). This indicates that
even for a finite-size system with open boundary condi-
tion, the chiral FMs near the contact α also have a well-
defined temperature T and a chemical potential Vα, as
long as the contact length Ly satisfy condition

Ly �
vC

min{|ImΣf,R|}
∼ v2

C

a(λαJα)2T 2
(17)

where vC is the Fermi velocity of the chiral modes, a
is the bond length defined in Fig. 1, and we have used
Eq. (15). Due to the chirality of the FM on the edge, the
FMs carry the same distribution function after they leave
the spin bath α until they reach the other spin bath, if
there is no inelastic scattering or backscattering across
the bulk. The spin current in the whole system is hence
quantized to

Is =
1

2π
Vs, (18)

similar to that in the integer quantum Hall effect or quan-
tum anomalous Hall effect.

Discussion.—There are similarities and differences be-
tween our results and those reported in Ref. [41]. We
first remark that the spin currents found using equilib-
rium spin correlation functions [39–41] are equivalent to a
calculation of the tunneling current between the left FM
bath and the FM honeycomb model at equilibrium (see
Supplemental Material [57], Section IV). This indicates

that at zero temperature Is ∼
∫ Vα

0
dωN(ω)ΓL(1)(ω),

where N(ω) is LDOS of FM sector at the left interface.
Therefore Is ∼ V 5

s (Vs) for the gapless phase with ACs
(ZCs), and Is ∼ V 3

s for the chiral gapped phase are ob-
tained. The expressions correctly capture the power law
Is − Vs relations for the gapless phase with ACs, and as
discussed below, may also qualitatively explain the power
law for the gapless phase with ZCs if certain subtleties
are taken into consideration. Nevertheless, the above for-
mula cannot be applied to the chiral gapped phase when
the contact is sufficiently wide, as the FMs at the contact
are highly out of equilibrium. We expect, and have nu-
merically verified, that the scaling relation Is ∼ V 3

s can
be restored when the contact is narrow enough.

For the gapless phase with ZCs, the predicted lin-
ear Is − Vs relation originates from the dominant zero-
frequency peak of LDOS at the zigzag edge [61, 62]. How-
ever, in a sufficiently clean and long system, these FM
zero modes do not play a role in transport as hopping
between modes on opposing edges is exponentially sup-
pressed with increasing separation. In other words, for
positive Vα the FM zero modes at the left edge would
be fully occupied, and FMs cannot tunnel from the left
FM bath to these modes. A qualitatively correct power
law may still be obtained using the above formula, if one
neglects the contribution from these FM zero modes and

uses N(ω) ∼ |ω| instead. We have verified the power laws
with Eq. (16) numerically. Our results indicate that at-
tention needs to be paid to non-equilibrium physics to
fully understand spin transport.

Conclusion.—In this Letter we use NEGFs to describe
the non-equilibrium spin transport in the Yao-Lee QSOL
model. Our results regarding the gapless phase with ZCs
(Is ∼ V 3

s ) and chiral gapped phase (Is = Vs/2π) are dif-
ferent from those obtained in earlier work, showing the
importance of the non-equilibrium physics. The quan-
tized spin current conductance can test for the existence
of chiral FMs on the boundary of a topological QSOL. It
is an open and interesting question as to how our results
would be modified by the inclusion of neglected diagrams
as well as interactions that move the QSOL away from
exactly solvable limit. Our work paves the way to under-
stand spin transport in QSOLs over a broader parameter
range and in the presence of disorder and thermally ex-
cited fluxes.
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