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Nonlinearity-induced transition
in nonlinear Su-Schrieffer-Heeger model and nonlinear higher-order topological system

Motohiko Ezawa
Department of Applied Physics, University of Tokyo, Hongo 7-3-1, 113-8656, Japan

We study the topological physics in nonlinear Schrödinger systems on lattices. We employ the quench dy-
namics to explore the phase diagram, where a pulse is given to a lattice point and we analyze its time evolution.
There are two system parameters λ and ξ, where λ controls the hoppings between the neighboring links and ξ
controls the nonlinearity. The dynamics crucially depends on these system parameters. Based on analytical and
numerical studies, we derive the phase diagram of the nonlinear Su-Schrieffer-Heeger (SSH) model in the (λ, ξ)
plane. It consists of four phases. The topological and trivial phases emerge when the nonlinearity ξ is small.
The nonlinearity-induced localization phase emerges when ξ is large. We also find a dimer phase as a result of a
cooperation between the hopping and nonlinear terms. A similar analysis is made of the nonlinear second-order
topological system on the breathing Kagome lattice, where a trimer phase appears instead of the dimer phase.

I. INTRODUCTION

Topological phases have attracted much attention in the
context of solid state materials1,2 with the emergence of topo-
logical edge states. They are generalized to higher-order topo-
logical phases3–13, where topological corner states and topo-
logical hinge states emerge. Recently, they are also found
in various linear systems such as photonic14–33, acoustic34–43,
mechanical44–60 and electric circuit61–76 systems. Now, non-
linear topological photonics is an emerging field20,22,77–79,
where nonlinearity is naturally introduced by the Kerr effect.
Nonlinear higher-order topological phases have been exper-
imentally studied in photonics80,81. Topological edge states
and topological corner states have been observed in nonlinear
systems just as in linear systems.

It is a hard task to construct a general theory of the topo-
logical physics in nonlinear systems because there are many
ways to introduce nonlinearity. It would be necessary to make
individual studies of typical nonlinear models to achieve at
a systematic understanding. For instance, a nonlinear Su-
Schrieffer-Heeger (SSH) model was studied in an electric
circuit82 with nonlinear elements introduced by back-to-back
varactors, where the enhancement of higher-harmonics gener-
ation is found in the topological phase. The dimerized Toda-
lattice model83 and a nonlinear mechanical system84 were
studied in previous works, which contain the SSH model as
an essential term. Indeed, these two models are reduced to the
dynamical SSH model provided the nonlinear term is ignored,
where the topological number is well defined with the emer-
gence of the zero-mode edge state in the topological phase.
Furthermore, we performed numerical analysis to show the
validity of the topological physics in the presence of the non-
linear term. These models have only two phases, the topolog-
ical phase and the trivial phase in the phase diagram in the
(λ, ξ) plane, with λ the dimerization parameter and ξ the non-
linearity parameter.

In this paper, we study the quench dynamics governed by
a nonlinear Schrödinger equation consisting of the hopping
term with the hopping matrix Mnm and the nonlinear term
proportional to the nonlinearity parameter ξ. In the quench dy-
namics, we give a pulse to a lattice point and explore its time
evolution. The dynamics is sensitive to the presence of the
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FIG. 1: Illustration of (a) a dimerized lattice and (b) a breathing
Kagome lattice with (a) κA = 0, (b) κAκB 6= 0 and (c) κB = 0.
A line (triangle) contains many small segments (triangles). At the
edges (corners) of the chain (triangle), there are two (three) isolated
atoms for κA = 0, while there are dimer (trimer) states for κB = 0.
They are marked by dotted circles. The size of the line (triangle) is
L = 5.

topological edge and corner states. We perform a numerical
analysis in a wide region of parameters and construct phase
diagrams in the (λ, ξ) plane. We are interested in the systems
which describe nontrivial topological dynamics in the linear
limit (ξ = 0). As explicit examples, we takeMnm on the SSH
lattice and on the breathing Kagome lattice. We confirm ana-
lytically the validity of the topological dynamics in the weak
nonlinearity regime (ξ � 1) based on the first-order perturba-
tion theory in ξ. We show that the topological phase boundary
between the topological and trivial phases is well defined and
remains unmodified in this weak nonlinearity regime. In the
strong nonlinearity regime (ξ � 1) where the nonlinear term
is dominant, we obtain analytically the nonlinearity-induced
localization phase, where the state is localized due to the non-
linear term. It is unrelated to the topological physics because
the term Mnm is irrelevant in this regime. The transition
from the weak to the strong nonlinearity regime is a transi-
tion from extended states to localized states. We have also
found a new phase formed by a cooperative effect of these
two terms, which is the oscillation-mode phase in the vicin-
ity of the dimerized nonlinear SSH model and the trimerized
breathing Kagome model illustrated in Fig.1(a3) and (b3), re-
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spectively.
This paper is composed as follows. In Section II, we review

the nonlinear Schrödinger equation. We discuss it analytically
in the linear limit (ξ = 0), in the weak nonlinearity regime
(ξ � 1) and in the strong nonlinearity regime (ξ � 1). We
find that the topological phase transition point does not change
in the weak nonlinear regime. On the other hand, the system
turns into the nonlinearity-induced localization phase in the
strong nonlinearity regime. In Section III, we explicitly study
the nonlinear SSH model, where the phase diagram is deter-
mined by a numerical analysis. It consists of the topological
phase, the trivial phase, the nonlinearity-induced localization
phase and the dimer phase. We discuss the origin of the dimer
phase as an operative effect of the hopping term and the non-
linear term. In Section IV we explicitly study the nonlinear
second-order topological phase on the breathing Kagome lat-
tice, where the phase diagram is constructed by a numerical
analysis. The analysis and the results are quite similar to those
in the nonlinear SSH model except for the trimer phase replac-
ing the dimer phase.

II. NONLINEAR SCHRÖDINGER EQUATION

A typical nonlinear equation is the nonlinear Schrödinger
equation,

i
∂ψ

∂t
+ κ

∂2ψ

∂x2
+ ξ |ψ|2 ψ = 0, (1)

where the third term is a nonlinear term. It is introduced by
the Kerr effect in the case of photonic systems85,86. The non-
linearity is controlled by the parameter ξ, where large ξ in-
dicates strong nonlinearity. There is a lattice version of the
above equation,

i
dψn
dt

+ κ (ψn+1 − 2ψn + ψn−1) + ξ |ψn|2 ψn = 0, (2)

which is called the discrete nonlinear Schrödinger
equation87,88. There are two conserved quantities. One
is the Hamiltonian85,89,90,

H =

N∑
n=1

(
κ |ψn+1 − ψn|2 −

ξ

2
|ψn|4

)
. (3)

and the other is the excitation number,

Nexc =

N∑
n=1

|ψn|2 . (4)

The discrete nonlinear Schrödinger equation (2) is defined
on the one-dimensional lattice. It is generalized to a nonlinear
equation on an arbitrary lattice85,86,89,

i
dψn
dt

+

N∑
m=1

Mnmψm + ξ |ψn|2 ψn = 0, (5)

whereMnm represents a hopping matrix, andN is the number
of the lattice sites. We investigate such a system that contains

the topological and trivial phases provided the nonlinear term
is ignored. We study analytically and numerically the phase
diagram of the model (5). The main issue is how the topologi-
cal phase defined in the linear model (ξ = 0) is robust against
the introduction of the nonlinear term.

There are two conserved quantities90. One is the Hamilto-
nian

H =

N∑
n=1

(
−Mnmψ

∗
nψm −

ξ

2
|ψn|4

)
, (6)

and the other is the excitation number (4).
We analyze the quench dynamics by imposing an initial

condition

ψn (t) = δn,1 at t = 0, (7)

where the site n = 1 denotes the left edge of a chain or the top
corner of a triangle as in Fig.1(a2) or (b2). Namely, giving an
delta-function type input at the site n = 1 initially, we study
its time evolution. Because of the conservation rule (4), the
condition

N∑
n=1

|ψn|2 = 1 (8)

is required throughout the time evolution.
A comment is in order. It is possible to eliminate the

nonlinearity parameter ξ entirely from Eq.(5). By setting
ψj = ψ′j/

√
ξ, we may rewrite (5) as

i
dψ′n
dt

+
∑
m

Mnmψ
′
m + |ψ′n|

2
ψ′n = 0. (9)

The initial condition (7) is replaced by

ψ′n (t = 0) =
√
ξδn,1. (10)

Namely, the quench dynamics subject to Eq.(5) is reproduced
by the nonlinear equation (9) with the modified initial condi-
tion (10). Consequently, it is possible to use a single sample
to investigate the quench dynamics at various nonlinearity ξ
only by changing the initial condition as in (10). Neverthe-
less, we use the form of Eq.(5) throughout the paper to make
the nonlinear effect manifest.

A. Linearized model

We first study the linear limit by setting ξ = 0,

i
dψn
dt

+
∑
m

Mnmψm = 0. (11)

Because Eq.(11) is a linear model, the topological num-
bers defined with respect to Mnm determines the topological
phases of the system.

We diagonalize Mnm as

Mψ̄p = Epψ̄p, (12)
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FIG. 2: Bird’s eye’s view of time evolution of the amplitude |ψn| in the nonlinear SSH model. The horizontal axes are the site index n and
the time t ranging 0 ≤ t ≤ 30. (a1)∼(a4) Topological phase (λ = −0.5). (b1)∼(b4) Trivial phase (λ = 0.5). We have set ξ = 0 for (a1) and
(b1), ξ = 0.1 for (a2) and (b2), ξ = 0.5 for (a3) and (b3), and ξ = 1 for (a4) and (b4).

where p labels the eigen index, 1 ≤ p ≤ N . Then, we obtain
decoupled equations

i
dψ̄p
dt

+ Epψ̄p = 0, (13)

whose solutions are given by

ψ̄p (t) = exp [−itEp] ψ̄p (0) . (14)

We may expand the initial state (7) as

ψn (0) = δn,1 =
∑
p

cpψ̄p (0) (15)

in terms of the eigenstates ψ̄p.
First, we investigate the topological phase. There exist

edge states in the one-dimensional topological phase or corner
states in the two-dimensional second-order topological phase.
Since they are zero-mode eigenstates of Mnm in Eq.(12), it
is possible to choose the edge (corner) state ψ̄1 with E1 = 0
which is well approximated by ψ1 at t = 0, or

ψ1 (0) ' c1ψ̄1 (0) . (16)

There is no dynamics since it has the zero energy,

ψ1 (t) = c1ψ̄1 (0) . (17)

As a result, there remains a finite component c1 at the edge
(corner) site even after time evolution.

On the other hand, there is no zero-mode localized state
at the edge (corner) in the trivial phase, and the state ψn (t)
rapidly penetrates into the bulk. Consequently, it is possible
to differentiate the topological and trivial phases numerically
by checking whether there remains a finite component or not
under the initial condition (7).

B. Weak nonlinear regime

We study the weak nonlinear regime of Eq.(5), which is the
regime where the first-order perturbation in ξ is valid. We
may insert the linear solution (14) to the nonlinear term pro-
portional to ξ in Eq.(5), i.e.,

ξ |ψn(t)|2 ψn(t) = ξ |ψn (0)|2 ψn(t) +O(ξ2), (18)

and obtain

i
dψn
dt

+
∑
m

Mnmψm = 0, (19)

where

Mnm ≡Mnm + δnmξ |ψn (0)|2 . (20)

The second term δnmξ |ψn (0)|2 may be regarded as an on-site
random potential in the linearized model. Then, the topolog-
ical phase is robust against the on-site potential as far as the
bulk gap does not close or equivalently ξ |ψn (0)|2 is smaller
than the gap of Mnm. Consequently, in the weak nonlinear-
ity regime, the topological number is well defined, and the
topological phase boundary is unchanged as ξ increases. See
explicit examples in Sec.III and Sec.IV, where the topological
phase diagrams are numerically constructed.

C. Strong nonlinear regime

We next study the strong nonlinear regime (ξ � 1), which
is the regime where the hopping term is negligible with respect
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FIG. 3: (a1)∼(a3) Phase diagram of the nonlinear SSH model. (a1) Bird’s eye’s view, (a2) top view and (a3) schematic illustration of the phase
diagram extracted from (a2). (b1)∼(b4) Amplitude |ψ1| as a function of λ for various ξ. (b1) ξ = 0, (b2) ξ = 0.1, (b3) ξ = 1, and (b4) ξ = 5.

to the nonlinear term. We may approximate Eq.(5) as

i
dψn
dt

= −ξ |ψn|2 ψn, (21)

where all equations are separated one another. We set

ψn (t) = rne
iθn(t), (22)

and make an ansatz that rn is a constant in the time t. This
ansatz is confirmed numerically in Sec.III and Sec.IV. Then,
the solution is given by

θn = ξr2nt+ c. (23)

Hence, the amplitude does not decrease. Due to the norm
conservation (8), we find ψm (t) = δnm. Namely, the state ψn
does not spread under the initial condition (7). This phase may
be referred to as the nonlinearity-induced localization phase.

We note that there is no concept of topology in the strong
nonlinear regime because the Mnm term is irrelevant. This
property is confirmed in Sec.III and Sec.IV based on explicit
examples.

D. Dynamics of edge or corner state

We consider the case where the edge (corner) is perfectly
decoupled from all sites in the bulk. See Fig.1(a1) and (b1) as
explicit examples. It is enough to solve the single differential
equation,

i
dψ1

dt
= εψ1 − ξ |ψ1|2 ψ1, (24)

where ε is the on-site energy of the site n = 1. As in the
strong nonlinear regime, we assume the condition (22), and
we obtain

−rneiθn(t)
dθn (t)

dt
= εrne

iθn(t) − ξr3neiθn(t), (25)

or

dθn (t)

dt
= −ε+ ξr2n. (26)

The solution is given by

θn =
(
−ε+ ξr2n

)
t+ c, (27)

with a constant c. It shows that the amplitude does not change
as a function of the time t.

III. NONLINEAR SSH MODEL

A. Model

We consider explicit models. The first example is the non-
linear SSH model22,91–93, where Mnm is given by

Mnm = −δnm (κA + κB) + (κAδn,2m−1 + κBδ2n,2m+1) .
(28)

We illustrate the lattice model of the SSH model in Fig.1,
which is a dimerized lattice. For κA = 0, two edge sites are
perfectly decoupled, whereas all other bulk sites are dimerized
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FIG. 4: (a1)∼(a4) Time evolution of Re[ψ1(t)] in the nonlinear
Schrödinger model on the dimer described by Eqs.(34) and (35).
(a1), (b1) ξ = 0; (a2), (b2) ξ = 0.1; (a3), (b3) ξ = 0.5; (a4), (b4)
ξ = 1. (a1)∼(a4) The vertical axis is Re[ψ1(t)] and the horizontal
axis is the time t. (b1)∼(b4) Fourier component of Re[ψ1(ω)]. The
horizontal axis is the frequency ω, which is the Fourier component
of the time t, while the vertical axis is Re[ψ1(ω)].

as in Fig.1(a1). On the other hand, for κB = 0, all of the sites
are dimerized as in Fig.1(a3).

The equations of motion (5) read

i
dψ2n−1

dt
= κB (ψ2n−2 − ψ2n−1) + κA (ψ2n − ψ2n−1)

− ξ |ψ2n−1|2 ψ2n−1, (29)

i
dψ2n

dt
= κA (ψ2n−1 − ψ2n) + κB (ψ2n+1 − ψ2n)

− ξ |ψ2n|2 ψ2n, (30)

with alternating bondings κA and κB . We introduce the
dimerization control parameter defined by

λ =
κA − κA
κA + κA

, (31)

where |λ| ≤ 1.

B. Phase diagram

Starting from the initial condition (7), we explore the time
evolution of ψn for various ξ and show the results in Fig.2(b).
As indicated by a general consideration given before, we find
that there remains a finite component at the edge site (n = 1)
in the topological phase, while it is almost zero in the trivial
phase.

We show the absolute value of ψ1 after enough time as a
function of λ for various ξ in Fig.3(b1)∼(b4). First, we study
the linear model as shown in Fig.3(b1). The amplitude |ψ1|
is finite in the topological phase, while it is almost zero in
the trivial phase. The overall structure is almost identical in
the linear limit (ξ = 0) and in the weak nonlinear regime
(ξ = 0.1) as shown in Fig.3(b2). For medium nonlinearity
(ξ = 1), there appears an oscillation mode for λ ≥ 0.55, as
shown in Fig.3(b3). We will argue that this is due to the dimer-
ization effect in Sec.III D. For strong nonlinearity (ξ = 5), the
amplitude |ψ1| is almost 1 for λ ≤ 0.52. We have already
argued that this is due to the nonlinearity-induced localization
in Sec.II C.

There are four phases. First, we have the topological and
trivial phases in the weak nonlinear regime. The topological
phase boundary is almost independent of the nonlinearity ξ .
The amplitude gradually decreases from 1 to 0 depending on
the dimerization from λ = −1 to λ = 0, as we have argued in
Sec.II B. On the other hand, there is a nonlinearity-induced lo-
calization phase for large ξ. The amplitude is almost 1 entirely
in the nonlinearity-induced localization phase, as we have ar-
gued in Sec.II C.

In addition, there is a dimer phase in the vicinity of λ ' 1,
where the system is almost dimerized. The states ψ1 and ψ2

oscillate between the two adjacent sites (n = 1, 2) at the edge.
Furthermore, the trivial phase penetrates into the dimer phase
for λ ≥ 0.25 in Fig.3(a2) as in (a3).

C. Topological number

The hopping matrix (28) leads to the SSH Hamiltonian in
the momentum space,

M (k) = − (κA + κB) I2+

(
0 κA + κBe

−ik

κA + κBe
ik 0

)
.

(32)
The topological number is the Berry phase defined by

pi =
1

2π

∫ 2π

0

A (k) dk, (33)

where A (k) = −i 〈ψ(k)| ∂k |ψ(k)〉 is the Berry connection
with ψ(k) the eigenfunction of M (k). We obtain Γ = 1 for
λ < 0 and Γ = 0 for λ > 0. It is known that the SSH system
is topological for λ < 0 and trivial for λ > 0. There are two
isolated edge states in the limit λ ' −1, while all of the states
are dimerized in the limit λ ' 1: See Fig.1(a).



6

l 10-1 l 10-1 l 10-1 l 10

(a3)

xx

l 10-1l 10-1

localized

topological trivial

trimer

(a1) (a2)

l

x

1

5

0

5

0

1

2

3

4

5

0

1

2

3

4

0

-1

(b1) (b2) (b3) (b4)x=1x=0.1x=0 x=4trimer trimer

localizedtopological trivial topological trivial topological trivial

1

0

1

0

1

0

1

0
-1
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illustration of the phase diagram extracted from (a2). (b1)∼(b4) Amplitude |ψ1| as a function of λ for various ξ. (b1) ξ = 0, (b2) ξ = 0.1,
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D. Dimer limit

Next, we study the dimer limit with κB = 0 as in Fig.1(a3),
where λ = 1. The differential equations are explicitly given
by

i
dψ1

dt
= κA (ψ2 − ψ1)− ξ |ψ1|2 ψ1, (34)

i
dψ2

dt
= κA (ψ1 − ψ2)− ξ |ψ2|2 ψ2. (35)

We show a numerical solution of the time evolution of ψ1 and
ψ2 in Fig.4.

In the linear model (ξ = 0), they oscillate alternately with-
out changing their amplitudes,

ψ1 = e−iκAt cosκAt, ψ2 = ie−iκAt sinκAt, (36)

where the phases are different by π. Once the nonlinearity is
introduced, there appears an oscillation whose period is much
longer than the original period. The overall oscillation period
becomes shorter as the nonlinearity increases. It shows a com-
plicated behavior for strong nonlinearity as in Fig.4.

In the nonlinear model (ξ 6= 0), there is an oscillatory be-
havior with long and short periods in the dimer phase as in
Fig.4. This is easily seen by examining the Fourier compo-
nent ψ (ω), where ω is the frequency as in Fig.4(b1)∼(b4).
There are two sharp peaks in ψ (ω), which indicates that there
are short-period and long-period modes.

This oscillatory behavior may be understood as follows. By
using an ansatz

ψ2 = −ψ1, (37)

Eqs.(34) and (35) are summarized to one equation,

i
dψ1

dt
= −2κAψ1 − ξ |ψ1|2 ψ1, (38)

whose solution is given by

θ1 =
(
2κA + ξr21

)
t+ c, (39)

with a constant r1 in the polar expression (22). This explains
a short-period oscillation mode in Fig.4.

However, the ansatz (37) for the analytical solution is not
compatible to the initial condition (7). Thus, we cannot apply
the analytic solution (39) for the quench dynamics, although
the ansatz (37) holds after enough time. In order to adjust the
ansatz (37) to the initial condition (7), the long-period oscilla-
tion mode would appear.

These dimer oscillations give rise to the dimer phase in the
vicinity of λ = 1 in the phase diagram in Fig.3(a3).

IV. NONLINEAR SECOND-ORDER TOPOLOGICAL
PHASES

A. Model

Recently, the nonlinear second-order topological phase has
been studied in photonics81. We proceed to study the case
where the matrix Mnm describes the breathing Kagome lat-
tice, whose lattice structure is illustrated in Fig.1(b). The ma-
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FIG. 6: Time evolution of the spatial distribution of the amplitude |ψn| in the nonlinear breathing Kagome model with the time interval
t0 = 0.06. (a1)∼(b8) linear model with ξ = 0 for various time. (c1)∼(d8) weak nonlinear model with ξ = 1. (e1)∼(f8) strong nonlinear
model with ξ = 4, where the system is in the nonlinearity-induced localized phase. The color density indicates the amplitude |ψn| . We have
set λ = −0.5 for (a1)∼(a8), (c1)∼(c8) and (e1)∼(e8), where the system is topological, while we have set λ = 0.5 for (b1)∼(b8), (d1)∼(d8)
and (f1)∼(f8), where the system is trivial. The amplitude |ψ1| remains finite in the topological and nonlinearity-induced localized phases,
while it rapidly decreases and spreads into the bulk in the trivial phase: See also Fig.7 for more details.

trix M in the momentum space is given by12

M (k) = −

 0 h12 h13
h∗12 0 h23
h∗13 h∗23 0

 , (40)

with

h12 = κAe
i(kx/2+

√
3ky/2) + κBe

−i(kx/2+
√
3ky/2), (41)

h23 = κAe
i(kx/2−

√
3ky/2) + κBe

i(−kx/2+
√
3ky/2), (42)

h13 = κAe
ikx + κBe

−ikx , (43)

where we have introduced two hopping parameters κA and κB
corresponding to upward and downward triangles, as shown in
Fig.1(b).

B. Topological number

There are three mirror symmetries for the breathing
Kagome lattice. They are the mirror symmetries Mx with
respect to the x axis, and M± with respect to the two lines
obtained by rotating the x axis by ±2π/3. The polarization
along the xi axis is the expectation value of the position,

pi =
1

S

∫
BZ
Aid

2k, (44)

where Ai = −i 〈ψ(k)| ∂ki |ψ(k)〉 is the Berry connection
with xi = x, y, and S = 8π2/

√
3 is the area of the Brillouin

zone; ψ(k) the eigenfunction of M (k).
The topological number is defined by12

Γ = 3
(
p2x + p2y

)
. (45)

We obtain Γ = 0 for κA/κB < −1 and κA/κB > 2, which
is the trivial phase with no zero-mode corner states. On the
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FIG. 7: Time evolution of the amplitude |ψ1| at the top corner in the
nonlinear breathing Kagome model. (a1) and (b1) Linear model with
ξ = 0. (a2) and (b2) Weak nonlinear model with ξ = 1. (a3) and
(b3) Strong nonlinear model with ξ = 4. We have set λ = −0.5 for
(a1)∼(a3) while we have set λ = 0.5 for (b1)∼(b3). The system is
in the topological phase for (a1) and (a2), in the trivial phase for (b1)
and (b2) and in the nonlinearity-induced localized phase in (a3) and
(b3).

other hand, we obtain Γ = 1 for −1 < ta/tb < 1/2, which is
the topological phase with the emergence of three zero-mode
corner states. Finally, Γ is not quantized for 1/2 < κA/κB <
2, which is the metallic phase.

For κA = 0, three corner sites are perfectly decoupled from
the bulk as in Fig.1(b1). On the other hand, for κB = 0, all
sites are trimerized as in Fig.1(b3). We study a quench dynam-
ics starting from the initial condition (7), where the state is
perfectly localized at the top corner site. We note that we use
the tight-bind model although the continuum model is used in
the previous work81, where the essential physics is identical.

C. Phase diagram

We show the phase diagram in Fig.5. There are four phases
in the nonlinear breathing Kagome model. The trimer phase
appears instead of the dimer phase characteristic to the non-
linear SSH model. The trimer phase and the nonlinearity-
induced localization phase are smoothly connected, both of
which are irrelevant to the topological number. The differ-
ence is that there is an oscillatory behavior in the trimer phase
but not in the nonlinearity-induced localization phase. On the
other hand, there is a sharp transition between the trivial and
nonlinearity-induced localization phases. This is also the case
for the transition between the trivial and trimer phase. As in
the case of the nonlinear SSH model, the topological phase
boundary between the topological and trivial phases is almost
unchanged for 0 ≤ ξ . 3 as in Fig.5(a3).

We start with the study of the linear model (ξ = 0). We
show the spatial distribution of the amplitude |ψn| for various
time in Fig.6(a1)∼(a8) and Fig.6(b1)∼(b8). In the topological
phase, the amplitude remains finite at the top corner site. On
the other hand, the amplitude rapidly spreads into the bulk and
disappears in the trivial phase.

The weak nonlinear regime (ξ ' 0) is analyzed just as in

Sec.II B. Namely, the topological analysis based on the for-
mula (19) is valid as in the linear model. We have numeri-
cally confirmed this observation in Fig.6(c1)∼(c8). Indeed,
we may regard the system even with ξ = 1 as the one in the
weak nonlinear regime. We show the spatial distribution for
ξ = 1 in Fig.6(c1)∼(c8), which is almost identical to the one
in the linearized model (ξ = 0) in Fig.6(a1)∼(a8). This is also
the case for the trivial phase as shown in Fig.6(d1)∼(d8). The
amplitude at the top corner site after enough time is shown
in Fig.5(b1)∼(b4). We note that the overall feature is quite
similar to the one in the nonlinear SSH model. On the other
hand, the state is localized for ξ = 4 in Fig.6(e1)∼(e8) and
Fig.6(f1)∼(f8). It indicates that the state is in the nonlinearity-
induced localization phase.

We plot the amplitude |ψ1| at the corner as a function of
time in Fig.7. The amplitude remains finite in the topological
phase of the linear model and the weak nonlinear model. On
the other hand, it decreases rapidly in the trivial phase of the
linear model and the weak nonlinear model. In the strong non-
linear model, the amplitude remains finite irrespective to the
value of λ, which indicates that the system is in the nonlinear-
induced localized phase.

D. Trimer limit

Next, we study the trimer limit with κB = 0 as in Fig.1(b3),
where λ = 1. The differential equations are explicitly given
by

i
dψ1

dt
= εψ1 + κA (ψ1 − ψ2) + κA (ψ1 − ψ3)− ξ |ψ1|2 ψ1,

(46)

i
dψ2

dt
= εψ2 + κA (ψ2 − ψ1) + κA (ψ2 − ψ3)− ξ |ψ2|2 ψ2,

(47)

i
dψ3

dt
= εψ3 + κA (ψ3 − ψ1) + κA (ψ3 − ψ2)− ξ |ψ3|2 ψ3.

(48)

Without loss of generality, we may set ψ2 = ψ3 due to reflec-
tion symmetry and obtain

i
dψ1

dt
= εψ1 + 2κA (ψ1 − ψ2)− ξ |ψ1|2 ψ1, (49)

i
dψ2

dt
= εψ2 + κA (ψ2 − ψ1)− ξ |ψ2|2 ψ2. (50)

It is hard to solve these equations analytically except for the
linear model, where the solution is given by

ψ1 =
1

3

(
1 + 2e−3iκAt

)
, (51)

ψ2 = ψ3 =
1

3

(
1− e−3iκAt

)
. (52)

Although this is modified smoothly as a function of ξ, it
presents the short-period oscillation. The long-period oscilla-
tion emerges once the nonlinearity ξ is introduced. We show
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FIG. 8: (a1)∼(a4) Time evolution of Re[ψ1(t)] in the nonlinear
Schrödinger model on the trimer described by Eqs.(46), (47) and
(48). (a1), (b1) ξ = 0; (a2), (b2) ξ = 0.1; (a3), (b3) ξ = 0.5;
(a4), (b4) ξ = 1. (a1)∼(a4) The vertical axis is Re[ψ1(t)] and the
horizontal axis is time. (b1)∼(b4) Fourier component of Re[ψ1(ω)].
The horizontal axis is the frequency ω, which is the Fourier compo-
nent of the time t, while the vertical axis is Re[ψ1(ω)].

the Fourier component ψ (ω) in Fig.8(b1)-(b4), where we see

two sharp peaks in ψ (ω) corresponding to the short-period
and long-period oscillations.

These trimer oscillations give rise to the trimer phase in the
vicinity of λ = 1 in the phase diagram in Fig.5(a3).

V. CONCLUSION

The topological physics has been developed in linear sys-
tems such as condensed matter systems, electric circuits and
acoustic systems. The key issue of the topological physics is
the emergence of topological edge or corner states in the topo-
logical phase, which has been firmly established by various
experimental observation. Now there are attempts to general-
ize it to nonlinear systems.

In the present work, we investigated the one-dimensional
nonlinear SSH model and the two-dimensional nonlinear
breathing Kagome model. These models contain the hopping
term

∑
mMnmψm and the nonlinear term ξ |ψn|2 ψn. Dy-

namics is determined as a result of the competition between
these two terms. As far as the hopping term is dominant, the
topological dynamics is valid in these models. On the other
hand, when the nonlinear term is dominant, the nonlinearity-
induced localization phase emerges. There is another phe-
nomenon due to a cooperative effect of these two terms, which
is the oscillation mode in the dimer (trimer) limit of the non-
linear SSH (breathing Kagome) model. We have studied these
new phenomena analytically and numerically. Our results
are summarized in the phase diagrams in Fig.3 and in Fig.5.
These results show that there are a variety of nonlinearity ef-
fects to the topological physics. It is an interesting problem to
study various nonlinear topological systems.

The author is very much grateful to N. Nagaosa for help-
ful discussions on the subject. This work is supported by
the Grants-in-Aid for Scientific Research from MEXT KAK-
ENHI (Grants No. JP17K05490 and No. JP18H03676). This
work is also supported by CREST, JST (JPMJCR16F1 and
JPMJCR20T2).
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