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We show that a class of compounds with 4/mcm crystalline symmetry hosts three-dimensional
semi-Dirac fermions. Unlike the known two-dimensional semi-Dirac points, the degeneracy of these
three-dimensional semi-Dirac points is not lifted by spin-orbit coupling due to the protection by a
nonsymmorphic symmetry—mirror reflection in the a-b plane and a translation along the ¢ axis.
This crystalline symmetry is found in tetragonal perovskite oxides, realizable in thin films by epitax-

ial strain that results in a°

a’c”-type octahedral rotation. Interestingly, with broken time-reversal

symmetry, two pairs of Weyl points emerge from the semi-Dirac points within the Brillouin zone,
and an additional lattice distortion leads to enhanced intrinsic anomalous Hall effect. The ability
to tune the Berry phase by epitaxial strain can be useful in novel oxide-based electronic devices.

Introduction.—Protected band degeneracy continues
being a fundamental topic of interest to understand the
physics of various topological semimetals, e.g. Dirac,
Weyl, and nodal loop semimetals [1-6]. The guiding prin-
ciple to classify these topological semimetals has been
the presence of one or more symmetries that allow de-
generate eigenstates [7, 8]. Spin-orbit coupling (SOC)
lifts the degenerate eigenstates everywhere except at mo-
menta where symmetry enforces that the matrix elements
of the SOC operator vanish [9]. Since SOC is present in
all materials, the implication is that unless there is a
special symmetry that protects the band degeneracy, the
topological nodal semimetals exist in the theoretically-
idealized case when SOC is zero.

Semi-Dirac fermions in two-dimensional solids connect
the physics of monolayer graphene that exhibits lin-
ear band dispersion near the Dirac points and bilayer
graphene that has quadratic band dispersion near the
band-touching points [10, 11]. The semi-Dirac points,
in which both linear and quadratic band dispersions oc-
cur along different momentum directions, exist in the ab-
sence of SOC, in various systems including hexagonal lat-
tices under a magnetic field [12], VO2-TiO2 heterostruc-
tures [13, 14|, BEDT-TTF5l; salt under pressure [15],
silicene oxide [16], photonic crystals [17], and Hofstadter
spectrum [18]. The quadratic dispersion along one of the
momentum directions leads to an enhanced density of
states at low energies as compared to linear Dirac disper-
sion, making instabilities relatively easier to occur due to
the enlarged phase space for quantum fluctuations [19]. A
semi-Dirac semimetal becomes a Chern insulator, reveal-
ing quantized anomalous Hall conductivity with broken
time-reversal symmetry (TRS), in the presence of SOC
that opens an energy gap at the semi-Dirac point [20]. A
similar Chern insulating state is also induced in a semi-
Dirac semimetal with two gapless Dirac nodes by im-
pinging a circularly polarized light [21]. In multilayer
(TiO2)m/(VOz2),, heterostructures, the semi-Dirac point
is not destroyed by SOC in a special situation when the

spins are aligned along the rutile ¢ axis [22].

However, the questions that remain open are whether
there exists a natural material in which the semi-Dirac
point is gapless generically when SOC is present and
whether these semi-Dirac points exist in a higher di-
mension. Here, we show that a class of materials hosts
three-dimensional (3D) gapless semi-Dirac fermions in
the presence of SOC. Tetragonal perovskite oxides with
I4/mem crystalline symmetry (space group 140) exhibit
such 3D semi-Dirac points at a high-symmetry point, and
its nonsymmorphic symmetry protects the semi-Dirac
points against the gap-opening by SOC. Nonsymmorphic
symmetry-protected two-dimensional Dirac semimetallic
phase was proposed in a theoretical model [23], and sub-
sequent studies using ab initio calculations in layered
compounds [24, 25]. Cubic perovskite oxide thin films
can be transformed into the tetragonal phase to realize
the I4/mem space group under epitaxial strain that pro-
duces a’a’c-type (in the Glazer notation) octahedral
rotation [26, 27]. The out-of-phase octahedral rotation
brings in the nonsymmorphic symmetry: mirror reflec-
tion about x = 0/y = 0 plane, translation along [001]
z — z+1/2, as shown in Fig. 1(a) (for a symmetry anal-
ysis, see the Supplemental Materials [28] and Ref. [29]).
A consequence of the fractional translational symmetry
is that the unit cell of the original symmorphic crystal
is doubled. In this case, the folded back bands stick to-
gether necessarily at the Brillouin-zone boundary if the
nonsymmorphic symmetry is present, even with SOC.

As a particular physical realization of the I4/mcm
space group, we primarily focus on tetragonal SrNbOgs
that manifestly displays the defining characteristics of
this nonsymmorphic symmetry, and a 3D semi-Dirac
point appears close to the Fermi energy at a high-
symmetry point P at the Brillouin-zone boundary. Three
different kinds of dispersion emerge from this semi-Dirac
point—Ilinear along the P-X direction, quadratic along
the P-Q direction, and linear in the close vicinity of the
P point along the P-N direction, as shown in Fig. 1(b)-
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FIG. 1. (a) Ilustration of the octahedral rotation-driven

tetragonal phase of perovskite oxides. a’a’c™-type rotation in
a cubic crystal produces I4/mcm space group that exhibits
the nonsymmorphic symmetry (mirror reflection in the a-b
plane and translation along the ¢ axis). (b) Dispersion of two
electronic bands in the P-Q-N plane. (c)-(e) show the disper-
sion curves along different momentum paths. The inset in the
middle shows the high-symmetry points in the Brillouin zone.

(e). With a TRS-breaking element such as an external
magnetic field, two pairs of Weyl points appear within the
Brillouin zone; each pair is shared by the opposite zone
boundaries. The Weyl points in semi-Dirac semimetals
lead to unique properties such as highly-anisotropic plas-
mon frequency, unusual carrier density-dependence of the
Hall coefficient, and the divergence of the ratio of orbital
to spin susceptibilities at low carrier doping [30]. The
Weyl points in tetragonal SrNbOgs open up an energy
gap with an additional broken inversion symmetry, ob-
tained by a small displacement at a Nb site. This gapped
Weyl points, at the P point, exhibits an enhanced intrin-
sic anomalous Hall effect. With these intriguing proper-
ties, perovskite oxides of the I4/mem space group pro-
vide a unique example of a class of compounds that hosts
crystalline symmetry-protected 3D semi-Dirac fermions.
Our Berry curvature analysis sheds light on the unusual
features in transport experiments, such as the Shub-
nikov de Haas oscillations and anomalous Hall effect
measurements. Furthermore, the ability to control the
Berry phase by octahedral rotation shows a pathway to-
wards developing novel electronic devices, including high-
frequency rectifiers [31, 32].

Electronic structure.—The ab initio band dispersion
of tetragonal SrNbOjs with a finite SOC along high-
symmetry momenta is shown in Fig. 2(a) [28]. The ty
orbitals of Nb 4d state predominantly populate the Fermi
level, as in the case of cubic STNbOj3 [33, 34]. Due to the
zone folding, the bands along the P-N momentum direc-
tion are four-fold degenerate without SOC, creating line
nodes. The degeneracy of these nodal lines is lifted every-
where, except at the high symmetry points, when SOC
is turned on, as shown in Fig. 2(b). The TRS and the

nonsymmorphic symmetry protect the semi-Dirac degen-
eracy at the P point at £~0.0662 eV. Three other Dirac
points appear at the N point above £ = 0.5 eV. Being
away from the Fermi level, the Dirac points at the N
point may not be accessible to transport; here we, there-
fore, focus on the semi-Dirac point at the P point. Yet,
replacing Nb with other transition-metal element such as
Mo can tune the Fermi level close to the Dirac points at
the N point. The Fermi surfaces of the spin-orbit cou-
pled to, orbitals are depicted in Fig. 2(c)-(e). Due to
the linear dispersion near the semi-Dirac point, a small
chemical doping or gating can tune the Fermi level to
the semi-Dirac point, creating the possibility to obtain a
quantized Berry phase and a very high-mobility conduc-
tion [35-37]. Also, the presence of the semi-Dirac points
in the asymmetric, convex Fermi surface can produce a
large nonsaturating magnetoresistance [38—40].

Topological invariant.—The topological properties of
tetragonal SrNbQOg3 are investigated by two protocols—
first, by looking at the Berry curvature, and second, by
computing the topological invariant of the Bloch bands.
The Berry curvature is given by [41]
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where |¢,x) is the spinor Bloch wave function of the
n'™ band with eigenenergy ek, and v = (v,,v,) is the
velocity operator. We use Wannier interpolation based
on maximally-localized Wannier functions [42, 43]. The
Berry curvature in the P-N—Q plane is shown in Fig. 3(a).
The semi-Dirac point, being gapless, reveals zero Berry
We introduce TRS

curvature at the center P point.

(a)

1.6F
1.2+
— 08 L
S 04t
00
K 0.4}
-0.8F

-1.2
T
(b)

0.0670

£0.0667 ¢

S

~

K3 0.0664 |

0.0661

P

FIG. 2. (a) Band dispersion of tetragonal STNbO3 in the pres-
ence of spin-orbit coupling, through various high-symmetry
momenta in the Brillouin zone. (b) Expanded view of the dis-
persion along the P-N direction, without and with spin-orbit
coupling. (c)-(e) The three Fermi surfaces of the spin-orbit
coupled t2, bands at the Fermi level. The semi-Dirac point
(sDP) is denoted by the dashed circle at the P point in (a)
and by the yellow dot in (c).
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FIG. 3. Berry curvature Q(k) for Nb spin polarization (a)
M =0, and (b) M =0.2, plotted in a momentum plane con-
taining the P point at the center, and the N points at the
side centers. We use a dense 100x100 momentum grid. (c),
(d) The Wannier charge centers Z,, along momentum k, with
k=0 for (a) M =0, and (b) M =0.2. The blue line represents
the center of the maximum gap between the Wannier charge
centers. In (d), the gap center crosses the Wannier charge
centers an odd number of times, resulting in a topological
invariant A'=1.

breaking and opening of an energy gap at the semi-Dirac
point by constraining to a spin polarization at the Nb
sites. Fig. 3(b) shows a large Berry curvature contri-
butions at and near the P point with M = 0.2, which
represents 20% spin polarization along the +2z direction.
M is defined as M = 3 ,cxp, 1y, orbitats(Pa1) = (Ra,l),
where n, 4 is the carrier density in orbital ¢ and spin
1; the magnetization is compatible with the magnetic
space group 4/mm’m’. The enhanced Berry curvature
induced by a nonzero M strongly suggests the nontriv-
ial band topology. To check this possibility, we compute
the topological invariant via the Wannier charge centers
(WCCs) &, corresponding to the Wannier functions that
are maximally localized in one dimension, defined as [44]
. ™
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where |un) = e~ T|¢,k) represents the periodic parts
of the Block states. The topological invariant, originally
defined in Ref. [45], can be computed from the flow of the
WCCs and the largest gap between the WCCs [44]. In
Fig. 3(c) and 3(d), we show the evolution of the WCCs
with the momentum k, for, respectively, M = 0, and
M =0.2. With M = 0.2, the center of the largest gap
between the WCCs (blue line) crosses the WCCs odd
number of times in traversing a path from k, = 0 to
k,=m/a, yielding a topological invariant N'=1. A non-
zero N in a Chern insulator with broken TRS usually
predicts a quantum anomalous Hall effect. We, how-
ever, find that the Hall conductivity is not quantized,

and the semi-Dirac points can, therefore, be classified as
type I [20], similar to those proposed in VO3-TiO5 het-
erostructures [14]. This is also verified by the absence of
a band crossing of the surface states [28]. The absence of
topological surface states also indicates the possibility of
a fragile topological phase; it, however, requires a careful
analysis of appropriate symmetry indicators [46, 47].

Anomalous Hall effect.—In the absence of TRS, e.g.
with an external magnetic field, each semi-Dirac point
splits into two Weyl points, as illustrated in Fig. 4(a).
In the considered tetragonal SrNbOgs, we find that a fi-
nite magnetization at the Nb sites generates a Weyl point
close to the P point, as shown in Fig. 4(b). The pair of
Weyl points appears along the P-X-P momentum direc-
tion, totaling two pairs in the Brillouin zone, as shown in
the inset of Fig. 4(d). The Weyl points appear when the
magnetization is perpendicular to the a-b plane. Oth-
erwise, the semi-Dirac points are directly gapped since
there is no net chiral charge. By lowering the lattice
symmetry further, an energy gap is induced at the Weyl
points. We consider a lattice distortion that lowers the
inversion symmetry but preserves the nonsymmorphic
symmetry. This is achieved by shifting the center Nb
site vertically by a small amount. Such a distortion may
be realized naturally by epitaxial strain induced by lat-
tice mismatch with the substrate at a polar interface, or
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FIG. 4. (a) Effect of broken symmetries on the semi-Dirac
points: TRS breaking splits the semi-Dirac point into a pair
of Weyl points, and additional lattice distortion opens up an
energy gap. (b) Band dispersion in the vicinity of the P point,
with broken time-reversal symmetry that lifts the four-fold
degeneracy of the semi-Dirac point, creating a pair of Weyl
points near the P point. (c¢) The Weyl point acquires an
energy gap with an inversion symmetry-breaking lattice dis-
tortion. (d) The anomalous Hall conductivity, with varying
energy, reveals a plateau within the energy gap at the Weyl
point. Inset in (d) shows the two pairs of the Weyl points in
the Brillouin zone.



by applying an electric field perpendicular to the inter-
face. Fig. 4(c) shows a distortion-induced energy gap at
a Weyl point. Remarkably, within this energy gap, the
intrinsic anomalous Hall conductivity acquires a plateau
with an enhanced value, as shown in Fig. 4(d). We also
find that the anomalous Hall conductivity is dependent
on the amount of distortion in the tetragonal lattice and
the octahedral rotation, suggesting a route to obtain tun-
able anomalous Hall effect in oxide interfaces.

Tunable Berry phase.—Understanding the Berry
phase-driven phenomena in perovskite oxides is funda-
mentally important, not only to realize emergent elec-
tromagnetism in a feasible way, but also to identify the
origin of non-trivial Hall signatures. In oxide compounds
where magnetism coexists with a non-trivial band topol-
ogy, such as SrRuQOs, the intrinsic anomalous Hall effect
appears without any external magnetic field [48]. In the
non-magnetic tetragonal perovskites, like the one con-
sidered here i.e. SrNbOgs, doping magnetic impurities
or applying an external magnetic field leads to a finite
Berry phase in the Bloch bands. We find that the Berry
curvature 2 can be tuned externally by changing the oc-
tahedral rotation angle 6 [28]. Particularly, the Berry
curvature and the resulting anomalous Hall conductiv-
ity vary non-monotonically with increasing 6. Previous
experiments have demonstrated that external strain can
control octahedral rotations in oxide thin films [49, 50].
Our results, therefore, show an effective way to control
the Berry phase and the topological properties of per-
ovskite transition-metal oxides by epitaxial strain.

Effective low-energy model.—To study the low-energy
behavior of the 3D semi-Dirac dispersion, we derive an
effective tight-binding model for the SOC-coupled ta4
electrons in tetragonal perovskite oxides [28]. From this
tight-binding Hamiltonian, we obtain the following low-
energy Hamiltonian

Hipw—g = — 2Acos k, cos kyToop
1
+ §B7'2 (sin2kgy0q1 — sin2ky,09) sink,

—2{C(cosky + cosky) + D cos k. } 109
+ 2E(cos k, + cosky)T203, (3)

where o; and 7; are the Pauli matrices in the spin
and the sublattice space, respectively; A, B, C, D,
and F are parameters. The symmetry generators and
their representations in the sublattice-spin space are
E = 19%Y% Cy = it%7? ICy. = 791 — i0?)/V2,
10y = 701 +i0%)/V/2, Coylz = i7%0Y, Coz|z = iT%07,
My |z = it%(0%+0,)/V2, and Myy|z = it% (0% —0,) /V/2.

The partial density of states surrounding the semi-
Dirac point, exhibits a depletion at the energy at which
the semi-Dirac point appears [28], rather than a mini-
mum as in the isotropic Dirac or 2D semi-Dirac cases [51].
A depletion of the density of states near the Fermi energy
usually indicates a strong effect of electronic correlation
or disorder [52]. The mutual interplay of these additional

effects in the semi-Dirac compound can, therefore, pro-
duce unconventional properties.

Discussion.—We further analyzed the electronic prop-
erties of four other compounds from the 74/mem space
group, viz. CaNbOs, SrRuO3, SrMoOg, and SrTiO3 and
confirmed the presence of the 3D semi-Dirac fermions
at the P point [28]. This establishes that the discussed
symmetry-protected band topology is generic to tetrago-
nal perovskite oxides that belong to this space group, the
only difference being the location in energy of the semi-
Dirac points. For CaNbOj3 and SrRuQOg, the semi-Dirac
point at the P point is closer to the Fermi level than in
SrNbOgs. On the other hand, SrTiO3, having a large en-
ergy gap at the Fermi level, the semi-Dirac points are
situated far away from the Fermi level. Using SrTiOg3 as
a substrate is, therefore, beneficial for providing epitax-
ial strain. For SrMoO3 and SrRuQOj;, three Dirac points
at the N point are also located close to the Fermi level
which indicates that these two compounds can be inter-
esting also to explore the non-trivial band topology.

In contrast to the isotropic Dirac semimetals, the semi-
Dirac semimetals can be realized at a quantum criti-
cal point between a 3D Dirac semimetal and a topo-
logically trivial insulator, at which both linear and non-
linear band dispersions appear [53, 54]. Circularly polar-
ized light usually does not gap the semi-Dirac nodes in
rotationally-invariant systems, unlike the isotropic Dirac
nodes [55-57]. Tetragonal perovskite oxides, therefore,
offer a feasible material platform to study new phenom-
ena that cannot be found in known Dirac semimetals.

The interplay of Coulomb interaction and disorder in a
two-dimensional semi-Dirac semimetal produces a variety
of quantum phase transitions and non-Fermi liquid be-
haviors [58]. Disorder, particularly, has a profound effect
as it can drive a Lifshitz transition from an insulator to a
semimetal, and a topological transition to a Chern insu-
lating state [59]. The interplay of topology, disorder and
Coulomb interaction in the nonsymmorphic symmetry-
protected semi-Dirac fermions, found in the tetragonal
perovskite oxides, can lead to even richer physical prop-
erties due to their three-dimensional nature.

To conclude, we have shown that non-magnetic tetrag-
onal perovskite oxides with I4/mem symmetry, e.g.
SrNbOj, CaNbOj3, and SrMoOgs, host 3D semi-Dirac
fermions that are protected by a nonsymmorphic sym-
metry. This crystalline symmetry can be realized by a
substrate strain when the cubic perovskites undergo an
octahedral rotation of type a’a’c~. Due to the symme-
try protection, the semi-Dirac degeneracy is maintained
in the presence of SOC, making this class of compounds a
unique, natural example. Breaking the TRS leads to two
pairs of Weyl points from the semi-Dirac points. In the
presence of an additional inversion symmetry-breaking
lattice distortion, the Weyl points acquire an energy gap,
and an enhanced intrinsic anomalous Hall effect is real-
ized. The presence of the Weyl points can produce neg-



ative magnetoresistance induced by chiral anomaly [60].
The Berry phase at the semi-Dirac point is tunable by
the octahedral rotation that can be controlled externally
by sample thickness, or advanced interface engineering.
Our findings serve as an important stepping stone to-
wards understanding various kinds of quasiparticles that
can be found in solids [61-65].
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