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Frustrated one-dimensional quantum spin systems are known to exhibit a variety of quantum
ground states due to the effects of quantum fluctuations and frustrations. In a spin-1/2 kagome-
strip chain, which is one of the frustrated one-dimensional spin systems, many quantum phases
have been found. However, the magnetic phase diagrams of the kagome-strip chain under magnetic
field have not been fully understood. We construct magnetic phase diagrams at 0, 1/5, 3/10, 1/3,
2/5, 7/15, 3/5, and 4/5 magnetization ratio in the kagome-strip chain and investigate magnetic
properties in each phase using the density matrix renormalization group method. We find fifteen
magnetization-plateau phases, one of which is equivalent to the spin-1 Haldane phase.

I. INTRODUCTION

Quantum spin chains have been studied extensively
because they have remarkable quantum features. The
ground state of single Heisenberg chains with the half in-
teger spin is the Tomonaga-Luttinger liquid [1] showing
gapless excitation, while the ground state for the integer
spin is the Haldane state with a finite energy gap called
the Haldane gap [2]. In addition, the Heisenberg models
describing frustrated quantum spin chains are known to
exhibit various types of quantum phases, which have been
studied intensively. Magnetization plateaus and strong
quantum entanglement states due to the competition be-
tween frustration and quantum fluctuations have been
found in the diamond chain [3–5], kagome-strip chains
(KSCs) [6–14], and various frustrated one-dimensional
chains [15–33].
In two-dimensional frustrated quantum spin systems,

the spin-1/2 kagome lattice Heisenberg model, which is
one of the most famous models, exhibits multiple magne-
tization plateaus at M/Msat = 0, 1/9, 1/3, 5/9, and 7/9,
where M is the magnetization and Msat is the satura-
tion magnetization [34–40]. However, our understanding
of magnetic properties of the kagome-lattice model is far
from complete, because of the difficulty of calculating the
frustrated two-dimensional systems.
The spin-1/2 KSC shown in Fig. 1, which has the lat-

tice structure similar to the kagome lattice, exhibits mag-
netization plateaus at M/Msat = 0, 1/5, 3/10, 1/3, 2/5,
7/15, 3/5, and 4/5 [11]. One of the 1/5 plateau phases
has features of both the half-integer spin and integer spin
chains [14]. This implies that the KSC has strong frus-
tration effects similar to the kagome lattice and strong
quantum fluctuations inherent in one dimension unlike
the two-dimensional kagome lattice. Moreover, to the
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FIG. 1. Structure of a kagome-strip chain. The black solid,
red dashed, and blue broken lines denote the exchange inter-
actions JX, J1, and J2, respectively. The green circles refer
to the sites with a spin. We set JX=1 as the energy unit.

best of our knowledge, there is no such a spin model
that exhibits so many magnetization plateaus and has a
phase with features of both the half-integer spin and in-
teger spin chains. However, except for M/Msat = 1/5,
the magnetic phase diagrams of the KSC have not been
completely determined. Therefore, there is a possibility
of finding new phases that have not been found in pre-
vious studies [11, 14]. Constructing complete magnetic
phase diagram under the magnetic field will provide a
strong motivation to experimentally investigate a model
compound of the KSC reported before [41]. Therefore,
further study of the KSC is required.

In this paper, we construct magnetic phase diagrams
under the magnetic field in the spin-1/2 KSC using the
density matrix renormalization group (DMRG) method.
We confirm that magnetization plateaus appear in the
wide range of exchange parameters at M/Msat = 0, 3/10,
1/3, 2/5, 7/15, 3/5, and 4/5, in addition to the phase
diagram at M/Msat = 1/5 reported elsewhere [14]. We
find that one of the 3/5 plateau phases has a doubly
degenerate entanglement spectrum and edge excitations,
similar to the spin-1 Haldane chain. A phase with these
characteristics has been identified at M/Msat = 1/5 [14].
Therefore, there is probability that these magnetization
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FIG. 2. Magnetic phase diagram of the KSC at M/Msat = 0 (a), 1/5 (b), 3/10 (c), 1/3 (d), 2/5 (e), 7/15 (f), 3/5 (g), and 4/5
(h). The colored regions denote the magnetization-plateau phases, which are labeled with letters A to O.

plateaus will be observed experimentally in the future
using, for example, the model compound [41].
This paper is organized as follows. In Sec. II, we de-

scribe the KSC model and numerical method. In Sec. III,
we show magnetic phase diagrams of the KSC and dis-
cuss the magnetic properties of the phases separately in
subsections. Finally, a summary is given in Sec IV.

II. MODEL AND METHOD

The Hamiltonian for the spin- 12 KSC in a magnetic
field is defined as

H =
∑

〈i,j〉

Ji,jSi · Sj − h
∑

i

Sz
i , (1)

where Si is the spin- 12 operator at i-th site, Sz
i is z com-

ponent of Si, 〈i, j〉 runs over the nearest-neighbor spin
pairs, Ji,j corresponds to one of JX, J1, and J2 shown in
Fig. 1, and h is the magnitude of magnetic field applied
in the z direction. In the following we set JX = 1 as the
energy unit.
We calculate the ground states of the KSC up to the

number of sites N = 1000 under the open boundary
condition (OBC) using DMRG method. The number of
states m kept in the DMRG calculations are more than
300 and resulting truncation errors are less than 5×10−7.
We chose the value of N to stabilize each magnetization
plateau. Since the magnetic structure of each magneti-
zation plateau is different, the value of N is set to be

different for each phase.

III. RESULTS AND DISCUSSION

A. Phase diagrams

We first show the magnetic phase diagrams of the KSC
at M/Msat = 0, 1/5, 3/10, 1/3, 2/5, 7/15, 3/5, and 4/5 in
Fig. 2. These are newly obtained phase diagrams except
for M/Msat = 1/5. The phase diagram at M/Msat = 1/5
has already been obtained in the previous study [14]. For
a given J1 and J2, we check to see if there are the mag-
netization plateaus, performing finite-size scaling up to
N = 500 on both edges of the plateau by the DMRG
method. We use the scaling function of the upper (lower)
fields in the plateau, hu(l) = au(l)(1/N)2 + bu(l)(1/N) +
cu(l). We defined the plateau as the region satisfying
cu − cl > 0.005, where cu − cl is the difference of the up-
per and lower fields at N → ∞. Therefore, the plateau
regions would not be overestimated. The boundary be-
tween phase E and phase D in Fig. 2(b) is determined
from the spin structure for N = 1000 and the bound-
aries between others in Figs. 2(a), 2(b), and 2(g) are
determined at N = 500. As a result, we find fifteen
magnetization-plateau phases in the KSC. The colored
regions represent the plateau phases, which are labeled
with letters A to O. The white regions indicate the region
where no magnetization plateau appears. As shown in
Fig. 2, the numbers of the magnetization-plateau phases
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atM/Msat = 0, 1/5, 3/10, 1/3, 2/5, 7/15, 3/5, and 4/5 are
two [Fig. 2(a)], six [2(b)], one [2(c)], one [2(d)], one [2(e)],
one [2(f)], two [2(g)], and one [2(h)], respectively. To the
best of our knowledge, it is a first example for a single
model to exhibit fifteen different magnetization-plateau
phases. Each phase is characterized by a magnetic struc-
ture obtained by the DMRG calculations. In the follow-
ing subsections, we discuss the magnetic properties of
each phase for a given M/Msat in detail.

B. M/Msat = 0

There are two types of the magnetization-plateau
phases (A and B) that have been reported [11], both
of which have a period of 5 × 2 in their magnetic struc-
tures shown in Fig. 3. The black and pink lines and
their thickness connecting two nearest-neighbor sites de-
note the sign and magnitude of the spin-spin correlation
〈Si · Sj〉, respectively. We note that these magnetiza-
tion plateaus satisfy Oshikawa-Yamanaka-Affleck (OYA)
criterion, which is given by

pS(1−M/Msat) = n, (2)

where p is a period of magnetic structure in the ground
state, S is the spin magnitude, and n is an integer [42].
In phases A and B, the OYA criterion is satisfied, be-
cause p = 10 (= 5 × 2), S = 1/2, and M/Msat = 0
give n = 5. In phase A, the magnetic structure has
dimers and hexamers (hexagon) with strong spin-spin
correlations shown in Fig. 3(a), while in phase B, the
magnetic structure has decamers (ten-site-loop) with the
strong correlations shown in Fig. 3(b). These magnetic
structures with the strongly coupled clusters (in this case
dimer, hexamer, and decamer) are stabilized by a gain of
quantum energies. As J2 increases, the energy gain of the
J2 bond increases, and thus a phase transition from phase
B to A occurs as shown in Fig. 2(a). At J1 = J2 = 1,
phase A has been found in the previous study [7]. We
also obtain phase A at J1 = J2 = 1. Since the spin gap
(triplet gap) is very small (≤ 0.01) at J1 = J2 = 1 in the
thermodynamic limit, we consider that a phase boundary
between phase A and a gapless phase goes through near
J1 = J2 = 1.

C. M/Msat = 1/5

There are six types of the magnetization-plateau
phases (C to H) that have been reported [14]. Fig-
ures 4(a), 4(b), 4(c), 4(d), 4(e), and 4(f) show the
nearest-neighbor spin-spin correlation 〈Si ·Sj〉−〈Sz

i 〉〈S
z
j 〉

and local magnetization 〈Sz
i 〉 for phases C, D, E, F, G,

and H, respectively. Note that only phase D is calculated
for M/Msat = 1/5+ 2/N due to the presence of edge ex-
citations. In phases C, E, F, and H, the period of their
magnetic structures is 5× 1 as shown in Figs. 4(a), 4(c),
4(d), and 4(f), respectively, while in phase G the period

FIG. 3. The nearest-neighbor spin-spin correlations 〈Si · Sj〉
around the center of the chain with N = 200 under the OBC
at M/Msat = 0 for phase A at J1 = 1.1 and J2 = 0.7 (a)
and for phase B at J1 = 1.1 and J2 = 0.4 (b). Black solid
(pink dashed) lines connecting two nearest-neighbor sites de-
note negative (positive) value of 〈Si · Sj〉 and their thickness
represents the magnitude of the correlation. In (a), the value
of 〈Si · Sj〉 at the central horizontal bond is −0.5774.

of its magnetic structure is 5 × 2 as shown in Fig. 4(e).
Therefore, the OYA criterion for these five plateaus is
satisfied, because p = 5 for phases C, E, F, and H, and
p = 10 for phase G give n = 2 and n = 4, respectively.
Phases G and H appear in the region where J2 is small.

In the five-site model (i.e., J2 = 0), phase H is obtained
in J2 > 1. In other words, the reason for the appearance
of phase H can be explained by a zero-order perturbation
to J2. We have named the five-site “Ξ”-like structure af-
ter its shape of spin correlation as shown in Fig. 4(f).
Whereas, the reason for the appearance of phase G in
0.5 < J1 < 1 and J2 ≪ 1 can be understood by treating
J2 as a first-order perturbation [11]. Phase C is stabi-
lized by forming singlets by the J2 bonds in J2 ≫ 1, but
also appears at J2 ∼ 1 due to the effect of frustration.
The reasons for the stabilization of phases E and F are
currently less understood.
Among the six phases, phase D has the most inter-

esting features. It has been reported that the magnetic
structure is not periodic as shown in Fig. 4(b) but has
a spin-density-wave-like feature [14]. The period of the
ground state of phase D is not yet known. Therefore, it
is not clear whether phase D satisfies the OYA criterion.
Phase D is a gapless spin liquid and its entanglement
spectra are doubly degenerate [14]. Here, this ”gapless”
means that there is a gapless excitation in the subspace
where the total Sz is fixed. This means that phase D
has the properties of both a half-integer spin chain and
a spin-1 Haldane chain. To describe these properties,
a resonating dimer-monomer liquid state has been pro-
posed [14]. This phase is distributed over a finite pa-
rameter region, not just at J1 = 1.0 and J2 = 0.7 [see
Fig. 2(b)]. Therefore, there is probability that phase D
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FIG. 4. The nearest-neighbor spin-spin correlations 〈Si ·Sj〉−
〈Sz

i 〉〈S
z
j 〉 and local magnetizations 〈Sz

i 〉 around the center of
the chain with N = 200 under the OBC for phases C (a),
D (b), E (c), F (d), G (e), and H (f). The values of J1

and J2 shown in each panel refer to the parameters for which
DMRG calculations were performed. Note that phase D is
calculated at M/Msat = 1/5 + 2/N . Black solid and pink
dashed lines denote the value of 〈Si·Sj〉−〈Sz

i 〉〈S
z
j 〉 as in Fig. 3.

Blue (red) circles on each site denote the positive (negative)
value of 〈Sz

i 〉, and their diameter represents its magnitude.
In (f), the value of 〈Sz

i 〉 at the center is 0.4193, and that of
〈Si · Sj〉 − 〈Sz

i 〉〈S
z
j 〉 of the thickest line is −0.6513.

will also be discovered experimentally in the future.

D. M/Msat = 3/10

The magnetic structure of this plateau phase (phase
I) has a period of four-unit cells (5 × 4 sites) as shown

I

FIG. 5. The nearest-neighbor spin-spin correlations 〈Si ·Sj〉−
〈Sz

i 〉〈S
z
j 〉 and local magnetizations 〈Sz

i 〉 around the center of
the chain with N = 195 under the OBC at M/Msat = 3/10+
1/2N for phase I at J1 = 1.3 and J2 = 0.6. Black solid and
pink dashed lines denote the value of 〈Si ·Sj〉−〈Sz

i 〉〈S
z
j 〉, while

blue and red circles denote the value of 〈Sz
i 〉, as in Fig. 4.

The value of 〈Sz
i 〉 at the center site is 0.4870, and that of

〈Si ·Sj〉− 〈Sz
i 〉〈S

z
j 〉 for the J1 bond at the center is −0.6989.

in Fig. 5. This plateau satisfies the OYA criterion be-
cause p = 20, S = 1/2, and M/Msat = 3/10 give n = 7
in Eq. (2). The width of the magnetization plateau has
been found to be very narrow in the previous study [11].
In the present study, however, it is found that the region
showing the 3/10 plateau is wider as shown in Fig. 2(c).
In this region, J1 is larger than J2 and JX(= 1), and
J2 is less than JX. As shown in Fig. 5, the magnetic
structure has a shape like · · ·ΞXΞΞΞXΞ · · ·, where the
five-site “X”-like structure has M ∼ 3/2 and the five-site
“Ξ”-like structure has M ∼ 1/2. We note that when in-
vestigating phase I under the OBC, the total number of
site needs to be fixed to N = 5 × (4np + 3), where np

is a natural number, because the left end of the chain
exhibits a ΞXΞΞΞ · · · structure and the right end ex-
hibits a · · ·ΞΞΞXΞ structure. Therefore, the plateau
of phase I appears at M/Msat = 3/10 + 1/2N . In the
thermodynamic limit N → ∞, this plateau appears at
M/Msat = 3/10. The spin-spin correlations of the J1
bond in the five-site “Ξ”-like structures are negatively
large. In addition, those of JX bonds in the five-site
“X”-like structures are reasonably large. Since the spin-
spin correlations between the “X”-like structure and the
“Ξ”-like structure and between the “Ξ”-like structures
are small as shown in Fig. 5, the effect of the J2 bonds
on the total energy is small. These explain the presence
of phase I in the region J1 > JX > J2.

E. M/Msat = 1/3

The magnetic structure of this plateau phase (phase J)
has a shape like · · ·XΞΞXΞΞX· · · which has a period of
three-unit cells (5 × 3 sites) as shown in Fig. 6. In this
plateau, since p = 15 gives n = 5 in Eq. (2), the OYA
criterion is satisfied. The magnetization-plateau width
has been found to be narrow in the previous study [11],
as in the case of phase I. The present results show that
the parameter region with respect to J1 and J2 showing
the magnetization plateau is reasonably large as show in
Fig. 2(d). As in the case of phase I, the region satisfies
the relationship J1 > JX > J2. Similar to phase I, this
is explained by the fact that the spin-spin correlations of
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J

FIG. 6. The nearest-neighbor spin-spin correlations 〈Si ·Sj〉−
〈Sz

i 〉〈S
z
j 〉 and local magnetizations 〈Sz

i 〉 around the center of
the chain with N = 195 under the OBC at M/Msat = 1/3
for phase J at J1 = 1.3 and J2 = 0.6. Black solid and pink
dashed lines denote the value of 〈Si · Sj〉 − 〈Sz

i 〉〈S
z
j 〉, while

blue and red circles denote the value of 〈Sz
i 〉, as in Fig. 4.

The value of 〈Sz
i 〉 at the center site is −0.2594, and that of

〈Si ·Sj〉 − 〈Sz
i 〉〈S

z
j 〉 for the JX bond at the center is −0.2340.

the J1 bonds in the five-site “Ξ”-like structures are the
largest followed by the next largest JX bonds in the five-
site “X”-like structures and the J2 bonds with smaller
correlation as shown in Fig. 6.

F. M/Msat = 2/5

The magnetic structure of this plateau phase (phase
K) has an alternating order of the five-site “X”-like and
“Ξ”-like structures as shown in Fig. 7, which means
that the magnetic structure has a period of two-unit
cells (5 × 2 sites). This plateau satisfies the OYA cri-
terion because of p = 10 and n = 3 in Eq. (2). In
J2 ≪ 1, it has been found that this model is equiva-
lent to the antiferromagnetic Ising model by the analysis
of the first-order perturbation theory [11]. The magnetic
structure of a shape · · ·XΞXΞ· · · in the KSC corresponds
to · · · ↑↓↑↓ · · · in the Ising model. We note that when
investigating phase K under the OBC, the total number
of site needs to be fixed to N = 5 × (2np + 1), where
np is a natural number, because the left end of the chain
exhibits a XΞXΞ · · · structure and the right end exhibits
a · · ·ΞXΞX structure. Therefore, the plateau of phase K
appears at M/Msat = 2/5+1/N . In the thermodynamic
limit N → ∞, this plateau appears at M/Msat = 2/5.
The stability of phase K has been explained by the first-
order perturbation theory for J2 (≪ JX) [11]. However,
as shown in Fig. 2(e), we find that phase K appears even
at J2 ∼ J1 ∼ 1, which is beyond the first-order pertur-
bation theory.
Here, we discuss phases I, J, and K. These three phases

have in common that they are composed of the five-site
“X”-like and “Ξ”-like structures. The magnetic struc-
tures of phases I, J, and K have a period of four-unit cells,
three-unit cells, and two-unit cells, respectively. The re-
gion showing the plateau becomes larger in the order of
phases I, J, and K, as shown in Figs 2(c), 2(d), and 2(e).
In addition, no plateau phase with a periodic structure
with more than four-unit cells has been found in KSC.
These are because the longer the period is, the more un-
stable the structure becomes.

K

FIG. 7. The nearest-neighbor spin-spin correlations 〈Si ·Sj〉−
〈Sz

i 〉〈S
z
j 〉 and local magnetizations 〈Sz

i 〉 around the center of
the chain with N = 195 under the OBC at M/Msat = 2/5 +
1/N for phase K at J1 = 1.3 and J2 = 0.6. Black solid and
pink dashed lines denote the value of 〈Si ·Sj〉−〈Sz

i 〉〈S
z
j 〉, while

blue and red circles denote the value of 〈Sz
i 〉 as in Fig. 4. The

value of 〈Sz
i 〉 at the site marked with a green arrow is 0.4864,

and the value of 〈Si · Sj〉 − 〈Sz
i 〉〈S

z
j 〉 of the thickest line is

−0.6871.

G. M/Msat = 7/15

The magnetic structure of this plateau phase (phase
L) consists of almost isolated monomers with M ∼ 1/2,
dimers with M ∼ 0, and hexamers with M ∼ 1 as re-
ported preciously [11]. The period of this magnetic struc-
ture is 5 × 3 as shown in Fig. 8. This plateau also sat-
isfies the OYA criterion because p = 15 gives n = 4 in
Eq. (2). We note that when investigating phase L under
the OBC, the total number of site needs to be fixed to
N = 5 × (3np + 2), where np is a natural number, be-
cause the ten sites (two units) at both ends of the chain
exhibit the four monomers and hexagon. Therefore, the
plateau of phase L appears atM/Msat = 7/15+4/3N . In
the thermodynamic limit N → ∞, this plateau appears
at M/Msat = 7/15. The region showing the plateau does
not have the condition J1 > 1 and J2 <

∼ 1, unlike phases I,
J, and K. Figure 2(f) shows that the region is distributed
along the line J1 ∼ −1.4J2 + 2.75. This is probably be-
cause the J2 and JX bonds have the energy gain in the
hexamers with the large correlations, and the J1 bonds
also have the energy gain in the dimers with the large
correlation. Because of the energy gain in both J1 and
J2 bonds, the region showing the plateau of phase L is
not only J2 > J1 but also J2 < J1.

H. M/Msat = 3/5

There are two types of magnetization plateau phases
(M and N), both of which have a period of 5 × 1 in
their magnetic structures shown in Fig. 9. In these
plateaus, the OYA criterion is satisfied, because p = 5
gives n = 1 in Eq. (2). Within the scope of our in-
vestigation, the region showing phase N is distributed
along the line J1 ∼ −0.6J2+2. The appearance of phase
M in J2, J1 ≪ 1 is easily understood by analyzing the
five sites (single unit) [11]. Moreover, in the classical
spin system, this magnetization plateau corresponds to
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L

FIG. 8. The nearest-neighbor spin-spin correlations 〈Si ·Sj〉−
〈Sz

i 〉〈S
z
j 〉 and local magnetizations 〈Sz

i 〉 around the center of
the chain with N = 235 under the OBC at M/Msat = 7/15+
4/3N for phase L at J1 = 1.3 and J2 = 0.9. Black solid lines
denote the value of 〈Si · Sj〉 − 〈Sz

i 〉〈S
z
j 〉, while blue and red

circles denote the value of 〈Sz
i 〉 as in Fig. 4. The value of 〈Sz

i 〉
at the center site is 0.4976, and that of 〈Si · Sj〉 − 〈Sz

i 〉〈S
z
j 〉

for J1 bond at the center is −0.6253.

N

M

FIG. 9. The nearest-neighbor spin-spin correlations 〈Si ·Sj〉−
〈Sz

i 〉〈S
z
j 〉 and local magnetizations 〈Sz

i 〉 around the center of
the chain with N = 200 under the OBC for phase M at J1 =
1.0 and J2 = 1.0 at M/Msat = 3/5 (a) and for phase N at J1 =
1.0 and J2 = 1.5 at M/Msat = 3/5+2/N (b). Black solid and
pink dashed lines denote the value of 〈Si ·Sj〉−〈Sz

i 〉〈S
z
j 〉, while

and blue and red circles denote the value of 〈Sz
i 〉, respectively,

as in Fig. 4. In (a), the value of 〈Sz
i 〉 at the center site is

−0.1791, and that of 〈Si · Sj〉 − 〈Sz
i 〉〈S

z
j 〉 for JX bond at the

center is −0.2727.

an up-up-down-up-up structure. Therefore, phase M is
very stable and thus the region showing phase M is very
large as shown in Fig. 2(g). Phase M has already been
found in our previous study [11]. By contrast, phase N is
firstly found in the present study. Phase N is investigated
in detail in the following.

Figures 10(a) and 10(b) show magnetization curves
with N = 400 under the OBC at J1 = 1.2 and J2 = 0.8
(phase M), and J1 = 1.2 and J2 = 1.2 (phase N), respec-
tively. The magnetization plateau of phase M appears
at M/Msat = 3/5, whereas that of phase N appears at

1.7 1.9 2.1 2.3 2.5
0.50

0.55

0.60

0.65

0.70

2.2 2.3 2.4 2.5 2.6 2.7

M
/M

sa
t

h

M

(a) (b)

J1=1.2, J2=0.8 J1=1.2, J2=1.2

h

N

FIG. 10. Magnetization curves around M/Msat = 3/5 of the
KSC with N = 400 under the OBC for phase M at J1 = 1.2
and J2 = 0.8 (a), and for phase N at J1 = 1.2 and J2 = 1.2
(b). The horizontal dotted lines represent M/Msat = 3/5.

M/Msat = 3/5 + 2/N that is only one step larger than
3/5. This 2/N implies edge excitations that appear in
the spin-1 Haldane chain under the OBC [43]. In the
following, we regard the magnetization of phase N under
the OBC as M/Msat = 3/5 + 2/N .
In order to confirm edge excitations in phase N, we

investigate local magnetization. Figures 11(a) and 11(b)
show the local magnetization 〈Sz

i 〉 at sites along the up-
per edge and at central sites, respectively, in the KSC
with N = 1000 under the OBC. Both ends of the up-
per edge (i = 1 and i = 400) have almost a full mo-
ment 〈Sz

i=1(400)〉 = 0.4932, corresponding to an edge

excitation, which leads to the term 2/N in M/Msat =
3/5 + 2/N . Therefore, we conclude that there are edge
excitations in phase N under the OBC.
Next, to confirm that phase N is equivalent to the

Haldane phase in the spin-1 Haldane chain, we calculate
the entanglement entropy. The relationship between the
position-dependent entanglement entropy, EE(j), and
the central charge c characterizing excitation proper-
ties [45] satisfies

EE(j) =
c

bc
ln

[

L

π
sin

(

πj

L

)]

+ ac, (3)

where ac is a nonuniversal constant, bc = 6 (3) for the
OBC (PBC) [46–49], L is the number of five-site units
in the KSC, and j denotes the position of the five-site
unit. When the spin-spin correlation decays exponen-
tially and an energy gap (spin gap) is finite, e.g., in
the Haldane phase, the value of c is zero. Figure 12
shows the entanglement entropy EE(j) with respect to
ln [(L/π) sin (πj/L)]. The pink dashed line represents the
straight line with c = 0 and ac=1.37968 in Eq. (3). This
straight line and solid squares calculated by DMRG in
ln [(L/π) sin (πj/L)] > 2.0 almost agree. Therefore, c in
phase N is zero. We conclude that an energy gap exists
in phase N as in the case of the Haldane phase.
Next, we calculate the entanglement spectrum of

phases M and N. The ground state, |0〉, can be Schmidt
decomposed as follows:

|0〉 =
∑

α

λα

∣

∣ΦL
α

〉 ∣

∣ΦR
α

〉

, (4)
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FIG. 11. Local magnetization 〈Sz
i 〉 at sites along the up-

per edge (a) and at the central sites (b) of the KSC with
M/Msat = 3/5+2/N under the OBC for N = 1000 at J1 = 1.2
and J2 = 1.3. Here, i represents the position of each site, la-
beled in the inset.

where
∣

∣ΦL
α

〉

and
∣

∣ΦR
α

〉

are orthonormal basis vectors of
the left and right part of the system, respectively [50].
Here, λ2

α are the eigenvalues of the reduced density ma-
trix and λα > 0. The entanglement spectra are defined
as −2 ln(λα). In the present study, we obtain the re-
duced density matrix using the DMRG calculation. Fig-
ure 13 shows the results of the entanglement spectrum for
phases M and N. In phase M, the entanglement spectrum
with the smallest value is non-degenerate. By contrast,
in phase N, all entanglement spectra are doubly degener-
ate. These results do not change with the value of J2 as
shown in Fig. 13. The doubly degenerate entanglement
spectra under the OBC are identical to the feature of the
spin-1 Haldane chain [50].

To conclude that phase N is equivalent to the Haldane
phase, we further investigate a parameter set of J1 = 1.95
and J2 = 0.1, where the J2 term can be treated as a per-
turbation due to J1 > JX ≫ J2. We confirm that even at
J1 = 1.95 and J2 = 0.1, a magnetization plateau appears
at M/Msat = 3/5 + 2/N , c is zero, and the entangle-
ment spectra are doubly degenerate (the results are not
shown here). From these results, phase N is found to be

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
1.0

1.1

1.2

1.3

1.4

1.5

1.6

EE
( j

)

ln[(L/ )sin( j/L)]

c=0, ac=1.37968

J1=1.2, J2=1.3
L=200

FIG. 12. Entanglement entropy of the KSC with L = 200
(N = 5 × 200) at M/Msat = 3/5 + 2/N under the OBC at
J1 = 1.2 and J2 = 1.3, where L is the number of five-site units
in the KSC and j denotes the position of the five-site unit.
The entanglement entropy EE(j) is plotted as a function of
ln [(L/π) sin (πj/L)]. The pink dashed line represents the line
with c = 0 and ac=1.37968 in Eq. (3).

0.8 1.0 1.2 1.4
0
2
4
6
8
10

-2
ln

(
)

J2

M N

FIG. 13. Entanglement spectra of the KSC for L = 80(N =
5× 80) with respect to J2 at J1 =1.2, where L is the number
of five-site units in the KSC. The horizontal bars and filled
circles indicate the values of λα and degree of degeneracy of
λα, respectively. M and N in the figure represent the phases.
The vertical dotted line represents the phase boundary be-
tween M and N.

continuous from the region shown in Fig. 2(g) to J1 ∼ 2
and J2 ∼ 0. The perturbation theory for the KSC at
J1 ∼ 2 and J2 ≪ 1 has already been reported [51]. When
the first-order perturbation calculation is performed, the
KSC at J1 ∼ 2 and J2 ≪ 1 is equivalent to the spin-1
Haldane chain. Therefore, we conclude that phase N is
equivalent to the spin-1 Haldane phase. We note that a
similar Haldane phase in a magnetic field has been found
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O

FIG. 14. The nearest-neighbor spin-spin correlations 〈Si ·
Sj〉−〈Sz

i 〉〈S
z
j 〉 and local magnetizations 〈Sz

i 〉 around the cen-
ter of the chain with N = 200 under the OBC at M/Msat =
4/5 for phase O at J1 = 1.0 and J2 = 1.5. Black solid lines
and blue circles denote the value of 〈Si · Sj〉 − 〈Sz

i 〉〈S
z
j 〉 and

〈Sz
i 〉, respectively, as in Fig. 4. The value of 〈Sz

i 〉 of the largest
circle is 0.5, and that of 〈Si · Sj〉 − 〈Sz

i 〉〈S
z
j 〉 for a hexagon

edge is −0.1944.

in the 1/3 plateau of the ferromagnetic-ferromagnetic-
antiferromagnetic chain [52, 53]. However, our KSC dif-
fers in that there is no ferromagnetic interaction and the
unit cell contains five sites, not three sites.

I. M/Msat = 4/5

The magnetic structure of this plateau phase (phase
O) has a period of two-unit cells (5 × 2 sites) as shown
in Fig. 14. This plateau also satisfies the OYA criterion
because p = 10 gives n = 1 in Eq. (2). The presence of
an exact state of this magnetization plateau at J1 = 1
and J2 = 1.5 has been revealed in the previous stud-
ies [8, 11]. This is also understood from the fact that the
nearest-neighbor spin-spin correlations 〈Si·Sj〉−〈Sz

i 〉〈S
z
j 〉

between hexagons and up spins with full moment is zero,
as shown in Fig. 14. This exact state has been also found
in M/Msat = 7/9 plateau of the two-dimensional kagome
lattice. Figure 2(h) shows that the region of phase O is
distributed along the line J1 ∼ −1.6J2 + 3.0. Therefore,
phase O exists in a finite region, not only at J1 = 1 and
J2 = 1.5.

IV. SUMMARY

Inspired by recent researches for the KSCs with a
lattice structure similar to the kagome lattice, we in-
vestigated the ground state of the spin-1/2 Heisenberg
model on the KSC in a magnetic field using the DMRG
method. We found fifteen types of magnetization-plateau
phases. This means that the KSC has strong frus-
tration effects similar to the kagome lattice. In addi-
tion, we constructed the phase diagrams at M/Msat =
0, 1/5, 3/10, 1/3, 2/5, 7/15, 3/5, and 4/5. All phases we
found have finite regions with respect to J1 and J2. The
most important result of the present study is found that
one of the phases at M/Msat = 3/5 is equivalent to the
spin-1 Haldane phase. We consider that these plateaus,
except for O phase, are not related to the theoretically
predicted plateaus at M/Msat = 0, 1/9, 1/3, and 5/9 in
the two-dimensional kagome lattice. However, we be-
lieve that KSC has more phases than kagome lattice due
to strong quantum fluctuations inherent in one dimen-
sion. The KSC compounds with five exchange inter-
actions have been previously reported [41]. Therefore,
we expect that at least one of the fifteen magnetization
plateaus may be observed in experiments in the future.
We hope that the KSC will be studied experimentally and
the plateau phases will be observed. A future theoretical
study would be extended to investigate the model with
five exchange interactions or ferromagnetic interactions
(e.g. JX = −1).
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