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We study a non-Hermitian and non-unitary version of the two-dimensional Chalker-Coddington
network model with balanced gain and loss. This model belongs to the class D† with particle-
hole symmetry† and hosts both the non-Hermitian skin effect as well as exceptional points. By
calculating its two-terminal transmission, we find a novel contact effect induced by the skin effect,
which results in a non-quantized transmission for chiral edge states. In addition, the model exhibits
an insulator to ‘supermetal’ transition, across which the transmission changes from exponentially
decaying with system size to exponentially growing with system size. In the clean system, the
critical point separating insulator from supermetal is characterized by a non-Hermitian Dirac point
that produces a quantized critical transmission of 4, instead of the value of 1 expected in Hermitian
systems. This change in critical transmission is a consequence of the balanced gain and loss. When
adding disorder to the system, we find a critical exponent for the divergence of the localization
length ν ≈ 1, which is the same as that characterizing the universality class of two-dimensional
Hermitian systems in class D. Our work provides a novel way of exploring the localization behavior
of non-Hermitian systems, by using network models, which in the past proved versatile tools to
describe Hermitian physics.

I. INTRODUCTION

Topological insulators are phases of matter in which
an insulating bulk coexists with robust, conducting edge
states [1, 2]. The conducting edges are protected by a
topological invariant defined from the bulk band topol-
ogy, a manifestation of the so-called bulk-edge correspon-
dence. In Hermitian systems, the edge states of two-
dimensional topological insulators are characterized by
a quantized conductance. One can expect that, if Her-
miticity is broken [3–5], the topological structure could
be significantly changed due to the complex eigenvalues,
and the imaginary part of eigenvalues could cause an am-
plification or a decay of the quantized conductance.

Non-Hermiticity arises naturally as an effective de-
scription of a wide range of systems, including electronic
systems with a finite lifetime of quasiparticles [6–10], as
well as photonic systems under the influence of radia-
tive loss [11–14]. One of the more prominent phenom-
ena present in non-Hermitian systems is the emergence
of exceptional points (EPs) [3, 15–17], where eigenvalues
and eigenstates of the non-Hermitian matrix coalesce.
Analogous to the surface Fermi arcs of Weyl semimet-
als, each pair of exceptional points is connected by an
open-ended bulk Fermi arc in the real (or imaginary) en-
ergy spectrum [6, 18–20]. Another unique phenomenon
present in non-Hermitian topology is the breakdown of
the bulk-edge correspondence [21]. In certain types of
non-Hermitian systems, such as when the hoppings are
non-reciprocal [22, 23], the presence of open boundaries
can cause all eigenmodes to become localized on the
edge and their eigenvalues to be completely different
from those of the corresponding system with periodic
boundary conditions. This phenomenon is called the non-
Hermitian skin effect [21, 24–33], and has by now been
experimentally observed in a variety of systems [34–37].

Recently, several works have examined the conduc-
tance of two-dimensional non-Hermitian topological insu-
lators [38–42]. However, the correspondence between this
conductance and the non-Hermitian band topology, the
exceptional points, and the non-Hermitian skin effect re-
mains largely unexplored. A further question is how the
‘topological semimetal’ phase characterized by the bulk
Fermi arc evolves during the localization-delocalization
transitions produced by disorder.

In our work, we address these questions by turning to
one of the well-known tools used to characterize the lo-
calization behavior of Hermitian systems: the network
model. This model was first introduced by Chalker
and Coddington to study the low-energy, course-grained
physics of topological systems, such as the integer quan-
tum Hall effect [43]. Here, unidirectional links correspond
to chiral quantum Hall edge modes and the scattering
centers are the saddle points of the chemical potential at
which these modes mix.

By introducing balanced gain and loss to the links of
the original Chalker-Coddington (CC) network model,
we show that the resulting non-unitary network can real-
ize both EPs and the non-Hermitian skin effect. We com-
pute the two-terminal transmission and find that there is
a contact effect induced by non-Hermiticity, in the sense
that the transmission is influenced by the lead geometry
and orientation. While reminiscent of the contact resis-
tance characterizing transport measurements in conven-
tional, Hermitian mesoscopic samples [44, 45], the non-
Hermitian contact effect has drastic consequences on the
system’s transport properties. Due to this contact ef-
fect, the transmission through the chiral edge states is
influenced by the non-Hermitian skin effect and becomes
non-quantized, even when gain and loss are balanced.

Furthermore, we find that the two-terminal trans-
mission shows a transition between gapped and gap-
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less phases. At the phase boundary, the non-Hermitian
Dirac point possesses a quantized transmission probabil-
ity equal to 4, instead of the usual value of 1, charac-
teristic of Hermitian Dirac cones. By applying a finite-
size scaling fit to the transmission, we find such a bulk
‘topological semimetal’ behaves like a ‘supermetal’ in
which the transmission increases exponentially with sys-
tem size. The fit results show a critical exponent ν ≈ 1
for the divergence of the localization length, which means
the critical exponent ν for Hermitian class D systems [46–
48] is also valid for the non-Hermitian class D† [49]. How-
ever, as far as we are able to deduce from our numerical
results, the critical transmission seems to no longer show
a universal value in this non-unitary system.

The rest of this work is organized as follows. In
Sec. II we introduce a modified version of the Chalker-
Coddington model, by adding balanced gain and loss to
the system. We briefly recapitulate the properties of the
original model (Sec. III), and then describe the new fea-
tures introduced by non-Hermiticity: exceptional points
(Sec. IV) and the non-Hermitian skin effect (Sec. V).
In Sec. VI we describe the procedure used to determine
the transport properties of the network model, highlight-
ing the emergence of the non-Hermitian contact effect
in Sec. VI A, as well as discussing parameter regions in
which infinite amplification loops cause numerical insta-
bilities (Sec. VI B). The transport properties of the clean
system are analyzed in Sec. VII, where we show that the
non-Hermitian Dirac cone is characterized by a quan-
tized conductance different from its Hermitian counter-
part. Turning to the disordered system in Sec. VIII, we
show its phase diagram, determine its critical exponent
to be the same as that of Hermitian systems in class D,
and provide a heuristic argument to justify this finding.
Finally, we conclude and discuss directions for future re-
search in Sec. IX.

II. NETWORK MODEL

The Chalker-Coddington model is a network of unidi-
rectional modes, similar to the chiral edge modes of the
quantum Hall effect [43]. These modes comprise the links
of the network and scatter into each other at the nodes
of the network, which are assumed to form a periodic
pattern in real space. Each one of the scattering events
is modeled using a scattering matrix that connects the
probability amplitudes of incoming and outgoing modes.
Therefore, the CC network model is described by an ar-
ray of scattering matrices that encodes the full propaga-
tion of states through the system.

We start from the CC network model with two dif-
ferent types of scattering nodes S1 and S2 inside one
unit cell [see Fig. 1(a)]. Each node transfers two incom-
ing modes to two outgoing modes, the degree of mixing
between them being parameterized by the mixing angle
α ∈ (−π, π]. Thus, as shown Fig. 1(a), a mode entering
from the top into a node of type S1 has a probability

Figure 1. (a) Illustration of the non-unitary network model.
ψi (i = 1, 2, 3, 4) represents a propagating mode inside the
unit cell (blue dashed square). Red and green nodes corre-
spond to two types of 2 × 2 scattering matrices S1 and S2

with s ≡ sinα and c ≡ cosα, respectively. (b) and (c) are the
real and imaginary eigenphase spectra in momentum space,
respectively. The parameters are α = π/4 and γ = 0.5.

amplitude cosα of turning clockwise, and a probability
amplitude sinα of turning counter-clockwise. The rela-
tive minus signs describing scattering events on the nodes
S1 and S2 are introduced in order to ensure current con-
servation, that is to ensure that the scattering matrices
describing the two types of node are unitary.

To model a non-Hermitian and non-unitary system, we
introduce gain and loss into the CC model. After each
scattering event, one of the two outgoing modes is either
amplified or attenuated, by eγ and e−γ , respectively, as
shown in Fig. 1(a). The resulting network model is the
same as that introduced in Ref. [50], which used it pri-
marily to study quantum pumping.

The behavior of the network can be studied by defining
a network wavefunction, Φ, describing the amplitude of
a state in each of the unidirectional links of the system.
The process by which different links scatter into each
other is encoded in the scattering amplitudes of the dif-
ferent nodes, which together form a so-called Ho-Chalker
operator [51] that acts on the network wavefunction:

Φ(t+ 1) = SΦ(t). (1)

Thus, the network can be understood as describing a
discrete time-evolution process, parameterized by the in-
teger time t, similar to periodically-driven, or Floquet
systems. Here, however, t labels the state of the network
wavefunction in between different scattering events.

By analogy with Floquet systems, an eigenstate of
the network model can be thought of as a stationary
state, one which retains its shape after multiple scat-
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tering events. Using the translation symmetry of the
model in Fig. 1(a), it is advantageous to go to mo-
mentum space, k = (kx, ky), where the wavefunction
Φ(k) = (ψ1(k), ψ3(k), ψ2(k), ψ4(k))T has four compo-
nents, since there are only four propagating states in-
side a unit cell. The eigenstates of the network can then
be found from the Ho-Chalker operator in momentum
space [51]

S(k)Φ(k) = eiε(k)Φ(k), (2)

with ε(k) describing the eigenphases of the network, sim-
ilar to the quasienergies characterizing Floquet systems.
The resulting bandstructure is shown in Figs. 1(b, c).

So far, this description is identical to the one commonly
used to study Hermitian systems using network models.
The main difference introduced in this work is that, due
to the gain and loss added to the network model, the Ho-
Chalker operator is no longer unitary. Instead, S(k) =
UnuSu(k), with Unu = diag[e−γ , 1, eγ , 1] and Su(k) is the
unitary Ho-Chalker operator for the original CC network
model

Su(k) =


0 0 sinαe−ikx cosα
0 0 − cosα sinαeikx

cosα sinαeiky 0 0
− sinαe−iky cosα 0 0

 .

(3)

In the language of discrete time evolution, a unitary
Ho-Chalker operator corresponds to the dynamics gener-
ated by a Hermitian Hamiltonian. Here, the Ho-Chalker
operator is not unitary if γ 6= 0, and thus the dynamics it
describes corresponds to a time evolution governed by a
non-Hermitian Hamiltonian. As a result, eigenphases are
now complex, as shown in Figs. 1(b, c), in contrast to the
real quasienergies expected for a periodically-driven Her-
mitian model. This is the sense in which the modified CC
model we study describes the behavior of non-Hermitian
systems.

In the unitary limit (γ = 0), the system belongs to class
D in the Altland Zirnbauer (AZ) classification [46]; it is
the well-known Cho-Fisher model [52]. It obeys particle-
hole symmetry (PHS) because of S(k) = S∗(−k). This
means that for any eigenstate at an eigenphase ε and
momentum k, there must exist an eigenstate at −ε and
−k. Furthermore, we note that there exists another
symmetry, the phase-rotation symmetry UpS(k)U−1

p =

e−iπS(k) with Up = −σz⊗σ0 [53] (σ are the conventional
Pauli matrices). Because of phase-rotation symmetry, for
any state at eigenphase ε there must exist another state
at ε+π, meaning that the spectrum of the system repeats
twice in the full interval ε ∈ [−π, π).

When switching on gain and loss, the unitarity (and
therefore current conservation) is broken: S(k)S†(k) 6=
1. However, the system still inherits S(k) = S∗(−k) and
the phase-rotation symmetry, since Unu is a real diago-
nal matrix and obeys [Unu,Up] = 0. According to the
non-Hermitian 38-fold symmetry classification [49], such

Figure 2. Topological phase limit with α = π/2 (a) and triv-
ial phase limit with α = 0 (b). (c-d) are their correspond-
ing ribbon geometry eigenphase spectra. The ribbon consists
of 3 unit cells in the vertical direction and is infinite in the
horizontal direction. The green, blue, and red color indicate
eigenstates localized at the bulk, the top edge, and the bottom
edge, respectively.

a system belongs to the class D† with PHS† (see Ap-
pendix A). In this sense, for any eigenstate at ε and k,
there is an eigenstate at −ε∗ and −k.

III. HERMITIAN LIMIT

As a model to simulate the integer quantum Hall
transition, the Hermitian (γ = 0) CC network sup-
ports a topological distinction between the trivial phase
(α < |π/4|) and the topological phase [α ∈ (π/4, 3π/4) or
α ∈ (−3π/4,−π/4)]. Such phases can be seen intuitively
by the decoupled limits, α = 0, π/2, in which all propa-
gating modes turn either clockwise or counter-clockwise
with unit probability at the scattering nodes [see Fig. 2(a,
b)]. Here, we obtain the finite network by setting a hard
wall boundary where the propagating modes are fully re-
flected. As can be seen, all of the unidirectional modes
on the links of the network form closed loops which are
decoupled from each other, meaning that all bulk states
are localized. However, the different pattern of closed
loops for α = 0 and α = π/2 means that in the latter
case there is a chiral edge mode encircling the system
perimeter. This is a topologically protected edge state,
similar to that present in the integer quantum Hall effect.

The localized bulk states and the chiral edge mode can
also be seen in the eigenphase spectrum of the CC net-
work obtained in a ribbon geometry, as shown Fig. 2(c,
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d). In both cases, the bulk states are dispersionless and
located at ε = ±π/4 and ε = ±3π/4. In the nontrivial
phase of Fig. 2(c), however, there appear chiral boundary
modes on the ribbon edges, which wind both in momen-
tum and eigenphase. Since the Chern number of a bulk
band is equal to the net difference between the number
of chiral edge states above and below the band, we can
see that all bulk bands are trivial. As such, the topo-
logical phase of the CC model is analogous to so-called
anomalous Floquet topological phases [54–57].

The phase transitions between the topological and triv-
ial phases occur by means of gap closings and reopenings
between eigenphase bands. In the Hermitian CC net-
work, such gapless points occur at α = ±π/4, where
propagating states have an equal probability of turning
clockwise and counter-clockwise at each node [43, 58].
The result is the formation of Dirac points between the
bulk bands, which appear at ε = 0, ±π/2, and π. We
note that there exist other gapless points at α = ±3π/4,
which are also characterized by a Dirac eigenphase spec-
trum, and which mark a transition to a weak topological
phase if further increasing |α|.

IV. EXCEPTIONAL POINTS

When turning on non-Hermiticity, γ 6= 0, the Dirac
points of the network model split into pairs of EPs at
which complex eigenphase bands coalesce. To find these
points, we use the π-phase rotation symmetry of the net-
work together with the condition imposed by balanced
gain and loss, det[S(k)] = 1. The precondition for EPs
becomes

e2iε = ±1. (4)

This equation shows that there could exist EPs at ε = 0,
±π/2, and π, as shown in Fig. 1(b-c). We focus on EPs
at ε = 0. By solving Det[S(k) − I] = 0, we analytically
identify EPs kEP at

kx = ± arccos(
2

sin 2α
+ cosh γ), ky = 0, α ∈ (π/2, π), (5)

kx = ± arccos(
2

sin 2α
− cosh γ), ky = π, α ∈ (0, π/2). (6)

Since cos kx ∈ [−1, 1] for real kx we find that

2

sin 2α
+ cosh γ = ±1, α ∈ (π/2, π), (7)

2

sin 2α
− cosh γ = ±1, α ∈ (0, π/2), (8)

determines the boundary between gapped and gapless
systems with a pair of EPs. This indicates that, as γ in-
creases away from zero, the ε = 0 gap first closes to form
a Dirac point, after which this Dirac point splits into a
pair of EPs. The latter move in momentum space along
the kx-direction as γ is further increased, eventually an-
nihilating at kx = π.

During their evolution, the EPs are connected by a
line for which Re(ε) = 0 [see Fig. 1(b)], known as a bulk
Fermi arc, which is analogous of the Fermi arcs of three-
dimensional Hermitian Weyl semimetals [59–62]. This
bulk Fermi arc is a topological consequence of the EPs.
When forming a closed loop s1 in momentum space that
encircles one of the EPs, the presence of a bulk Fermi arc
is connected to a nonzero winding number [63]

W =

∮
s1

dk

2πi
· ∇klog[det[S(k)− eiε(kEP)]]. (9)

We find that the two EPs have W = ±1, and are thus
topologically protected (see Appendix B).

The formation of EPs at the transition between trivial
and topological phases can also be deduced from the long-
wavelength limit of the network model. By expanding the
Ho-Chalker operator S(k) around ε = 0, α = π/4, and
γ = 0, we obtain an effective Hamiltonian describing a
non-Hermitian Chern insulator, as expected. The later
takes the form

H = px
σ−
2

+ (py − iγ)
σ+

2
+mσy, (10)

with σ± = σz ± σx and m being the mass term (see
Appendix C for more details).

V. SKIN EFFECT

In addition to exceptional points, the network model
also shows a non-Hermitian skin effect. By solving
det[S(k)− eiε(k)] = 0, we obtain

eiε(kx,ky) = e−iε
∗(kx,−ky), (11)

eiε(kx,ky) = eiε(−kx,ky). (12)

When γ 6= 0, such that eigenphases are complex, the
above equations suggest that for each fixed kx the eigen-
phase bands ε wind in the complex plane as a function
of ky. When an open boundary condition (OBC) is im-
posed along the y-direction, thus forming a ribbon, we
find that eigenphases form arcs located inside the wind-
ing contours of the infinite system spectrum, as shown in
Fig. 3(a). For an infinite system, the eigenphase bands
at fixed kx have a winding number W = 1 as a function
of ky. As a consequence [64], the eigenvectors with OBC
are localized at the bottom boundary, giving rise to the
non-Hermitian skin effect [see Fig. 3(b)].

Interestingly, while all bulk states become localized on
the bottom boundary, the chiral edge modes remain un-
affected. This can be seen when looking at the mode
localized on the top boundary [see Fig. 3(b)], which re-
tains its position despite the non-Hermitian skin effect.
The immunity of this mode is due to the fact that it is
present at eigenphases outside of the winding contours
of the bands of the infinite system, for which the wind-
ing number vanishes. This difference in edge versus bulk
mode behavior is similar to the one found in Ref. [65],
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Figure 3. (a) The eigenphases obtained in a ribbon geome-
try with a width of of 50 unit cells (purple color) are circled
by the eigenphases of the infinite system. Outside of these
winding contours, there appear chiral edge modes located on
the ribbon boundaries (black points, shown by arrows). (b)
The probability distribution of all the eigenvectors with open
boundary conditions. All bulk states are pushed to the bot-
tom boundary, but the top edge mode remains unaffected.
The inset shows the sum of probability densities for all states
on the bottom three unit cells, which we label ‘LDOS’ by
analogy to Hermitian systems. The summed probability den-
sity increases linearly with the width of the ribbon, indicating
that an extensive number of states are present on the bottom
boundary. The plots are with α = 0.35π, γ = 0.5, and for
panel (b) we chose kx = 0.05.

which examined a non-Hermitian Hamiltonian realizing
the quantum Hall effect.

We find that it is possible to control if the top edge
mode is influenced by the non-Hermitian skin effect
or not, depending on the existence of the bulk excep-
tional points. If γ is increased until the EPs appear at
kx = 0, the connectivity of the winding eigenphase bands
changes, and the the edge modes now reside in a region
of winding number W = 1. In this case, the top bound-
ary mode is pushed to the bottom edge together with all
other states (see Appendix D).

Note that the non-Hermitian skin effect is only present
in the y-direction. As can be seen in Fig. 3(a), the eigen-
phases of the infinite system do not wind as a function
of kx when ky is fixed. Therefore, if considering a rib-
bon which is finite in the x-direction and infinite along
y, no accumulation of states would occur on the system
boundaries. In this case, the probability distribution of
states (not shown) resembles that of a conventional, Her-
mitian Chern insulator. There is one chiral edge mode
on each boundary of the system, and the other states are
spread uniformly throughout the system bulk. The pres-
ence of the skin effect only along one direction can be
understood from the structure of the gain and loss terms
in real space, as shown in Fig. 1(a). For γ > 0, down-
ward moving modes are amplified, eγ , and upward mov-
ing modes are attenuated, e−γ , consistent with the accu-
mulation of bulk states on the bottom boundary, shown
in Fig. 3(b). As such, it is possible to have bulk states
accumulate on the top boundary by changing the sign

of γ. In contrast, left moving or right moving modes
experience equal amounts of gain and loss on average,
regardless of the sign of γ.

It is however possible to modify the system such that
it shows a skin effect in both the x and y directions.
This leads to so-called skin corner modes [66–68] – all
of the bulk states are pushed to a corner of the system.
However, one needs to slightly change the unit cell, see
Appendix E.

VI. TWO-TERMINAL GEOMETRY

To build the connection between the non-Hermitian
band topology and transport, we study the two-terminal
transmission by attaching two leads to the boundary of
the network model along the horizontal (h) or the ver-
tical (v) direction. The leads are formed from incoming
and outgoing chiral modes that have the same structure
as those present on the links of the network model. They
are attached to the boundary nodes of the system in such
a way as to preserve the shape of the node scattering ma-
trices S1,2 at those boundaries.

In general, the two-terminal scattering matrix takes
the form

Sh,v(γ) =

(
rh,v(γ) t′h,v(γ)
th,v(γ) rh,v(γ)

)
, (13)

where r(′) and t(′) are blocks containing the probability
amplitudes for modes that are reflected back into the
same lead, or transmitted between the leads, respectively.

If the system is Hermitian, the transmission is given

by Gh,v(0) = tr(t′h,v(0)t′†h,v(0)) = tr(th,v(0)t†h,v(0)),
where tr denotes the trace. When Hermiticity

is broken, tr(t′h,v(γ)t′†h,v(γ)) could be different from

tr(th,v(γ)t†h,v(γ)). See Appendix A for a derivation of the
constraints imposed on the scattering matrix in different
non-Hermitian symmetry classes.

A. Contact effect

First, we focus on the horizontal transmission Gh with
OBC along the y-direction, for which the system shows
a non-Hermitian skin effect. Since the eigenphase spec-
trum is real with OBC [all OBC eigenvalues are located
on the unit circle in the complex plane in Fig. 3(a)],
we would expect the transmission to be consistent with
that found in the Hermitian limit, in which Gh = 0 for
the trivial phase and Gh = 1 for the strong topological
phase with chiral edge states. Surprisingly, we find the
non-Hermitian network shows a very different behavior.
While the transmission is zero for the trivial phase, it is
not quantized when chiral edge states are present [Fig.
4(a)]. Gh can reach beyond 5 even for small |γ| when
α approaches the phase transition points (π/4 or 3π/4)
and returns back to around 1 if α is far away from the
phase transition points.
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Figure 4. (a) The horizontal transmission Gh with OBC as a
function of α and γ. The system size is Lx = 3000 and Ly =
60. (b) Gh for different Ly with open boundary condition as
a function of Lx. This plot is with α = 0.3π and γ = 0.5.

These phenomena point to the presence of a contact
effect when attaching leads. The width of the chiral edge
states along the y-direction is not exactly 0 [as shown in
Fig. 3(b)], except in the decoupled limit with α = π/2, so
amplification or loss can occur inside the wave packet of
the chiral edge states. The reason for this amplification
and attenuation is the structure of the network model
itself, in which downward moving modes acquire a factor
eγ and all upward moving modes acquire a factor e−γ , as
shown in Fig. 1(a).

To quantify the presence of the contact effect in the
language of scattering matrices, we label incoming and
outgoing modes of both the left and right lead by their
real-space position along the y-direction. Then, the
transmission probability from the incoming mode i in
the left lead to the outgoing mode j in the right lead
lead is multiplied by e(i−j)γ , which can be understood as
a result of the skin effect with suppression and magnifi-
cation in opposite directions. In fact, it can be verified
that the total transmission matrix th(γ) can be related
to the transmission matrix of the Hermitian model th(0)
as

th(γ) = Uath(0)Ul, (14)

with Ua = diag[1, eγ , e2γ , · · · , e(Ly−1)γ ] being the amplifi-
cation matrix and Ul = diag[1, e−γ , e−2γ , · · · , e−(Ly−1)γ ]
being the loss matrix (assuming γ > 0). In a similar fash-
ion, t′h(γ) = Ult′h(0)Ua. Thus, more amplifications occur
when the chiral edge state has a large width (α closer to
π/4 or 3π/4) than when it has a small width (α closer to
π/2 or 0). We emphasize that at the decoupled point of
α = π/2, the chiral edge states have a vanishing wave-
packet width, which leads to a quantized transmission
1.

As a further check that this is indeed a contact effect,
we show how the transmission depends on the length of
the system, Lx, as well as on its width, Ly, [see Fig. 4(b)].
In the topological phase, only the edge modes contribute
to transmission, and since they do not backscatter we
indeed observe that the transmission is independent of
Lx (apart from very small Lx, which is due to finite-size
effects). However, the transmission increases monotoni-

Figure 5. The transmission between top two leads as a func-
tion of α. Gij corresponds to the transmission from j to i.
All plots are with γ = 0.3 and a total system size 76×76 unit
cells. The inset is a sketch of the three terminal geometry for
OBC (left) and PBC (right) along the x-direction. The ar-
rows indicate the chiral edge mode. Here, leads 1 and 2 have
a width of 19 unit cells, and the separation between them is
20 unit cells. Lead 3 extends over the entire bottom boundary
(or circumference of the cylinder, with PBC). Thus, G12 (or
G21) between lead 1 and lead 2 provides the transmission of
the chiral edge state along the top boundary of the system.

cally with the system width, Ly, even for system widths
which are much larger than the width of the edge states.
This is because changing the width of the system also
means changing the width of the two leads (or contacts).

Finally, we show that the contact effect disappears
when changing the lead orientation. We attach two verti-
cal leads (labeled as 1 and 2) to the top edge and one wide
vertical lead (labeled as 3) to the bottom edge, while in
the horizontal direction we consider both OBC as well as
periodic boundary conditions (PBC), as shown in Fig. 5.
Here, the lead 3 is used to eliminate the influence of the
bottom boundary mode, such that the transmission be-
tween lead 1 (top left) and lead 2 (top right) is only due
to the top boundary mode. However, now there is no am-
plification and loss process described by Eq. (14). Thus,
the transmission due to the chiral edge mode is quan-
tized (see Fig. 5). With OBC, the unidirectional mode
contributes to transmission only from lead 1 to lead 2
(G21), while the transmission in the opposite direction
(G12) vanishes, as expected. With PBC in the horizon-
tal direction, however, G12 = G21 = 1, since the chiral
edge state is now allowed to propagate also across the
periodic boundary.

Due to the counter-propagating nature of boundary
modes in the weak topological phase (|α| > 3π/4), in the
OBC system there exists a transmitting channel from
lead 1 to lead 2 and vice versa. This leads to a quantized
transmission with OBC, G12 = G21 = 1 in the weak
topological phase. With PBC in the horizontal direction,
we instead observe G12 = G21 = 2, consistent with the
presence of an extra transmitting channel that connects
the leads 1 and 2 across the periodic boundary.
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Figure 6. ln[Gh] and ln[r(rRr
′
L)] as a function of system size

Lx. All plots are for Ly = 50, α = π/4, and γ = 0.05.

B. Numerical instability

When PBC are applied in the y-direction, the hori-
zontal transmission Gh would be divergent due to the
singular behaviors of EPs,

lim
k→kEP

Im(ε)→ 0, lim
k→kEP

∂Re(ε)

∂kx
→∞. (15)

Such an infinite group velocity implies a numerical in-
stability appearing in the calculation of the Landauer-
Büttiker formula, which corresponds to an ill-defined
scattering matrix. This instability can be understood
when expressing the overall scattering matrix Sh of the
network model by a Redheffer star product [69]

rh = rL + t′LrR(1− r′LrR)−1tL,

th = tR(1− r′LrR)−1tL,

t′h = t′L(1− rRr
′
L)−1t′R,

r′h = r′R + tRr
′
L(1− rRr

′
L)−1t′R.

(16)

Here r
(′)
L,R and t

(′)
L,R are the reflection and transmission

matrix of the left and right halves of the network model.
The inverse matrix (1 − r′LrR)−1 represents an infinite
series of backscattering process between two halves, given
by

∞∑
i=0

(r′LrR)i = (1− r′LrR)−1, (17)

where the spectral radius r(r′LrR) is always smaller than
1 in the unitary limit. However, the existence of the
non-Hermitian terms allows r(r′LrR) to be larger than
1, due to the amplification loops introduced by the eγ

terms. Thus, the left-hand side of Eq. (17) becomes a
divergent matrix series, which causes Gh under PBC to
be numerically unstable [see Fig. 6].

VII. TRANSPORT PROPERTIES OF THE
DIRAC CONE AND BULK FERMI ARC

Table I. Finite size scaling fit for the bulk transmission Gt→b
v

of the clean system. The size ratio is Lx/Ly = 10 and Lx ∈
[60, 120].

parameter ν γc γEP ln(Gt→b
v )c

α = 0.15π 1 0.937 0.937 1.296(1)

α = 0.25π 1 0 0 0

α = 0.3π 1 0.4499 0.4499 1.384

α = 0.375π 1 1.212 1.212 1.220(1)

Here we turn to the vertical transmission, Gv. Since
there is no skin effect when open boundaries are intro-
duced along the horizontal direction, the system shows
a similar ribbon spectrum both in OBC and PBC, ex-
cept of course for the additional chiral edge states oc-
curring with OBC. Near the EPs, both ∂Re(ε)/∂ky and
Im(ε) are finite and thus there are no numerical instabil-
ities. Although the vertical transmission Gv comes with
no infinite amplification loops, a directional amplifica-
tion (suppression) from top (bottom) to bottom (top)
implies Gt→b

v 6= Gb→t
v .

To understand the behavior of the vertical transmis-
sion Gv, we first consider the unitary limit, γ = 0, in
which the Dirac points occur at α = ±π/4 and ±3π/4
and have a quantized transmission 1. As γ is increased,
however, the network enters non-unitary regimes and is
characterized by gapless phases containing EPs and the
bulk Fermi arc. The existence of the EPs and of the bulk
Fermi arc Re(ε) = 0 leads to a non-zero Gv.

In Fig. 7 we show the vertical transmission as a func-
tion of α and γ, for both PBC as well as OBC. The
green dashed-dotted line and the cyan dashed line de-
termined by Eqs. (7) and (8) indicate the Dirac points
appearing at k = (0, π) and (π, 0), respectively. Between
these lines, we observe a large transmission characteriz-
ing the gapless phase with EPs. In addition, the OBC
plots show transmitting regions which do not appear in
the PBC plots. These correspond to nonzero transmis-
sion through the topological edge modes of the system.
Notice that the transmission plots are asymmetric with
respect to changing the sign of γ, which is consistent with
the directional nature of amplification and attenuation,
Gt→b

v 6= Gb→t
v .

When the system transitions from a gapped phase to a
gapless phase characterized by EPs (green and cyan lines
in Fig. 7), we notice that the transmission changes from
decreasing exponentially with system size to increasing
exponentially with system size. We apply a finite size
scaling analysis to Gt→b

v with PBC and Ly/Lx = 10. Our
code, numerical data, and the scripts used for fitting are
available as part of the Supplemental Material. Denoting
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the system size at fixed aspect ratio by L, we have

lnGt→b
v ≈ f0 + b0(γ − γc)L1/ν . (18)

We obtain b0 ≈ 20, ν = 1, and γc = γEP even for differ-
ent α (see Table I). Here γEP corresponds to the analyti-
cally determined value at which the Dirac points appear,
meaning the point at which the EPs are overlapping in
momentum space, just after they were created pairwise,
or just before annihilating pairwise. For instance, in Fig.
8(a), we find that below γc ' 0.4499, Gt→b

v decreases ex-
ponentially with increasing L, characteristic of a gapped
phase. Above γc, G

t→b
v ∝ e2L. This is in contrast to

the behavior characteristic of Hermitian gapless systems,
in which the transmission grows at most linearly with
system size (ballistic regime).

The scattering matrix characterizing the finite-sized
network model with leads attached to its top and bot-
tom boundaries can be expressed as

Sv(γ) =

(
rv e−γLy t′v

eγLy tv r′v

)
. (19)

Here Sv(γ = 0) represents the scattering matrix of
the unitary CC network. For gapped phases, we have
tr(tt†) = tr(t′t′†) ∝ e−∆Ly , with ∆ proportional to the
bulk gap of the Hermitian model. Since the gain (loss)
introduces an amplification (a reduction) e2γLy (e−2γLy )
to Gt→b

v (Gb→t
v ), the gapped-gapless transition occurs

due to the competition between ∆ and γ

Gt→b
v ∝ e−(∆−2γ)Ly . (20)

Thus, if γ > ∆/2, the system enters a gapless phase.
In the unitary limit the Dirac point has a quantized

transmission G = 1. Quite surprisingly, we find that in
the non-unitary network this is no longer the case (see
Table I). Instead, there is a new critical transmission

(Gt→b
v )c = 4, (Gb→t

v )c = 0, (21)

as shown in Fig. 8(b). These values can be understood
analytically from the behavior of slices having Lx →∞,
such that kx is a good quantum number (see Appendix
F). Note that in Fig. 8(b) the quantized transmission
is reached in the limit of large system sizes. For the
smaller network models used in the scaling fit of Fig. 8(a),
finite-size effects prevent the observation of (Gt→b

v )c = 4,
meaning ln(Gt→b

v )c ' 1.386, as can be seen in Table I.
The closest fit value is 1.384, obtained for α = 0.3π,
which shows smaller finite-size effects than α = 0.15π or
0.375π, as can be seen in Fig. 8(b).

VIII. DISORDER AND CRITICAL EXPONENT

We now turn to the effects of disorder. The latter
is modeled as a random variation of the mixing angle,
α → α + δα, with δα drawn independently for each
node of the network model from the uniform distribu-
tion [−W,W ], with W the disorder strength. Due to the

Figure 7. The vertical transmission as a function of α and γ
both with periodic boundary condition (a, c) and with open
boundary condition (b, d). (a-b) represent the transmission
from top to bottom, (c-d) represent the transmission from
bottom to top. All plots are obtained for a system size 60×60
unit cells.

Figure 8. (a) The logarithm of transmission Gt→b
v of different

system sizes with periodic boundary conditions as a function
of γ for α = 0.3π and system size 10L×L (Lx×Ly). The solid
lines are the fit using Eq. (18). (b) The critical transmission
for different α as a function of system size Ly. This plot
is obtained for Lx = 20. When α = π/4, the Dirac point
occurs for γ = 0, and thus shows the critical transmission
characteristic of Hermitian Dirac cones, G = 1. For all other
values of α the transmission is 4.

numerical instability discussed earlier, we focus mainly
on the vertical transmission for a network with PBC. For
the same reason, we keep γ constant and only consider
disorder in α.

In the unitary CC network model, the random angle
disorder δα preserves PHS and leads to an insulator-
metal transition [70, 71]. The system supports a trivial
phase, a strong topological phase, and a weak topological
phase with weak disorder. With strong disorder, a metal-
lic phase appears for all α. At the phase boundaries, the
localization length diverges as ξ ≈ |x − xc|−ν . Here x is
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Figure 9. (a) The average transmission 〈lnGt→b
v 〉 as a function

of disorder strength W and α. The system size is 30× 30 and
γ = 0.5. (b) and (c) are the finite size scaling fit of 〈lnGt→b

v 〉
for (γ, α) = (0.5, π/2) and (0.2, 0.35π), respectively. (d) the
finite size scaling fit of 〈lnGh〉 with open boundary condition
and (γ, α) = (0.5, 0).

a control parameter, such as α or the disorder strength
W , xc is the critical point of x, and ν is the critical expo-
nent, which is equal to 1 for AZ class D systems in two
dimensions.

Since the non-unitary network has a bulk topological
semimetal phase in the clean limit, its disordered phase
diagram also supports phase transitions from the delo-
calized phase to an insulating one in the weak disor-
der limit [see Fig. 9(a)]. This is in contrast to the uni-
tary Cho-Fisher model, in which only direct, insulator-
to-insulator transitions are present for small disorder
strengths. In the strong disorder regime, however, all
the phases evolve into a delocalized phase, similar to the
Cho-Fisher model. Here, however, the transmission in-
creases exponentially with system size, as can also be de-
duced from Eq. (19), which is also valid for a disordered
system. This is in contrast to the Hermitian system, in
which the transmission grows logarithmically with sys-
tem size in the metallic phase. For this reason, we dub
the delocalized phase of the non-Hermitian network a
‘supermetal’.

Similar to the results of Ref. [72], we find that the
transmission of the network model varies exponentially
for different disorder configurations, leading to an ex-
ponentially broad distribution of transmissions, which is
poorly characterized by its average. We circumvent this
problem by focusing instead on the average of the ‘typ-
ical transmission’, 〈lnGt→b

v 〉, which we use as a scaling
variable in the following. To obtain the critical exponent
ν, we apply a finite-size scaling fit to 〈lnGt→b

v 〉, at fixed

aspect ratio 1, with

〈lnGt→b
v 〉 = F (u0L

1/ν , u1L
y)

=

n∑
k=0

(u1L
y)k

mk∑
j=0

(u0L
1/v)jFkj , (22)

where u1L
y represents the contribution of the irrelevant

exponent y < 0, and goes to 0 if L → ∞. u0L
1/v repre-

sents the contribution of the relevant exponent, ν. Here
u0 =

∑qr
i=1 ai(x − xc)i and u1 =

∑qi
p=0 bp(x − xc)p. In

Tables II and III, and Fig. 9(b-c), for different α and γ,
ν is always close to 1, which is consistent with the case of
the AZ class D system. However, the critical transmis-
sion appears to no longer have a universal value. Given
the system sizes we can reach, we believe that this is a
consequence of finite-size effects.

We provide a heuristic justification for having a crit-
ical exponent ν = 1, as well as a critical transmis-
sion which should be universal. In the presence of dis-
order in the mixing angle α, Eq. (19) is still valid.
When the unitary system is in the insulating phase with
〈G〉 ∝ e−L/ξ(α,W ) (far away from the critical point),
the non-unitary system has ln〈Gt→b

v 〉 = const. + (2γ −
1/ξ(α,W ))L, which suggests a localization-delocalization
transition at ξ(α,W ) = 1/2γ with ν = 1. When the
unitary network is in an insulating phase but close to
the critical point, ideally the average transmission would
be 〈G〉 = Gc + (W − Wc)L

1/ν + O2(W − Wc), where
O2(W − Wc) is the second-order infinitesimal and Gc
is the universal critical transmission of two-dimensional
class D systems. On the other hand, the transmission of
the non-unitary system would be 〈Gt→b

v 〉 ≈ (Gc + (W −
Wc)L

1/ν)e2γL, which can be expanded as

ln〈Gt→b
v 〉 ≈ 2γL+ lnGc +

W −Wc

Gc
L1/ν + · · · . (23)

Since Hermitian class D systems have ν = 1 in two di-
mensions, the above equation becomes

ln〈Gt→b
v 〉 ≈ lnGc +

W − (Wc − 2γGc)

Gc
L, (24)

where O2(W−Wc

Gc
) is neglected. According to Eq. (22),

it corresponds to a linear dependence on L, implying a
universal exponent ν = 1 also in the non-Hermitian case.
This is consistent with our fit results.

Equation (24) suggests that the effect of a nonzero γ is
to renormalize the value of the critical disorder strength
as Wc → Wc − 2γGc. This behavior also matches our
numerical observations: increasing γ leads to a decrease
of the critical disorder strength at which the insulator-
supermetal transition happens. Finally, Eq. (24) indi-
cates that the critical transmission takes a universal value
equal to that of Hermitian systems, Gc. This is not the
case for the scaling analysis presented in Tables II and
III, suggesting that the fitted values of 〈lnGt→b

v 〉c are in-
fluenced by the finite size of the systems we are able to
simulate. Note, however, that the above discussion is
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Table II. Fit results for the vertical bulk transmission of the disorder system with a system size L × L. N is the number of
degrees of freedom used in the fit, GOF is the goodness of fit, and reduced χ2 is the variance of residuals. The numerics has
been averaged over more than 7000 disorder realizations.

(α, γ) (n,m0, qr) L W Wc ν 〈lnGt→b
v 〉c χ2 N GOF

(0.4π, 0.5) (0, 1, 2)
[110, 160] [1.436, 1.478] 1.4566 [1.4562, 1.4568] 0.979 [0.955, 1.006] 4.707 [4.581, 4.785] 1.027 67 0.91

[110, 160] [1.412, 1.5] 1.4566 [1.4563, 1.4568] 0.974 [0.966, 0.984] 4.707 [4.629, 4.763] 1.041 151 0.80

(0.5π, 0.5) (0, 1, 1)
[110, 160] [1.555, 1.612] 1.5840 [1.5837, 1.5844] 0.990 [0.969, 1.013] 4.796 [4.689, 4.910] 0.962 86 0.84

[90, 160] [1.559, 1.608] 1.5836 [1.5834, 1.5839] 0.989 [0.973, 1.007] 4.642 [4.575, 4.726] 0.994 100 0.97

(0.35π, 0.2) (0, 1, 1)
[110, 160] [1.473, 1.534] 1.5029 [1.5025, 1.5032] 0.946 [0.926, 0.966] 1.427 [1.262, 1.573] 1.046 104 0.82

[80, 160] [1.483, 1.525] 1.5026 [1.5024, 1.5028] 0.928 [0.910, 0.947] 1.246 [1.155, 1.358] 0.980 104 0.92

Table III. Fit results for the vertical bulk transmission of the disorder system with a system size L× 4L. N is the number of
degrees of freedom used in the fit. The numerics has been averaged over 2000 disorder realizations.

(α, γ) (n,m0, qr) L W Wc ν 〈lnGt→b
v 〉c χ2 N GOF

(0.5π, 0.5)
(0, 1, 2) [80, 160] [1.545, 1.636] 1.5918 [1.5916, 1.5919] 0.988 [0.980, 0.995] 0.932 [0.716, 1.112] 0.987 112 0.93

(0, 2, 1) [80, 160] [1.55, 1.631] 1.5920 [1.5917, 1.5922] 0.985 [0.974, 0.998] 1.224 [0.944, 1.410] 1.014 94 0.93

(0.35π, 0.2)
(0, 1, 2) [90, 160] [1.46, 1.553] 1.5078 [1.5076, 1.5081] 0.946 [0.935, 0.956] −9.245 [−9.722,−8.776] 1.03 107 0.84

(0, 2, 1) [90, 160] [1.46, 1.553] 1.5082 [1.5079, 1.5084] 0.944 [0.932, 0.954] −8.531 [−8.992,−8.113] 0.969 107 0.86

only qualitative in nature, since we have used the loga-
rithm of the average, ln〈Gt→b

v 〉, and not the average of
the logarithm, 〈lnGt→b

v 〉, as in the numerical fits.
As for the horizontal direction, due to the numerical

instability, we can only apply a finite size scaling fit to
〈lnGh〉 with OBC, which induces an amount of finite-size
effects automatically. In Table IV, the fit results also
give a critical exponent ν ≈ 0.89, which seems close to
the value 1.

IX. CONCLUSION AND OUTLOOK

We have shown that a network model can exhibit both
exceptional points as well as the non-Hermitian skin ef-
fect, which lead to several new phenomena. On the
boundary, the non-Hermitian skin effect results in the
non-Hermitian contact effect, which destroys the quan-
tized conductance of the chiral edge states. In the
bulk, the existence of exceptional points dominates the
transport properties, which show a numerical instabil-
ity when the system can feel the branch point singu-
larity (∂kxRe(ε) → ∞). In contrast, ∂kyRe(ε) is finite
in the perpendicular direction. However, the transmis-
sion still experiences a directional amplification (or loss).
This amplification results in an unconventional quantized
transmission G = 4 for the Dirac points, and drives
the system into a gapless phase. Such a gapless phase
reshapes the disordered phase diagram of systems with
PHS†, leading to the formation of a supermetal in which
the transmission grows exponentially with system size.
Finally, the finite size scaling analysis provides a critical

exponent ν ≈ 1, which is same as the critical exponent
of the AZ class D system. However, the critical trans-
mission is no longer universal, at least as far as we are
able to determine, which is most probably due to finite-
size effects. We provide a heuristic argument for why this
might be so, based on an analytic connection between the
scattering matrix of the unitary and non-unitary network
models.

Our work opens several directions for studying non-
Hermitian topology. As prototypical model, the network
studied here is a powerful tool for exploring transport
and for revealing its relation to the non-Hermitian fea-
tures like the exceptional points and skin effect. In ad-
dition, the relation of scattering matrices between the
unitary and non-unitary network can also be extended
to a variety of symmetry classes, providing a way to
study the universal behaviors of different localization-
delocalization transitions, such as the quantum spin-Hall
transition. The non-Hermitian network model can fur-
ther be studied, e.g., in the presence of more generic types
of disorder, and by using various techniques known in the
context of Hermitian network models. In Appendix G,
we outline an application of the path integral (super-
symmetric field theory) approach to the non-Hermitian
network model.

Finally, our work opens the possibility of studying
the connection between transport and non-Hermitian
phenomena in experimental platforms realizing network
models. In fact, the network model we discussed has
already been realized in experiment: a small number
of unit cells were produced using microwave circuits in
Ref. [50]. Beyond that, network models can be realized
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Table IV. Fit results for the horizontal transmission of the disorder open boundary system with a system size L× L. N is the
number of degrees of freedom used in the fit. The numerics has been averaged over 10000 disorder realizations.

(α, γ) (n,m0, qr) L W Wc ν 〈lnGh〉c χ2 N GOF

(0, 0.5)
(0, 1, 1) [80, 130] [1.695, 1.722] 1.7089 [1.7085, 1.7092] 0.889 [0.839, 0.941] −5.547 [−5.709,−5.382] 1.009 56 0.98

(0, 1, 2) [80, 130] [1.677, 1.74] 1.7087 [1.7086, 1.7090] 0.883 [0.869, 0.901] −5.659 [−5.753,−5.545] 0.965 133 0.93

experimentally also as arrays of coupled ring resonators
supporting photonic [73, 74] or plasmonic [75, 76] modes.
These systems allow to tune the properties of the node
scattering matrices, for instance by adjusting the sepa-
ration between adjacent resonators, as well as the eigen-
phase at which the network model is probed, by chang-
ing the wavelength of propagating excitations. Models
obeying particle-hole symmetry (which here means real
scattering matrices, up to a global phase factor) have al-
ready been experimentally realized [74, 75]. Further, it
has been recently suggested that directional amplifica-
tion and attenuation can be introduced in coupled ring
resonator lattices [77, 78].

Note added: Ref. [79], which appeared during the final
stages of this work, also considers the critical exponents
of non-Hermitian two-dimensional systems. They work
on a Hamiltonian level, examine other symmetry classes
than the one we consider, and propose a link between
the critical exponents of Hermitian and non-Hermitian
systems which is different from ours.
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Appendix A: Symmetry of a non-unitary operator

For a non-Hermitian system, the symmetry classi-
fication of the Hamiltonian is based on time-reversal
symmetry (TRS), particle-hole symmetry (PHS), TRS†,

PHS†, chiral symmetry (CS), sublattice symmetry (SLS),
and pseudo-Hermiticity. Then, the Ho-Chalker operator
(which behaves like a time evolution operator) S ∼ e−iHt
obeys the corresponding symmetry constraints in the fol-
lowing way:

(i) TRS: T H∗(k)T −1 = H(−k) with T T ∗ = ±1,
which means

T S∗(k)T −1 = S−1(−k). (A1)

(ii) TRS†: T HT (k)T −1 = H(−k) with T T ∗ = ±1,
this leads to

T ST (k)T −1 = S(−k). (A2)

(iii) PHS: PHT (k)P−1 = −H(−k) with PP∗ = ±1,
which means

PST (k)P−1 = S−1(−k). (A3)

(iv) PHS†: PH∗(k)P−1 = −H(−k) with PP∗ = ±1,
this leads to

PS∗(k)P−1 = S(−k). (A4)

(v) CS: CH†(k)C−1 = −H(k), which means

CS†(k)C−1 = S(k). (A5)

(vi) SLS: LH(k)L−1 = −H(k), which means

LS(k)L−1 = S−1(k). (A6)

(vii) Pseudo-Hermiticity: ηH†(k)η−1 = H(k), then

ηS†(k)η−1 = S−1(k). (A7)

Moreover, their corresponding non-unitary scattering
matrix will have the same symmetry constraint. For
a given Hamiltonian H, the Mahaux-Weidenmüller for-
mula describes the scattering matrix S as

S(E) =
1− iπK(E)

1 + iπK(E)
, K(E) = W †

1

E −H
W. (A8)

Here W is the coupling matrix between the leads and the
system, which can be chosen such that it commutes with
the symmetry operators. Then the symmetry constraints
for the corresponding scattering matrix can be derived in
the following way:
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(i) TRS:

TK∗(E)T −1 = W †
1

E∗ −H
W = −K(E∗), (A9)

T S∗(E)T −1 =
1 + iπK(E∗)

1− iπK(E∗)
= S−1(E∗). (A10)

If T = I, S(E∗)S∗(E) = I.

(ii) TRS†:

TKT (E)T −1 = W †
1

E −H
W = K(E), (A11)

T ST (E)T −1 =
1− iπK(E)

1 + iπK(E)
= S(E). (A12)

If T = I,

rT (E) = r(E), r′T (E) = r′(E),

tT (E) = t′(E). (A13)

Thus, the transmission GR→L = tr[t′(E)t′†(E)] =
tr[tT (E)t∗(E)] = tr[t(E)t†(E)] = GL→R.

(iii) PHS:

PKT (E)P−1 = W †
1

E +H
W = −K(−E), (A14)

PST (E)P−1 =
1 + iπK(−E)

1− iπK(−E)
= S−1(−E). (A15)

If P = I, we have ST (E) = S−1(−E).

(iv) PHS†:

PK∗(E)P−1 = W †
1

E∗ +H
W = −K(−E∗), (A16)

PS∗(E)P−1 =
1− iπK(−E∗)
1 + iπK(−E∗)

= S(−E∗). (A17)

If P = I, S∗(E) = S(−E∗).

(v) CS:

CK†(E)C−1 = W †
1

E∗ +H
W = −K(−E∗), (A18)

CS†(E)C−1 =
1− iπK(−E∗)
1 + iπK(−E∗)

= S(−E∗). (A19)

If C = I and E = 0,

t′ = t†, (A20)

so we have

GR→L = tr[t′t′†] = tr[t†t] = GL→R. (A21)

Figure 10. arg[det[S(θ) − I4×4]] as a function of θ (the pa-
rameter of the closed loop s1), when encircling an EP (a) or
not (b). Blue dots and orange triangles correspond to two
different closed loops. The latter enclose one or the other EP
in panel (a). All the plots are with α = π/4 and γ = 0.5.

(vi) SLS:

LK(E)L−1 = W †
1

E +H
W = −K(−E), (A22)

LS(E)L−1 =
1 + iπK(−E)

1− iπK(−E)
= S−1(−E). (A23)

If L = I, S(E) = S−1(−E).

(vii) Pseudo-Hermiticity:

ηK†(E)η−1 = W †
1

E∗ −H
W = K(E∗), (A24)

ηS†(E)η−1 =
1 + iπK(E∗)

1− iπK(E∗)
= S−1(E∗). (A25)

If η = I and Im(E) = 0, S(E) is unitary, so
GR→L = GL→R.

Appendix B: Winding number of exceptional points

We calculate the winding number W in the polar co-
ordinate with

W =
1

2πi

∫ 2π

0

dθ
d

dθ
log[det[S(θ)− I4×4]]. (B1)

Here the reference point is εkEP
= 0. Choosing a closed

circle s1 encircling an EP leads to W = 1 for one EP
and −1 for another EP [see Fig. 10(a)]. Thus to gap out
one of EPs, the only way is to annihilate both of them
simultaneously.

Appendix C: Long-wavelength limit

We rewrite the non-unitary Ho-Chalker operator as

S(k) =

(
0 M̃(kx)

Ñ(ky) 0

)
, (C1)
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Figure 11. (a) The probability distribution of the top edge
state as a function of γ with α = 0.35π (γEP ≈ 0.937) and a
system size Ly = 20 unit cells. (b) The edge mode probability
distribution is summed over half of the system, corresponding
to unit cells with position n ≤ Ly/2. This sum is plotted as
a function of α and γ, using Ly = 80. The blue dash-dotted
line indicates the critical γ for EPs, showing that the top
edge mode is pushed to the bottom boundary as soon as EPs
appear in the spectrum of the infinite system. All plots are
with kx = 0.05.

with

M̃(kx) =

(
e−γ 0

0 1

)(
sinαe−ikx cosα

− cosα sinαeikx

)
, (C2)

Ñ(ky) =

(
eγ 0

0 1

)(
cosα sinαeiky

− sinαe−iky cosα

)
. (C3)

Then, to derive the long-wavelength model, we con-
sider a two-step time evolution that gives S2(k) =

diag[M̃(kx)Ñ(ky), Ñ(ky)M̃(kx)] [51]. Without loss of

generality, we focus on the block M̃(kx)Ñ(ky) with α =
π/4 + m, kx = px, and ky = py + π. Expanding it for

small px, py, and α will give M̃(kx)Ñ(ky) ' 1− iH with

H = px
σ−
2

+ (py − iγ)
σ+

2
+mσy, (C4)

which is reminiscent of the low-energy continuum model
of the non-Hermitian Chern insulator [27, 80, 81].

Appendix D: Skin effect of the edge state

The edge state is not influenced by the non-Hermitian
skin effect, due to its eigenphases being outside the region
of winding number W = 1. In this sense, a possible
way to realize a skin effect for the boundary mode is to
reshape such a region by increasing γ. A criterion for
this is the appearance of the EPs at kx = 0, where all
the eigenphases ε of the edge state are circled by those
of the infinite system. Therefore, once γ > γEP, the top
boundary mode would be pushed to the bottom edge, see
Fig. 11.

Appendix E: Skin corner modes

By adding gain eγ to ψ3 instead of ψ2 [see Fig. 12(a)],
the non-unitary network also supports skin corner modes,
a terminology used in Refs. [65, 66]. Because of
det[S(k)] = 1, the condition for EPs is still e2iε = ±1,
and the EPs for ε = 0 [shown in Fig. 12(b-c)] are at

kx = ± arccos(
1

cos iγ sin 2α
), ky = π − kx. (E1)

In this sense, after the system becomes gapless at one
high symmetry point (0, π), these two EPs would move
towards another high symmetry point (π, 0), but they can
not be annihilated anymore. An intuitive explanation is
1/| cos iγ sin 2α| would be always larger than 0.

Furthermore, with a ribbon geometry (along the x-
or y-direction), the propagating modes can feel the am-
plification and suppression in opposite directions, which
means a first-order skin effect, as verified in Fig. 12(d-
e): The eigenphases of the ribbon are encircled by the
eigenphase loops of the infinite system. Next, if further
opening another boundary, all first-order skin modes are
pushed to the left bottom corner [see Fig. 12(f)]. This is
effect is induced by gain and loss, instead of crystalline
symmetries [82–84].

Appendix F: Scattering matrix for the Dirac point

For a slice of the network model which has Ly = 1 but
is infinite along the x-direction, such that kx is a good
quantum number, the scattering matrix reads

Sv, slice =

(
cosα−sinαe−ikx

1−cosα sinαe−ikx
− sinα cosαe−γ

1−cosα sinαe−ikx

− sinα cosαeγ

1−cosα sinαe−ikx
sinαeikx−cosα

1−cosα sinαe−ikx

)
.(F1)

Taking α ∈ (0, π/2), the Dirac point appears at momenta
(kx, ky) = (0, π), and values (α, γ) that are obtained
using Eq. (8). For these values, Eq. (F1) reveals a new
conservation,

tv + t′v = −2. (F2)

The latter can be proven by the transfer matrix of the
slice, which reads

Mv, slice = eγ

(
eikx − 2

sinα cosα
1

sinα −
eikx

cosα
1

sinα −
e−ikx

cosα e−ikx − 2
sinα cosα

)
.(F3)

Then the total transfer matrix can be obtained by the
eigenvalue decomposition,

Mv = Uevecdiag[E
Ly
1 , E

Ly
2 ]U−1

evec, (F4)

where Uevec is 2× 2 matrix composed of the eigenvectors
of Eq. (F3). E1 and E2 are their corresponding eigenval-
ues,

Ei = eγ(µ+ (−1)i
√
µ2 − 1), (F5)
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Figure 12. (a) Illustration of the non-unitary network model with the second-order skin effect. (b) and (c) are the real and
imaginary eigenphase spectra. (d) and (e) are the ribbon geometry eigenphase spectrum encircled by the bulk dispersion along
the kx- and ky-directions, respectively. (f) the probability distribution of all the eigenstates with a system size 20× 20. All of
the plots are obtained using α = π/4 and γ = 0.5.

with µ = cos kx − 2
sin 2α . It is obvious that there is also

a conservation E1E2 = e2γ . In Eq. (F3), if (φ1, φ2)T is
an eigenvector for Ei (i = 1, 2), then (φ∗2, φ

∗
1)T is also a

solution for the same eigenvalue. Thus, it can be written
as 1√

2
(eiϕ, 1)T . Since there is no degeneracy, another

orthogonal eigenvector should be 1√
2
(−eiϕ, 1)T . Thus,

Eq. (F4) now becomes

Mv =
1

2

(
E
Ly
1 + E

Ly
2 eiϕ(E

Ly
1 − ELy2 )

e−iϕ(E
Ly
1 − ELy2 ) E

Ly
1 + E

Ly
2

)
,(F6)

which leads to

tv =
2(E1E2)Ly

E
Ly
1 + E

Ly
2

, t′v =
2

E
Ly
1 + E

Ly
2

. (F7)

At the Dirac point kx = 0, µ = − cosh γ leads to E1 =
−e2γ and E2 = −1, which indicates

tv + t′v = 2 · (−1)Ly . (F8)

And when Ly goes to infinity,

lim
Ly→∞

|tv| = lim
Ly→∞

2e2γLy

e2γLy + 1
= 2, (F9)

lim
Ly→∞

|t′v| = lim
Ly→∞

2

e2γLy + 1
= 0. (F10)

When kx 6= 0, |µ| > cosh γ leads to

|E1| > eγ(

√
cosh2 γ − 1− µ) > e2γ . (F11)

Correspondingly, |E2| < 1. Then we have,

lim
Ly→∞

|tv| = 0, lim
Ly→∞

|t′v| = 0. (F12)

Thus, the non-Hermitian Dirac point has a quantized
transmission 4 at kx = 0 and 0 transmission at kx 6= 0.

Appendix G: Path integral approach

In this Appendix, we provide an analysis of the net-
work model using the functional integral representation
of the (product of) resolvents (Green’s functions). The
technique has been widely used in (disordered) Hermitian
systems [85].

We start with the following non-Hermitian Dirac
Hamiltonian

H(p) = (px + iAx)σz + (py + iAy)σx

+mσy + iV σ0. (G1)
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Here, Ax,y,m, V are arbitrary real function in space. The
Hamiltonian is the member of class D† and satisfies

H∗(p) = −H(−p). (G2)

When Ax = V = 0, Ay = const. = −γ, and m = const.
the non-Hermitian Dirac Hamiltonian (G1) reduces to
the continuum limit of the non-Hermitian Chern insula-
tor model (10). In general, all these terms Ax,y, V,m can
have both uniform and inhomogeneous parts. For ex-
ample, if we consider non-Hermitian terms (gain or loss)
for all four types links in the network model (Fig. 1),
eγ1 , eγ2 , eγ3 , eγ4 , the continuum limit of the Ho-Chalker
time evolution operator is given by (G1) with Ax ∝
γ1 + γ3, Ay ∝ γ2 − γ4, and V ∝ γ1 + γ2 − γ3 + γ4, while
the mass term m is still controlled by α entering in the
vertex term. This type of non-Hermitian Dirac Hamilto-
nians have been discussed, e.g., in [27, 81, 86, 87].

We are interested in the Green’s function, G(z) =
(z−H)−1 (z ∈ C), and products thereof. With the class
D† symmetry, the Green’s function satisfies G(ε+ iη)∗ =
−G(−ε+ iη), where ε and η are the real and imaginary
part of z, z = ε + iη. Hence, this symmetry relates
the Green’s functions at z = ε + iη and −ε + iη. In
contrast, in Hermitian symmetry class D, the particle-
hole symmetry relates the retarded and advanced Green’s
functions at ε = 0. This symmetry of the Green’s func-
tions can be used to reduce the number of functional
integral variables; it suffices to introduce a path inte-
gral only for the retarded sector, say, but not for the ad-
vanced one. We should also note that in non-Hermitian
systems the notion of retarded/advanced Green’s func-
tion, distinguished by the small imaginary part of z, may
not be sharply defined since the energy spectrum itself
may be complex. In the network model calculations of
our interest, we have ideal leads attached to the non-
Hermitian system, which may serve a role in selecting
retarded/advanced Green’s functions.

The Green functions can be represented by using func-
tional integrals either over bosonic or fermionic fields de-
fined on the two-dimensional space [85]. We shall con-
sider the Gaussian functional integrals,

Z±F =

∫
D [χ̄±, χ±] e−S

±
F ,

S±F = −i
∫
d2x χ̄±

(
ε± i0+ −H

)
χ±,

Z±B =

∫
D
[
φ̄±, φ±

]
e−S

±
B ,

S±B = −i
∫
d2x φ̄±

(
ε± i0+ −H

)
φ±, (G3)

where χ± (φ±) are fermionic (bosonic) functional inte-
gral variables. The two-point correlation functions com-
puted using either S±F or S±B reproduce the Green’s func-
tions G(ε± i0+). The products of Green’s functions can
be represented similarly by introducing flavors (multiple
copies) of the functional integral variables. Because of

the identity Z±F Z
±
B = 1, valid for any configurations of

Ax,y,m, V , the fermionic and bosonic integrals can be
combined when we perform quenched disorder averaging
(the supersymmetry technique [85]). We will focus below
on the product of one retarded and one advanced Green’s
function, and consider SF = S+

F +S−F and SB = S+
B+S−B ,

with the total action S = SF + SB .
For convenience, we will work with the rotated basis:

(σz, σx, σy)→ (σy, σx,−σz). In this basis, we can write

H = (−2i)σy

[(
∂ +A M

M̄ ∂̄ + Ā

)]
, (G4)

where we have introduced (∂x ∓ i∂y)/2 ≡ ∂(∂̄), (Ax ∓
iAy)/2 ≡ −A(Ā), (m± iV )/2 = M(M̄). Introducing the
left and right movers as

χ̄(−σyτz) = (ψ†R, ψ
†
L)a=1,2, χ = (ψR, ψL)Ta=1,2,

φ̄(−σyτz) = (β†R, β
†
L)a=1,2, φ = (βR, βL)Ta=1,2, (G5)

where τz acts on the retarded/advanced indices ±, and

rescaling ψ† → ψ†/
√

2, ψ → ψ/
√

2, etc., we obtain

SF =

∫
d2x

2∑
a=1

[
ψ†aR(∂ +A)ψaR + ψ†aL(∂̄ + Ā)ψaL

+Mψ†aRψaL + M̄ψ†aLψaR

]
+

∫
d2x

∑
a

(ε− (−1)ai0+)
[
ψ†RψL − ψ

†
LψR

]
,

SB =

∫
d2x

2∑
a=1

[
β†aR(∂ +A)βaR + β†aL(∂̄ + Ā)βaL

+Mβ†aRβaL + M̄ψ†aLβaR

]
+

∫
d2x

∑
a

(ε− (−1)ai0+)
[
β†RβL − β

†
LβR

]
.

(G6)

When we set 0+ = 0, the total action S = SF + SB
enjoys GL(2|2) symmetry. Up to the term proportional
to 0+, the action (G6) is identical to the action used
to study an Anderson localization problem for Hermi-
tian symmetry class BDI – See e.g., Ref. [88] and (2.28)
in Ref. [89]. In these papers, the Anderson localization
problem of fermions hopping on a two-dimensional square
lattice in the presence of background π-flux per plaquette
and real random bipartite hopping elements was studied
[90]. The relation between the non-Hermitian and Hermi-
tian problems comes from the doubling or Hermitization
[49, 79, 88, 90–92]. While the actions are identical, in
the Hermitian class BDI problem, the flavor degrees of
freedom (labeled by the index a) come from the valley
degrees of freedom on the square lattice that arise due
to the fermion doubling. On the other hand, in the non-
Hermitian class D† problem, the flavor degrees of freedom
arise as we consider the product of two Green’s functions.
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Reintroducing now the term proportional to 0+, this
term breaks the GL(2|2) symmetry down to GL(1|1).
In the Hermitian class BDI problem, there is a simi-
lar term that again breaks GL(2|2) symmetry, and also

the U(1) symmetry ψAa → eiθψAa, ψ†Aa → e−iθψ†Aa,

βAa → eiθβAa, β†Aa → e−iθβ†Aa where A = R/L. The
scaling of this term under the renormalization group
(RG) flow leads the Gade singularity in the density of
states at the band center. On the other hand, since in
the non-Hermitian class D† problem the terms propor-
tional to 0+ and ε are invariant under U(1), it is not
clear if we should expect the Gade singularity or alike.
(Note that in order to discuss the density of states, we
don’t have to introduce the retarded/advanced indices,
and we get the field theory with GL(1|1) symmetry.)

Assuming white noise distribution with zero mean for
all disorder potentials, and setting ε = 0+ = 0, the weak
coupling RG flow has been computed [88, 89]. The gauge
randomness is marginally relevant and decouples from
the other coupling constants. In particular, in the Her-
mitian class BDI problem, it does not affect the conduc-
tance. When only ReM or ImM is non-zero, the system
reduces to two copies of a Dirac fermion in Hermitian
symmetry class D, perturbed by random mass pertur-
bation. The system flows to a clean critical point. On
the other hand, when both ReM and ImM are present,
and their disorder strength are the same, a line of critical

point is realized. Along the critical line, for the case of
Hermitian symmetry class BDI, the conductance changes
continuously.

Finally, the functional integral approach formulated
above can be used to derive the corresponding (super)
quantum spin chain problem in one spatial dimension
– see, for example, Refs. [93–95] to see how this map-
ping works for the original Chalker-Coddington network
model (the integer quantum Hall plateau transition). In
this mapping, one of the spatial directions is regarded
as a fictitious time direction. Being anisotropic, tak-
ing the vertical and horizontal directions as the time di-
rection maps our non-Hermitian network model to dif-
ferent quantum spin chain problems. If the horizontal
direction is regarded as a time direction, the resulting
one-dimensional quantum system is non-Hermitian and
nothing but the Hatano-Nelson model (in the presence of
disorder). This is consistent with the fact that the non-
Hermitian skin effect is present in the y-direction in the
non-Hermitian network problem. On the other hand, if
the vertical direction is regarded as a time direction, the
resulting one-dimensional quantum system is Hermitian
and the non-Hermiticity (≡ γ) in the original network
model language is mapped to a finite chemical potential,
i.e., the system is tuned away from half-filling. This is
consistent with the extended gapless phase with the EPs
in the non-Hermitian network model language.
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los, Marin Soljačić, and Bo Zhen, “Observation of bulk
Fermi arc and polarization half charge from paired ex-
ceptional points,” Science 359, 1009–1012 (2018).

[20] Johan Carlström and Emil J. Bergholtz, “Exceptional
links and twisted Fermi ribbons in non-Hermitian sys-
tems,” Phys. Rev. A 98, 042114 (2018).

[21] Shunyu Yao and Zhong Wang, “Edge states and topo-
logical invariants of non-Hermitian systems,” Phys. Rev.
Lett. 121, 086803 (2018).

[22] Naomichi Hatano and David R. Nelson, “Localization
transitions in non-Hermitian quantum mechanics,” Phys.
Rev. Lett. 77, 570–573 (1996).

[23] Naomichi Hatano and David R. Nelson, “Vortex pinning
and non-Hermitian quantum mechanics,” Phys. Rev. B
56, 8651–8673 (1997).

[24] Tony E. Lee, “Anomalous edge state in a non-Hermitian
lattice,” Phys. Rev. Lett. 116, 133903 (2016).

[25] Flore K. Kunst, Elisabet Edvardsson, Jan Carl Budich,
and Emil J. Bergholtz, “Biorthogonal bulk-boundary cor-
respondence in non-Hermitian systems,” Phys. Rev. Lett.
121, 026808 (2018).

[26] Ye Xiong, “Why does bulk boundary correspondence
fail in some non-Hermitian topological models,” J. Phys.
Commun. 2, 035043 (2018).

[27] Shunyu Yao, Fei Song, and Zhong Wang, “Non-
Hermitian Chern bands,” Phys. Rev. Lett. 121, 136802
(2018).

[28] Kazuki Yokomizo and Shuichi Murakami, “Non-Bloch
band theory of non-Hermitian systems,” Phys. Rev. Lett.
123, 066404 (2019).

[29] Dan S. Borgnia, Alex Jura Kruchkov, and Robert-Jan
Slager, “Non-hermitian boundary modes and topology,”
Phys. Rev. Lett. 124, 056802 (2020).

[30] Kai Zhang, Zhesen Yang, and Chen Fang, “Corre-
spondence between winding numbers and skin modes in
non-Hermitian systems,” Phys. Rev. Lett. 125, 126402
(2020).

[31] S. Longhi, “Non-Bloch-band collapse and chiral Zener
tunneling,” Phys. Rev. Lett. 124, 066602 (2020).

[32] Linhu Li, Ching Hua Lee, Sen Mu, and Jiangbin Gong,
“Critical non-Hermitian skin effect,” Nature Commun.
11, 5491 (2020).

[33] Kai Zhang, Zhesen Yang, and Chen Fang, “Universal
non-Hermitian skin effect in two and higher dimensions,”
(2021), arXiv:2102.05059 [cond-mat.mes-hall].

[34] Lei Xiao, Tianshu Deng, Kunkun Wang, Gaoyan Zhu,
Zhong Wang, Wei Yi, and Peng Xue, “Non-Hermitian
bulk–boundary correspondence in quantum dynamics,”
Nature Phys. 16, 761–766 (2020).

[35] T. Helbig, T. Hofmann, S. Imhof, M. Abdelghany,
T. Kiessling, L. W. Molenkamp, C. H. Lee, A. Sza-
meit, M. Greiter, and R. Thomale, “General-
ized bulk–boundary correspondence in non-Hermitian
topolectrical circuits,” Nature Phys. 16, 747–750 (2020).

[36] Ananya Ghatak, Martin Brandenbourger, Jasper van
Wezel, and Corentin Coulais, “Observation of non-
Hermitian topology and its bulk–edge correspondence in
an active mechanical metamaterial,” PNAS 117, 29561–
29568 (2020).

[37] Sebastian Weidemann, Mark Kremer, Tobias Helbig, To-
bias Hofmann, Alexander Stegmaier, Martin Greiter,

Ronny Thomale, and Alexander Szameit, “Topological
funneling of light,” Science 368, 311–314 (2020).

[38] Yu Chen and Hui Zhai, “Hall conductance of a non-
Hermitian Chern insulator,” Phys. Rev. B 98, 245130
(2018).

[39] Timothy M. Philip, Mark R. Hirsbrunner, and
Matthew J. Gilbert, “Loss of Hall conductivity quanti-
zation in a non-Hermitian quantum anomalous Hall in-
sulator,” Phys. Rev. B 98, 155430 (2018).

[40] C. Wang and X. R. Wang, “Non-Quantized Edge
Channel Conductance and Zero Conductance Fluc-
tuation in Non-Hermitian Chern Insulators,” arXiv
e-prints , arXiv:1901.06982 (2019), arXiv:1901.06982
[cond-mat.mes-hall].

[41] Mark R. Hirsbrunner, Timothy M. Philip, and
Matthew J. Gilbert, “Topology and observables of the
non-Hermitian Chern insulator,” Phys. Rev. B 100,
081104 (2019).

[42] Solofo Groenendijk, Thomas L. Schmidt, and
Tobias Meng, “Universal Hall conductance scaling
in non-Hermitian Chern insulators,” arXiv e-prints
, arXiv:2009.10455 (2020), arXiv:2009.10455 [cond-
mat.mes-hall].

[43] J T Chalker and P D Coddington, “Percolation, quantum
tunnelling and the integer Hall effect,” J. Phys. C: Solid
State Phys. 21, 2665–2679 (1988).

[44] Supriyo Datta, Electronic Transport in Mesoscopic Sys-
tems, Cambridge Studies in Semiconductor Physics
and Microelectronic Engineering (Cambridge University
Press, 1995).

[45] J. Imry, Introduction to Mesoscopic Physics, Mesoscopic
Physics and Nanotechnology (Oxford University Press,
1997).

[46] Alexander Altland and Martin R. Zirnbauer, “Non-
standard symmetry classes in mesoscopic normal-
superconducting hybrid structures,” Phys. Rev. B 55,
1142–1161 (1997).

[47] M. V. Medvedyeva, J. Tworzyd lo, and C. W. J.
Beenakker, “Effective mass and tricritical point for lat-
tice fermions localized by a random mass,” Phys. Rev. B
81, 214203 (2010).

[48] Andreas W. W. Ludwig, Matthew P. A. Fisher,
R. Shankar, and G. Grinstein, “Integer quantum Hall
transition: An alternative approach and exact results,”
Phys. Rev. B 50, 7526–7552 (1994).

[49] Kohei Kawabata, Ken Shiozaki, Masahito Ueda, and
Masatoshi Sato, “Symmetry and topology in non-
Hermitian physics,” Phys. Rev. X 9, 041015 (2019).

[50] Wenchao Hu, Hailong Wang, Perry Ping Shum, and
Y. D. Chong, “Exceptional points in a non-Hermitian
topological pump,” Phys. Rev. B 95, 184306 (2017).

[51] C.-M. Ho and J. T. Chalker, “Models for the integer
quantum Hall effect: The network model, the Dirac equa-
tion, and a tight-binding Hamiltonian,” Phys. Rev. B 54,
8708–8713 (1996).

[52] Sora Cho and Matthew P. A. Fisher, “Criticality in the
two-dimensional random-bond Ising model,” Phys. Rev.
B 55, 1025–1031 (1997).

[53] Pierre Delplace, Michel Fruchart, and Clément Tauber,
“Phase rotation symmetry and the topology of oriented
scattering networks,” Phys. Rev. B 95, 205413 (2017).

[54] Mark S. Rudner, Netanel H. Lindner, Erez Berg,
and Michael Levin, “Anomalous edge states and the
bulk-edge correspondence for periodically driven two-

http://dx.doi.org/10.1103/PhysRevA.98.033807
http://dx.doi.org/ 10.1126/science.aap9859
http://dx.doi.org/10.1103/PhysRevA.98.042114
http://dx.doi.org/ 10.1103/PhysRevLett.121.086803
http://dx.doi.org/ 10.1103/PhysRevLett.121.086803
http://dx.doi.org/10.1103/PhysRevLett.77.570
http://dx.doi.org/10.1103/PhysRevLett.77.570
http://dx.doi.org/ 10.1103/PhysRevB.56.8651
http://dx.doi.org/ 10.1103/PhysRevB.56.8651
http://dx.doi.org/ 10.1103/PhysRevLett.116.133903
http://dx.doi.org/10.1103/PhysRevLett.121.026808
http://dx.doi.org/10.1103/PhysRevLett.121.026808
http://dx.doi.org/10.1088/2399-6528/aab64a
http://dx.doi.org/10.1088/2399-6528/aab64a
http://dx.doi.org/10.1103/PhysRevLett.121.136802
http://dx.doi.org/10.1103/PhysRevLett.121.136802
http://dx.doi.org/ 10.1103/PhysRevLett.123.066404
http://dx.doi.org/ 10.1103/PhysRevLett.123.066404
http://dx.doi.org/ 10.1103/PhysRevLett.124.056802
http://dx.doi.org/10.1103/PhysRevLett.125.126402
http://dx.doi.org/10.1103/PhysRevLett.125.126402
http://dx.doi.org/ 10.1103/PhysRevLett.124.066602
http://dx.doi.org/10.1038/s41467-020-18917-4
http://dx.doi.org/10.1038/s41467-020-18917-4
http://arxiv.org/abs/2102.05059
http://dx.doi.org/10.1038/s41567-020-0836-6
http://dx.doi.org/ 10.1038/s41567-020-0922-9
http://dx.doi.org/ 10.1073/pnas.2010580117
http://dx.doi.org/ 10.1073/pnas.2010580117
http://dx.doi.org/10.1126/science.aaz8727
http://dx.doi.org/ 10.1103/PhysRevB.98.245130
http://dx.doi.org/ 10.1103/PhysRevB.98.245130
http://dx.doi.org/ 10.1103/PhysRevB.98.155430
http://arxiv.org/abs/1901.06982
http://arxiv.org/abs/1901.06982
http://dx.doi.org/ 10.1103/PhysRevB.100.081104
http://dx.doi.org/ 10.1103/PhysRevB.100.081104
http://arxiv.org/abs/2009.10455
http://arxiv.org/abs/2009.10455
http://dx.doi.org/ 10.1088/0022-3719/21/14/008
http://dx.doi.org/ 10.1088/0022-3719/21/14/008
http://dx.doi.org/10.1017/CBO9780511805776
http://dx.doi.org/10.1017/CBO9780511805776
https://books.google.de/books?id=iv0pCNF_6bAC
http://dx.doi.org/10.1103/PhysRevB.55.1142
http://dx.doi.org/10.1103/PhysRevB.55.1142
http://dx.doi.org/10.1103/PhysRevB.81.214203
http://dx.doi.org/10.1103/PhysRevB.81.214203
http://dx.doi.org/10.1103/PhysRevB.50.7526
http://dx.doi.org/ 10.1103/PhysRevX.9.041015
http://dx.doi.org/10.1103/PhysRevB.95.184306
http://dx.doi.org/10.1103/PhysRevB.54.8708
http://dx.doi.org/10.1103/PhysRevB.54.8708
http://dx.doi.org/ 10.1103/PhysRevB.55.1025
http://dx.doi.org/ 10.1103/PhysRevB.55.1025
http://dx.doi.org/10.1103/PhysRevB.95.205413


18

dimensional systems,” Phys. Rev. X 3, 031005 (2013).
[55] Paraj Titum, Erez Berg, Mark S. Rudner, Gil Refael,

and Netanel H. Lindner, “Anomalous Floquet-Anderson
insulator as a nonadiabatic quantized charge pump,”
Phys. Rev. X 6, 021013 (2016).

[56] Lukas J. Maczewsky, Julia M. Zeuner, Stefan Nolte, and
Alexander Szameit, “Observation of photonic anoma-
lous Floquet topological insulators,” Nature Commun.
8, 13756– (2017).

[57] Sebabrata Mukherjee, Alexander Spracklen, Manuel Va-
liente, Erika Andersson, Patrik hberg, Nathan Goldman,
and Robert R. Thomson, “Experimental observation of
anomalous topological edge modes in a slowly driven pho-
tonic lattice,” Nature Commun. 8, 13918– (2017).

[58] B. Kramer, T. Ohtsuki, and S. Kettemann, “Random
network models and quantum phase transitions in two
dimensions,” Physics Reports 417, 211–342 (2005).

[59] N. P. Armitage, E. J. Mele, and Ashvin Vishwanath,
“Weyl and Dirac semimetals in three-dimensional
solids,” Rev. Mod. Phys. 90, 015001 (2018).

[60] Xiangang Wan, Ari M. Turner, Ashvin Vishwanath, and
Sergey Y. Savrasov, “Topological semimetal and Fermi-
arc surface states in the electronic structure of pyrochlore
iridates,” Phys. Rev. B 83, 205101 (2011).

[61] Binghai Yan and Claudia Felser, “Topological materials:
Weyl semimetals,” Annu. Rev. Cond. Mat. Phys. 8, 337–
354 (2017).

[62] A. A. Burkov and Leon Balents, “Weyl semimetal in a
topological insulator multilayer,” Phys. Rev. Lett. 107,
127205 (2011).

[63] Kohei Kawabata, Takumi Bessho, and Masatoshi Sato,
“Classification of exceptional points and non-Hermitian
topological semimetals,” Phys. Rev. Lett. 123, 066405
(2019).

[64] Nobuyuki Okuma, Kohei Kawabata, Ken Shiozaki, and
Masatoshi Sato, “Topological origin of non-Hermitian
skin effects,” Phys. Rev. Lett. 124, 086801 (2020).

[65] Kohei Kawabata, Ken Shiozaki, and Masahito Ueda,
“Anomalous helical edge states in a non-Hermitian Chern
insulator,” Phys. Rev. B 98, 165148 (2018).

[66] Ching Hua Lee, Linhu Li, and Jiangbin Gong, “Hybrid
higher-order skin-topological modes in nonreciprocal sys-
tems,” Phys. Rev. Lett. 123, 016805 (2019).

[67] Kohei Kawabata, Masatoshi Sato, and Ken Shiozaki,
“Higher-order non-Hermitian skin effect,” Phys. Rev. B
102, 205118 (2020).

[68] Ryo Okugawa, Ryo Takahashi, and Kazuki Yokomizo,
“Second-order topological non-hermitian skin effects,”
Phys. Rev. B 102, 241202 (2020).

[69] Raymond Redheffer, “On the relation of transmission-
line theory to scattering and transfer,” J. Math. Phys.
41, 1–41 (1962).

[70] J. T. Chalker, N. Read, V. Kagalovsky, B. Horovitz,
Y. Avishai, and A. W. W. Ludwig, “Thermal metal in
network models of a disordered two-dimensional super-
conductor,” Phys. Rev. B 65, 012506 (2001).

[71] Ferdinand Evers and Alexander D. Mirlin, “Anderson
transitions,” Rev. Mod. Phys. 80, 1355–1417 (2008).

[72] Kohei Kawabata and Shinsei Ryu, “Nonunitary scaling
theory of non-Hermitian localization,” Phys. Rev. Lett.
126, 166801 (2021).

[73] Mohammad Hafezi, Eugene A. Demler, Mikhail D.
Lukin, and Jacob M. Taylor, “Robust optical delay lines
with topological protection,” Nature Phys. 7, 907 (2011).

[74] Shirin Afzal, Tyler J. Zimmerling, Yang Ren, David Per-
ron, and Vien Van, “Realization of anomalous Floquet
insulators in strongly coupled nanophotonic lattices,”
Phys. Rev. Lett. 124, 253601 (2020).

[75] Fei Gao, Zhen Gao, Xihang Shi, Zhaoju Yang, Xiao Lin,
Hongyi Xu, John D. Joannopoulos, Marin Soljačić, Hong-
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