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We study the Josephson effect in spin-triplet superconductor−quantum anomalous Hall
insulator−spin-triplet superconductor junctions using the nonequilibrium Green function method.
The current-phase difference relations show strong dependence on the orientations of the d-vectors
in superconductors. We focus on two d-vector configurations, the parallel one with the left and
right d-vectors being in the same direction, and the nonparallel one with the left d-vector fixed
at the z-axis. For the parallel configuration, the 0-π transition can be realized when one rotates
the d-vectors from the parallel to the junction plane to the perpendicular direction. The φ0 phase
with nonzero Josephson current at zero phase difference can be obtained as long as dxdz 6= 0. For
the nonparallel configuration, the 0-π transition and the φ0 phase still exist. The condition for the
formation of the φ0 phase becomes dRx 6= 0. The switch effects of the Josephson current are found
in both configurations when the d-vectors are rotated in the xy plane. Furthermore, the symmetries
satisfied by the current-phase difference relations are analysed in details by the operations of the
time-reversal, mirror-reflections, the spin-rotation and the gauge transformation, which can well
explain the above selection rules for the φ0 phase. Our results reveal the peculiar Josephson effect
between spin-triplet superconductors and the quantum anomalous Hall insulator, which provide
helpful phases and effects for the device designs. The distinct current-phase difference relations
for different orientations may be used to determine the direction of the d-vector in the spin-triplet
superconductor.

PACS numbers:

I. INTRODUCTION

The quantum anomalous Hall insulator (QAHI) with
bulk gap and chiral edge states in the absence of exter-
nal magnetic field has been experimentally observed in
the magnetic topological insulator1 soon after its theo-
retical prediction2. QAHI can realize the chiral topolog-
ical superconducting states when it is in proximity to a
conventional s-wave superconductor3. Various studies on
the electrical transport have been carried out to detect or
regulate the chiral Majorana edge modes produced in the
composite system4–12. The Josephson junctions are also
researched, which exhibit novel phase shift13,14, anoma-
lous critical current15, tunable Majorana valve effect16 or
induced paring states17. However, the superconductors
involved in the existing studies are limited to the spin-
singlet pairing. The form of interaction between QAHI
and the spin-triplet superconductors (STSs) is still un-
known.

Generally, STSs show more physics due to thier com-
plex spin structures of Cooper pairs18. The spin part of
the superconducting wave function is described by the so
called d-vector which has three components in a rectan-
gular coordinate system, i.e., d = (dx, dy, dz).

19 Its direc-
tion can be tuned by a very weak field20. The orientation
of the d-vector can impose decisive impact on the trans-
port and topological properties of STS21–23. Especially,
for the magnetic Josephson junctions, the relative orien-

tation of two d-vectors in STSs can be used to adjust the
Andreev bound states24 and to produce the Josephson
current switches25 or the 0-π phase transitions26,27 valu-
able for the circuit element of quantum computation28.
For the material realization of STSs, there are many the-
oretical and experimental researches for the identification
of the spin-triplet pairing18,29–31, which include the de-
termination of the direction of the d-vector32,33. In ad-
dition, the spin-triplet pairing with a nonzero d-vector
also appears in some superconducting material with the
spin-orbit coupling.34,35 In this paper, we study the STS-
QAHI-STS Josephson junctions with the chiral p-wave
pairing in STSs. The d-vectors are expressed as (kx+iky)
for their orbital part. This type of paring is believed to
be the candidate state for Sr2RO4.

18,36

In our STS-QAHI-STS junctions, the two d-vectors
in STSs can be along any directions. For definiteness,
we study the current-phase difference relations (CPRs)
for two configurations using the lattice nonequilibrium
Green function technology. For the first configuration,
the vectors keep parallel and are rotated simultaneously.
We find if the orientation of d-vectors is changed from
the direction parallel to the junctions to that perpen-
dicular to the junctions, the 0-π transition will happen.
When the d-vectors satisfy the condition dxdz 6= 0, the
cosφ-type current emerges. The φ0 phase with free en-
ergy minimum at the phase difference φ 6= 0, π forms.
This phase possesses the nonzero current as the phase
difference φ is zero, which has attracted numerous the-
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oretical and experimental researches37–42 due to its po-
tential applications in device designs43. For the second
configuration, the d-vector for the left STS is fixed along
the z-axis, while that for the right STS is rotated arbi-
trarily. It is found the 0-π transition happens when the
right vector is inverted from the +z direction to the −z
direction. When the x component of the right vector is
not zero, i.e., dRx 6= 0, the cosφ-type current appears
and the φ0 phase forms. We also find the on/off effects
of the Josephson current for both configurations when
the d-vectors are rotated from the x direction to the y
direction in the xy plane.

In addition, three universal symmetry relations for
CPRs in STS-QAHI-STS junctions are derived, which ap-
ply to the general d-vector configuration. These relations
can well explain the novel behaviours of CPRs including
the selection rules for the cosφ-type current and the φ0
phase. To clarify the origin of the relations, we analyse
the invariance of QAHI using the continuum model un-
der operations of the time-reversal, mirror-reflections, the
spin-rotation and the gauge transformation, as well as the
changes imposed on STSs by the operations. From the
analyses, we find the symmetry relations actually reflect
the unique nature of QAHI and its peculiar interaction
with STSs.

The rest of paper is organized as follows. In Sec. II, we
present the continuum and lattice models for QAHI and
STSs. The edge states of QAHI are solved with the con-
tinuum Hamiltonian. The Josephson current is expressed
based on the lattice model by the nonequilibrium Green
function method. In Sec. III, the numerical results are
presented for the parallel and nonparallel configurations
of d-vectors. The 0-π transition, the selection rules for
the φ0 phase and the symmetry relations for CPRs are
discussed in detail. Sec. IV analyses the origin of the
symmetry relations through the continuum models un-
der five kinds of transformations. At last, the results are
summarized in Sec.V.

II. MODEL AND FORMULATION

A. Continuum model

We consider the two-dimensional STS-QAHI-STS
Josephson junction in the xy plane as shown in Fig. 1(a).
The finite width along the y direction of the junctions is
W . The length of QAHI is L and is limited in the region
−L

2 < x < L
2 . The semi-infinite STSs are placed in the

region x < −L
2 and x > L

2 for the left one and the right
one, respectively. The Hamiltonian of the junctions is
written as

H = HLS +HQAHI +HRS , (1)

where HLS, HQAHI and HRS are the Hamiltonians for
the left STS, QAHI and the right STS, respectively.

STS STS
QAHI

x=-L/2 x=L/2

(a)

(b)

E

kx

(c)

FIG. 1: (a) Schematic illustration of the STS-QAHI-STS
junctions. The d-vectors in the left and the right STSs are
denoted by dL and dR, respectively. The direction of dL(dR)
is depicted by the polar angle θL(θR) and the azimuthal an-
gle ϕL(ϕR). The junctions are placed in the xy plane. (b)
The energy bands of QAHI. The linear dispersions (yellow)
for the edge states are located in the gap of bulk bands(grey).
(c) The edge states in QAHI. The yellow arrows denote the
motion direction of electrons and the red arrows denote their
spin.

For the continuum model, the STS Hamiltonian
HL(R)S is given by (we take ~ = 1.)

HL(R)S =
∑

k

Ψ†

L(R)kȞL(R)(k)ΨL(R)k, (2)

with ΨL(R)k = (cL(R),k↑, cL(R),k↓, c
†

L(R),−k↑
, c

†

L(R),−k↓
)T

and the 4× 4 Bogoliubov-de Gennes (BdG) Hamiltonian

ȞL(R)(k) =

(

ǫL(R) (σ · dL(R))iσy
(σ · dL(R))

∗iσy −ǫL(R)

)

. (3)

Here ǫL(R) = k2

2m − µL(R), dL(R) = ∆f(k)eiφL(R)nL(R)

and the Pauli matrices σ = (σx, σy, σz). The chemical
potential and the energy gap are denoted by µL(R) and
∆, respectively. We choose the chiral p-wave pairing
with f(k) = kx+ iky for STSs18,36, in which k = (kx, ky)
is the two-dimensional wavevector. The direction of
dL(R) is expressed by its polar angle θL(R) and azimuthal
angle ϕL(R), i.e., nL(R) = (nL(R)1, nL(R)2, nL(R)3) =
(sin θL(R) cosϕL(R), sin θL(R) sinϕL(R), cos θL(R)), as
shown in Fig. 1(a).
For QAHI, we adopt the following Hamiltonian of the

BdG form2,

HQAHI =
∑

k

ψ
†
k
ȞQAHI(k)ψk, (4)

with ψk = (ck↑, ck↓, c
†
−k↑, c

†
−k↓)

T and

ȞQAHI (k) =

(

h(k) 0
0 −h∗(−k)

)

. (5)
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The electron part is given by

h(k) =

(

m0 +Bk2 A(kx − iky)
A(kx + iky) −m0 −Bk2

)

, (6)

where the parameters are taken as m0 = −1.5 and A =
B = 0.25 in this paper. This will lead to the energy
bands as shown in Fig. 1(b) for QAHI with the periodic
boundary condition in the x direction and open boundary
conditions at y = 0 and W . There is a bulk energy gap
for electrons and linear dispersions at edges. The linear
dispersion with the positive slope corresponds to the edge
y = 0 and the negative slope corresponds to the edge
y =W .
From the continuum model Eq.(6), we can solve the

edge states for energy E > 0 at y = 0. The dispersion
relation is

E = Akx, (7)

and the wave function is

c

(

1
1

)

e−
A
2B y sin

[

y

√

−k2x −
m0

B
−

A2

4B2

]

, (8)

with a constant c. The wave function decays towards the
interior of QAHI and the spin of the electron is along
the x-axis. The edge state at y = W can be solved in a
similar way. If QAHI is also finite along the x direction
such as the situation for the junctions in Fig. 1(a), there
will be four edges. The edge sates are plotted in Fig.
1(c). The yellow arrows denote the motion direction of
electrons and red arrows represent their spin.

B. Lattice model

0 N1 2 …… N-1

STS QAHI STS

-1 N+1…… …...N+2

1

2

…
…

w-1

w

FIG. 2: Schematic illustration of two-dimensional square lat-
tice model for the Josephson junctions in Fig. 1(a). The
lattice constant is a. The width of the lattice is w. The
length of QAHI is N . In our calculations, we take N = 40
and w = 40.

In order to calculate the Josephson current, we dis-
cretize the continuum Hamiltonians on a two-dimensional
square lattice as shown in Fig. 2. The lattice constant
is taken as a. The length and width of QAHI are N
and w, respectively, which satisfy L = (N − 1)a and

W = (w − 1)a. The STS regions are of the same width
but semi-infinite along the x direction.
The discrete Hamiltonians for left STS and right STS

are

HLS =
∑

ix≤0
1≤iy≤w

ΨL+
i ȞL

0 Ψ
L
i +

∑

ix≤−1
1≤iy≤w

ΨL+
i ȞL

x Ψ
L
i+δx

+
∑

ix≤0
1≤iy≤w−1

ΨL+
i ȞL

y Ψ
L
i+δy +H.C.,

(9)

and

HRS =
∑

ix≥N+1
1≤iy≤w

[

ΨR+
i ȞR

0 ΨR
i +ΨR+

i ȞR
x ΨR

i+δx

]

+
∑

ix≥N+1
1≤iy≤w−1

ΨR+
i ȞR

y ΨR
i+δy +H.C.,

(10)

respectively. Here Ψ
L(R)
i =

(ΨL(R)i↑,ΨL(R)i↓,Ψ
†

L(R)i↑,Ψ
†

L(R)i↓)
T in which ΨL(R)iα

is the annihilation operator of electron with spin α on
the site i = (ix, iy) in the left(right) STS. The matrices

are Ȟ
L(R)
0 = diag( 2

ma2 − µL(R),
2

ma2 − µL(R),−
2

ma2 +

µL(R),−
2

ma2 + µL(R)),

ȞL(R)
x =















− 1
2ma2 0

−i∆
L(R)
↑↑

2a

−i∆
L(R)
↑↓

2a

0 − 1
2ma2

−i∆
L(R)
↓↑

2a

−i∆
L(R)
↓↓

2a
−i∆

L(R)∗
↑↑

2a

−i∆
L(R)∗
↓↑

2a
1

2ma2 0
−i∆

L(R)∗
↑↓

2a

−i∆
L(R)∗
↓↓

2a 0 1
2ma2















,(11)

and

ȞL(R)
y =















− 1
2ma2 0

∆
L(R)
↑↑

2a

∆
L(R)
↑↓

2a

0 − 1
2ma2

∆
L(R)
↓↑

2a

∆
L(R)
↓↓

2a
−∆

L(R)∗
↑↑

2a

−∆
L(R)∗
↓↑

2a
1

2ma2 0
−∆

L(R)∗
↑↓

2a

−∆
L(R)∗
↓↓

2a 0 1
2ma2 ,















, (12)

where ∆
L(R)
↑↑ = ∆(−nL(R)1 + inL(R)2)e

iφL(R) , ∆
L(R)
↑↓ =

∆
L(R)
↓↑ = ∆nL(R)3e

iφL(R) and ∆
L(R)
↓↓ = ∆(nL(R)1 +

inL(R)2)e
iφL(R) with nL(R) = (nL(R)1, nL(R)2, nL(R)3).

The discrete Hamiltonian for QAHI is

HQAHI =
∑

1≤ix≤N
1≤iy≤w

ψ
†
i Ȟ0ψi +

∑

1≤ix≤N−1
1≤iy≤w

ψ
†
i Ȟxψi+δx

+
∑

1≤ix≤N
1≤iy≤w−1

ψ
†
i Ȟyψi+δy +H.C.,

(13)

with ψi = (ψi↑, ψi↓, ψ
†
i↑, ψ

†
i↓)

T in which ψiα is the an-
nihilation operator of electron with spin α on the site
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i = (ix, iy) in QAHI regime. The matrices are Ȟ0 =

diag(m0 +
4B
a2 ,−m0 −

4B
a2 ,−m0 −

4B
a2 ,m0 +

4B
a2 ),

Ȟx =









− B
a2 − iA

2a 0 0
− iA

2a
B
2a2 0 0

0 0 B
a2 − iA

2a
0 0 − iA

2a − B
a2









, (14)

and

Ȟy =









− B
a2 − A

2a 0 0
A
2a

B
a2 0 0

0 0 B
a2

A
2a

0 0 − A
2a − B

a2









. (15)

When we consider a QAHI ribbon with open boundary
conditions at y = 0 and W , kx will be a good quantum
number. The energy bands of QAHI can be calculated
from the lattice model in Eq. (13), which has been shown
in Fig. 1(b).
The tunneling Hamiltonian describing hopping be-

tween different regions can be written as

HT =
∑

1≤iy≤w

[

ΨL+
0 Ťψ1 +ΨR+

N+1ŤψN +H.C.
]

, (16)

with the hoping matrix Ť = diag(t, t,−t∗,−t∗). For sim-

plicity, we use the subscript 0 in ΨL+
0 to denote the site

i = (0, iy). The subscripts in other operators have the
same meanings.

C. Expression of Josephson current

We define the particle number operator for the left STS
as

NL =
∑

ix≤0
1≤iy≤w

∑

α

Ψ+
LiαΨLiα. (17)

The Josephson current is given by

I = e

〈

dNL

dt

〉

= −e
∑

iy

Tr[Γz ŤG
<
QS(t, t,

1
iy,

0
iy) +H.C.],(18)

with Γz = σz ⊗ 12×2. The “lesser” Green function is

defined as G<
QS(t, t

′, 1
iy,

0
i′y
) = i〈ΨL+

(0,i′y)
(t′)⊗ ψ(1,iy)(t)〉.

By introducing the contour-ordered Green function
and using Langreth theorem, the current can be ex-
pressed as45–47

I = −
e

2π

∫

dETr[ΓzG
r
Q(E)Σ<

LS(E) + ΓzG
<
Q(E)Σa

LS(E)

− ΓzΣ
<
LS(E)Ga

Q(E)− ΓzΣ
r
LS(E)G<

Q(E)].

(19)

Here, the Green functions Gr
Q(E), Ga

Q(E) and G<
Q(E)

in QAHI regime can be derived by the recursive al-
gorithm. The self energies are given by Σr

LS(E) =

Ť †grLS(E)Ť , Σa
LS(E) = Ť †[grLS(E)]†Ť and Σ<

LS(E) =
−f(E)[Σr

LS(E) − Σa
LS(E)] with f(E) the Fermi distri-

bution function. The surface Green function grLS(E) for
the left STS can be deduced by the Möbius transforma-
tion according to Ref.[44]. The detailed derivation for
the Green functions is presented in Appendix.

III. NUMERICAL RESULTS

We will discuss two types of junction configurations,
the parallel one and the nonparallel one. For the first
case, the d-vectors in the two STSs keep the same ori-
entation and are rotated together. For the second case,
the d-vector in the left STS is fixed along the z-axis,
i.e., dL ‖ ẑ, while the d-vector for the right STS is ro-
tated arbitrarily. In our calculations, we take a = 0.5,
N = w = 40, m = 2, µL = µR = 2.5, t = 1, ∆ = 0.005
and the temperature T = 0. The current almost keep
the same value at the low temperature, e.g. T < 0.05TC .
The superconductor gap ∆ is far less than the bulk
gap Eg of QAHI in our calculations. This ensures that
the current flows only through the chiral edge states of
QAHI. The realistic values of ∆ and Eg in experiment
can well meet the requirement ∆ ≪ Eg.

18,49–51 The unit

of the current is chosen as e∆
π
. Since the Josephson cur-

rent only depends on the phase difference, we will define
φ = φL − φR.
It is well known that the Josephson current can be

generally decomposed into the Fourier series48, I(φ) =
∑

n≥1[an sin (nφ) + bn cos (nφ)]. Accordingly, the free

energy of Josephson junctions can be given by E(φ) =
1
2e

∑

n≥1[
an

n
(1 − cosnφ) + bn

n
sinnφ]. For the junctions

composed of a spin-singlet superconductor and a STS,
the lowest order current with n = 1 is absent due
to the orthogonality of the wave functions of Cooper
pairs52. However, it is not the case for the STS-QAHI-
STS junctions where the lowest order current usually ex-
ists. Therefore, one approximately has I(φ) = a1 sinφ +
b1 cosφ and E(φ) = 1

2e [a1(1 − cosφ) + b1 sinφ]. Since
the Josephson current I(φ) is also a function of ori-
entations of d-vectors, we will express the current as
I(θL, θR, ϕL, ϕR, φ) in the next sections.

A. Parallel configuration

For the parallel situation, we will use θLR and ϕLR to
denote the common polar angle and azimuthal angle of
STSs for simplicity. In this situation, the current can be
expressed simply as I(θLR, ϕLR, φ) due to the relations
θL = θR = θLR and ϕL = ϕR = ϕLR. Fig. 3 shows
the dependence of CPRs on orientations of d-vectors.
Fig. 3(a) gives CPRs for different polar angles at the
azimuthal angle ϕLR = 0. In this case, the d-vectors are
rotated in the xz plane. It is found that CPRs are of the
form I(φ) = a1 sinφ with b1 = 0 when the d-vectors are
parallel to the z-axis or the x-axis, i.e., θLR = 0 or 0.5π.
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FIG. 3: The CPRs for different polar angles of dL and dR

at (a) ϕLR = 0, (b) ϕLR = 0.25π and (c) ϕLR = 0.5π.
(d) The CPRs for θLR = 0.5π at ϕLR = 0(dashed line)
and 0.5π(dotted line) are plotted together for comparison.
There are only three curves in (c) because the current for
θLR = 0.75π is the same as that for θLR = 0.25π when
ϕLR = 0.5π.

Moreover, a1 is positive for θLR = 0.5π while it is neg-
ative for θLR = 0. For the former case, the free energy
E(φ) achieves its minimum at φ = 0. The junctions are
in the conventional 0 phase. For the latter case, the min-
imum of E(φ) is obtained at φ = π. So the π phase can
be realized in the junctions. In other words, the junc-
tions can host the 0-π transition when one rotates the
d-vectors from the direction parallel to the x-axis to the
direction parallel to the z-axis. Additionally, the current
for θLR = π is equal to that for θLR = 0. That is, the
current is invariant when one inverses the d-vectors from
the z direction to the −z direction.
When the d-vectors have both the x and z components,

the cosφ-type current will emerge as shown in Fig. 3(a)
for θLR = 0.25π and 0.75π. We have the CPRs of the
form (a1 sinφ + b1 cosφ) with a1 6= 0 and b1 6= 0. In
this situation, the phase difference for the free energy
minimum is not at φ = 0 or π, but at φ = φ0. The
Josephson current no longer vanishes at the zero phase
difference. For θLR = 0.25π, φ0 is between 0 and π while
for θLR = 0.75π, φ0 is between π and 2π. Actually,
the two current curves satisfy the following symmetry
relation,

I(θLR, ϕLR, φ) = −I(π − θLR, ϕLR,−φ). (20)

Fig. 3(b) shows the CPRs for different polar angles at
ϕLR = 0.25π. The 0-π transition still exists for rotation
from θLR = 0.5π to θLR = 0. When θLR deviates from
the two values, the φ0 phase will be realized. The CPRs
for θLR = 0.25π and 0.75π also satisfy the symmetry
relation presented in Eq. (20).
Fig. 3(c) shows the CPRs for different polar angles

at ϕLR = 0.5π. Distinct from CPRs for ϕLR = 0 and
0.25π given in Figs. 3(a) and (b), there is only 0-π tran-
sition and no φ0 phase is formed in this situation. This
is because the cosφ-type current will disappear when d-
vectors are rotated in the yz plane with ϕLR = 0.5π. The

same thing will happen when d-vectors are rotated in
the xy plane with θLR = 0.5π as shown in Figs. 3(a)-(c).
This indicates the necessary condition for the appearance
of cosφ term or the formation of the φ0 phase is

dxdz 6= 0. (21)

It is reasonable to speculate b1 ∝ dxdz in I(φ) and E(φ).
However, the existence of sinφ-type current is indepen-
dent of the rotation of d-vectors. The selection rule for
the cosφ-type current and the φ0 phase in Eq. (21) is
a peculiar feature for the STS-QAHI-STS junctions. It
is meaningful to compare our results to those for the
spin-singlet superconductor−QAHI−spin-singlet super-
conductor junctions in Ref.[13]. There, the formation of
φ0 phase requires an extra Zeeman field or an asymmetric
junction geometry.
From Figs. 3(a)-(c), we can also find that the current is

dramatically weakened when d-vectors are rotated from
the direction along the x axis to the direction along the
y axis in the xy plane. This will become clear if we plot
the curves for (ϕLR, θLR) = (0, 0.5π) and (ϕLR, θLR) =
(0.5π, 0.5π) together as shown in Fig. 3(d). The huge
current ration leads to on/off behavior of the Josephson
current.
We do not show CPRs for ϕLR with lager values, since

the following symmetries hold for the junctions,

I(θLR, ϕLR, φ) = I(θLR, 2π − ϕLR, φ), (22)

and

I(θLR, ϕLR, φ) = I(π − θLR, π − ϕLR, φ). (23)

The symmetries of CPRs in Eqs.(20),(22) and (23) pos-
sess direct correlations to the invariance obeyed by QAHI
and we will discuss them later.

B. Nonparallel configuration

For the nonparallel situation, the polar angle for dL is
taken as θL = 0. Fig. 4 shows the dependence of CPRs
on the orientation of dR-vector. Fig. 4(a) gives the CPRs
for different values of the polar angle θR at ϕR = 0. The
junctions host the 0 phase at θR = π and the π phase at
θR = 0. The 0-π transition happens when one inverses
the vector from the −z direction to the +z direction.
As the dR-vector has the nonzero x component such as
θR = 0.25π and 0.75π, the cosφ term in I(φ) appears.
The φ0 phase will be achieved. Especially, the term cosφ
dominates the Josephson current when θR = 0.5π. The
minimum of the free energy is obtained at φ0 ≈ π

2 . Fig.
4(b) gives the CPRs for different θR at ϕR = 0.25π. The
0-π transition still exist in this case. However, the cosφ-
type current is suppressed compared with CPRs in Fig.
4(a). The φ0 phase evolves towards the 0 and π phases
as ϕR is increased from 0 to 0.25π.
When ϕR = 0.5π as given in Fig. 4(c), the cosφ-type

current disappears and the φ0 phase cannot be realized in
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FIG. 4: The CPRs for different polar angles of dR at (a)
ϕR = 0, (b) ϕR = 0.25π and (c) ϕR = 0.5π. (d) The CPRs
for θR = 0.5π at ϕR = 0(dashed line) and 0.5π(dotted line)
are plotted together for comparison. The dL-vector is fixed
along the z axis.

the junctions. There are only the 0-π transitions. From
Figs. 4(a)-(c), we can summarize that the necessary con-
dition for cosφ-type current or the formation of the φ0
phase is that the x-component of the d-vector in the right
STS is nonzero

dRx 6= 0, (24)

when the dL-vector is fixed along the z-axis. In Fig.
4(d), we plot together the CPRs for ϕR = 0 and 0.5π
when the dR-vector lies in the xy plane with θR = 0.5π.
The current is dramatically weakened when one rotates
the vector from the x direction to the y direction. In
addition, I(φ) ≈ b1 cosφ for ϕR = 0 while I(φ) = a1 sinφ
for ϕR = 0.5π, hence the junctions can be used as a
current switch at the fixed phase difference 0 or π.
The CPRs I(θL, θR, ϕL, ϕR, φ) for the nonparallel con-

figuration satisfy the following symmetry relations,

I(0, θR, ϕL, ϕR, φ) = −I(0, θR, π − ϕL, π − ϕR,−φ),

I(0, θR, ϕL, ϕR, φ) = I(π, π − θR, π + ϕL, π + ϕR, φ),

I(0, θR, ϕL, ϕR, φ) = I(θR, 0, 2π − ϕR, 2π − ϕL, φ).

(25)

Although the two configurations (the parallel one and
the nonparallel one) are different, the relations satis-
fied by CPRS are consistent. For example, the com-
bination of Eqs.(20) and (23) gives I(θLR, ϕLR, φ) =
−I(θLR, π − ϕLR,−φ) which is in line with the first
equality in Eq.(25). This implies that the STS-QAHI-
STS junctions have some universal symmetry relations
of CPRS. We will present the their derivation in the next
section through the symmetry analysis of Hamiltonians.

IV. SYMMETRY ANALYSIS

The behaviours of CPRs in Josephson junctions are
closely related to Hamiltonians of junctions.13,53,54 Now,
we derive the symmetries of CPRs from the continuum

model in Eq. (1). We introduce five transformation op-
erators: (1) the time-reversal T ,(2) the mirror-reflection
about the xz plane Mxz, (3) the mirror-reflection about
the yz plane Myz, (4) the spin rotation of π about the
z-axis Rz(π) and (5) the gauge transformation U1(η).
Their actions on the annihilation operators are given by

T ckαT
−1 = αc−kᾱ,

Mxzc(kx,ky)αM
−1
xz = αc(kx,−ky)ᾱ,

Myzc(kx,ky)αM
−1
yz = −ic(−kx,ky)ᾱ,

Rz(π)ckαR
−1
z (π) = αickα,

U1(η)ckαU
−1
1 (η) = ckαe

iη,

(26)

with α(ᾱ) =↑↓ (↓↑) or ±(∓). The matrices for the trans-
formation operators T , Mxz, Myz, Rz(π) and U1(η) are
shown in Appendix A.3.
First, the center finite QAHI is invariant under the

joint transformation X = Rz(π)T Mxz, i.e.,

XHQAHIX
−1 = HQAHI , (27)

but the same transformation can change the Hamiltoni-
ans of STSs according to

XHLS(θL, ϕL, φL)X
−1 = HLS(π − θL, 2π − ϕL,−φL),

XHRS(θR, ϕR, φR)X
−1 = HRS(π − θR, 2π − ϕR,−φR).

(28)

Although the operations Rz(π) and Mxz do not alter
the direction of the Josephson current, the time-reversal
operation can inverse the direction of the current. There-
fore, we obtain the following relation,

I(θL, θR, ϕL, ϕR, φ)

= −I(π − θL, π − θR, 2π − ϕL, 2π − ϕR,−φ).
(29)

Secondly, the center finite QAHI is invariant under the
joint transformation Y = Rz(π)T Myz, i.e.,

YHQAHIY
−1 = HQAHI , (30)

but the same transformation can change the Hamiltoni-
ans of STSs according to

YHLS(θL, ϕL, φL)Y
−1 = HRS(θL, 2π − ϕL,−φL),

YHRS(θR, ϕR, φR)Y
−1 = HLS(θR, 2π − ϕR,−φR).

(31)

Because Myz will alter the axis x → −x, the current
is reversed in the original coordinate system. After the
time-reversal operation T , the current changes back to
the original direction. Hence, we obtain

I(θL, θR, ϕL, ϕR, φ)

= I(θR, θL, 2π − ϕR, 2π − ϕL, φ).
(32)

Note, the polar angle and the azimuthal angle for the left
STS and those for the right STS have been interchanged.
Thirdly, the center finite QAHI is invariant under the

gauge transformation U1(η), i.e.,

U1(η)HQAHIU
−1
1 (η) = HQAHI . (33)
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If one choose η = π
2 , the Hamiltonians of STSs will be

changed into

U1(
π

2
)HLS(θL, ϕL, φL)U

−1
1 (

π

2
) = HLS(π − θL, π + ϕL, φL),

U1(
π

2
)HRS(θR, ϕR, φR)U

−1
1 (

π

2
) = HRS(π − θR, π + ϕR, φR).

(34)

Since the unitary operation U1(η) does not change the
Josephson current, we can conclude the following sym-
metry relation

I(θL, θR, ϕL, ϕR, φ)

= I(π − θL, π − θR, π + ϕL, π + ϕR, φ).
(35)

One can easily prove that the derived symmetry rela-
tions of CPRs here from the invariance of HQAHI can
immediately lead to the equalities in Eqs. (20)-(23) and
(25) summarized from numerical calculations for the par-
allel and nonparallel configurations. In addition, from
Eqs.(29) and (35), we can find I(ϕL, ϕR, φ) = −I(π −
ϕL, π − ϕR,−φ) which is irrespective of θL and θR. For
ϕL = ϕR = 0.5π, the relation means the pure sinφ CPRs
which are demonstrated in Figs.3(c) and 4(c). The devia-
tion from ϕL = ϕR = 0.5π will ruins the pure sinφ CPRs
and causes the formation of the φ0 phase. From Eqs.(29)
and (32), we can deduce I(θLR, φ) = −I(π−θLR,−φ) ir-
respective of ϕLR for the parallel configuration (see also
Eq.(20)). For θL = θR = 0.5π, the relation also leads to
the pure sinφ CPRs as shown in Fig. 3. The deviation
from θL = θR = 0.5π will break the pure sinφ CPRs and
the φ0 phase will form.
For spin-singlet superconductor−QAHI−spin-singlet

superconductor junctions13, the breaking of magnetic
mirror reflection (the joint operation of the time reversal
T and the mirror-reflection Mxz) symmetry is essential
to form the φ0 phase. It can be achieved by exerting an
extra field along the y-axis or constructing an asymmet-
ric junctions with different width of superconductors and
QAHIs. However, for the STS-QAHI-STS junctions here,
the φ0 phase can be realized through rotating d-vectors
to deviate from specific angles. It’s also important to
note that the 0-π transition in STS-QAHI-STS junctions
can not be achieved in the spin-singlet case. These crit-
ical differences originate from the peculiar coupling of
STS and QAHI.
Finally, we give some discussions of the size depen-

dence of CPRs. The Josephson currents show strong de-
pendence on the width w of the junctions. In addition,
the Josephson currents also depend on the length N of
QAHI. However, the size dependence of CPRs will not
change our essential results including the symmetry re-
lations of CPRs and the selection rules for the φ0 phase.
The 0-π transition and the switch effect still exist in junc-
tions with different values of the width w and length N .

V. CONCLUSIONS

We study CPRs in the STS-QAHI-STS Josephson
junctions by the lattice nonequilibrium Green function

theory. The junctions host rich physics due to the pres-
ence of d-vectors in STSs and the unique electric struc-
ture of QAHI. The CPRs are strongly dependent on the
directions of the two d-vectors in STSs. The dependences
are detailedly investigated for the parallel and the non-
parallel case. The 0-π transitions, the φ0 phase and the
current switch effects are found in the both situations.
The selection rules for the cosφ-type current which is
the essential element for the φ0 phase, are summarized
from the numerical results. The CPRs satisfy three kinds
of different symmetry relations, which are closely related
to the selection rules. We analyse the origin of these rela-
tions through the invariance of QAHI and the changes of
STSs under the operations of the time-reversal, mirror-
reflections, the spin-rotation and the gauge transforma-
tion. Our results exhibit a new type of Josephson cou-
pling based on STSs and QAHI, which provide helpful
0-π transition, φ0 phase and on/off effects for the device
design. The strong dependence of CPRs on the d-vector
orientation may be used to detect the information of the
spin-triplet paring in STSs.
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VI. APPENDIX

A.1. Surface Green functions for STSs

STSs have been discretized into a series of slices as
shown in Fig. 2. Each slice consists of w lattice points.
We define the Hamiltonian of an isolated slice as HL(R)11

for the left(right) STS. The hopping Hamiltonian from
one slice to its right neighbor slice is denoted by HL(R)12.
The elements of HL(R)11 and HL(R)12 can be determined
by the lattice model for STSs in Eqs. (9) and (10) of
the main text. Construct the Möbius transformation
matrix44

XL =

(

0 H−1
L12

−H†
L12 [(E + iγ)−HL11]H

−1
L12

)

. (A.1)

with γ a small positive quantity. It can be diagonalized
as U−1

L XLUL = diag(λL1, λL2, λL3, · · · ) with the eigen-
values satisfying |λL1| < |λL2| < |λL3| < · · · . We assume
the matrix UL has the following form

UL =

(

UL11 UL12

UL21 UL22

)

. (A.2)
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Then, the surface Green function for the left STS is given
by grLS(E) = UL12U

−1
L22.

For the right STS, the Möbius transformation matrix
is constructed as

XR =

(

0 (H†
R12)

−1

−HR12 [(E + iγ)−HR11](H
†
R12)

−1

)

. (A.3)

It can be diagonalized by UR in a similar way. The
surface Green function for the right STS is given by
grRS(E) = UR12U

−1
R22. With gLRS(E) and gRRS(E), the

self energies in the main text will be obtained.

A.2. Green functions for QAHI

We denote the Hamiltonian for an isolated slice of
QAHI as HQ11 and the hopping Hamiltonian from one
splice to its right neighbor slice as HQ12. The Green
function for the rightmost slice is

GRr
Q (E,N) = [E −HQ11 − T̃ grRS(E)T̃ †]−1, (A.4)

with T̃ = 1w×w ⊗ Ť . The nth slice Green function can
be derived from the following recursive algorithm,

GRr
Q (E, n) = [E −HQ11 −HQ12G

Rr
Q (E, n+ 1)HQ21]

−1.(A.5)

The full retarded Green function for the leftmost slice is
given by

Gr
Q(E) = [E −HQ11 − T̃ grLS(E)T̃ †

−HQ12G
Rr(E, 2)HQ21]

−1.
(A.6)

The full advanced Green function is obtained by the re-
lation Ga

Q(E) = [Gr
Q(E)]†. Then, the full “lesser” Green

function for the leftmost slice of QAHI can be written as

G<
Q(E) = −f(E)(Gr

Q(E)−Ga
Q(E)). (A.7)

With Gr
Q(E) and G<

Q(E), the Josephson current can be
calculated numerically.

A.3. Matrices for transformation operators

Here, we present the transformation matrices for five
operators introduced in the main text. The matrix for
the time-reversal operator is given by

UT =

(

−iσy 0
0 −iσy

)

K, (A.8)

with K being the complex conjugation operator. The
matrix for the mirror-reflection about the xz plane is

UMxz
=

(

iσy 0
0 iσy

)

Ry, (A.9)

with Ry being the reflection operator in the real space,
which will lead to y → −y and ky → −ky. The matrix
for the mirror-reflection about the yz plane is

UMyz
=

(

iσx 0
0 −iσx

)

Rx, (A.10)

with Rx being the reflection operator in the real space,
which will lead to x → −x and kx → −kx. The matrix
for the spin rotation of π angle about the z axis is

URz(π) =

(

−iσz 0
0 iσz

)

. (A.11)

The matrix for the gauge transformation U(η) is

UU(η) =

(

eiη12×2 0
0 e−iη12×2

)

, (A.12)

with the identity matrix 12×2.
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