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The superconductivities and topological properties of MgB2-type diborides are 

investigated by means of the first-principles calculations with different exchange-correlation 

functionals. Functionals with the van der Waals (vdW) correction (such as OptB88-vdW) may 

predict critical temperature (Tc) comparable to experimental results for several MgB2-type 

superconductors, particularly for the pristine MgB2 (39.3 K versus 39 K). Interestingly, the 

spin-fluctuation (SF) is found to play a significant role for the superconducting behavior of 

diborides with transition metal elements and their Tc can be enhanced monotonically by 

applying tensile strains. Furthermore, Dirac surface states of TaB2 and NbB2 are revealed, 

suggesting their potential use as topological superconducting materials. This work provides a 
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useful guideline for ab initio studies of superconductivities and topological properties of vdW 

layered materials.  

 

 

I. INTRODUCTION 

To search and design superconductors for applications, one of the sensible strategies is 

predicting their critical temperature (Tc) from ground state properties at zero temperature with 

a dependable theoretical framework. Although it remains a challenge to achieve this goal for 

general superconducting materials, a few successful theories have been developed in the last 

half century, and the seminal theory of Bardeen, Cooper, and Schrieffer (BCS) was the 

outstanding example [1]. In principle, the anisotropic Migdal-Eliashberg (ME) approach [2,3] 

can provide reliable quantitative determination of anisotropic temperature-dependent 

superconducting gap (Δ) and Tc of conventional superconductors that reply on 

phonon-mediated interaction between electrons. The computational cost can be further 

reduced by combing with electron-phonon coupling (EPC) interpolation based on maximally 

localized Wannier functions [4-7]. Empirical models such as the Morel-Anderson theory [8] 

and McMillan’s formula [9-11] using adjustable parameters may also give Tc of conventional 

isotropic superconductors close to the solution of Eliashberg equations [12].  

In recent years, the application of density functional theory (DFT) for studies of 

superconductors (SCDFT) was proved to be powerful in predicting new superconducting 

materials without the need of empirical parameters [13-15] as well as in explaining the 

physical mechanisms of superconductivity [16-19], especially for cases under a pressure [20]. 

A great deal of effort has been dedicated to further empower the predictability of the SCDFT 
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scheme by examining or developing appropriate exchange-correlation functionals [18], 

considering the anisotropic natures of electron-phonon coupling, or including plasmons [21], 

spin-fluctuation [22], and the spin-orbit interaction [23]. Particularly, as the complexities of 

many-body interactions are mostly invoked in the exchange and correlation term, the 

applicability of different functionals for the studies of superconductivity has not been 

carefully examined and poor results were occasionally obtained. For instance, Tc of a 

prototypical anisotropic superconductors MgB2 was reported to be only 22 K [24] via DFT 

calculations with the generalized gradient approximation (GGA) [25] and ultrasoft 

pseudopotentials [26], far smaller than its experiment value of 39 K [27]. This value was 

increased to 35.4 K by using a newly developed functional [18], showing a large room for 

getting accurate description of superconductivities with ab initio theory. 

In this paper, we study the superconductivities of several MgB2-type diborides with the 

vdW layered structure, namely, MgB2, and VB-group diborides MB2 (M = V, Nb, Ta), by 

means of first-principles calculations. We evaluate different exchange-correlation functionals, 

from the conventional Perdew-Burke-Ernzerhof (PBE) functional [25,28], revPBE [29], 

PBEsol [30], to those with the vdW correction, such as OptB88-vdW (OPT) [31-33], which 

has been widely used for the structural optimization of vdW layered materials [34,35]. Our 

results unveil that the OPT functional can provide excellent results of superconductivities of 

MgB2-type vdW layered structures, including giving the best theoretical Tc = 39.3 K of MgB2 

to date. Our other key results include 1) a reasonable stretch strain may lead to monotonical 

increase of Tc; 2) the spin-fluctuation plays a significant role in determining the 

superconductivities of VB-group diborides; 3) the TaB2 and NbB2 show the time-reversal 

symmetry protected topological Dirac surface states in their spectral function. These findings 

open a new vista for exploring emergent properties of superconducting and topological 

materials and, more importantly, for integrating them in potential applications.      
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II. COMPUTATIONAL DETAILS 

According to the SCDFT, the critical superconducting gap at a wave-vector k is 

described as    

,           (1) 

where is the nth eigenvalue of normal-state Kohn-Sham (KS) orbital measured from the 

Fermi level (EF).  refers to the superconducting-pair creation and annihilation 

interactions with following three terms:  

      ,            (2) 
namely, the electron-electron Coulomb repulsion, the electron-phonon coupling, and the 

alternative spin-fluctuation kernel. The electron-phonon renormalization factor  is 

comprised of the EPC and alternative SF terms as  

                            ,                        (3) 

as the contribution from the Coulomb repulsion is already included in the KS eigenvalue . 

T is the temperature defined by considering the Boltzmann constant kB = 1. More details about 

the forms of K and Z used in this work can be found in previous reports [14,19]. Note that a 

recently proposed functional of K and Z sets a new standard for the balance of accuracy and 

computational cost in simulating the superconductivity [18]. The Tc is obtained using the 

bisection method [19], with the initial lower limit  being set to zero, and the initial 

upper limit being set according to the BCS theory ( , where  refers to the 

superconducting gap averaged over Fermi surfaces at 0 K, this value is doubled if there is a 

finite gap at this temperature). The gap equation 1 is solved at T = ( + )/2 and, either 

 or is replaced by T in the following steps based on whether the amplitude of 

average gap is small enough (i.e., ). The procedure repeats ten times, and Tc is 
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obtained as the average of  and , which are very close to each other.  

In this work, the first-principles self-consistent and electron-phonon coupling 

calculations are performed with the Quantum ESPRESSO (QE) code [36]. The SG15 

optimized Norm-Conserving Vanderbilt (ONCV) pseudopotentials [37-39] are employed to 

describe the effect of core electrons. The plane-wave kinetic-energy cutoff and the energy 

cutoff for charge density are set to 80 and 320 Ry, respectively. Different exchange-correlation 

functionals are assessed [25,28-33]. The Brillouin-zone integrations are calculated by the 

optimized tetrahedron method [40] using a 12 × 12 × 12 grid. A denser grid (24 × 24 × 24) is 

used to obtain the density of states and band structures, while coarse grid (6 × 6 × 6) is 

adopted for the phonon calculations. The total energy tolerance and residual force on each 

atom are less than 10−8 Ry and 10−6 Ry Bohr−1 in the geometry optimization. The phonon 

frequencies and electron-phonon vertices are obtained using the density functional 

perturbation theory (DFPT) [41]. The SCDFT calculations are performed using the 

Superconducting-Toolkit (SCTK) [17,42]. The normal state of electronic structure is read 

from the self-consistent results of QE with the same k-points mesh. The electron-phonon 

coupling and kernel term of Eq. 2 are obtained with the same grid of k-points as in the phonon 

calculations.  

The work function (Φ) and spectral function of surface structures are obtained by the 

surface Green’s function method as implemented in the QuantumATK (ATK) [43-45]. Linear 

combinations of atomic orbitals (LCAO) are employed to expand the wave functions of 

valence states. The SG15 ONCV pseudopotentials [37-39], GGA-PBE functional [25,28], and 

Grimme’s DFT-D2 [46] vdW correction are used. A real-space grid density that is equivalent 

to a plane-wave kinetic energy cutoff of 60 Ha is adopted. A 12 × 12 × 300 Monkhorst-Pack 

k-points mesh is set for the Brillouin zone sampling of the surface structures. The topological 

min
cT

max
cT
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indices [47,48] are obtained from a post-processing procedure of the self-consistent 

calculations by ATK including the spin-orbital coupling interactions.  

III.  RESULTS AND DISCUSSION 

Extensive efforts [4,18,49,50] have been made to theoretically reproduce the 

experimental Tc of anisotropic superconductor such as MgB2 [27]. The best Tc of MgB2 

obtained from SCDFT calculations was recently reported to be 35.4 K, based on the new  

functionals of electron-phonon superconducting-pair interactions and electron-phonon 

renormalization factor [18]. This result is rather close to the experimental value [27]. As a 

benchmark, we re-evaluate the superconductivities of MgB2 again by using different 

exchange-correlation functionals from PBE [25,28], revPBE [29], and PBEsol [30], to 

OptB88-vdW [31-33]. The OPT functional includes the vdW dispersion force, which is 

essential to provide accurate predictions for structures of vdW layered materials [34,35,51].  

 
TABLE I. Superconducting parameters of MgB2 with experimental structurea obtained with different 

functionals. 

 PBE revPBE PBEsol OptB88-vdW 
Tc (K)b 23.4 24.0 19.3 39.3 
Tc-SF (K) 18.1 18.7 14.4 33.2 
Zave 0.61 0.61 0.58 0.76 
Δmax (meV) 5.99 6.02 5.22 9.63 
Δmin (meV) 0.85 0.84 0.76 1.18 
λave 0.65 0.64 0.61 0.80 

 0.28 0.28 0.28 0.28 
aThe experimental structure with lattice a (c)=3.086 (3.524) Å [27]; bThe experimental Tc is 39 K [27], and 

other theoretical Tc’s are 35.4 K [18], 34.1 K [50], and 49 K [4], respectively.  

 

    Several key superconducting parameters of MgB2 with either the experimental structrue 

[27] or the optimized structure obtained with these functionals are shown in Table I and Table 

SI in the Supplemental Material (SM) [52], respectively. Noticeably, the calculated Tc of 

MgB2 is 39.3 K with OptB88-vdW functional, in excellent agreement with the experimental 

value (39 K) [27]. It is worth noting that this is the best theoretical Tc of MgB2 so far. In 
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contrast, the PBE-based functionals seriously underestimate the Tc of MgB2 for both cases 

without (Tc) and with (Tc-SF) SF.  

 

FIG. 1. Band structures and density of states (DOSs) of MgB2 obtained with PBE and OptB88-vdW (OPT) 

functionals, respectively. The EF is shifted to zero.   

The present results strongly suggest that the inclusion of vdW correction is crucial in 

studies of MgB2-type superconductors. This can be attributed to the fact that the OPT 

functional makes slight downward shift of bands (see Fig. 1) and increases the density of 

states (DOSs) at the Fermi level ( ). The electron-phonon coupling constant λ (i.e.,  

and ) thus increases (see Fig. 2) since it is proportional to  [9]. The EPC is very strong 

near the Г point and along the Г−A path. The phonons obtained using the OPT functional are 

overall softened, especially for the bond-stretching mode (i.e., the E2g mode) along the Г−A 

path [53]. A large λ is observed due to the contributions of long-range interactions. The OPT 

functional appears to be more accurate in describing the electron-phonon interactions of 

MgB2. It gives a larger electron-phonon renormalization factor Zave (average over the Fermi 

surface) than those from PBE functionals. This results in wider superconducting gaps whose 

maximum (Δmax) and minimum (Δmin) values are 9.63 and 1.18 meV, respectively (see Table 

I).  

0D vlq

nl k 0D



8 
 

 

FIG. 2. Phonon band structures, electron-phonon coupling constants , and  on Fermi surfaces. (a) 

and (c) for PBE, (b) and (d) for OptB88-vdW functional, respectively. The red radii of circles in (a) and (b) 

indicate magnitude of electron-phonon coupling constant at wave-vector q and branch . B1, B2, and 

B3 refer to the three bands crossing the Fermi level. Fermi surfaces are drawn by using the FermiSurfer 

code [54]. (c) and (d) have the same color scales. The first Brillouin zone of MgB2 bulk is shown in B1 of 

(c).  

 

The Coulomb pseudopotential  (average over the Fermi surface), which is usually 

treated as an adjustable parameter for the conventional Allen-Dynes-modified McMillan 

formula [9-11], 

,                       (4) 

can be obtained via converse calculations of EPC constant λ and averaged phonon frequencies 

, namely, 

,                               (5) 

,                  (6) 

,                         (7) 
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branch , respectively. is the DOS at the EF, and g is the electron-phonon matrix element 

[41]. The Brillouin-zone integrals are calculated using the optimized tetrahedron method [40] 

with a dense k grid. Although the EPC constant λave (average over the Fermi surface) obtained 

with the OPT functional is the highest, these functionals produce the same Coulomb 

pseudopotential ( = 0.28) that is much larger than the empirical value 0.10 ~ 0.16 [11].  

 

TABLE II. Superconducting parameters of MgB2 under different stretch strains (negative pressure). 

Stretch strains (Kbar) a (Å) c (Å) Tc (K) Zave Δmax (meV) Δmin (meV) λave  

0 3.034 3.470 29.4 0.64 7.08 0.91 0.68 0.28 
50 3.062 3.538 35.6 0.72 8.71 1.06 0.77 0.28 
75 3.079 3.577 40.3 0.79 9.83 1.23 0.83 0.28 
100 3.096 3.621 45.1 0.87 11.20 1.34 0.92 0.28 
110 3.104 3.640 48.9 0.91 11.86 1.44 0.96 0.28 
125 (unstable) 3.116 3.671 53.3 0.99 12.99 1.65 1.05 0.28 

  

 

FIG. 3. (a) Projected band structures and projected density of states (PDOSs) of MgB2. (b) 

PDOSs of B atom of MgB2 under different stretch strains. 

 

Various methods have been attempted to increase Tc of superconductors, including  

v 0D
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high-pressure [55,56], stretching [57], doping [58], and magic-angle [59]. Most of these 

methods cause structural changes (e.g., lattice parameters). Note that the optimized structures 

are smaller than experimental ones and indeed give much reduced Tc for all functionals (see 

Table SI in the SM [52]), e.g., from 39.3 to 29.4 K for the OPT functional. In contrast, lattice 

stretch may significantly increase Tc of MgB2 to a maximum value of 48.9 K (see Table II) 

under a strain of 110 Kbar (i.e., negative pressure). This is due to the enhanced PDOS value 

of B-2p orbitals near the EF, which dominates the superconducting behavior of MgB2 (see Fig. 

3). We see that the Zave, Δmax, Δmin, and λave of MgB2 increase monotonically with the stretch, 

but  remains unchanged (see Table II). Note that the MgB2 remains stable under a 

reasonable stretch (< 110 Kbar). Negative frequencies appear in phonon bands as the stretch is 

too large (such as 125 Kar in Fig. S1 of the SM [52]). Its lattice parameters (a and c) and Tc 

increase monotonically with the stretch (see Table II). Obviously, the appropriate geometry is 

one of the key factors for the reliable prediction of Tc. Furthermore, one may significantly 

enhance Tc of MgB2 by applying a tensile strain.  

 

FIG. 4. Projected band structures and PDOS of VB2 (a), NbB2 (b), and TaB2 (c). The EF is shifted to zero.  

*
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   We can now apply the same approach to study other transition metal diborides MB2 (such 

as M = V, Nb, Ta). We first examine their electronic structures (see Fig. 4) and compare them 

with MgB2. It can be seen that their projected band structures are significantly different from 

that of MgB2, and their states around EF are mostly from transition metal elements rather from 

B as in MgB2 (see Fig. 3). From results in Table III, VB2 has a very low Tc (without SF) or 

Tc-SF (with SF), <1 K, in consistent with recent experiment observation [60]. Due to larger 

electron-phonon renormalization factor Zave-SF and superconducting gap, NbB2 and TaB2 have 

higher critical temperatures, Tc-SF = 7.9 and 12.4 K. These values are closer to the 

corresponding experimental values [61-64] than those without considering SF. This 

demonstrates that SF plays a significant role in determining superconductivities of transition 

metal diborides. Note that the EPC constant λave increases from VB2 to NbB2 and TaB2, but 

their Coulomb pseudopotential,  (see μnk in Fig. S3 in the SM [52]) shows a reverse 

trend. This is associated with the softened acoustic vibrations arising from the change of mass 

of transition metal atoms (see Fig. S4 in the SM [52]).   

 
 

TABLE III. Lattice parameters and superconductivities of VB-group MB2 (M = V, Nb, Ta). 

 VB2 NbB2 TaB2 
a (Å) 2.966 3.088 3.025 
c (Å) 3.005 3.305 3.254 
Tc (K) 0.97 10.2 13.8 
Tc-SF (K) 0.78c 7.9d 12.4e 
Zave-SF 0.47 0.70 0.95 
Δmax-SF (meV) 0.27 2.33 3.08 
Δmin-SF (meV) -0.39 0.38 1.06 
λave 0.30 0.68 0.92 

 0.66 0.31 0.25 

cVB2 is not superconducting beyond 2K in experiment [60]; dThe experimental Tc’s of NbB2 are 9 K [64], 5 

K [62], and 9.4 K [61]; eThe experimental Tc of TaB2 is 9.5 K [63]. 
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   To gain deeper insights into the superconducting behaviors of these diborides, we depict 

the Fermi velocities |VF| of the normal electronic states, electron-phonon renormalization 

factor Znk, and superconducting gap Δnk on Fermi surfaces in Fig. 5. In the first glance, |VF|, 

Znk, and Δnk of these materials are very anisotropic. For instance, the ratio between the 

maximum and the minimum values of |VF| for TaB2 is as high as 213. For MgB2, there are 

three bands crossing EF and its |VF| is mostly dominated by the B-2p orbitals, especially on the 

cylindrical Fermi surfaces around the Г point [see Fig. 5(a)]. This contributes the most of Znk 

[see Fig. 5(e)] and Δnk [see Fig. 5(i)]. The Fermi surfaces of MB2 appear like a “flying saucer” 

with a large cavity around the Г point (see the top views in Fig. 5 and side views in Fig. S2 in 

the SM [52]). Although MB2 diborides have four bands crossing EF (except VB2 which has 

three), the crossing points are far from the Г point. Their |VF| are typically small as these states 

are mostly from localized transition metal orbitals. The magnitudes of their |VF|, Znk, and Δnk 

increase from VB2 to NbB2 and TaB2, leading to gradual increase of Tc.  

 
 

FIG. 5. Top views of Fermi velocity of the electronic states |VF|, electron-phonon coupling renormalization 

Znk, and superconducting gap function Δnk on the cylindrical and “flying saucer”-like Fermi surfaces of 

MgB2 (a), VB2 (b), NbB2 (c), and TaB2 (d). Their side views are shown in the Fig. S2 of the SM [52]. (a)-(d) 

for |VF|, (e)-(h) for Znk, and (i)-(l) for Δnk. The color bar indicates their minimum and maximum values.   
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It is found that the ratio of DOS at the EF between B and metal atoms gradually increases 

from VB2 (1:6.6) to NbB2 (1:3.2) and TaB2 (1:2.5), but remains much smaller than that of 

MgB2 (295.7:1). As a result, their Tc follow the trend of Tc(VB2) < Tc(NbB2) < Tc(TaB2) < 

Tc(MgB2). This suggests that the Tc of VB-group diborides can be further enhanced if one 

may increase the PDOS of B atom, such as by applying a lattice stretch that can lead to the 

increase of Zave-SF, Δmax-SF, Δmin-SF, and λave. Table IV shows the results of TaB2 under 

different tensile strains. It can be observed that as its lattice parameters a and c increase, Tc 

can be enhanced to 16.1 K at a negative pressure of 150 Kbar, under which the TaB2 is still 

stable without any negative frequency phonon branch (see Fig. S5 in the SM [52]).    

TABLE IV. Superconducting parameters of TaB2 under different stretch strains. 

Stretch strains (Kbar) a (Å) c (Å) Tc-SF (K) Zave-SF Δmax-SF (meV) Δmin-SF (meV) λave  

0 3.025 3.254 12.4 0.95 3.08 1.06 0.92 0.25 
75 3.048 3.289 13.9 1.07 3.45 1.25 1.03 0.25 
100 3.056 3.302 14.6 1.12 3.59 1.32 1.08 0.26 
125 3.065 3.315 15.2 1.18 3.74 1.41 1.13 0.26 
150 3.074 3.329 16.1 1.25 3.72 1.50 1.20 0.26 

 

The topological state of quantum materials has drawn tremendous attention in recent 

years. It is also interesting to further examine the topological properties of these VB-group 

diborides such as TaB2 and NbB2 which have high Tc. From the experimental perspective, the 

angle-resolved photoemission spectroscopy (ARPES) represents a powerful tool in probing 

the electronic structures, superconductivity, and topological properties of materials [65]. 

Theoretically, the topology denoted by topological indices Z2 (ν0; ν1 ν2 ν3) can be determined 

by the symmetry of Bloch functions at eight special time-reversal invariant points, including 

one strong topological index ν0 and three weak indices ν1, ν2, ν3 [47,48,66,67]. It is found that 

both TaB2 and NbB2 are characterized by weak Z2 indices (0;001). This is the same as MgB2, 

whose topological surface states were observed in recent experiments [68]. Our result is 

consistent with a recent theoretical report [66]. 

*
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To further check the topological status of VB-group diborides, we construct the TaB2 and 

NbB2 (001) surfaces [see Fig. 6(a)], and study their surface states using the Green’s function 

approach [69,70]. Using the Green’s function surface model [71], the work function (Φ) of 

TaB2 and NbB2 (001) surfaces are 6.21 and 6.30 eV, respectively. To compare with ARPES, 

the spectral function is determined as  

,                           (8) 

.                       (9) 

Here, k|| = (ka, kb) is the transverse k-vector,  is the retarded Green’s function of the 

surface system,  refers to the DFT Hamiltonian of the surface region and the screening 

layers, and  is the self-energy of the semi-infinite bulk part. 

 

FIG. 6. (a) Schematic of detecting the electronic structures of MB2 surface by ARPES set. The photon 

source energy hν should be larger than the work function Φ of MB2. The blue, red, and green dot lines refer 

to the semi-infinite bulk, screening layers, and surface region of the used surface model, respectively. 

Spectral function with detection depths to the outermost monolayer (1L), the second layer (2L), the third 

layer (3L), as well as the whole slab structure (Whole). (b)-(e) for TaB2 surface, (f)-(i) for NbB2 surface. 

The sky-blue dot lines in (b)-(i) indicate the band structures of TaB2 and NbB2 bulk.  
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   In ARPES measurements, the detector may display different features, depending on the 

probing depth. Figures 6(b)-6(e) give the spectral functions with detection depths to the 

outermost TaB2 monolayer (labeled 1L), the second layer (2L), the third layer (3L), and the 

whole slab (Whole) of the TaB2 (001) surface, respectively. We see that the 1L spectral 

function clearly illustrates the topological surface phase with a robust Dirac state near EF 

around the Г point. Its topological surface states become stronger when the detection depth 

increases. Figures 6(f)-6(i) illustrate the spectral functions of the NbB2 (111) surface with 

different probing depths, where the same topological nature can be observed as TaB2. These 

results imply that both TaB2 and NbB2 have potential applications for integrating 

superconductivity and topological property in a single system.    

IV. CONCLUSION 

In conclusion, we have investigated the superconductivities and topological properties of 

several MgB2-type vdW layered structures using different exchange-correlation functionals. 

Density functional theory for superconductors can accurately reproduce Tc of MgB2 when the 

OptB88-vdW functional is adopted. The spin-fluctuation was found to play a significant role 

in the superconductivities of VB-group diborides. In addition, we found that their Tc can be 

further enhanced by applying reasonable stretch strains. This work explicitly draws attention 

to the following key factors when one simulates superconductivities of materials, i.e., the 

reliable geometry, proper exchange-correlation functional such as those with the vdW 

correction, and inclusion of key mechanisms, such as the spin-fluctuation for real materials. 

Moreover, we demonstrated that both TaB2 and NbB2 have a topological surface state, 

suggesting their potential utilizations as topological superconductors in quantum devices. The 

present work may stimulate further development for the prediction of superconductors, with 

or without the topological properties.   
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