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geometry
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We propose a Corbino-disk geometry of a graphene membrane under out-of-plane strain defor-
mations as a convenient path to detect pseudo-magnetic and electric fields via electronic transport.
The three-fold symmetric pseudo-magnetic field changes sign six times as function of angle, leading
to snake states connecting the inner and outer contacts and to nearly quantized transport. For
dynamical strain obtained upon AC gating, the system supports an AC pseudo-electric field which,
in the presence of the pseudo-magnetic field, produces a net electronic charge current in the absence

of an external voltage, via a pseudo-Hall effect.

PACS numbers: 74.50.4+r,74.45.4+c, 61.48.Gh,71.23.An

I. INTRODUCTION

Large pseudo-magnetic fields have been detected in the
form of quantized pseudo-Landau levels in graphene sam-
ples with macroscopic strain deformations, using scan-
ning tunneling microscopy' > and angular resolved photo
emission?. The pseudo-magnetic field, B= ﬁxﬁ', results
from strain gradients, which create an effective space de-
pendent vector potential on the Dirac electrons® . Mi-
croscopically, this effect results from the modification
of the hopping amplitudes by strain®'®. The pseudo-
magnetic field leads to electronic transport properties
akin to the quantum Hall regime, while time-reversal
symmetry is preserved!! 20, Various proposals exist for
special geometries leading to uniform pseudo-magnetic
fields'9-21-28  Yet, finding systems showing unambiguous
signatures of pseudo-fields on electronic transport had
remained challenging.

Dynamic strain, e.g. produced by lattifje vibrations,
leads to pseudo-electric fields, E = —%—’?, and conse-
quently to valley-currents and phonon damping?®. These
currents, as the pseudo-vector potential /Y, have oppo-
site signs in the two valleys in the Brillouin zone, hence
they do not carry charge. When the strain field has both
spatial gradients and time dependence, however, the re-
sulting pseudo-magnetic and electric fields coexist, and
thereby produce charge currents due to a Hall-drift ve-
locity 7y = [(B x E)/|B|?] 2839,

An alternating (AC) pseudo-electric field can be engi-
neered mechanically by time dependent control of strain,
e.g. piezoelectrically. Its spatial pattern is directly pro-
portional to [f, which in turn is linearly related to the
strain components [10]. Previous suggestions to observe
the pseudo-Hall electro-mechanical response, converting
strain into electric current, considered stretched graphene
ribbons of trapezoidal shape?®28, thereby creating strain
gradients. Such devices have been recently fabricated3!.
Upon adding an AC component to the strain, e.g. piezo-
electrically, one creates pseudoelectic fields on top of
pseudo-magnetic fields. The vector product of the pseudo
B- and E-fields produces a Hall drift charge current. An

experimental disadvantage of this geometry is its opens
ends, at which large strains?®2® can lead to rapture.

In this work we propose an alternative geometry to
demonstrate electronic transport via pseudo-magnetic
and electric fields, based on a Corbino-disk geometry.
While this setup was proposed in a modified geometry
allowing to tailor the profile of the pseudo-magnetic field
by shape design®?, here we consider a circularly sym-
metric geometry. As shown in Fig. 1(a,b) we consider a
graphene membrane deposited on a ring-shaped trench,
separating the inner and outer metallic contacts. The
membrane is then strained out-of-plane via a gate capac-
itor. The electric currents resulting either by an external
voltage in the presence of a static strain [Fig. 1(c)] or
from the dynamic strain [Fig. 1(d)] can be detected be-
tween the inner and outer contacts. This system can be
viewed, from the viewpoint of elasticity, as a periodic
boundary condition version of the ribbon with varying
width?®28  avoiding open ends and allowing larger oscil-
lation frequencies.

In polar coordinates, the pseudo-vector potential is
given by!?
A, = C ((urr — ugg) cos 30 — 2u,.9 sin 36) ,
Ag = C ((—uppr + ugg) sin 360 + 2u,g cos 36), (1)

where C = e’i; =6.25T - um, 8 = —311;‘; ~ 2.5 (with a
the lattice constant), t ~ 2.5eV is the hopping parameter,
e is the electron charge, and vy = 10°m/s is the Fermi
velocity in graphene. The angular dependence reflects
the three-fold symmetry of the honeycomb lattice, where
# = 0 corresponds to a zigzag direction. For the circularly
symmetric geometry in Fig. 1, including an out-of-plane
displacement h, the strain components are®?

8ur 1 oh 2 Uy
rr — — —_— 5 = — rg — . 2
“ 8r+2(87‘) oo =7, uro = 0. (2)
The pseudo-magnetic field B = (V x A), = —%85197‘
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FIG. 1. Schematics of our system. (a) Graphene membrane
deposited on a circular hole and stretched via a gate. (b) Cur-
rent is measured between the inner and outer contacts. (c)
Three-fold symmetric pseudo-magnetic field which changes
sign at angles %’r j with integer j. At these angles, corre-
sponding to crystallographic zigzag directions, snake states
appear and carry the current upon applying an external volt-
age V. We denote trajectories of valley K and K’ in green
and red, respectively. (d) A pseudo-electric field is generated
by an additional dynamic strain, resulting in an AC pseudo-
Hall current (black arrows) of the same direction for valleys
K and K'.

% + %, can then be written as
B(r,0) = CB(r)sin30, B(r)= —6%£T) +-U(r),
U = upr — ugp. 3)
As for the pseudo-electric field E = —%—f, we have
(Er, Eg) = COU(r)(cos 30, — sin 36). (4)

The explicit form of the deformation fields u,. and h will
be determined below. Here, we observe from the rela-
tion B o sin36, that B changes sign at specific an-
gles, 0 = %”j, with integer j (see e.g. Refs. 34 and
35). These are the zigzag directions. This leads to snake
states323637  becoming quantized edge states separated
by gapped localized states at large magnetic field, see
Fig. 1(c). Indeed, we show that for reasonable gating
and device dimensions, ~ 1 Tesla pseudo-magnetic fields
are produced. Once these snake states will connect the
inner and outer transport contacts, this system will fea-

ture quantized conductance32:36:37

Now consider the dynamic regime, with an extra small
AC pseudo-electric field, see Fig. 1(d). The static mag-
netic field o sin 360, as well as the azimuthal AC pseudo-
electric field oc sin 36 average spatially to zero. Their
product, however, produces a drift pseudo-Hall response
x Bx E resulting in a net radial current. Thus the
Corbino geometry allows to observe the AC pseudo-Hall
effect?® although the pseudo-fields are nonuniform.

The paper is organized as follows. In Sec. II we present
the elastic model and solve it for the pseudo-B and -F
fields, along with the displacement and height fields. We
obtain analytical expressions in the narrow ring limit.
Then, in Sec. IIT we study the electric conductance of
the static membrane under an external voltage difference,
while in Sec. IV we focus on the dynamic case where the
pseudo-magnetic and electric fields coexist and lead to
a charge current. In both cases we discuss the classical
versus quantized regimes. In Sec. V we analyze the snake
states as a solutions of the Dirac equation in a periodi-
cally vaying magnetic field. We conclude in Sec. VI.

II. ELASTIC MODEL

As shown in Fig. 1, we consider a graphene membrane
suspended over a ring shaped hole with radii Ry < Ra,
equivalent to a drum with a central circular fixed region.
We envision a control of the out-of-plane deformation by
an electric gate capacitor.

The total mechanical energy of the membrane is given
by Eiot = Felas + Epend + Eficia- The elastic energy is

given by Eeqs = [ d?r (% (0, ui)? + 1y u%), where
u;; is the strain tensor, and A ~ 2.4eVA™" and p ~

9.96VA72 are the elastic Lame coefficints for graphene.
The bending energy is given by Epeng = gfdzr (Vzh)z,
where k ~ 1eV is the bending rigidity. Epeng is negligible
with respect to the elastic energy for large enough out-
of-plane deformation®, h > \/k/max (\, u) ~ 3A. The
term Ey;eq describes the electric field from a gate that
exerts pressure on the membrane, Efieq = — f d?rPh,

where P = w is dictated by the electron density in
the membrane, n, and € is the dielectric constant.

By circular symmetry, the strain tensor has no 6 depen-
dence, and there is no tangential displacement, ug = 0.
Transforming into polar coordinates and integrating over
0 yields

e o (o2 o 51)
—27T/rdrPh. %)

As we can see in Egs. (2) and (5), the total energy is a
functional of the radial displacement w,.(r) and the height
function h(r). Minimizing, we obtain the pair of equa-



tions33
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+ Pr=0, (6)

supplemented by the boundary conditions wu, (R;) =
ur (R2) = h(R1) = h(R2) = 0. Before proceeding with
a numerical solution, we treat analytically the limit of a
narrow ring.

A. Narrow ring limit (AR < R)

We denote the width of the ring as AR = Ry — Ry, and
its avarage radius R = @. Now consider the limit
AR < R and define a new radial variable, p = r — R,
pE [#, %], in terms of which, up to zero order in

A—RR, Egs. (6) become
u// + h/h// — 0
h// (h/Q +2ul) +

)\+2u:0 Q

We denoted u = u,. One can solve this equation and
obtain the profile of in- and out-of-plane deformations u
and h,

m(p) = ho (1- (2%)°).

u(p) = 2 ()" ((88)"p - p°), (8)

with maximal out-of-plane displacement

o= (F) (emam) - o

which scales with the electron density as® hg o ni.
The pseudo-magnetic field is then obtained from

Eq. (3),
B= <—§+i) (u’+;h’2—:f>. (10)

We can see from Eq. (8) that it vanishes to zero order in
%. Including the leading expansion in AR/R to Eq. (7)
we obtain (see appendix A)

_ 32h§ A P \2
5= 3:AmR (1 0 <)\+2M> (TR) ) -y

This is the main result of this section. It strictly ap-
plies in the limit AR < R, but it is serves as a useful
analytic approximation away from this limit. By mirror
h — —h symmetry the magnetic field scales quadrat-
ically with hg. It also has a parabolic dependence on
p. It does not change sign with p as long as u > A,
and the ratio between its maximal and minimal values is
Bua — 412 > 5 9

min

B. Numerical solution

Now we present numerical solutions of the elasticity
equations (6). Numerical simulations near the narrow
ring limit perfectly agree with the analytic results in the
previous subsection. This is shown for Ry = 10um and
Ry = 10.02pm in appendix A.

We now concentrate on more realistic membrane di-
mensions with Ry = 1lum, and either Ry = 0.4pum
(left panels of Fig. 2), or Ry = 0.8um (right pan-
els of Fig. 2). In both cases the electron density is
n="7.5-10'2 cm~2. We can see that the height function
is still nearly parabolic as in the narrow ring limit, see
Eq. 8. However, while in the narrow width limit the in-
plane displacement u changes sign at (R; + R2)/2, i.e. at
the center of the ring, away from the narrow ring limit
this point shifts towards smaller radii. Similarly, in the
narrow ring limit the pseudo-magnetic field has a maxi-
mum at (R + Rp)/2, which shifts towards smaller radii
away from this limit, and eventually we encounter situa-
tions where B changes sign as function of r (see Fig. 2(c)).
We can avoid such situations by considering situations
closer to the narrow ring limit. We plot stream lines of
the vector potential Eq. (1) which indicate the direction
of the pseudo-electric field which would result from an
oscillating strain.

III. ELECTRIC RESPONSE - STATIC CASE

In the previous section we determined the pseudo-fields
in the srtained Corbino-disk geometry. Next we discuss
their effect on electronic transport. In this section we
consider the static case as in Fig. 1(c), applying an ex-
ternal voltage difference between the contacts. The dy-
namic pseudo-Hall effect is discussed in Sec. IV. In both
static and dynamic regimes, we separate our treatment
to the small magnetic field regime described by a Drude
theory, and the large magnetic field quantum-Hall regime
described by edge state transport, which we describe in
more detail in Sec. V.
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FIG. 2. Numerical results for two different geometries of a wide ring R1 = 0.4um, and Ry = 1um in the left panels and a
narrower ring R1 = 0.8um, and R2 = 1um in the right panels. We compute the out-of-plane h(r) and in-plane u(r) deformation
profiles (a,b); the radial dependence of the pseudo-magnetic field B(r) (c,d); and a color map of the pseudo-magnetic field along

with stream lines of the vector potential A (e,).

A. Classical theory

We first consider the classical equations for the cur-
rents j+ and densities n4 in the two valleys?®

j;t =0 (Eezt + E(T, t)) - Dﬁni F wch'i X ?:’, (12)
together with their conservation laws, V- fi +0iny = 0.

We ignore intervalley scattering by assuming variations
of effective potentials occurring on scales exceeding the

atomic scale. Here o is the electrical conductivity per
spin and per valley, D is the diffusion coeflicient, 7 is
the relaxation time and w, is the (space dependent) cy-
clotron frequency. While in graphene the cyclotron fre-
quency scales as VB, in order to describe our effect in
a more conventional setup with the same combination
of electric and magnetic fields (which can be real rather
than pseudo-fields), we consider w. ~ B, as in Ref.?%,
which does not change qualitatively the results below.

In this section there is no pseudo-electric field E(r, t) =
0, and F.,; is applied radially by the external voltage V'



as in Fig. 1(c).

For simplicity we (i) consider the narrow ring limit
AR < R and (ii) ignore the r dependence of the electro-
magnetic fields in Egs. (4), (3), but we do consider their
f-dependence. This allows to capture the 6-dependence
of the currents,

jT,i =0Fext F (wcT)je sin 39,
Jo,+ = £(weT)jr sin 36, (13)

Here, E.,t = V/AR is determined by the external volt-
age. The diffusion term, describing screening, will play a
crucial role in Sec. IV in the case of an internal pseudo-
electric field, and is ignored here since the external volt-
age cannot be screened by the graphene membrane. This
leads to a radial charge current density j, = jr+ + jr— =
2%, which is maximal at the angles where
B =0,ie 6= %’Tj, with integer j. The total radial
current (including spin) is given by

I R [* 1
— =40— df . 14
v~ AR /0 1+ (wer)2sin® 30 (14)

In the limit w.7 < 1, the pseudo-fields lead to a small
modification with respect to the B = 0 Ohm’s law, é =

2R
103k

B. Edge state transport

In the large B pseudo-quantum Hall regime, w.r >
1, the wave functions become localized in the bulk and
the classical Eq. (12) is not valid. In our geometry the
magnetic field switches sign along 6 zigzag directions. We
assume that each one of the 6 wedges with fixed sign(B)
stabilizes a quantum Hall state with a well defined filling
factor +v, surrounded by edge (snake) states. When the
electronic contacts directly connect to these edge states,
as in Fig. 1(c), we expect a quantized current,

2
é - 61/%, (15)
see Sec. V for a derivation.

The conductance quantization may be spoiled by var-
ious effects. Consider first the role of the contacts®®. As
can be seen in Fig. 2 (e,f), see also Eq. (11), the pseudo-
magnetic field weakens near the contacts, hence a finite
diffusive region may appear between the external con-
tacts and the edge states, and affect the conductance.
Note that for special non-circular geometries the mag-
netic field profile can be made more piecewise uniform?32.
The quantization of the conductance also requires the
absence of intervalley scattering, which may unavoidably
appear near the contacts. On the other hand, the con-
ductance is still expected to show step-like dependence on
the number of connecting edge (snake) states depending
on v.

IV. DYNAMIC PSEUDO-HALL EFFECT

We now consider a small dynamic strain component on
top of the static strain. This can be achieved by an AC
gate modulation on top of a DC value. We turn off the
external source-drain voltage. Explicitly, using Egs. (3)
and (4), with a strain contribution U = UPC + YAC et
where UAC < UPC, we have

B = CB(r)sin 30,
(E,, Ey) = E,(cos 30, — sin 30)e™?, (16)

where B(r) = —8%7];6‘ + 2UP¢, and E,, = Ciwld*C. We
ignore the weak AC component of B.
Denoting 7 = j+, and remembering that j_ is obtained

by flipping the signs of F,, and w., we obtain
Jr = 0B, cos 30 — (w.T) jg sin 36,

923
jo = cE, sin36 — iD2000 | (weT) jrsin 36, (17)

wR?
yielding
D
i 0340 + o (1 + (wer)? sin? 39)
—0E, sin30 (1 + w7 cos 30) = 0. (18)

The parameter % describes to what extent the pseudo-
electric field is screened by a rearrangement of the elec-
tronic density?®. In the low frequency limit % > 1
the electrons have sufficient time to diffuse thus screen-
ing the pseudo-electric field. The opposite is true in the

high frequency regime wlgz < 1.

FIG. 3. Charge current density in the classical high frequency
regime as given in Eq. (19). The red dashed lines represent
the angles where the magnetic field vanishes.

Consider the ineffective screening, high frequency
regime % < 1. Solving Eq. (18) we obtain the angular



dependence of the classical current components,

jo _ sin30 (14 (w.T)cos30) (19)

oE, 1+ (wer)? sin® 30
Jro_ cos30 T sin? 36 (1 +2(wC;') cos 36) .
ok, 1+ (weT)” sin” 360

The resulting charge current density j; + j_ in the first
half of the period is plotted in Fig. 3. The radial current
contains a valley-even component with a finite angular
average,

w,T sin? 30
1+ (wer)?sin® 36

I,> = 40EwR/d9 (20)
This is an AC current flowing at the same frequency as
the pseudo-electric field. As seen in Fig. 3, it is maximal
in the regions where |B(#)| is maximal.

In the opposite strong screening, low frequency regime
% > 1, also assuming that w.7 < 1, Eq. (18) gives

. Lok,
Jo =9 D

wR?

sin 36, (21)

and using Eq. (17) to leading order in w.7 gives

. WRz . 9
I,< = —240Ew9—D(wCT)R df sin” 36. (22)

The imaginary factor implies that the AC current and
pseudo-electric field E,, are out of phase. Whereas E,, x
w so that in the high frequency regime I,> o w, we see

that in the low frequency regime I,< o w?.

To estimate the dimensionless parameter %, we use?8
the Einstein relation o = De?dn/du and take o ~ e2/h

as the minimal conductivity of graphene®. This yields

D (al
wR? " kpwR2 23)
For w = 10® Hz, R = 1um, and kr = 102um™!, we have
wgg ~ 100. Thus, in the classical regime, Eq. (22) is
applicable, rather than Eq. (20).

Using Egs. (2), (3), and (4), we estimate the maximal
electric azimuthal field (E,,)maz as

wR? UL 1
(Eo)mas R ~ == (B)maz ;5 = Zw(aBR‘Z). (24)

Here 6B = Bmw% is the amplitude of oscillation of
the pseudo-magnetic field, and (6 BR?) is a dimensionless
number, which dor R ~ AR is of the order of the ampli-
tude of oscillation of the magnetic flux. We thus obtain
an estimate for the current

22 wer T (e )5BR2
9 wgz % h/e

S

~ 10pA. (25)

SBR?
h/e

Here, (ew) has dimensions of current, and is a di-

mensionless number, which for R ~ AR is of the order
of the change in the number of flux quanta in the mem-

. . . 2 . .
brane within one perlod.% is a suppression factor due

to screening. In Eq. (25) we used Bar = 17T, % =0.1,
and w.T =1/2.

A. Quantum regime

Similar to Eq. (15), also the dynamic Hall effect has a
quantum limit?®. Tt takes the same form as Eq. (15),

Y Gr— (26)

where now V, is the pseudo-voltage difference between
6 =0 and 0 = 7/3 (mod 27/3) zig-zag directions. See
Sec. V for a derivation. While the classical current is
strongly suppressed in the screening regime % > 1,
the quantum effect is unaffected by this factor, except at
the Hall transitions?®. It also displays steps as function
of filling factor v.
We estimate the current in this regime as

9% SBR?
I,| ~—
1] ~ T we) 7

~ 1nA. (27)

The absence of screening in the quantum regime is un-
derstood via a pseudo-Landau level picture, which sep-
arates the edge states from the localized bulk states?®.
This is discussed in Sec. V. The pseudo-electric field
tilts the pseudo-Landau levels, leading to a non-decaying
current.

V. PSEUDO-LANDAU LEVELS AND SNAKE
STATES FOR PERIODICALLY VARYING FIELD

In this section we solve the Dirac equation in an ide-
alized geometry in the presence of a periodically vary-
ing magnetic field. This allows to visualize the pseudo-
Landau levels (PLLs) and associated snake states. While
we capture the angular dependence of the field, here we
do not treat in detail its radial dependence.

The geometry we consider is an infinite cylinder with
angular coordinate = € (0,27 R) and infinite axial coordi-
nate y. This is an idealization of the Corbino geometry,
such that the radial coordinate r € (R—AR/2, R+AR/2)
is treated as being infinite and translation invariant. This

is reasonable when the magnetic length {5 = \/% is

much smaller than the dimensions of the system, {5 <
AR, R. We add a magnetic field

mz
B(z) = Bsin % 28
(x) sin I (28)

with periodicity m = 3 as in Eq. (3). Below we specialize
to the case with m = 1 which already displays the key



features and the emergence of snake states; the general-
ization to m = 3 is straightforward. In fact the m =1
magnetic field Eq. (28) has the physical interpretation
of a cylinder embedded in a 3D space along a horizontal
axis with a vertical magnetic field, see Fig. 4(a).

Using the Landau gauge A, = 0,4, = —% cos 7,
we have the Dirac equation

BER o %)]@ = E,®, (29)

vplogy(—thdy) + oy (p +

for the spinor ® = (u(z),v(z)) with p the momentum
along the infinite cylinder. By this equation we consider
one valley, whereas the opposite valley has opposite field.
In the rest of this section we define dimensionless co-
ordinate, momentum, and energy variables
x—zx/lg, p—plg/h, E,— E,/(hp/lg). (30)

We also replace R — R/{p. The resulting pair of equa-
tions is

O_v = E,u,
Oyu= Epv, (31)
where
Oy — —i, +i <p _ %cos (Tf)) L (32)
This leads to the Schrodinger equation
04+0_v = Ev, (33)
where
R ma\ > mx
0,0_=-9*+ (p — - cos R) — sin = (34)

We now specify to m = 1. To gain physical understand-
ing of the solutions we plot the potential,

Via) = (p— Reos Z)” 4+ sin & 35
(x)—(p— COSE) —l—smﬁ, (35)
in Fig. 4(b) for various p’s. Its minima are shown in
Fig. 4(c) as function of p. For p > R this potential
has a minimum at xg = 0. As p decreases from large
positive values, the single minimum at zy = 0 splits at
p ~ R into two minima which gradually separate from
one another. At p = 0 these minima reach approximately
+7R/2 (with a height asymmetry due to the sin(z/R)
term in the potential, not shown) which then continu-
ously move towards +7R as p further decreases. This
doubly valued relation

xo(p) = £ R arccos %, (36)

(neglecting the sinz/R term in V' (z)) is used in Fig. 4(c).
We show in Fig. 4(a) schematic semiclassical solutions
on the cylinder in a vertical magnetic field. Classically
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FIG. 4. (Pseudo-)LLs on an infinite cylinder in a magnetic
field. (a) Illustration of semi-classical electronic trajectories
on a cylinder (with angular coordinate = and axial coordinate
y) in the presence of a (pseudo-)magnetic field perpendicular
to its axis. The two colors represent the two valleys. We
depict a pair of counter-propagating snake states for x = 0
and z = +7R, at which the magnetic field perpendicular
to the surface of the cylinder vanishes, as well as localized
states otherwhere. (b) Potential profiles V(z) in Eq. (41)
versus momentum p (for large R). (c) Minima of V(z) as
function of p. (d) Landau energy levels in magnetic units for
valley K [Eq. (30)] computed numerically for R = 10, and
compared with Egs. (39) and (40) (dashed). We plot only the
n = 0,1,2 PLLs. For valley K’ the dispersion is unchanged
but the relation between p and z is inverted. Inset: scaling of
the energy gap at p = R as 1/R1/3.

the solutions near zy = 0,7R, where B changes sign,
are snake states. Solutions for 0 < zy < wR display
cyclotron motion clockwise and solutions for 0 > zy >
—mR display cyclotron motion anti-clockwise. Next we
construct the form of E, for the limit R > 1, namely
the case when the dimensions of the system significantly
exceed £p. Expanding the potential around its minima,



we have

To+x—2x 2
V(m)z(p—RcosOO> — sin

R R
>~ p?(z — x0)% — b, (37)
where b = b(zo) = sin 2. Thus
1
0,0_ = -2 +b*(x—x0)° b= b[—gag—l—b(x—xo)z—l].

(38)
This harmonic oscillator has eigenvalues

E, = £v2bn, (39)

where b = b(zo(p)). Using Eq. (36),

b= \/1— (p/R). (40)

This gives pseudo-Landau levels for —R < p < R whose
energy separation decreases towards the edges.

For |p| > R, the p—dependence is captured by the
expansion

V(z) =p? — 2pRCOS% =~ p? (41)

with solutions e'#" and hence E, = 4/p? + %i.

In Fig. 4(d) we show the energy spectrum obtained by
numerical solution of Eq. (33) and compare it with the
semiclassical result Eqs. (39), (40). Each Landau level
is doubly degenerate (not taking into account spin and
valley). This degeneracy corresponds to the upper and
lower cyclotron solutions in the cylinder in Fig. 4(a). We
can see in Fig. 4(d) how these doubly degenerate states
split at |p| ~ R and become edge states.

We see that the energy gap is minimal near |p| ~ R.
As |p| approaches R, the pair of wave functions at +xg
approach each other, and their typical length 1/ Vb in-
creases. Thus the 2y harmonic oscillator solutions will
hybridize when x ~ 1/\/5 This happens at x ~ R/3.
The gap is then given by E ~ R~'/3. This is justified
using numerical calculation in the inset of Fig. 4(d).

A. Quantized conductance

Having described the formation of (pseudo-)Landau
levels, now we discuss the transport configurations in
Fig. 1(c,d), in terms of our simplified cylinder. Along
the way we will justify Egs. (15) and (26).

Applying an external voltage V' on the Corbino ge-
ometry as in Fig. 1(c) corresponds to the cylinder of
Fig. 5(a) connected between two contacts along y at dif-
ferent chemical potentials. As a result we obtain a differ-
ent Fermi energy Er r, Er  for the snake states moving
along the positive and negative y directions, respectively,
as shown in Fig. 5(c). In this schematic figure we assume
that v = 2 but other values can be considered. This leads

to a quantized current

e dFE e2
I =— P _ 9y =1). 42
h/mdp LEwSY =1 @)

Here, v is the number of chiral edge states that the Fermi
levels cross at p = R including spin (£2,+6, +10...) and
the factor of 2 accounts for valley.

In the case with three-fold symmetry, m = 3, each
snake state is replaced by 3 such states, angularly shifted
by 27/3, leading to Eq. (15).

Now we turn off the external voltage V and consider
the configuration in Fig. 5(b) [corresponding to the dy-
namical case as in Fig. 1(d)]. The pseudo-electric field
oc sin & adds a potential term V,,(z) = — [ da'E,,. We
take for illustration

x
V =V, —=. 4
(x) cos (43)

Assuming R > 1, we account for V,, semi-classically by
adding to each energy level E, a potential term V,,(zo)
where 1z is given in Eq. (36). The resulting pseudo-
Landau levels tilt as in Fig. 1(d). Since the pseudo-
electric field is produced dynamically, the tilt is also os-
cillatory. At each snapshot, the occupation is a non-
equilibrium occupation with different Fermi energies at
the counter propagating snake states, Fr 1,r. The occu-
pation does not relax to the instantaneous ground state
with a single Fermi energy because this would require dif-
fusion through the localized bulk. The electronic current
is given by Eq. (42) for m = 1, and similarly generalizes
to Eq. (26) for m = 3.

VI. CONCLUSIONS

Strain fields in graphene are known to produce effec-
tive electromagnetic fields acting on the Dirac electrons.
Here we analyzed a circularly symmetric Corbino mem-
brane geometry as a path towards observing electronic
transport through pseudo-magnetic and electric fields.

In our system the pseudo-magnetic field is non-uniform
and has a three-fold symmetry. In the static case, as dis-
cussed earlier®?36:37 the regions in which the magnetic
field changes sign act as one-dimensional conductors car-
rying snake states, and may allow to observe quantized
electronic transport. Time dependent strain obtained by
AC gating generates an electronic current in the absence
of an applied voltage. This dynamical pseudo-Hall ef-
fect persists although the pseudo-E and B fields are non-
uniform and individually average to zero.

Therefore, the Corbino-disk membrane geometry is
ideal to observe electronic transport in pseudo-magnetic
and electric fields in general and snake states in partic-
ular. The quantized snake states, separated by localized
bulk states, are essential to observe this dynamic current
as well. While for a real magnetic field, the formation
of snake states requires an antisymmetric field profile or



FIG. 5. Schematics of pseudo-Landau levels under (a) an
external voltage V and (b) a pseudo-electric field leading to
a pseudo-voltage V,,. In (c), the voltage V sets the differ-
ence of chemical potential of the counter propagating snake
states. In (d), the internal (AC) pseudo-electric field leads
to an (AC) potential Eq. (43) which tilts the pseudo-Landau
levels, together with the corresponding Fermi energies. We
used V =V, = 0.3 (in magnetic units).

an antisymmetric carrier distribution*®~*2, for the case of
strain induced pseudo-fields, it is quite natural to have
sign changes and even periodic variations of the pseudo-
fields*>. In our system, the magnetic length is smaller
than the length over which the magnetic field changes
sign, allowing to explore effects of the snake states in the

quantum Hall regime.
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Appendix A: Calculation of the pseudo-magnetic
field for large R/AR

In this appendix we derive Eq. (11) for the pseudo-
magnetic field in the narrow ring limit AR/R < 1, and
then test it against numerical simulations.

After solving Eq. (7) analytically, we notice that the
magnetic field vanishes up to zero order of %. To obtain
the coefficient of B o & we expand Egs. (6) in the narrow
ring limit, to one order in AR/R beyond Eq. (7). Doing
this for the first Eq. (6) gives

1 / H 2
— ——h).
R <u M A+2u
Rather than solving this equation, we first expand

magnetic field up to first order of +. Using Eq. (3) we
have

u// — _hlhll _ (Al)

3

N N N /) l 2 P
B(p)=—-u"—h"-h +Rh +Ru. (A2)
Using Eq. (A1), we get
1 14
= — |4/ 14+ —— | n?|. A
B (p) R{U—I—( +)\+2M>h] (A3)

Substituting Eqgs. (8), we finally obtain Eq. (11).

We consider Ry = 10um and Ry = 10.2um, with
AR = 200nm < R, allowing to compare with the nar-
row ring limit. The electron density is taken to be
n = 7.5-10'2 em~2. The results shown in Fig. 6 for
the in plane displacement u, out of plane displacement
h, and pseudo magnetic field B(r) obtained from Eq. (3),
agree with the analytic narrow ring limit. The pseudo-
magnetic field is only of order of 10mT for the to large
selected membrane dimension.
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FIG. 6. Narrow ring limit - comparison of numerical and
analytical results. Top panel: Numerical solution of Eq. (6)
for the in plane and out-of-plane displacements, compared to
Eq. (8). Bottom panel: Resulting pseudo magnetic field B(r)
obtained from Eq. (3) and compared with Eq. (11).
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