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We study particle-hole symmetry at the integer quantum Hall plateau transition
using composite fermion mean-field theory. Because this theory implicitly includes
some electron-electron interactions, it also has applications to certain fractional
quantum Hall plateau transitions. Previous work [P. Kumar et al., Phys. Rev. B
100, 235124 (2019)] using this approach showed that the diffusive quantum critical-
ity of this transition is described by a nonlinear sigma model with topological 6 = «
term. This result, which holds for both the Dirac and Halperin, Lee, and Read com-
posite fermion theories, signifies an emergent particle-hole (reflection) symmetry of
the integer (fractional) quantum Hall transition. Here we consider the stability of
this result to various particle-hole symmetry violating perturbations. In the pres-
ence of quenched disorder that preserves particle-hole symmetry, we find that finite
longitudinal conductivity at this transition requires the vanishing of a symmetry-
violating composite fermion effective mass, which if present would generally lead to
0 # m and a corresponding violation of particle-hole symmetric electrical transport
Opy 7 %% When the disorder does not preserve particle-hole symmetry, we find
that @ can vary continuously within the diffusive regime. Our results call for further

study of the universality of the quantum Hall plateau transition.



I. INTRODUCTION

A. Overview

Electrons in two spatial dimensions exhibit quantized Hall plateaus when their density
is comparable to the strength of a transverse magnetic field [1, 2]. Within the picture of
disordered noninteracting electrons—appropriate for the integer quantum Hall effect [3]—
these plateaus are due to the localization of all electronic states, except for those lying at a
single energy level within each Landau level [4]. An integer quantum Hall plateau transition
occurs as the electron chemical potential is tuned through this critical energy, typically
by varying the magnetic field at fixed electron density [5]. While accounting for the basic
phase structure, this description has some unsatisfactory features, in relation to the observed
quantum critical phenomena [6]. Because the set of delocalized states is of measure zero,
interactions must be included for nonzero finite-temperature longitudinal conductivity [7].
The numerically-calculated localization length critical exponent v.,. (varying from about
2.48 — 2.62 with the specific lattice model and calculation details |8-16]) do not appear to
lie within the error bars of the measured exponent v ~ 2.38 |17, [18]. (Some recent works
are critical of these theoretical results: inclusion of additional types of disorder may be
relevant [19] and/or the critical scaling regime may require significantly larger systems sizes
[20]; see also |21, 122].) Further, the difference of the calculated and measured dynamical
critical exponents ze,. — 2 &~ 1 [23]. These disagreements are not entirely surprising since
the Coulomb interaction is expected to be a relevant perturbation of the noninteracting fixed
point 24, 25]. Thus, a faithful model of the integer quantum Hall transition is thought to
be interacting.

Composite fermions [26, 27] provide a powerful dual framework for the quantum Hall
effect. Intuitively, this duality proceeds by an exact transformation of the electron wave
function by “flux attachment” [28]. A (2 + 1)d effective field theory implementing this
transformation consists of a composite fermion coupled to a Chern-Simons gauge field whose
level is determined by the electron filling fraction [29-31]. A large variety of integer and
fractional quantum Hall effects can then be understood within a composite fermion mean-field
theory—in which fluctuations of this Chern-Simons gauge field and all other interactions are
ignored—as integer quantum Hall states of composite fermions. Although inadequate to fully
account for the effects of electron-electron interactions, €.g., Veae & 2.56 and zeae = 2 [32],
semiclassical reasoning and numerical calculations suggest that composite fermion mean-
field theory provides a unified framework for the quantum Hall plateau transitions [33-35],
hosting delocalized states for a range of critical energies [36, 37].

This paper is concerned with an analytical description of the plateau transition using com-
posite fermions and, in particular, any symmetry it might exhibit. We focus on the integer



quantum Hall transition, however, our results can be readily adapted to certain fractional
quantum Hall plateau transitions [38]. The relevant symmetry is therefore particle-hole
symmetry [39]; the generalization of this symmetry to appropriate fractional quantum Hall
transitions is known as reflection symmetry [38, 40-42]. In the limit of infinite cyclotron
frequency, the particle-hole symmetry transformation relates states at electron filling frac-
tions v <> 1 — v (in lowest Landau level). This symmetry is not present in the microscopic
electron Hamiltonian. Nevertheless, evidence for an emergent particle-hole symmetry is
seen in electrical transport measurements that find the dc Hall conductivity at v = 1/2
to equal 0,y = %% (see [43, 44] and references therein). In the composite fermion theory
of Halperin, Lee, and Read (HLR) [31], this electrical Hall conductivity requires [45] (and
occurs |37, 46-48] in the presence of weak disorder p,, # 0) a composite fermion Hall con-
ductivity agg = —%% [49]. From the point of view of composite fermion mean-field theory,
particle-hole symmetry helps to explain the diffusive quantum criticality of the plateau tran-
sition: Because localized free fermions necessarily exhibit integral Hall conductivity [3], the

half-integer value of g (in units of e?/h) implies the critical states are delocalized [50].
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necessary for the diffusive quantum criticality. In particular, how universal is particle-hole

Our interest in this paper is to better understand whether particle-hole symmetric ¢ is

symmetry to the integer quantum Hall plateau transition?

B. Detailed Summary

We now provide a more detailed overview of this paper. There are two types of composite
fermions theories for electrons at v = 1/2: the HLR theory [31], which involves a nonrela-
tivistic composite fermion coupled to a Chern-Simons gauge field; and the Dirac composite
fermion theory, introduced by Son [46] and further developed in a number of subsequent
works [47, [51H53], in which the nonrelativistic composite fermion is replaced by a Dirac
fermion. Using a standard Dirac notation, the mean-field Lagrangians for HLR (n = 1) and
Dirac (n = 0) composite fermion theories can be expressed as (see §II))

L=V + ¢)¥ — VTP (ind + ao) ¥ + my UV + my W0, (L1)

Here, ¥ is a two-component Dirac fermion; a(x) and a;(x) for j € {1,2} are possible
uncorrelated quenched scalar and vector potential disorders (probing electromagnetic fields
are set to zero); P, projects onto the second component of W; m; is a chemical potential
that fixes the nonzero composite fermion density; and ms is a possible mass term. In this
formulation (LIl), particle-hole symmetry acts as time-reversal invariance. Consequently,
the terms involving P, and my violate particle-hole symmetry. The vector potential disorder
aj(x) preserves particle-hole symmetry for an appropriate choice of disorder ensemble (see

§ITA).



The numerical works [36, 37] that found the HLR composite fermion mean-field theory to
exhibit an integer quantum Hall plateau transition with particle-hole symmetric transport at
v = 1/2, assumed a particle-hole symmetric ensemble for a;(x) and set ao(x) to zero. Since
meo is generally nonzero in the HLR theory, this result is consistent with an emergent particle-
hole symmetry. The Dirac composite fermion mean-field theory (LI]) manifestly has particle-
hole symmetry so long as time-reversal invariance is preserved. Significant progress towards
an analytical description of this transition was then made in [54], where it was shown that,
for particle-hole symmetric disorder and when ms = 0, the dc zero-temperature electrical
conductivity of composite fermions is encoded in the nonlinear sigma model (NLSM),

[S— / &z Tr(%(@@f +z‘16iﬂeijc28i@aj@), (1.2)

with # = 7. Here, the matrix boson Q € U(2n)/U(n) x U(n) parameterizes composite
fermion charge density fluctuations with the replica limit n — 0 to be taken at the end of

any calculation using Syrsy. The marginally-relevant coupling [55] (in the renormalization
cf
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group sense), g x 1/0S | characterizes the evolution from the ballistic to the diffusive regime

of finite (impurity-averaged) conductivity Uff (henceforth measured in units of e?/h). If only
the first term in Snpsy is present, the marginal relevancy of g implies “weak” localization

ot — 0 in the thermodynamic limit. The topological @ term [56] is believed to prevent

Tx
this localization when # = 7 and (if unrenormalized) thereby explain the quantum critical

diffusion [57-63]. As such, 6 and ¢, are related [54, 157, 61]:

Q) mod 27. (1.3)

9:7r+27r(a§,fy—2

Here, agz denotes either the HLR or Dirac dc composite fermion Hall conductivity, with
particle-hole symmetric values agg = —2. Two features of this NLSM are worth emphasiz-
ing: first, it is identical in form to that argued by Pruisken et al. from the (dual) electron
perspective [57,[58]; second, § = 7 regardless of whether or not 7 is nonzero. (Intuitively, this
occurs because the dependence on 7 drops out in the dc limit in which the time-derivative
in (LI can be ignored.) Thus, in the presence of particle-hole symmetric disorder, the HLR

and Dirac composite fermion mean-field theories are controlled by the same IR fixed point.

In this paper, we generalize [54] to include uniform ms and random ag(x). First for

vanishing ag(x) and when particle-hole symmetric disorder a;(x) is present, we find that
cf
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in [54] in which a § = 7 term appears. We interpret this as an emergent particle-hole

finite 0¢, requires the renormalized ms = 0. The resulting NSLM reduces to that found
symmetry and the irrelevance of my near the diffusive quantum critical point. When ag(x)
is included, we find that the topological # term varies continuously with the strength of
this particle-hole symmetry violating disorder, consistent with the simultaneous generation
of nonzero symmetry-violating ms. Because the NLSM formulation is controlled only for
ot > 1 and the beta functions that determine the two-parameter flow of 1/g and 6 are
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nonperturbative [64], we are unable here to determine whether the ultimate low-energy fixed
point of the sigma model with 6 # 7 is an insulator or a quantum critical metal with varying
Hall conductivity.

The remainder of this paper is organized as follows. In §II, we review the HLR and Dirac
composite fermion mean-field theories with the aim of deriving the mean-field Lagrangian
. In we construct the generating functional for disorder-averaged products of
retarded and advanced composite fermion Green’s functions. Encoded in this generating
functional are observables such as the composite fermion density of states and conductivity.
In §IIT Bl we derive the NLSM for composite fermion mean-field theory, focusing on the topo-
logical 6 term. This NLSM contains the effects of particle-hole preserving and particle-hole
breaking disorders. In §IV] we conclude with a discussion of our results and of possibilities for
future work. Appendices supplement arguments in the main text. Unless stated otherwise
we take €2 = h = 1.

II. COMPOSITE FERMION MEAN-FIELD THEORY

We begin with a derivation of the mean-field Lagrangian (LIl for the HLR and Dirac

composite fermion theories.

A. HLR Mean-Field Theory

The HLR Lagrangian is [31]

(Z8J -+ Aj -+ aj)2 ervr
o >¢ + S—Wa“&,ap +.... (IL.1)

Here, ¢'(t,x) creates an HLR composite fermion; A, (f,x) is the external electromagnetic

EHLR:M<Z'80+A0+V+@0—

field; a,(t,x) is a dynamical (2+1)d Chern-Simons gauge field; m is an effective mass, e*”

7 include all

with p,v,p € {0,1,2} is the antisymmetric symbol with €2 = 1; and the “...
other possible couplings and interactions, which we set to zero in the remainder. A nonzero
uniform magnetic field €;;0;4; = B > 0 is assumed such that the electron filling fraction
v = 1/2. Variation of Lypr with respect to Ay implies the electron and composite fermion
densities are equal. V' (x) represents possible quenched electron scalar potential disorder. In

this paper, we assume that V' (x) is particle-hole symmetric, i.e., the disorder ensemble for

V(x) has vanishing odd moments V' (x;) - - - V(x2,41) = 0.

The mean-field approximation can be divided into two steps. The first is to impose the
ag equation of motion, i.e., flux attachment,

wTw = —%eij&-aj. (112)



This results in an effective magnetic field B + €;;0;a; that vanishes on average at half-filling,
which we accommodate by shifting A; + a; — a;. Flux attachment ([L2) also implies that
weak (electron) scalar potential disorder V' (x) is realized as anticorrelated vector and scalar
potential randomness [48, 165]:

eijaiaj(x) = —QWV(X) (II?))

The second (and final) step of the mean-field approximation is to set all dynamical fluctua-
tions of a,(t,x) to zero. Thus, a,(x) is a background field in the mean-field approximation.

We choose a disorder ensemble for V(x) such that the resulting vector potential a;(x)
determined by (IL3)) is a transverse Gaussian random variable with zero mean and variance
W > 0:

a;(x) =0, a;i(x)a;(x') =Wo;d(x —x'). (11.4)

Such delta-function correlated vector potentials (IL4) arise from power-law correlated scalar
potentials V(x)V (x') o |x — x/|7* [66]. We remark that nonrelativistic fermions coupled
to power-law correlated vector potential disorder without any scalar potential disorder ob-
tain singular single-particle properties; two-particle properties remain regular and appear to
coincide with delta-function correlated vector potential disorder [67-69].

Quenched disorder satisfying ([L3]) appears to be necessary for particle-hole symmetric
composite fermion Hall conductivity agfy = —1/47 36,137, 48]. To further explore this, we’ll
include additional quenched disorder ag(x) coupling to 11y that’s independent of a;(x). For
simplicity, we’'ll take ag(x) to be a Gaussian random variable with zero mean and variance
Wy > 0. We refer to ag(x) as particle-hole violating disorder; as we’ll see, this terminology is
justified in Dirac composite fermion mean-field theory and also in the nonlinear sigma model
associated to the HLR and Dirac composite fermion theories. How such disorder ag(x)
might arise if V' (x) also violates particle-hole symmetry and/or when interactions ignored
in composite fermion mean-field theory are included are interesting questions we leave for

future work.

Having included these effects, we can write the mean-field Lagrangian in a Dirac form by
factorizing the spatial derivative terms as

Liig =V (i0 + Er — ao)¥ — ¢liv(Dy +iDs)x — x'iv(Dy — iDa)¢ + 2mu®xTx  (IL5)

using the auxiliary fermion [46],

(D~ Do), X = —— (D} + D}, (IL6)

X 2mu

- 2mu

where D; = 0; — ia;, the Fermi energy Er > 0 fixes ¢!t = B/4r on average, and a,(x)
denotes the possible quenched randomness discussed above. We set the arbitrary velocity



v > 0 to unity by rescaling y. Notice that only ¢ is dynamical in this Dirac formulation
T
of HLR mean-field theory; x is nondynamical. Introducing ¥ = <w X) and the gamma

matrices (I, T, T?) = (03,i0',i0?), where ¢ are the usual Pauli matrices, the resulting
mean-field Lagrangian is

Lt = V(i + )V — U P, (i + a) ¥ + (% +m) Ui 4 (% —m)Tw,  (IL7)

where U = WIT° i@ + ¢ = T°(idy + ag) + [V (i; + a;), and Py = 8 (1] projects onto the

second component of W. This Lagrangian coincides with (LI)) at » = 1 upon identifying
my = Er/2+m and my = Er/2 —m.

B. Dirac Mean-Field Theory

The Dirac composite fermion Lagrangian is [46, 147, 51, 52]

o _ 1
Lo =U(id +§)¥ —mpW¥ -~ A, D, + P A,D,A, + ... (I1.8)

where the Dirac notation is defined below ([L7); a,(t,x) is a dynamical (2+1)d gauge field;
A, (t,x) is the external electromagnetic field; mp is a (2 4 1)d Dirac mass; and the “...”
refer to all other possible couplings and interactions that will be ignored. The Fermi velocity
has been set to unity. A uniform magnetic field €;;0;A; = B > 0 and an electron filling
fraction v = 1/2 are assumed. Variation of £, with respect to Ay gives the electron density
Ne = B_Zij?iaj. Consequently, fluctuations about v = 1/2 are controlled by €;;0;a;. In
particular, quenched electron scalar potential disorder induces randomness in the vector
potential a;. We'll take this induced randomness in a; to be the same as in ([L4)), i.e., a;
will be a transverse Gaussian random variable with zero mean and variance W > 0 in the

mean-field approximation.

Similar to the HLR theory, the mean-field approximation consists of first imposing the ag

equation of motion,

B
Uiy = e (11.9)
Here we see that the composite fermion density is fixed, not by the electron density as is
the case in the HLR theory, but by the external magnetic field. While at half-filling, there
is no difference between the two, differences can appear when deviations from half-filling
are considered. After (IL9) is imposed, we then set all dynamical fluctuations of a,(¢,x) to
zero to achieve the mean-field approximation. In the remainder, a,(x) is understood to be

a quenched random variable.



An important distinction between the Dirac and HLR composite fermion Lagrangians is
that particle-hole symmetry has a simple implementation [70] in £p [46, |47]. In particular,
particle-hole symmetry acts as time-reversal invariance in Dirac composite fermion mean-
field theory: i — —i,t — —t, ¥ — io?W. (We see that the P, term in the Dirac formulation
(IL7) of HLR mean-field theory explicitly violates this definition of particle-hole symmetry.)
As such, the Dirac composite fermion mass mp breaks particle-hole symmetry. Vector
potential disorder a;(x) satisfying preserves particle-hole symmetry on average. As
in the HLR theory, we consider the effects of particle-hole violating disorder by including
quenched scalar potential randomness ag(x) that couples only to the top component of W.
This term explicitly violates particle-hole symmetry. We’ll again take ag(x) to be a Gaussian

random variable with zero mean and variance Wy > 0.

The resulting mean-field Lagrangian is

LR = (id + ¢) ¥ — VI Pyag¥ + Er¥U'¥ — mpl0, (11.10)

00
where Ep > 0 fixes ([L9) on average and P, = 01 Notice that in contrast to the HLR

theory, (ILY)) involves both components of ¥ and so Ef fixes the total Dirac fermion density;
further comparing with (ILI0), both components of ¥ are dynamical in £%f. We
recover the general composite-fermion mean-field Lagrangian (LI]) at n = 0 upon identifying
m; = Er and me = —mp.

III. EFFECTIVE ACTION FOR CHARGE DIFFUSION

In this section, we first construct the generating functional for disorder-averaged com-
posite fermion Green’s functions for the mean-field Lagrangian ([1]). We then derive the
NLSM for composite fermion charge diffusion in the presence of particle-hole symmetric and
particle-hole violating disorders.

A. Generating Functional

The generating functional of disorder-averaged products of retarded/advanced composite
fermion Green’s functions (that determine observables such as the conductivity) is a Eu-
clidean 2d field theory. This is a 2d rather than 3d field theory because, in the absence of
inelastic scattering, each frequency component of the composite fermion evolves indepen-
dently. Within the replica approach (see, e.g., [71,72]), this generating functional is

7 = % /D[\II]D[\IIT]D[%] e ?, (IT1.1)



with action S = Sy + S,,

. 1—A~5
S5 = / &z Ut (yij _ 27 4o — My — M275>\If, (I11.2)
2 1 2 1 2
Sa = d“x (2—%CLO + W%), (IIIB)

and normalization N. Here, S; takes the form of an Euclidean 2d action [73] for 2n Dirac

fermions,

v, = <¢1) v = (vl ). (TI1.4)

X1

where I € {1,...,n} indexes the n replicas of retarded fermions and I € {n+1,...,2n}
indexes the n replicas of advanced fermions. The gamma matrices are

V=021 P=c'®r, P =-327, (I1L.5)

where ¢/ are the usual Pauli matrices that act on the spinor indices and 7° is the 2n x 2n
identity matrix acting on the replica indices. The replica limit n — 0 is to be taken at the
end of any calculation using Z |74]. Up to an overall sign, Sy coincides with 2n copies of the
(spatial integral of the) composite fermion mean-field Lagrangian (1)) with the replacements
U(t,x) — ¥;(w,x) and i0; — Ep £ (w + ie), where the + sign distinguishes between
retarded /advanced fermions. The mass matrices depend on the specific composite fermion
theory: in the HLR composite fermion theory,

E ' E '
M= (22 4m)r®+ 28 = —(EE )0 4 S, (I11.6)
2 2 2 2
in the Dirac composite fermion theory,
M, = Ep7’ + (w +i€)7°, My =mpr°. (IIL.7)

The diagonal matrix 77, = 6,5 for I, J € {1,...,n} and 7}, = —d;; for I, J € {n+1,...,2n};
the mass matrices are diagonal in the gamma matrix indices. The Fermi energy Er and
frequency w carried by ¥ enter M; and M, differently in the HLR and Dirac theories because
only the top component of ¥ is dynamical in the HLR theory. The frequency of the composite
fermion is merely a parameter in this 2d theory. We will set w = 0 henceforth to focus on
the dc conductivity. We identify

1 1
my = %‘I‘I']\Jl7 meo — _%TI‘MQ. (IIIS)

Sy has a Ug(n) x Ua(n) C U(2n) symmetry with the infinitesimal e > 0 distinguishing
between retarded and advanced fermions.



S, defines the Gaussian ensembles for the independent random variables ag(x) and a;(x).
The interaction between a, and V¥ in this 2d theory is responsible for the diffusion of compos-
ite fermions. Analyzing this interaction is the subject of the next section. We will assume a
regularization preserving the U(2n) vector symmetry (present at w = € = 0) that identically
rotates the top ¥ = (1 —~°)¥ and bottom x = £(1 +~°)¥ spinor components of W.

B. NLSM Derivation

From the generating functional (IILI]), we now derive the NLSM for composite fermion
dc charge diffusion, focusing on the 6 term and its physical interpretation. The derivation
of the leading non-topological term in this NLSM and additional details for the calculation
of the topological term can be found in Appendix [Bl

1. Saddle-point Analysis

Performing the Gaussian integrals over ay and a;, we obtain the “disorder-averaged action”

§=5"+3"+35%

< _ / P \I,T(,yiyjaj M, — M275>\11’ (11L9)
5@ _ [/dzz (15770 (W), (I11.10)
@) _ VQVo/dz (vt i1 27 \I,)(\I,Tl—; ). (ITL.11)

The parentheses around fermion bilinears in 5? and 5® indicate contraction of the spinor
and replica indices, e.g., (¥T75770) = ol Ivab%cllfcj for a,b,c € {1,2} and I € {1,...,2n}.
The “disorder-averaged action” has the form of a massive SU(2n) Thirring model [26] (with

®3)

coupling —W) plus an additional chiral interaction S*. This interacting Euclidean 2d theory

is translated to Minkowski signature in Appendix [Al

We perform a semiclassical analysis of the interactions in S. To this end, we first rewrite
2)

S
W
5@ = 5 /d% ((@}@J) (Whw,) — (ThyPw,) (\11375@1)) (I11.12)

and then we decouple each of the interactions using the Hubbard-Stratonovich fields X7,
Y;s, and Z;; as

550 _ / DIX|DY]D[Z)e (gt (2 4v2) gy 122 (X 242 s (i i4) e

Y

(I11.13)



where Tl"X2 = XJ[X[J, Tl"Y2 = YJ[Y}J, and TI"Z2 = ZJ[Z[J. Each of the fields X[J, Y}J,
and Z;; transform in the adjoint rep of U(2n). Next, we look for solutions to the saddle-point
equations (at € = 0) for (X;,), (Y7;), and (Z;,):

w / d*k 1
X =2, _ ! _ , 11,14
2 ( (2m)2 ik — (My 4+ iX +iZ) — (Mo + Y — Z§)75) ( )
2 5
Yy = YTrU(/ h S 75 ) (IT1.15)
2 (2m)2 a5k — (My +iX +i5) — (My+ Y —i5)y
2 1 — 5
U )
4 (2m)2iyo ik — (My +iX 4+i5) — (My +Y —i5)y

where the trace Tr, is only taken over the spinor indices; and we write X for (X;;) and
similarly for Y and Z. We consider the Ugr(n) x U4 (n)-preserving ansatz:

(X) =T, +T_ ) +iX,r°, (I11.17)
(V) = Yy7°, (I11.18)
(Z) = =2T_7° +iZy7°, (I11.19)

where I'y, Xg, Yy, and Z; are real. I'y. parameterize nonzero scattering rates of the composite
fermions, while Xy, Yy, and Z, parameterize possible renormalization of m; and my (recall
[I1.8)). We've set to zero a possible term in the ansatz for (Y') proportional to 73 that
appears to prevent a Ug(n) x Ua(n)-preserving solution to these equations; preliminary
analysis indicates that such a term requires a more general ansatz that only preserves a
subgroup of Ug(n) x Ua(n).

We next present the detailed solution to these equations that results from the ansatz
above. The conclusion from this analysis will be that the composite fermions obtain the

renormalized mass matrix,

(mif +mg) 7" +i (P —TH) 0 (I11.20)
0 (mft — i) + i (DR 4+ TR) 7 | '

Here, the R superscript (dropped in the next section) indicates renormalized parameters.
We'll find that the saddle-point solutions allow nonzero m& and unequal scattering rates
I'® £ 0 for the two components of U only when particle-hole violating disorder is present

(Wo #0).
To this end, we begin by defining the real parameters J; and Js:

d*k 1
(2m)2 k2 + (My 4+ iX +i2)2 4+ (My + Y —iZ)?

i+ S’ = / (I11.21)

10



By direct evaluation, we find

ign(I'_mq — T'omr n2 —m? —I2% 41?2
g, = Sen(lmz = Tyi) (ﬂ — 2arctan (m2 Mo +)) (I11.22)
& 2|F_m2 — F+m1|
1 At
Jo = —— log ( ) (I11.23)
ST N0y D)2 4 (g + )2 (D = T2 o+ (1 = 170)?)
Here we’ve introduced the shifted masses
my =mq — Xo — Zp, (I11.24)
7’712 = —MmMy — Yb, (11125)

and UV cutoff A. We search for a self-consistent solution when |I'y /m;| < 1 and |my/my| <
1: this corresponds to the small scattering rate limit 'y /EFr < 1 with approximate particle-
hole symmetry. In this regime, J; ~ —1/47 and J5 & 5= log(|r|/A). Written in terms of
these parameters the saddle-point equations ([IL14) - (IILI6) become

20 = Wy (J1(m + o) + Jo(T'y + ), (I11.26)

Zy =Wy (Ji(Dy +T2) = Jo(i +1ma)), (I11.27)

Iy +T- =—W (Jung + JI'y), (II1.28)
Xo = W (IIy — Joriny), (111.29)

0 =W (Jirg+ J,T_), (I11.30)

Yo = =W (/i T_ + Joiny). (II1.31)

We solve these equations for X, Yy, Zg, '+, and mey:

my Wo(Jo + W(JE+ J3))

_ 111.32
T L3 W, + 4W) + W(3W, + 2W) (2 + J3) (I11.32)
—m1W0W(J12 + J22)

Y, — , I11.33
O 2 L(3Wo +AW) + W (BW, + 2W) (J2 + J2) ( )
_= Vo — (IT1.34)

2+ JL(3Wy +4W) + W (BW,y +2W) (J7 + J3)
—2m1WJ1

4T = T1L.
T T S T W £ AW) + W (W - 2W) (2 + 2) (I11.35)

Zo = S (I11.36)

2 + Jo(3Wo + 4W) + W (3Wo + 2W) (J2 + J2)
W (2 + (W + 2W)(J2 + J2
X, W (2, + (Wo + 2W)(J; + J3)) (I11.37)

T 24 LWy + AW) + W(BWo + 2W) (J2 + J2)

Notice that Yy, I'_, Zy, and my vanish as W, — 0. We treat my as a variable in order to
avoid an overly constrained set of equations; our interpretation is that W, and W disorders

11



cause msy to renormalize to a value determined by the saddle-point equations. To ensure the
scattering rates I'y = 1T°_ > 0 of #\If are nonnegative, we require

7 (2 + Jo(3Wo + AW) + W (3W, + 2W) (J2 + J§) <0, (111.38)

The retarded/advanced 2d Euclidean fermion Green’s function that obtains from this
saddle-point solution is

1
i0181 — iUQag + (m1 — XO — Z(] +w =+ ZF+) + (m2 + YE] +wF iF_)O'g
(I11.39)

Ir/aw,x,X) = (x| [x).

We've included nonzero w, parameterizing deviations about the Fermi energy. This Green’s
function suggests how to absorb the logarithmic divergence J, into renormalized parameters.
We first introduce the renormalization factors,

_ 2+ J(3Wo +4AW) + W (3Wo + 2W) (JF + J3)

I = : 111.40
R (24 Wy Jo + 2W.J,) ( )

2 2
7y = St WL+ ) (IIL.41)

Jo

Then, the renormalized m, » and I'y are

mE =m, — Xo— Zo = 2. (I11.42)
ZR
m = my + Yy = 22, (I11.43)
Z,
mRJ1
't =w, ! , 111.44
- 2 (W +2W) ( )
R

T8 = — (W, + 2 i (IT1.45)

2+ (Wo+2W)Jy

The condition ([IL38)) ensures the renormalized I' f + I' are nonnegative. Notice that X
and Z; are absorbed into a renormalization of m;, while Y} is a renormalization of my. We
use these renormalized parameters in the remainder without the R superscript to determine
the 6 angle.

2. 0 Term

The saddle-point solutions for (X) and (Z)—in particular, the nonzero scattering rates
'y —spontaneously break the U(2n) symmetry (present at € = 0) to U(n)g x U(n)s. We
consider the fluctuations about this saddle-point by writing ¢, (x) = (X (x) + Z(x))/(I'y —
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I'_) = Uy (x)73U] (x) and Qy(x) = X (x)/(T'y + ') = Us(x)73UJ (x) where Uy (x), Uy(x) €
U(2n). This parameterization ensures that Q1 2(x) satisfy Q7 ,(x) = 1. Since Q1(x) = 7°
for Uy 2(x) € Ug(n) x Uag(n), the target manifold of Q) 2(x) is U(2n)/Ug(n) x Us(n). Recall
that (Y) has been absorbed into a renormalized my after which (Y) = 0. Consequently,
fluctuations about (Y') are massive and will not be considered further. Since the action is
only invariant under global vector U(2n) rotations (under which #\If and #\If transform
identically), the gapless Goldstone bosons correspond to those fluctuations of Q); and @)» for
which U; = Uy; the “axial” fluctuations @1 # @, are massive (see Appendix [B2l for an
explicit demonstration) and can be neglected at low energies. Thus, we have a single light
matrix boson @ = @1 = Q2 € U(2n)/Ur(n) x Ua(n) that we parameterize as Q(x) =
U(x)m2UT(x) with U(x) € U(2n).
The NLSM ([L2) for @ is obtained by integrating out the fermions,

— [ &2z Wt (ﬁw’aj—(M1+iF+Q)—(Mz+iF7Q)v5) v

e ONLSM — / DUYDY'e (I11.46)

The real part of Sypsm, which describes the longitudinal conductivity of the system 1/g o
W > 1, is calculated in Appendix [B3l The imaginary part of Sxrgm is the topological 6

term,

_ i 0 2
Stop = i / &z Tr (eijQ@Qan>. (I11.47)

This term weights () configurations by the second homotopy group Il (U (2n)/Ug(n) x
U A(n)) = 7Z. Since this classification is independent of the replica index for any positive
integer n, we set n = 1 and so Q(x) = U(x)73UT(x) € U(2)/Ugr(1) x Ux(1) = SU(2)/U(1)
with U(x) € SU(2). Further, since the classification of () configurations by Z arises from
the relative U(1) subgroup of Ur(n) x Ua(n), the result we find for # should continue to hold
in the replica limit n — 0 [58].

To extract the topological term, it’s convenient to perform the gauge transformation
U — U(x)V before integrating out the fermions. This allows us to interpret the fluctuations
of @ in terms of the SU(2) gauge field,

A; =iUo;U. (I11.48)

(Note that A; here and below is not the electromagnetic vector potential, despite our use of
the same symbol.) Thus, we compute

o Snisn — / pypyte 7Y (Vs”j(‘r’j"“‘j)‘“’l‘msﬁ, (I11.49)

where

01 =mT +ilL T3, oy = —met? +4l 70 (I11.50)

13



It is sufficient to determine Sypsm to quadratic order in A; to obtain the topological term,
which is cubic in Q. Using (IIL48)) to relate @ to A; and the identity €;,0; Ay = i€jpA; Ay
for a pure gauge potential, the topological 6 term,

1
Stop = E /d2l’ TI'(T?’Ejk (HI@Ak + iQIIAjAk)>a (11151)

and the 6 angle,
0=06"+06". (I11.52)

0™ and 67 are associated to the “classical” and “quantum” contributions to the Hall con-
ductivity of the system [75].

We'll now calculate each of these contributions to 6 (see Appendix [B4] for additional
details). We'll combine a result of Goldstone and Wilczek |76], familiar from work on topo-
logical insulators [77], with a direct evaluation; a similar argument in this context can be
found in [61].

Because 6/ in ([IL51) is only sensitive to the Abelian subgroup of SU(2) generated by

73, we can simplify its determination by focusing on the associated Abelian gauge field

%Tr(T3Aj) under which the retarded and advanced components of ¥ carry opposite charge.
We'll furthermore treat ¢; and ¢y in ([IL50) as smoothly varying complex fields that assume
their fixed values at the end of this calculation. Writing ¢ 2 in terms of the complex fields

R,A
X1,2 )
o g o
Y1+ P2 = ( 0 6ix’{‘> y Y1 P2 = — ( 0 e-b(?) , (IT1.53)

the generalization of [76] to complex ¢; 5 gives the linear in A; contribution to Siep:
1
Stlop =5 /d2x €;10; (X{% + xR —xd — X?) Tr (7‘3Ak>. (I11.54)
After an integration by parts, we identify

1
0" = =5 (o =t i), (TIL.55)

We now evaluate # on the saddle-point solution by setting ¢; and ¢, to their values in
(OLEQ). To ensure that A' is well defined modulo an integer multiple of 27, we constrain
the real parts Re[xﬁ’QA] € [0, 7). For general ¢; 5 it’s necessary to perform some combination
of a charge conjugation,

CUC = U~ (I11.56)
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and a chiral rotation with a = 7/2 (see (A1) on each fermion species in order to solve

for Xﬁ

’2‘4. Note that a flip of the relative sign in x¥ + x& — xf — x4 accompanies a charge
conjugation on an advanced or retarded fermion. Likewise any chiral rotation would generally
include an additional contribution to the NLSM action due to the anomalous variation of
the fermion measure [78] in Eq. (ITL49). For the ¢; 5 under consideration, it’s only necessary

to perform a charge conjugation on the advanced fermions with the result (see Appendix
[B4D):

L, -I- F_) — arctan (7F+ 1o

0! = 7 + arctan (
my + me mp — Mo

). (111.57)

In the diffusive regime 0 < I'y» < Ep with weak particle-hole symmetry violation |I'_| o
Wy < W,

o' =1+ O(Wy). (I11.58)

Eq. (IL5) indicates that 677 is sensitive to the non-Abelian nature of SU(2). By direct
evaluation of ([IL49) of the quadratic in A; contribution to Siop, we find (see Appendix

[B 4al)

o mlr_ + m2F+

o' (arctan (&) + arctan (&D (I11.59)

m1F+ + mQF_ mi + Mo myp — Mo

Notice that 6/ # 0 only when particle-hole violating disorder Wy # 0 is present. The # term
only receives a contribution from 6 when the disorder is particle-hole symmetric because
the particle-hole violating mass ms vanishes in the saddle-point solution.

IV. DISCUSSION

In this note, we studied the effect of particle-hole symmetry violation on the integer
quantum Hall plateau transition using the HLR and Dirac composite fermion mean-field
theories. For the particle-hole violating perturbations we considered, we showed that the
diffusive quantum criticality of this transition is described by the same nonlinear sigma
model (NLSM). The derivation of this NLSM proceeded by a semiclassical analysis in which
Schwinger-Dyson equations, associated to the “interactions” produced by the various types
of quenched disorders in the (2+0)d generating functional of composite fermion Green’s func-
tions (IILIJ), are solved via a particular ansatz. (Here we used the replica trick to obtain this
generating functional with 2n replicas.) Our ansatz preserved the Ugr(n) x Ua(n) symmetry
present in this generating functional. For particle-hole symmetric quenched disorder (see [TAl
for the definition), we found that the solution to the Schwinger-Dyson equations—in partic-
ular, finite composite fermion dc conductivity o<t —required the vanishing of a particle-hole
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breaking (renormalized) mass term corresponding to my in (LI). In the Dirac composite
fermion theory, this term is the usual (2 + 1)d Dirac mass; in the HLR theory, this mass
term is controlled by the difference of the renormalized Fermi energy and effective mass. The
resulting NLSM contains a topological 6 = 7w term. This suggests an emergent particle-hole
symmetry of the diffusive quantum critical point. It would be interesting to explore other
ansatze, e.g., those associated with flag manifolds [79], with reduced symmetry to better
understand this interpretation.

We also considered the effect of particle-hole symmetry breaking quenched disorder. We
found such disorder can shift the # angle away from w. This corresponds to a violation
of particle-hole symmetric electrical transport. Because the NLSM that we study is only
appropriate for longitudinal conductivities o<t > 1 (in units of ¢2/h), we aren’t able to
determine the identity of the state that obtains for o</, ~ 1 towards which the nonlinear
sigma model evolves at low energies. (Recall that the longitudinal conductivity is a coupling
in the nonlinear sigma model: in the absence of a topological § term, o</, — 0 in the IR; with
a topological # term, it is expected that o<l takes an O(1) fixed point value.) It would be
interesting to understand if particle-hole symmetry emerges for o<, ~ 1, as predicted in [80]
and found in a numerical study of noninteracting electrons [81]. Alternatively, if particle-
hole symmetry doesn’t emerge, we expect either a gapped insulator or a diffusive metal (at
least in the vicinity of the particle-hole symmetric limit at § = 7). It would be interesting
to connect our result with recent work [32] that found evidence for a line of extended states
with continuously varying critical exponents as particle-hole symmetry is violated by varying
the coefficient of electron scalar potential in .

In [54], the § = 7 term was extracted by a careful study of the chiral anomaly of a 2d
theory closely related to the one in (IIL.49). In this earlier study, only particle-hole symmetric
disorder was considered. We have been unsuccessful in applying this chiral anomaly argument
to the case studied in this paper, where particle-hole violating disorder is included. The
technical issue is that a non-unitary chiral rotation is required to relate the retarded and
advanced fermion mass matrices. We are unaware how the gauge field effective action changes
under such transformations. Perhaps the methods in [82] can shed light on this question.
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Appendix A: Minkowski Action

In this appendix, we translate the 2d Euclidean “disorder-averaged action” S = g(l) +
5% 4 5% i ([IL9) - (ILII) into Minkowski signature. We first define the Minkowski
spinors [73],

® =P, of = wletr™”, (A1)

Note the same transformation is used for ® and ®. The Euclidean-signature gamma matrices
are given in ([ILA]). Next we introduce the Minkowski-signature (+1, —1) gamma matrices,

=" T'=iy", I’=iT!' =iy (A2)

and Wick rotate 2° = —iz? 2! = x'. (We caution that we are redefining in this appendix the
uppercase gamma matrices previously employed in the (24 1)d composite fermion mean-field

theories in Egs. (IL7) and (ILI0).) Making these replacements in Eqs. (IIL9) and (IIL.I0),
we find the Minkowski-signature action Sy, = SE\Z) + gﬁl) + ?5\?:

5 _ 15
?ﬁzi/dﬁMJé@WQﬁJWG+T)+%FH';j»Q (A.3)
5% = % / d2’da’ (BT#) (BT,P), (A4)

15
5 = —% / dz0dz’ (cI>1+2ZF o), (A.5)

where 1 € {0,1}, ® = ®T°, and the complex mass matrix M = M, — iM; with the mass
matrices for the HLR and Dirac theories given in Eqgs. (IIL6) and ([ILT). We see that M,
is a conventional Dirac mass and M, is an axial mass. ?f{j’ is a SU(2n) Thirring interaction

with coupling —W; the chiral interaction 3(@) is a chiral repulsion Wy > 0.

In Minkowski signature, the chiral transformation is
D — P, Of 5 Pfeiol”, (A.6)

where « is a real. Using (Al and (A.6), the Euclidean-signature fermions transform under
a chiral transformation as

U — e, ot wheier”, (A7)

Notice again that Hermitian conjugation and Wick rotation (between Euclidean and Minkowski
signatures) don’t commute. The derivative terms and Thirring interaction are invariant un-
der continuous chiral rotations; the mass terms and interaction proportional to W, are only
invariant under the Z/2 subgroup for which a € 7Z.
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Appendix B: Detailed NLSM Derivation

In this appendix, we detail the calculation of the NLSM for composite fermion mean-field
theory that is sketched in §IITBl

1. Setup

Here we have found it convenient to employ a different convention than the one used in
the main text. The translation table between the two conventions is given below.

r, =2 (B.1)
2

B.2
5 (B.2)

Y1 =0y, V2=0z V5= —0. (B.3)

Above (0,,0,,0,) are the usual Pauli sigma matrices that act on the spinor indices; note
that we are leaving implicit the replica indices since the gamma matrices are diagonal in
replica space (see ([IL3])). Furthermore, we reflect both coordinates (z,y) — (—x, —y) and
reverse the overall signs of the fermion and NLSM actions in ([IL.49):

eoNLSM — / DYDY ¢, (B.4)

with
.10 + Qa0

S = /dzx Val (z'axax — 10,0, — Myo, + Myoy + Z#Q)\P. (B.5)

Here o¢ is the 2 x 2 identity matrix. The masses M; and M for the HLR and Dirac theories
are given in (IIL6) and ([ILT); we set w = ¢ = 0 in these expressions for the masses. The
matrix boson Q(x) = U(x)r3UT(x) for U(x) € U(2n) and 7° = 0, ® of. Since all terms
except for () are singlets with respect to the replica indices (i.e., the 7 space), we (generally)
leave implicit the 2n x 2n identity matrix 7y that acts in this subspace.

We partially follow [61] to separately derive the real and imaginary parts of Sxysm. Before
proceeding, we define the self-consistent Born approximation (SCBA) Green’s functions,

1

= , B.6
9= Mo + 10,0, — i0,0, — Mso, & i(212=F2290)73 (B.6)
which are related to the retarded and advanced Green’s functions gr 4 as follows:
(94)'=9-, g4+ =Diag(gr,ga)r, 9- = Diag(ga,gr)- (B.7)
9+ —9-=(9gr—94)7°, g9+ +9- = (9r+ga) 70, (B.8)

Note that the + subscript of g+ labels the sign of the imaginary part of the Green’s function.
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2. Goldstone Parameterization

In the main text we argued that the massless Goldstone modes correspond to Q1 =
@2 fluctuations, where the matrix bosons Q1,Q2 € U(2n)/U(n) x U(n). The Q1 = @2
fluctuations correspond to vector gauge transformations of W. Here we show explicitly that
axial gauge transformations corresponding to )1 # ()2 fluctuations are massive.

Consider the two-field sigma model involving )y and Qs:

S[Q1, Q2] =Trln [(Ml o9 — Myo, + 10,0, — i0y3y> + (ZTlOQl iP:)Q2> ] (B.9)

Using the same logic that produced (B.22) with H = (@o=te2le) = 4T\ P, + i[LP, for

P = HT" and P, = 1_2‘72, and including a test function f, we calculate

(95" — iﬁTs +iy Q1P+ i09Qe ) (H g )~ (g~ +iH 71— il Q P — iQ2Ps) f
=g H ' g f+V(Qvlo+Qac.) f+ (V) (Qvl, + Qac.) — (Qvl, + Qac.) (V)
= g+1 a! g_ f + W(Q\/la +Qa Uz) J—2Q40. (Wf)a (B.lO)

where we've used Q? = Q3 = 1 and introduced the“vector” Qv = 1(Q; + @) and “axial”
Qa= %(Ql — (@) matrix bosons. The crucial term that leads to a mass for Q4 is —2Q4 0. V.
We find:

Re[S121, Qo)) = Trln [0 A=) (1 + (0 1 9.) (YQu + ¥Quo. — 2Q0.9)) |

_ 1—16Tr [(QR — ga) (VQV + YQuo. — QQAUZV) (9r — 94) (VQV +YQuo, — QQAUZW) } ,

(B.11)

Consider the last term, quadratic in Q4 Y:

115 (0n = 9)(Qae-¥) (9n — ) (QueY) | (B.12

= / /k . iTT[CCKQR - gA)|k1><k1‘x1><$1|QAUZW‘/€2><I{:2|$2>
(22| (gr — ga)|ks) (ks|xs) (23| Q a0, V| ky) (ky|x) ] (B.13)

1 QA(kz k1)o.Ka(gr — ga) N Qalkr — ko)oK (B.14)

=7/ . Tr[(gr — QA)
= — /QA )Qa(— / r[(9r — 94)], o= (p+H)(gr — QA)‘ka o k] (B.15)
=5 [emaun Fo)

-7 [ewein (Fo=0+ 5|
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where we made the change of variables ko — k1 = p. Next, examine the two crossing terms
containing Q1Y and YVQ4:

11_6Tr [(gR —94)(YQa0:) (9r — 9a)(—2Q40.V) + (gr — 94)(—2Q40.Y) (gr — 94)(YQa0>) ]
N _TlTr [(93 —94)(VQa02) (gr gA)(QAUzW)} (B.17)
— _Tl . Qa(p) Qa(-p) /dkl Tr [(QR —9a) . 02 Mi(gr — ga) p+klazl</1} : (B.18)

Combining Eqs. (BI6) and (B.IS), the total mass term for Q4 is 5 [, Qa(p1)Qa(—p1)F(0).
The function F(0) # 0 generally: @4 is only massless if it’s tuned to criticality. This is in
sharp contrast to )y, which is massless because it’s a Goldstone boson. Thus, @) 4 is generally
massive and we neglect it at low energies.

3. Real Part of Snisum

To compute the real part of Syrsm we directly compute the fermion determinant implied

by (B.4):

Re(Swisn) + ilm(Sxesn) = Trin (M oy — My 0. + 0,0, — o) +1 227 Q).

(B.19)

For any operator X with determinant det X = Re™, we seek In R. Let iC = i (Ho=Fa200) ()
and B = M, og— My 0, +i00, — i0,0,, then we can decompose the operator in 2 x 2 o-space
using the identities:

det[iC' 4 B] = det[i C] + det[B] + i det[C]Tx[C* B, (B.20)
. . R . A a2
det[(B +iC) B~ (B —iC) H] = ‘ det[iC + B]} , (B.21)
where H is any constant matrix in o-space that satifies [, H] = 0. We choose H =

(@e=Fa200)  Up to an unimportant constant that we drop, we find

1 N ~ ~ N N
Re(Sxis) =3 T In [(gj G HP i HQ)(H) (g i B — i Q)}

= %TT[(%(QR —g4)YQ) — %( (9r — 94) YQ) (%(QR —ga) WQ)]

l

2

= 11—6T1”g [(QR — ga) Ka (9r — 94) /ib} Tr[V,.Q V,Q]
= _gjk Te[V,Q V@), (B.22)
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where % = ffx%z + fiy%y, Ky = Og, Ky = —0,. We identify Sj, = afﬂi d; as the dc longitudinal
conductivity:
1
0o = =5 Tr|(9r = 94) 02 (9 — 94) 0 (B.23)

|mi a2—mo aq | ])
2

2 2 2 2
(4mi —4m; — aj + o) (7 + 2arcc0t[W

=1+
8|m1 Qg + Mo Oé1|
m(mi —m3)
R > 1. (B.24)
|m1 Qg — My 041‘
In these expressions, we've used m; = %Ter and mey = —%Tng The last expression

uses the weak disorder limit, i.e., O(Er) = O(|m1]) > as, ay.

Here and below we use the dc (w — 0) limit of the Kubo formula:

d2 ’
(q — 0,w +in) / /d2 dz
2w

« (/_ dz([f( ) = f(z = )] Te[mGR(r, ) GA_ ()]
+ f(2) Te[riGE (r, 7))k GE( )]

— f(2) Te[ri G2 (r, 7Yy G2 (1, r)]) : (B.25)

For the Dirac theory, the SCBA Green’s function is
1

G Er; = . (B.26
ple+ F7W)R/A (e+ Ep + w)og — mpo, + 10,0, —iayay:ti% ( )
For the linearized HLR theory,
1
g€+ Ep;w)r/a = (B.27)

(e + Ep)og +w Py + 2m Py + 10,0, — 0,0, + §219:10200

where P; = 2% and P, = 1% and we’ve inserted the specific masses for the HLR
and Dirac ([IL7) theories using ([ILS). The frequency term should be thought of as a “mass”
term in the Hamiltonian instead of the physical frequency appearing in (B.25). Notice that
since we've included the Fermi level in the above Greens function, we only need to perform
the energy integral [ dzf(z) up to zero. We comment that a direct calculation of the Hall
conductivity using the above SCBA Green’s functions agrees with the results below, up to

the crucial additive term equal to 5

4. Imaginary Part of Snpsm

To calculate the imaginary part of Sypgu in (B.4]), we first set n = 1 and perform the gauge
transformation W(x) — U(x)W¥(x). This introduces the gauge field A;(x) = iUT(x)0;U(x) =

21



22:1 A;’- Ty, where (71, 72, 73) are the Pauli matrices in retarded-advanced space. We deter-
mine Im(SNLSM) from the imaginary part of the expectation value of the current (calculated
to linear order in A;):

_5(ImSNLSM) - 5Stjop I (SSII

top
_ B.28)
b b b (
0A; 0A; 0A;
where S{, and S{I are the linear (“quantum”) and quadratic (“classical”) in A; contribu-

tions to the imaginary part of Sypswm [75].

1
a.  Siop

We begin with the “classical” contribution S

top- BY direct evaluation we find

1
SH - — —Trlk, Ay gik Ay gy — Ky Apg-ry Ay g-|

top 2
1
= 5 Trlry Aulgs +9-) kv A(g+ = 9-)]
l
= 5 Ttolry (9r + 94) K (9r — 9a)] Tr-[Ay Ay 7]
1
= 7 Ttolke (97 + 94)ky (9r — 94)] Tr-[Q(0.Q)(8,Q)]
.QII
=i 11, 100.Q)(0,0) (B.29)
where we used Tr[Q(0,Q)(9,Q)] = 4i(A} A3 — A7 A})e;;. 8" is the “classical” contribution
aiy to the dc Hall conductivity afcfy = aiy + aié:
1 rmol'y +myI'_ 204 +12) 2y —T.)
I 2l 4 1 + +
= — tan| ———= tan| ———=| |. B.
oy = 5 <m1F+ - mgf‘_> (arc an[2(ml — mz)] + arc an[2(ml n m2)]> (B.30)

The “quantum” contribution Ug to the Hall conductivity equals % (modulo 1); it’s calcu-
lated in the next section.

b. S,
S{,, obtains from a result first obtained by Goldstone and Wilczek [76]; below we follow
the treatment in [83]. We first introduce the “mass field,”
10, + a0y
2
For this calculation, we'll treat @,,(0) as a spatially-varying field ®,,(x) that takes its fixed
point value (B.31]) at the end of the calculation. We write the “mass field” as

(I)m(O) = M10'0 — MQO'Z + Z( )Tg. (Bgl)

D, (x) = (mia(z) 735 4+ mup() 70) 00 + (Maa(x) 73 — May(2) 70) 0. (B.32)
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Notice that m; = my,(0) and mg = ma,(0). The real space Green’s function is then expanded
about uniform ®,, as

dp1dps 1 (e
S(®,,) = ip-(z—y)
(©m) / (27)2 ik, Dy + ()

= So+ (— S0 (2,0, (0)) 50) T (B.33)

[43 7

where we drop the in what follows. Sy is the Green’s function for uniform &,, with
So = g+, given in (B.4).
A

=
5St

The “quantum” current ——5* is then computed as
§SE .
T AL )
~ (2| Tr[k; 1y So O P (0) S k1, So ]| ), (B.34)
where we use (/|5 7|z) = (2']iSy ki Solx). We set the gauge potential in the Green’s
function Sy to zero to find
05ty dq.dq, 1 1 1
P — St A P PP p—— Y S () '
SAY / eme e 0 O e ) g )
1 5 |:(m1a + muy) Op(—Maa + May) — (—Maa + Map) O (Mg + map)
= 5_-€jk Ob3 5 5
27 (—maq + may)? — (Mg + map)
B (=miq + map) Or(Maa + map) — (Mg + Map) Op(—M1a + Mm1p)
(Maq +maop)? — (—mie + map)?
1
= %5b3€jkak 91, (B35)

where ¢ = Kupe + Kypy. We now deduce S

top DY coupling this current to Al; and then

performing an integration by parts:

°, oSt
I 2 op
Smpz/deAj 10
) b=1 J
— i / d*x A;’» ejkﬁkﬁl
I

=1 /dzx 0" e Tr, [T30), Aj). (B.36)

It remains to determine 6 for the specific fixed point value ®,,(0) (B:31]). The detailed
discussion below complements the presentation of this in the main text. We replace /2 =
I'_ and ay/2 = T';, and introduce the superscript s = R, A to label the diagonal retarded
and advanced components in 7 space of

01 =mTl + il T3, oy = —met? +4l 73 (B.37)
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Thus, we may also specify the diagonal components of ®,, with this superscript,

0 e

3, (1) = —3(@)o. + ¢} (x)oy = (‘ O) | (B.35)

Eq. B39 indicates that the retarded and advanced contributions to 6 are fully separable,
i.e., 0 only couples to 3Tr(7®A;) = A?. This allows us to determine 6 as the contribution
from the U(1) subgroup of SU(2) associated to 7°. Plugging (B.38) into [B.35] we find

_akel :akX{zﬂLXg—Xf—X?

. (B.39)

Note that xj and xj are generally complex. We restrict Re[x12] € [0, 7). We now specialize
to the masses associated to the HLR theory by setting m; = EFr/2+m and ms = Er/2 —m;
similar manipulations yield ! for the Dirac theory. We use @1 + @y = X1, ) — @y = —e X2
and (B.31)) to find the equations:

odm+i(0y +T_) =X, Ep+ily —T_) = —e &, (B.40)
om —i(Dy +T.) =X, Ep—i(l[y —T_) = —e &, (B.41)
For the retarded component Xﬁ% we find:
I, +I_ —1
Re[x/"] = arctan[——], Im[x¥] = — log[(2m)* + (I's + T_)’, (B.42)

2

St = S losl(B) + (0~ 7). (Ba3)

Re[x¥] = 7 — arctan[————
Er
Due to the restriction Re[x7,] € [0,7), we need to perform a charge conjugation on the

advanced fermions using the definition in ([TL56). It’s here that we use the fact that 67 is

only sensitive to the Abelian component %Tr(7-3Aj) of A;. Charge conjugation flips the sign
of mass term involving oy as well as the gauge coupling of the advanced fermion to A?: The

part of the action including the advanced fermion only transforms as

Sy =i, <m100 +Ma0, + 10, (D, — iA3) — o, (0, — iA3) — ZM) U, (BA4)
CSAC = \IJL( — 10y + Moo, +i0,(D, +iAY) — o, (0, +iA%) zM)WA (B.45)
551

to

op
6A]

After performing this charge conjugation, we find the current equals

5A§’- 2T

5Stlop 1 e O, [(mm + myp) Ok (—maq + map) — (—maq + map) Ok(Mag + map)
TR0 (—maq + map)? — (M1g + M1p)?
(—1) (—maq + map) Ok (Mag + map) — (Mag + map) (—1)0k(—mag + masp) ]

_l_
(Mag + map)? — (—Mmag + map)?

?

27T5b3€jk8k 91. (B46)
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The retarded contribution to #! is unchanged since only the advanced fermions were charge
conjugated. The advanced fermion mass becomes

2 (2) = —p5'(x)o, + (1) (z)op = < 0 el,x?) : (B.47)
This results in the equations for )Zfzz
om—i(Ty +T_) =%, —Ep+i(0y —T_)=¢Xt, (B.48)
) T, +T_ . r, —T_
Re[xs] = arctan[————], Re[x7] = 7 — arctan[————] (B.49)
m EF

Since charge conjugation also flips relative sign between retarded and advanced contributions
in Eq. [B.39, we have

1 - -

0" = —5 | (Relxf] + Re[x) + Re[x] + Re[x3))| (B.50)
r,-r. r .

— 7 + arctan[———| — aurctaun[L . (B.51)
mi + ma my — Mg

We have used 6/ = 0 (mod 27) to fix the coefficient of 7 to be unity and replaced the
HLR-specific masses by the general masses m; and mo
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