aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Operator front broadening in chaotic and integrable
quantum chains
Javier Lopez-Piqueres, Brayden Ware, Sarang Gopalakrishnan, and Romain Vasseur
Phys. Rev. B 104, 104307 — Published 14 September 2021
DOI: 10.1103/PhysRevB.104.104307


https://dx.doi.org/10.1103/PhysRevB.104.104307

Operator front broadening in chaotic and integrable quantum chains

Javier Lopez-Piqueres,! Brayden Ware,! Sarang Gopalakrishnan,?? and Romain Vasseur!

! Department of Physics, University of Massachusetts, Amherst, MA 01003, USA
2Department of Physics, The Pennsylvania State University, University Park, PA 16802, USA

3 Department of Physics and Astronomy, CUNY College of Staten Island, Staten Island, NY 10314, USA

Operator spreading under unitary time evolution has attracted a lot of attention recently, as a
way to probe many-body quantum chaos. While quantities such as out-of-time-ordered correla-
tors (OTOC) do distinguish interacting from non-interacting systems, it has remained unclear to
what extent they can truly diagnose chaotic vs integrable dynamics in many-body quantum sys-
tems. Here, we analyze operator spreading in generic 1D many-body quantum systems using a
combination of matrix product operator (MPO) and analytical techniques, focusing on the opera-
tor right-weight. First, we show that while small bond dimension MPOs allow one to capture the
exponentially-decaying tail of the operator front, in agreement with earlier results, they lead to
significant quantitative and qualitative errors for the actual front — defined by the maximum of
the right-weight. We find that while the operator front broadens diffusively in both integrable and
chaotic interacting spin chains, the precise shape and scaling of the height of the front in integrable
systems is anomalous for all accessible times. We interpret these results using a quasiparticle pic-
ture. This provides a sharp, though rather subtle signature of many-body quantum chaos in the

operator front.

I. INTRODUCTION

Understanding the propagation of quantum informa-
tion in many-body quantum systems has become a cen-
tral theme of modern condensed matter physics. Quan-
tum information dynamics sheds light on such seem-
ingly unrelated problems, including fault-tolerant quan-
tum computing, the foundations of statistical mechan-
ics' 3, the physics of black holes?, or holography®. This
renewed interest in quantum information quantities was
partly sparked by recent experimental developments that
explored questions related to thermalization of isolated
quantum systems® ™, and even characterized thermaliza-
tion or lack thereof by measuring directly entanglement
entropies!® 12, Recently, much progress has been devoted
to understanding the spreading of quantum operators un-
der unitary evolution in the Heisenberg picture®!3 '8, as
a way to characterize the scrambling of information into
increasingly non-local observables. Starting from a local
operator O at x = 0, an especially interesting quantity is
the operator “front” (or “lightcone”) at a given time ¢,
corresponding to the location of the farthest non-identity
operators in O(t). In lattice quantum systems, the oper-
ator front is constrained by the Lieb-Robinson bound!?.

Conventional linear response functions do not diagnose
the operator front, since conventional observables relax
locally. For example, in the presence of conserved quan-
tities, autocorrelation functions spread diffusively while
the operator front spreads ballistically?? 24, Instead, the
dynamics of the operator front can be captured by out-
of-time-order commutators (OTOC)%25:26

1

C(z,t) = 5

(v (&), WIT [V (), W]), (1)
where V. W are local operators separated by a distance
z, and the expectation value is taken in a chosen equi-
librium ensemble. Initially, the operators V' and W are

well separated so C' = 0, but as V(¢) spreads in a chaotic
system, C approaches an O(1) number as the lightcone
of V(t) overlaps W. The general behavior of OTOCs
has been studied in various contexts, ranging from ran-
dom circuits to many-body localized systems?*27 36 and
a number of proposals and subsequent promising exper-
iments have been carried out in the past few years to
measure OTOCs directly3" 42,

A natural question that arises in this context is
whether studying operator spreading may elucidate key
differences in the dynamics between integrable and
chaotic systems*3*#4. In fact, the main motivation for the
line of study of operator spreading and OTOCs was their
promise to probe “many-body quantum chaos”, which in
turn should allow one to distinguish integrable vs chaotic
quantum dynamics. Integrable systems have extensively
many conservation laws*® 3, as well as stable quasipar-
ticle excitations even at high temperature. It is thus
natural to expect the dynamics of operator spreading in
these systems to differ from that in chaotic systems. Ini-
tial attempts to establish such a distinction compared
fully chaotic systems, such as random circuits, to free-
fermion models, or models such as the transverse-field
Ising model that can be mapped to free fermions. The
spreading of a generic operator in a chaotic system is
indeed very different from that of, say, a fermion bilin-
ear: notably, in the latter case, the squared commuta-
tor (1) wanishes at late times inside the front, instead
of saturating. However, it was realized that there are
natural operators in the transverse-field Ising model—
such as the local order parameter—for which the squared
commutator saturates behind the front. A more re-
fined distinction was then sought, based on the idea that
fronts in chaotic systems seem to broaden diffusively in
time, as one can prove for random circuits®’3!; mean-
while, non-interacting systems have operator fronts that
broaden sub-diffusively?2:34:54-57 45 ¢1/3 The behavior of



the OTOC behind the front in free fermion systems also
shows a pattern of oscillations®2, in sharp contrast with
generic chaotic systems where the OTOC approaches a
universal constant behind the front.

However, interacting integrable quantum systems also
have an operator front that spreads ballistically and
broadens diffusively3®. Although the mechanisms for this
behavior are very different than in quantum chaotic sys-
tems (in interacting integrable systems, diffusion is due to
random time delays as a result of collisions between dif-
ferent quasiparticles®®°®) no qualitative distinctions be-
tween the operator fronts of interacting integrable sys-
tems and chaotic systems have yet been identified. Even
in integrable cellular automata, a class of exceedingly
simple interacting integrable systems, operator spreading
probes are hard to distinguish from the chaotic case®®%°.

In this work, we identify ways in which the operator
front differs in integrable ws chaotic many-body quan-
tum systems. To carry out the analysis we focus on the
right-weight of a given operator®?:3!, which measures the
spreading of an initially local operator under Heisenberg
time evolution propagating to the right of a 1D system.
This quantity has the advantage of being peaked at the
operator front compared to the OTOC. (For unitary ran-
dom circuits, the right-weight is simply related to the
OTOC by a spatial derivative3%-3!, but the two quantities
are distinct in general.) We study the right-weight using
matrix product operators (MPO) techniques®*6!. One
of our key observations is that while small bond dimen-
sion MPOs do allow one to capture the exponentially-
decaying tail of the front®461 (and describe the front ex-
actly in the case of dual-unitary quantum circuits®?-5%),
they lead to significant quantitative and qualitative er-
rors for the actual front (defined by the maximum of the
right-weight). This feature is especially obvious when
considering the right-weight compared to OTOCs. Trun-
cation errors are actually fairly dramatic: for chaotic
systems, we find that the operator front stops moving
at finite time, or even disappears at small bond dimen-
sions. For integrable systems, small bond dimensions
MPOs lead to operator fronts broadening subdiffusively
(close to ~ t'/3 as in non-interacting systems)*, while
the front is expected to broaden diffusively on general
grounds?®. We show that this discrepancy is resolved by
considering larger bond dimensions, and confirm numer-
ically that the operator front does broaden diffusively in
interacting integrable quantum systems.

Armed with these results, we analyze numerically how
the operator front broadens in integrable systems. We
find that contrary to chaotic systems where the diffusive
front broadening is characterized by a Gaussian function,
the operator front in integrable systems scales anoma-
lously for all accessible times. In particular, we find that
the height of the operator front in such systems decays as
t=3/4 instead of t~'/2 in the non-integrable case. We ex-
plain these results using a quasiparticle picture of opera-
tor spreading, and compute the universal scaling function
characterizing the front broadening in integrable systems.

The organization of the paper is as follows. In Sec. II
we introduce the main object under study in this work,
the right-weight of a given operator which will allow us
to analyze operator front-broadening in the rest of the
manuscript. We also briefly discuss some basics of the
time-evolving block decimation (TEBD) numerical algo-
rithm adapted to the study of operator spreading. We
also discuss truncation errors due to the finite bond di-
mension of matrix product operators. We present the
results of operator front-broadening in Sec. III for inte-
grable systems and in Sec. IV for non-integrable systems.
We conclude in Sec. V and give an outlook for future
work.

II. OPERATOR RIGHT-WEIGHT, MATRIX
PRODUCT OPERATORS AND TRUNCATION
ERRORS

In this section, we introduce our main quantity of in-
terest, the operator right-weight, and explain how it can
be computed numerically using MPOs. We also address
the effects of truncation errors.

A. Operator right-weight

Consider the spreading of an initially local operator
Oy = O(x = 0) under Heisenberg time evolution. Un-
der time evolution, this operator will grow into a more
complicated one O(t) = [U(t)]TOyU(t) being a superpo-
sition of many strings made of products of non-trivial
local operators. A way to characterize the complexity of
this object is by means of the OTOC. Consider another
local operator at site x, V,,. The OTOC is defined as the
squared of the commutator between these two operators
C(z,t) = [|[0(t), Vel||? = 2 (1 = Re(t[O(1) VIO()Va])).
The shape of the OTOC shares universal features across
generic systems including ballistic spreading of the wave-
front, a rapid growth ahead of the wavefront and satura-
tion behind the wavefront at late times. These features
are showcased in Fig. 1 for the integrable XXZ model.

To characterize the size of an initially local operator
Op under Heisenberg evolution consider instead the de-
composition

O(t) =Y as(1)s, (2)
S

where the sum above goes over all possible string oper-
ators (Pauli strings in the case of spin-1/2 operators).
A complete understanding of operator spreading can be
captured by the set of coefficients {as(t)}, a task which
is out of reach. Instead, we are interested in coarse-
grained quantities relating these coefficients. One such
quantity is the right-weight. For a given operator O(t) it
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FIG. 1. Operator spreading in integrable and chaotic spin chains starting from Oy = o§.
temporal profile in the integrable XXZ model for A = 0.5 and V, =
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Left panel: OTOC spatio-
oZ. Middle panel: right-weight profile still in the integrable

XXZ model with A = 0.5. Right panel: right-weight profile in the non-integrable transverse-field Ising model with h, = 0.9045

and hg

= 0.8090. The dashed lines are contour lines following a given threshold #. Data obtained with bond dimension

xmax = 128. For integrable models, both the OTOC and the right-weight behave in a reasonable way, despite the relatively
small bond dimension, but the front broadens subdiffusively because of truncation errors. In the chaotic case (right panel), the
operator front disappears at finite time because of truncation errors.

reads®0:31:

prG) = Y las(®)*. 3)

strings w/
rightmost
non-identity
on site j

The coefficients as(t) appearing in the expression can
be obtained exploiting the fact that these strings form
an orthogonal basis in a Hilbert space of dimension D?:
as(t) = tr [STO(t)] /D. (Here D is the Hilbert space
dimension of states; i.e. D = 2 for spin-1/2 chains).
We require the initial operator to be normalized, i.e
tr [OSOO] /D = 1, which implies (using unitarity) the

sum rule: Y ¢ las(t)|*> = 1. Note that by construction
we also have ., pr(j,t) = 1. This conservation law has
important consequences for the “hydrodynamics” of op-
erator spreading in both integrable and non-integrable
systems. On general grounds, we expect the associated
current to behave as j = vgpr— DO, pr+. .., where vp is
the butterfly velocity characterizing the speed of the bal-
listically moving operator front, D is a diffusion constant
that sets the generic diffusive broadening of the front,
and the dots represent non-linear and higher-derivative
terms. In what follows we shall focus on spin-1/2 chains,
both integrable and chaotic.

B. Matrix product operators

In order to measure the right-weight numerically, we
use matrix product operator (MPO) techniques. For
this purpose, we express Eq. (2) as a state in the
Hilbert space of operators as is routinely done in the
context of time evolution of MPOs®, so that O(t) —
|O(t)) = > sas(t)|S). To evaluate the right-weight as

a correlator, we introduce the projector onto the iden-
tity acting on site z, P15 (i.e. P1g =11)),{(1]2), where
11) = ®L_, (|00), +|11),) /v2. We reserve odd entries
of any MPS in this newly enlarged Hilbert space for the
physical sites, and the even sites for the ancilla sites®®
It is then straightforward to show that the right-weight
can be computed as follows

t) IT PralO@), (4)

x'>x

0
pr(z,t) = oz

where 0, should be interpreted as a discrete spatial
derivative.

We compute the right-hand side of eq. (4) using the
TEBD algorithm®"%® applied to matrix product opera-
tors. We denote the maximum bond dimension as xnmax-
Time evolution is implemented directly in operator space
as |O(t)) = e "£|0p) where £L = —H®1+10HT, where
the Kronecker product here is used to distinguish physical
from ancilla space. In this language, standard two-point
correlation functions can be computed as simple overlaps
between states in this doubled Hilbert space.

In our numerical simulations, unless otherwise stated,
we will be considering a system size of L = 401 sites, a
fourth order Trotter decomposition of step size dt = 0.1
and a cutoff error of € = 107!°. The system size was
chosen so that the right-weight front never reaches the
boundary of the system within the time scale of interest,
which is tyax ~ O(10%). These simulations are carried
out using the C++ iTensor library®

C. Operator front and truncation errors

In the remainder of this paper, we will use this MPO
approach to compute the right-weight in various inter-



acting chaotic and integrable spin 1/2 chains. Before we
address specific features of operator spreading in those
different classes of systems, we address here the dramatic
effects of truncation errors in the MPO approach. Rep-
resentative plots of the right-weight and of OTOCs are
shown in Fig. 1, for both a chaotic Ising chain, and for the
integrable XXZ spin chain, using a finite bond dimension
XMAX = 128.

For integrable chains, both the OTOC and the right-
weight behave as expected, despite the finite bond dimen-
sion. However, as we will show below, some qualitative
details end up being affected by the truncation errors.
In particular, for finite bond dimension, we will see that
the front broadens subdiffusively as t* with o ~ 1/3
for small bond dimensions, while we recover o = 1/2 as
xmax — 0o. This explains the apparent t'/3 broadening
in the integrable Heisenberg chain observed in Ref. 34
using small bond dimension MPOs.

The effects of truncation errors on the operator front in
chaotic chains are much more dramatic. As shown in the
right panel of Fig. 1, the operator front (defined as the
maximum of the right-weight, moving at the butterfly ve-
locity vp) fades away and disappears at short times. We
will show below that this unphysical feature is entirely
due to truncation errors, and can be deferred to longer
times by increasing the bond dimension. Thus large bond
dimensions are absolutely essential to describe the oper-
ator front correctly. In contrast, bond dimensions as low
as Ymax = 4 can be enough to capture the exponentially-
decaying tails of the operator front, as noted in Refs. 34
and 61. Our results are also consistent with contour lines
for the OTOC being less than a given threshold € being
less sensitive to truncation errors for small € (see dashed
line in Fig. 1). However, as we show here, the small-¢
contours outside the front are an unreliable guide to the
location of the front itself (i.e., the maximum of the right-
weight). In the case of integrable systems, using those
tails to analyze the front broadening gives rise to incor-
rect results for low bond dimensions. In the following,
we will carefully analyze the convergence of our results
with respect to bond dimension; for practical purposes
we restrict ourselves to maximal bond dimensions less
than ymax = 512 in most cases to access long enough
times.

III. OPERATOR FRONT IN INTEGRABLE
SYSTEMS

Armed with this numerical tool, we analyze the oper-
ator front in integrable quantum systems. As in chaotic
systems, we expect a ballistically moving front, broaden-
ing as t1/3 in free systems®2:34°457 and t1/2 in interact-
ing integrable systems®. In integrable systems, we ex-
pect the operator front to follow the fastest quasiparticle.
For interacting integrable systems, quasiparticles behave
as biased random walkers due to their random collisions
with other quasiparticles?®?8 6070 In the following, we

will confirm those predictions numerically, but also iden-
tify a key difference with chaotic systems. As we will
show, the quasiparticle picture suggests that the peak
height of the front decays anomalously as t~3/4, at least
at intermediate times, and scales with a non-Gaussian
universal function that we compute exactly.

A. Free fermions

Before turning to interacting integrable quantum sys-
tems, we briefly recall how operators spread in spin chains
dual to free fermions, following Ref. 32. For concreteness,
we focus on the XX spin chain with Hamiltonian

H=1JY 5787, +5YsY,, (5)
J

where S;?‘ are spin-1/2 operators acting on site j, and
J =1 in the following. Let us consider the spreading of
the Pauli operator 6% of the X X model initially at site
0, that is Oy = o§. Since this Hamiltonian is Jordan-
Wigner dual to free fermions, this reduces the possible
Pauli strings participating in Qg (t). Out of the 4” pos-
sible Pauli strings, only L? Pauli strings will contribute
here. Indeed only the operators o;" (Hi<l<j af) o;, 0%,

for general ,j, will contribute, as those are the only
spin operators that map to quadratic fermions under a
Jordan-Wigner transformation. Thus, using this fact and
(3) the right-weight of Qg takes the form

o 2

prl.t) = las (01 + Y a1 orror (8
(6

2

Haor (11,0, ooy O

The correlators appearing in (6) can be evaluated
straightforwardly by mapping spin operators to spinless
fermions to yield

pr(a.t) = [T + 201 Y [,0P,  (7)

y<x

were J,(t) = 1/2r [ e ilketeos(t)) g are Bessel func-
tions of the first kind. As t and z become large, this
yields the following scaling form for the right-weight”!

1 T —1
pR(xvt) ~ WF ( t1/3 ) ) (8)

where the butterfly velocity is vg = 1, and F' is some
universal scaling function. This establishes that the op-
erator front broadens subdiffusively as t'/3 in free fermion
systems.

B. Interacting integrable spin chains

We now turn our attention to operator spreading in
interacting integrable systems. Our model of interest will
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FIG. 2. Right-weight spatial profile at ¢t = 20 in the XXZ
spin chain with A = 5, and Oy = o§ for various maximum
bond dimensions. The yellow data points correspond to the
squared correlator | (oG (t = 20)o7) |* at infinite temperature
B = 0, which lower bounds the right-weight.

be the paradigmatic spin-1/2 XXZ Hamiltonian

J

H=JY SySy., +8YSY, +AS:S:,,,  (9)
J

In what follows, we set J = 1. This model is integrable
and in this sense “exactly solvable”, though quantities
such as OTOC or the right-weight are analytically out of
reach, and have to be computed numerically.

We analyze numerically the right-weight pgr(j,t) for
various values of the anisotropy A. In what follows, we
mostly focus on the initial operator o§, but we will also
consider other operators. A typical plot of the right-
weight at a given time (here t = 20), for A = 5 is shown
in Fig. 2, for different maximum bond dimensions. A few
key features are worth noting. First, as already antici-
pated above, the operator front — corresponding to the
right-moving peak in the right-weight — clearly requires
large bond dimensions to be captured accurately. Sec-
ond, the right-weight also shows a diffusively-spreading
lump near the origin, lagging behind the operator front.
This is a signature of the diffusive spin transport in this
model”: the right-weight is lower bounded by the square
of the infinite-temperature spin autocorrelation function

| (0%(t)og) |?, which is known to behave diffusively in the

XXZ spin chain for A > 17. The effects of U(1) conser-
vation laws on operator spreading in chaotic systems was
studied in Refs. 24 and 36, and is qualitatively similar
in the XXZ spin chain with A > 1, as finite-temperature
spin transport is diffusive in this regime®® (see also Ref.
73). In contrast, when A < 1, spin transport in this sys-
tem is known to be ballistic, and we do not observe a
lump of right-weight near the origin (Fig. 1, left panel).
The right-weight in this regime is still nontrivially lower-
bounded by the dynamical correlation function; however,
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FIG. 3. Standard deviation of the front of the right-
weight versus time for various maximum bond dimensions
plus a linear fit over the data for xmax = 128 showing ap-
proximately diffusive spreading. Top panel: A = 1/2 and
Op = o§. Bottom panel: A =5 and Op = o3. Insets in both
panels depict the standard deviation of the front for a small
bond dimension xmax = 32, showing that truncation errors
lead to an operator front that broadens subdiffusively with
an exponent close to 1/3.

in this case the dynamical correlation function scales as
1/t all the way out to the light cone, so one does not
expect a visible lump near the origin.

In integrable systems, we expect the operator front to
coincide with the speed of the fastest quasiparticle®®. As
a result, the butterfly velocity should depend on the den-
sity of all other quasiparticles, and thermal fluctuations
naturally give rise to diffusive broadening of the front. To
check this numerically, we compute the width of the op-
erator front for an initially local operator as a function of
time. By computing the standard deviation of the front
of the right-weight for both A =1/2 and A =5 (Fig. 3),
we find that the operator front does broaden as oy ~ ¢
with a ~ 0.5. As anticipated above, our results show that



] Free | Integrable [ Chaotic |
a 1/3 1/2 1/2
; 2/3 3/4 1/2

TABLE I. Scaling exponents for generic operator fronts
in quantum spin chains (for intermediate, accessible time
scales). The width of the front scales as w(t) ~ t, while the
height scales as h(t) ~ t=7.
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large bond dimensions are required to capture this diffu-
sive broadening of the front (with bond dimensions larger
than xyymax ~ 10?). Below that threshold, the results do
not converge at intermediate to large times, and we find
instead some apparent subdiffusive front broadening (see
insets in Fig. 3).

An intuitive way to understand why one cannot restrict
to low maximum bond dimension to study the entire op-
erator front is to realize that finite bond dimension trun-
cations are a non-local operation: while the tail is well-
captured by a low maximum bond dimension (since this
lies outside the lightcone, where the MPO is represented
by lightly entangled blocks) at short enough times, the
width of the front is affected in a non-trivial way because
of truncations deep in the light cone (see Fig. 2).

C. Scaling of the front and quasiparticle picture of
operator spreading

At the moment, there is no theory for computing quan-
tities like the right-weight (or the OTOCS) in interact-

ing integrable systems. However, it is natural to ex-
pect that operator spreading should be captured by the
quasiparticles of the underlying integrable model, simi-
lar to the quasiparticle picture of entanglement spread-
ing#%%3:7°78  Thermodynamics and hydrodynamics in
integrable systems can entirely be understood in terms
of quasiparticles. This is the basis of the recent frame-
work of generalized hydrodynamics (GHD)™ 8!, Within
a given (generalized) equilibrium state, quasiparticles
with quantum number A\ (called rapidity) move ballis-
tically with a velocity vy, with an associated diagonal
diffusion constant D due to random collisions with other
quasiparticles in the thermal background. Both vy and
Dy can be computed analytically in a given generalized
equilibrium state. These quasiparticles are known con-
trol to transport properties and entanglement scaling, so
it is natural to expect them to control operator spread-
ing as well. Let us assume phenomenologically that the
right-weight couples to quasiparticles propagating from
the position of the initial operator in a featureless (infi-
nite temperature) background, with an unknown weight
wx (normalized so that [ dAwy = 1). This means that
we expect the right-weight to be given by

PR(% t) ~

The weight wy is an unknown function in general. On
general grounds, we expect the operator front to be de-
scribed by the fastest quasiparticle excitation in the sys-

tem®>. This would correspond to wy = §(A — \g), with

Ao the rapidity corresponding to the fastest quasiparti-
(z—v t)2

cle, and pg(z,t) = Lo~ e , with Dy = Dy,

47 Dot
vp = v),. This would be a Gaussian front, as in 1d

chaotic systems>%-?! (in particular the height of the front
should decay as ~ t~1/2). Our numerical data is however
not consistent with this picture for the times we can ac-
cess: (1) We find numerically that the speed of the front
is slightly lower than vy, (2) The diffusion constant asso-
ciated with the diffusive broadening of the front in Fig. 3
does not coincide with the GHD predictions for Dy, (3)
The operator front observed numerically is clearly non-
Gaussian (Fig. 4), and in particular, its height decays as
~ t73/% (instead of ~ t~1/2).

All those observations indicate that, at least for times
accessible within TEBD, the right-weight couples more
generically to a continuum of quasiparticles with rapidity
near \g. In fact, eq. (10) predicts a universal form for the
operator front as long as wy is non-zero within a finite
neighborhood of Ag. The asymptotic behavior of (10) at
long times can then be obtained through a saddle point
analysis. Expanding all quantities near the front, we have
vy =vp—w(A—=Xo)?+..., Dy = Do+...,and wy = wo+
..., where w > 0 since by assumption vp is the maximum
velocity. Plugging these expressions into eq. (10) and
changing variables, we find that

pr(z,t) ~t73/4F (u), (11)
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where u = (z — vpt)/v/2Dgt, with the universal scaling
function

d’f] _1l(y 242
F(U):/Ee 2( +17) . (12)

This intermediate-time scaling form is one of our main re-
sults. It is entirely independent of the weight w), as long
as the right-weight couples to a continuum of quasiparti-
cles with rapidity near A = A\g. The height of the operator
front decays as t—3/4 rather than decaying as t~'/2 as in
chaotic systems, with the associated non-Gaussian scal-
ing function (12). In particular, we have F(u) ~ 1/+/]u|
as u — —oo, indicating a fat tail behind the front that

—-3/4 -1/2 1 1
scales as ¢ xXu ~ ViVest—=z"

As shown in Fig. (4), eq (10) approaches the scaling
form (11) at long times only (¢t ~ 10%) for generic func-
tions wy, making it challenging to observe numerically.
However, we find that our TEBD data collapses very well
against the scaling (11), even though the resulting col-
lapse is not fully converged to the scaling function (12)
at those times (Fig. (4)). Our TEBD data very clearly
indicates a non-Gaussian front, with the height decaying
with an exponent consistent with ¢—3/4.

In Fig. 5 we show results of the right-weight for various
choices of initial operators in the XXZ spin chain. Oper-
ators corresponding to conserved charges, such as energy,
are expected to have a right-weight that scales as in (11).
Other operators such as Oy = o o] + h.c. are not con-
served, but do couple to hydrodynamic modes (in this
case energy), and thus are expected to scale as in (11) as
well. To see this note that one may introduce the pro-
jector onto hydrodynamic modes P =}, ; |I¢>>Ci;1<<lj|,

where the sum goes over all pairs of conserved charges,
{|I;))} is the set of all conserved charges in vector form
(using the notation from Sec. II), and C;; = (L|[;)) =
27 Ltr(I;1;). Thus any operator O with P|O)) # 0 is ex-
pected to have a corresponding right-weight scaling as in
(11) (at least for intermediate times). In comparison, the
last panel in Fig. 5 shows the right-weight of the operator
o%; this operator manifestly does not couple to any hy-
drodynamic modes as it breaks the U(1) symmetry. The
behavior of this operator is quite unlike that described
above: it has a Gaussian front that closely resembles
what one would see in a chaotic system. In particular,
the height of the front scales down as t~'/2 rather than
as t=3/4. The anomalous scaling observed in Figs. 4-5
is stable against increasing bond dimension (data shown
for xmax = 256). In the Appendix we show the scaling
collapse for a different conserved operator (in this case
S.) for two different bond dimensions, providing numer-
ical evidence that the anomalous scaling is not the result
of finite bond dimension.

Our results do not settle the asymptotic late-time be-
havior of the right-weight in integrable systems. It seems
plausible that for generic operators there will be some
non-hydrodynamic piece (that does not couple to single
quasiparticles) in addition to the hydrodynamic piece—
we have no reason to expect that the coupling to single
quasiparticles exhausts the operator weight. Assuming
there is some such non-hydrodynamic piece, the t—1/2
peak of the non-hydrodynamic part of the front will even-
tually dominate the t—3/4 peak due to quasiparticles. We
do not see any sign of this in our numerics, but we do not
have access to late enough times to address this asymp-
totic question. Whether the quasiparticles capture all
the operator weight, for some reason we do not yet un-
derstand, or whether there is instead a late-time crossover
to a Gaussian front, is an interesting question for future
work.

Table I summarizes the various scalings for the width
and height of the operator weight for generic operators,
in integrable, chaotic and non-interacting systems. We
also note that our prediction for the operator front (11)
in interacting integrable systems also applies to the front
of standard two-point correlation functions. Linear re-
sponse correlation functions admit a hydrodynamic de-
composition in terms of quasiparticles as in eq. (10), so
our argument carries over to such correlation functions.
It will be interesting to check this prediction in future
work.

IV. OPERATOR FRONT IN CHAOTIC
SYSTEMS

We now briefly contrast our findings for interacting
integrable systems to chaotic (non-integrable) chains.
In chaotic systems, the operator front is expected to
broaden diffusively®**! as in integrable systems (albeit
for very different reasons®®), but with a Gaussian scaling
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FIG. 6. Truncation errors on the right-weight for ran-
dom circuit dynamics. Here we show a single Haar ran-
dom circuit realization. Left panel: xymax = 4. Right panel:
xmax = 1024. The dashed lines are contour lines of the
right-weight with threshold 6. For small bond dimension, the
operator front slows down, and stops at finite time. This is an
artifact of truncation errors, that can be postponed to longer
times by increasing the bond dimension.
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FIG. 7. Slow-down in operator spreading due to trun-
cation errors. Top panel: average front position vs time av-
eraged over different circuit realizations and for various max-
imum bond dimensions xmax. Bottom panel: same but for
the front variance.
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FIG. 8. Comparison of integrable vs. chaotic dynamics
in operator spreading. Left (Right): XXZ model at A =
1/2 and an homogeneous (staggered) magnetic field of h, =
0.1. Results at ymax = 64.

function. As we will show below, the effects of trunca-
tion errors using finite dimension MPOs are even more
drastic for chaotic systems. In practice, this provides yet
another way to distinguish integrability and chaos us-
ing finite bond dimension numerics, but this also makes
accessing the true operator front properties of chaotic
systems numerically very challenging.

We first study random Haar quantum circuits where
each two-site gate is independently drawn from the en-
semble of Haar random matrices of size ¢? x ¢2, with ¢
the local Hilbert space dimension. Our results will focus
on the case ¢ = 2 corresponding to spin—1/2 systems.
The seminal works3?:3! analyzed this setup analytically
and characterized operator spreading exactly. Our main
motivation here is to study operator front broadening in
this setup numerically, to illustrate the effects of trun-
cation errors due to finite bond dimension. Our results
indicate the following two features present in quantum
chaotic models at finite bond dimensions: 1) artificial
slow-down of operator spreading as shown in Figs. 6-
7 (see also Ref. 61); and 2) a front that broadens sub-
diffusively and eventually stops broadening altogether,
as shown in Fig. 7 (see also®® for similar results in the
chaotic kicked Ising model). In Fig. 8 we show how, even
close to integrability, this slow-down in operator spread-
ing becomes patent when studying the XXZ model for
A = 1/2 and a staggered magnetic field along the z—
direction of h, = 0.1. Taking instead an homogeneous
magnetic field of the same strength, in which case the
system remains integrable, the front spreads ballistically
at all times following the trace of the fastest quasiparti-
cles in the system.

Those findings are consistent across all non-integrable
models we have considered. We have also studied the
chaotic Ising chain Hamiltonian given by:

H=JY o0j0i,, +h.o} +heo?. (13)
J

For simplicity we set again J = 1. To ensure we are far
into the non-integrable regime, we set h, = (1 4+ /5)/4



and h, = (5 ++/5)/8, as in Ref. 82. Our simulations
for the computation of the right-weight in this case re-
quire a time step dt < 0.01. In contrast with the inte-
grable case analyzed in the previous section, the present
non-integrable model yields a front that evades our MPO
simulations entirely: the entire light cone structure van-
ishes after the maximum bond dimension is reached, after
which the front fails to spread at all. We note that this
phenomenon is absent in the integrable case (see middle
panel in Fig. 1). In fact, the maximum bond dimension
in both the TFI model as well as in the XXZ model is
reached at around the same time in both cases. This hints
at a possible connection already put forward in Ref. 43
between operator entanglement growth and integrability.

V. CONCLUSION

We have analyzed operator spreading in generic quan-
tum many-body systems by computing the right-weight
numerically, using matrix product operators. Contrary
to earlier expectations, we have shown that correctly
capturing the operator front and its broadening requires
large bond dimensions, and that truncation errors can
lead to erroneous conclusions. In chaotic systems, we find
that the operator front is quickly out of reach even using
large bond dimensions of order @(1000). While the oper-
ator front broadens diffusively for both chaotic and inte-
grable systems, we identified a key difference in the pre-
cise shape of the front. For all times accessible to MPO
calculations, the operator front in integrable systems cou-
ples to a continuum of quasiparticles with velocities close
to vg = maxyvy. As a result, we argued on general
grounds that hydrodynamic contributions to the front are
non-Gaussian and have a height that decays anomalously
as t~3/4. These contributions will be accompanied for
generic operators by additional non-hydrodynamic con-
tributions decaying as t~/2, which would dominate at
asymptotically late times. However, our numerical sim-
ulations detect the hydrodynamic contributions for op-
erator evolutions of the local charge densities and the
presence of the non-hydrodynamic contributions is still
an open question. This provides a signature of integra-
bility in operator spreading, albeit a rather subtle one,
which may not persist to asymptotically late times. Most
other features of the OTOC or right-weight appear to be
qualitatively and quantitively similar in integrable and

chaotic systems.

It would be interesting to identify more differences in
the future. A promising candidate is the value of the
saturation of the OTOC behind the front, which is uni-
versal in chaotic systems, but is likely different in inte-
grable systems. Another interesting direction is to under-
stand further operator spreading at the isotropic point
A = 1 in the XXZ model (Heisenberg chain). Indeed,
our numerical results for front broadening are consistent
with diffusive broadening for all the integrable systems
we have considered, except at the Heisenberg chain—see
Appendix, where we observe a subdiffusive front broad-
ening. While the Heisenberg chain is known to exhibit
anomalous spin transport’>8384  there is reason to ex-
pect this should have any consequence on the operator
front. In fact, the fastest quasiparticle in the XXX spin
chain has a finite diffusion constant®®, suggesting diffu-
sive broadening. We leave the resolution of this mystery
to future work.

Acknowledgments.—The authors thank Jacopo De
Nardis for stimulating discussions, in particular about
front broadening in the Heisenberg spin chain. We ac-
knowledge support from NSF Grant No. DMR-1653271
(S.G.), the Air Force Office of Scientific Research under
Grant No. FA9550-21-1-0123 (R.V), and the Alfred P.
Sloan Foundation through a Sloan Research Fellowship

(R.V.).

Appendix A: Additional numerical results for the
front broadening in integrable systems

In this section we provide further evidence of the sub-
diffusive spreading of the operator front generically in
the integrable XXZ spin chain. In Fig. 9, we show
how at finite bond dimension the right-weight spreads
instead subdiffusively, approaching diffusive front broad-
ening only at sufficiently large xymax. While we numeri-
cally observe such a trend for almost all integrable models
we have considered, right at A = 1, our results seem to
indicate instead a saturation to an anomalous exponent
indicating subdiffusive broadening. We do not under-
stand the reason for this subdiffusive broadening at the
moment. From GHD calculations, the fastest quasipar-
ticle in the isotropic Heisenberg spin chain is known to
have a finite diffusion constant®. It would be interesting
to understand the reason for this apparent subdiffusive
front broadening, as well as possible relations to operator
entanglement growth™ in future works.
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