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In symmetry protected topological (SPT) phases, the combination of symmetries and a bulk
gap stabilizes protected modes at surfaces or at topological defects. Understanding the fate of these
modes at a quantum critical point, when the protecting symmetries are on the verge of being broken,
is an outstanding problem. This interplay of topology and criticality must incorporate both the bulk
dynamics of critical points, often described by nontrivial conformal field theories, and SPT physics.
Here, we study the simplest nontrivial setting - that of a 0+1 dimensional topological mode - a
quantum spin - coupled to a 2+1D critical bulk. Using the large-N technique we solve a series of
models which, as a consequence of topology, demonstrate intermediate coupling fixed points. We
compare our results to previous numerical simulations and find good agreement. We also point out
intriguing connections to generalized Kondo problems and Sachdev-Ye-Kitaev (SYK) models. In
particular, we show that a Luttinger theorem derived for the complex SYK models, that relates
the charge density to particle-hole asymmetry, also holds in our setting. These results should help
stimulate further analytical study of the interplay between SPT physics and quantum criticality.
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I. INTRODUCTION

Following the classification of topological phases of
non-interacting fermions in various symmetry settings
and dimensions [1–4], which include topological insula-
tors and superconductors, attention has turned to sym-
metry protected topological (SPT) states in interacting
systems. Despite the presence of potentially strong in-
teractions, a key simplification of SPTs is the existence
of an energy gap and a unique ground state in the ab-
sence of boundaries. There too, significant progress has
been achieved [5–7] in classifying and characterizing fun-
damental properties of these phases. SPT phases exhibit
many interesting topological phenomena such as robust
gapless modes on the surface or on topological defects.

In recent years, the question of stability of topological
phenomena to the closing of the energy gap has begun
to be explored [8–18]. Surprisingly, various situations
where SPT physics survives the closing of an energy gap
have been identified, which have been dubbed gapless
SPTs. In particular, examples have been found where
the surface modes of an SPT (partially) survive right
at the bulk ordering transition, where one of the pro-
tecting symmetries is on the verge of breaking sponta-
neously. This has been shown to lead to unconventional
boundary criticality [9, 12, 14, 17–19]. Most analytical
approaches so far focus on 1+1 dimensions where we have
greater analytical control of 2D conformal field theories
(CFTs) and where numerical simulations are readily ac-
cessible. Much less is known in higher dimensions. How-
ever, one numerical study of a 2+1D strongly interacting
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gapless SPT is found in [20] (see also [21–24]), where
the transition between a 2+1D Affleck-Lieb-Kennedy-
Tasaki (AKLT) phase, a topological paramagnet, and
a symmetry-breaking phase was studied. Although the
bulk criticality was identical to the ordering transition
out of a trivial paramagnet, i.e. the O(3) Wilson-Fisher
critical point, boundary critical behavior distinct from
the “ordinary" universality class[25, 26] of the classi-
cal O(3) model was observed. It, however, remains
to be understood to what extend this “non-ordinary"
boundary criticality is a consequence of the bulk AKLT
physics.[23, 27]

Here, we seek to analyze examples where a gapless
boundary or a zero-mode associated with a defect leaves
behind a nontrivial fingerprint even after coupling to a
critical bulk. In particular, we focus on 2+1D interacting
bosonic systems. One may attempt to analyze the setup
in the aforementioned numerical work [20–23]: coupling a
1+1D gapless boundary theory originating from the SPT
edge modes to the O(3) critical bulk. However, this is a
hard problem on two accounts. First, even the problem
of boundary critical phenomena in 3D classical statisti-
cal mechanics is only now being understood in models
with continuous symmetries [27–29], even in the absence
of SPT physics. Second, one must add quantum effects
i.e. SPT physics to the problem. Here we will consider
a simpler version of the problem which is both tractable
and displays remarkably rich behavior. Instead of ter-
minating the bulk on a 1+1D boundary, we consider a
0+1D topological mode bound to a topological defect in
the bulk. Our analysis sheds light on the closely related
question of the screening of impurity spins at magnetic
quantum critical points, and allows us to compare our
results with numerical studies on spin models.

It is helpful to have a concrete lattice model in
mind. Imagine a 2+1D spin-1 Heisenberg model H =∑
ij JijS

i ·Sj with antiferromagnetic couplings as shown
in Fig. 1a. The couplings on horizontal bonds are J , while
the couplings on vertical bonds are J ′. There are no cou-
plings beyond the nearest-neighbor ones. Now suppose
J ′ is much smaller than J , then the system is in a 2+1D
AKLT or Haldane phase, a topological paramagnet pro-
tected by the SO(3) spin rotation and vertical lattice
translation symmetries. Indeed, if we create a vertical
edge, then this edge will host a dangling spin-1/2 chain
which can not be gapped out by adjusting the boundary
couplings as long as the spin rotation and vertical trans-
lation symmetries are preserved. We may also choose the
protecting symmetries to be spin rotation together with
the translation generated by TxTy which moves a lat-
tice site to its next-nearest neighbor in the upper right.
For the same reason, an edge parallel to the vector (1, 1)
(compatible with TxTy) will be gapless given these sym-
metries. For our purpose here, consider a dislocation
defect with a (1, 1) Burgers vector as shown in Fig. 1b,
which may be regarded as a flux of the translation sym-
metry generated by TxTy. It is not hard to see that this
defect supports a single dangling spin-1/2, a 0+1D topo-

Figure 1. (a) A spin-1 antiferromagnetic Heisenberg model.
The Heisenberg couplings on horizontal bonds are J , while the
couplings on vertical bonds are J ′. When J ′/J is sufficiently
small, the system is in a topological paramagnetic phase pro-
tected by the SO(3) spin rotation symmetry and translation
symmetry. As we increase J ′/J up to 1, there is a transition
to the Néel ordered phase. (b) A dislocation defect with a
(1, 1) Burgers vector, which supports a spin-1/2 topological
mode in the paramagnetic phase.

logical mode. We can gradually increase the value of J ′
up to J , and at some point there will be a transition
from the topological paramagnet phase to the Néel or-
dered phase. This transition is in the O(3) universality
class as confirmed numerically in Ref. 30. Right at the
critical point, the spin-1/2 on the defect and the gap-
less bulk degrees of freedom are strongly coupled to one
another, and we inquire about their fate in the low en-
ergy limit. This is equivalent to an impurity problem
where a spin-1/2 impurity is immersed into the 2+1D
critical bulk. Two remarks are in order. (i) In a physical
lattice, the dislocation will carry a logarithmic elastic en-
ergy and will locally distort the couplings far away from
the defect core. Here, we will consider an idealized model
where locally the couplings away from the defect core are
not distorted and one can detect the dislocation only by
encircling it. (ii) We have chosen a special dislocation
Burgers vector such that the Néel order parameter ~φ ac-
quires no phase by winding around the defect point. In
other words, the O(3) critical bulk sees no branch cut
due to the dislocation. If the Burgers vector is (0, 1),
then the dislocation leads to a Z2 defect line where the
order parameter ~φ twists ~φ 7→ −~φ across the branch cut.

We expect the impurity not to be fully screened since
the SO(3) bulk symmetry fractionalizes into Spin(3) =
SU(2) on the impurity site and the bulk does not have
the right degrees of freedom to cancel the spinor impu-
rity. It is then interesting to understand the dynamics
of this impurity, for example its nontrivial spin suscep-
tibility due to interaction with the bulk degrees of free-
dom. Moreover, one may ask what happens if we replace
the spin-1

2 impurity by an integer spin eg. spin-1; is
there an even-odd effect? In this paper, we address these
questions using the large-N technique and at the same
time present several models with an unscreened impurity
which are analogous to the gapless SPT states studied
earlier. Our work provides a novel perspective on the in-
terplay between topology and 2+1D quantum criticality.

The impurity problems of interest in this paper resem-
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ble the Kondo effect, especially the multichannel gener-
alizations [31–33]. However, an important difference is
that the noninteracting bulk electrons are here replaced
by strongly coupled critical modes. This further implies
that the gapless modes are intrinsically 2+1D and do not
admit a dimensional reduction.

The problem of a spin-S impurity coupled to the O(3)
Wilson-Fisher bulk CFT was analyzed in groundbreaking
work in [34, 35], in the context of an impurity spin cou-
pled to critical fluctuations. Utilizing a D = 4− ε space-
time dimension expansion, an interacting fixed point near
the decoupled one was found for small ε, where the impu-
rity is not fully screened and exhibits a Curie form static
susceptibility at finite temperature. See also [36, 37] for
alternative approaches.

In this work, we analyze three SO(N) symmetric gen-
eralizations of the above SO(3) problem in the large-N
limit. Nontrivial fixed points in which the impurity is not
fully screened are found in all these models for the im-
purity transforming both in the spinor (projective) and
non-projective representations of SO(N). To make a con-
trast, we also consider a fourth slightly different model
where a fully-screened fixed point can be realized for im-
purities transforming in non-projective representations of
SO(N). This is in accord with the expectation that while
an impurity transforming projectively under SO(N) can
never be screened by the O(N) Wilson-Fisher critical
bulk, whether a non-projective impurity is screened de-
pends on the details of the Hamiltonian near the impu-
rity.

The large-N approach adopted here has the general
advantage of generating one-parameter families of new
models, being exactly solvable in a strongly-coupled limit
and being able to access non-perturbative fixed points
(if any). In fact, an SU(N) large-N analysis was also
applied in [35] albeit with a noninteracting bulk. We
point out however that in our calculation which includes
bulk interactions, a logarithmic UV divergence which is
present in the free case is cancelled, leading to finite re-
sults for the spin susceptibility. A few other impurity
problems with interacting critical bulk were investigated
in [38, 39], where the impurity spin is not protected and a
fully-screened phase appears in the phase diagram. One
impurity model to be studied below is similar to that in
[38], except we study a model with SO(N) rather than
SU(N) symmetry.

Finally, let us highlight an unexpected connection.
Two of our impurity problems have interesting links to
the real and complex Sachdev-Ye-Kitaev (SYK) models
[40–44], respectively. In particular, in the latter case, we
prove a Luttinger theorem relating the spin representa-
tion, expressed in terms of a parton ‘charge density’ in
the UV to the particle-hole asymmetry of the IR Green’s
function, which is exactly the same as the so-called charge
formula in the complex SYK model [43–45]. This is a
nontrivial matching because the charge formula contains
an anomalous term that is not present, for example, in
the multichannel SU(N) Kondo model [33].

In the next section, we give more detailed motivations
and explanations for our impurity models and summarize
our main results. The following four sections examine
the dynamics of these models in detail. In Section VII,
we compare with related results including different ap-
proaches to the SO(3) problem mentioned above, as well
as the results of large scale quantum Monte Carlo nu-
merics, and the SYK models. We conclude and discuss
possible future directions in Section VIII.

II. IMPURITY MODELS AND SUMMARY OF
RESULTS

We consider a spin-1/2 impurity coupled to a 2+1D
gapless bulk described by the critical O(3) non-linear σ-
model (NLσM). More precisely, we write down the fol-
lowing Euclidean action:

S = Sb + Simp + Scp, (1)

Sb =
1

2

∫
d3x

[
3∑

α=1

(∂µφα)2 + λ(x)

(
3∑

α=1

φ2
α −

3

g

)]
,

(2)

Simp =
1

4

∫
dτ

3∑
i=0

γi(τ)∂τγi(τ), (3)

Scp = J

∫
dτ

3∑
α=1

iγ0(τ)γα(τ)φα(τ, r = 0). (4)

Here λ(x) is a Lagrange multiplier field enforcing the
NLσM constraint φαφα = 3

g , and g is the bulk cou-
pling constant. We use a Majorana representation of
the spin impurity; there are four Majorana operators
γi (i = 0, 1, 2, 3) acting on a four-dimensional extended
Hilbert space and we project onto one of the two fermion-
number parity sectors, say Pf = −γ0γ1γ2γ3 = 1 for con-
creteness. The spin operators which generate the SO(3)
symmetry on the impurity spin Hilbert space are repre-
sented as Sαβ = − 1

2 iγαγβ for α, β = 1, 2, 3 and, specially
for the SO(3) case, we define Sα = 1

2ε
αβγSβγ ∝ γ0γα, e.g.

S1 = S23 ∝ γ0γ1. It is clear that γα and therefore γ0γα
for α = 1, 2, 3 transform under the vector representation
of SO(3). However, γ0γα have to transform trivially un-
der the Z2 inversion subgroup of the O(3) symmetry since∏3
α=1(γ0γα) ∝ Pf and we restrict to a certain fermion-

number parity. As a result, the coupling term Scp breaks
the O(3) symmetry down to SO(3). It is important to
note that the SO(3) symmetry is represented projectively
on the impurity. The two different signs of J are equiva-
lent by the field redefinition φ 7→ −φ which is a symmetry
of the bulk action Sb.

This SO(3) problem was first analyzed in D = 4 − ε
spacetime dimensions in [34, 35] for a general spin-S im-
purity. They identified an interacting fixed point near the
decoupled one for small ε, where the impurity is not fully
screened and exhibits a Curie form static susceptibility at
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Sec. Impurity Bulk Coupling at r = 0 Low-Energy Properties

III Spinor (γ0, γα≥1) φα (iγ0γα)φα
[γ0] = 1/2, [γα≥1] = 0, χimp = Ccp/T (cf. Eq. 34).
Impurity not fully screened.

IV Spinor (γ0, γα≥1) φαβ (iγαγβ)φαβ
[γ0] = 0, [γα≥1] = 1/4, χimp = Ccp/T (cf. Eq. 52).
Impurity not fully screened.

V
Antisym. νN -Tensor

(cα, c†α)
φαβ c†αcβφαβ

[cα] = 1/4, χimp = Ccp/T (cf. Fig. 7).
Impurity not fully screened.

VI
Traceless Sym.
Nb-Tensor
(bα, b†α)

φα b†αbβφαφβ + · · ·

N = 3: for S = 1 (Nb = 1), a fully screened fixed
point is conjectured to be present in the phase
diagram, but for S ≥ 2 this fixed point is not
found.
N ≥ 4: a fully screened fixed point is present in
the phase diagram.

Table I. Summary of the impurity models. The first column indicates the section numbers. The second column contains the
SO(N) symmetry representation of the impurity Hilbert space as well as the parton degrees of freedom. γ, c and b represent
Majorana fermion, canonical complex fermion and canonical complex boson, respectively. Bulk fields are listed in the third
column, either an O(N) vector φα or an antisymmetric tensor φαβ . For the latter case, the bulk critical point being considered
is fine tuned to have O(N(N − 1)/2) symmetry as explained in the main text. The fourth column shows the bulk-impurity
coupling at r = 0, where repeated indices are summed over from 1 to N . The low-energy property of these impurity problems
are given in the last column, where [·] denotes the scaling dimension and χimp is the impurity static susceptibility defined in
(25). The scaling dimension results for the first three models are valid in the N →∞ limit. In the last model and when N = 3,
we actually allow the impurity to have an arbitrary spin quantum number S ≥ 1, as explained in the main text.

low temperature. In this work, we study several SO(N)
generalizations of this problem in the large-N limit. For
comparison, we also study a slightly different model that
enjoys the φ 7→ −φ symmetry of the bulk.

Let N ∈ 2Z + 1. The most straightforward SO(N)
symmetric generalization of this impurity problem is to
consider the critical O(N) NLσM in the bulk and an
SO(N) spinor impurity. More precisely, we have vector
fields φα (α = 1, 2, · · · , N) in the bulk. On the impu-
rity site, we introduce Majorana operators γ0, γα (α =
1, 2, · · · , N) and project onto a certain fermion-number
parity sector, say Pf = (−i)(N+1)/2γ0γ1 · · · γN = 1. The
most relevant coupling between the impurity and the
bulk is proportional to iγ0γαφα(r = 0). It is obvious that
this new model reduces to the original one at N = 3.

The above generalization, though simple, has one dis-
advantage: it is hard to include other types of impu-
rity. For example, when N = 3, we may instead consider
a spin-1 impurity, but it does not have a direct gener-
alization with bulk being the O(N) NLσM. Indeed, in
order to couple to the vector fields φα, one needs im-
purity operators which transform as an SO(N) vector,
but there is no such operator when the impurity Hilbert
space is in the vector representation. There is an alter-
native large-N model where we introduce antisymmetric
matrix fields in the bulk which transform in the SO(N)
adjoint representation, namely φαβ (α, β = 1, 2, · · · , N)
and φT = −φ. There are now N(N − 1)/2 independent

bulk φ fields and we require fine-tuning to the critical
point with an emergent O(N(N − 1)/2) symmetry. On
the impurity site, we may have the same SO(N) spinor
representation and the Majorana operators γ0, γα sub-
jected to a fermion-number parity projection. The most
relevant bulk-impurity coupling is iγαγβφαβ(r = 0). It
is straightforward to check that this new large-N prob-
lem also reduces to the original one at N = 3 since vec-
tor and adjoint representations are equivalent for SO(3).
This new bulk theory has the disadvantage of extra fine-
tuning; one at least needs to turn off the single-trace term
Tr(φ4) in the bulk. However, it enables us to consider im-
purities in different SO(N) representations as motivated
earlier. Indeed, φαβ can directly couple to the so(N)
generators which exist in any representation.

With these motivations, in this paper, we consider the
following three large-N generalizations of the original
SO(3) problem:

1. An SO(N) spinor impurity coupled to vector bulk
fields φα.

2A. An SO(N) spinor impurity coupled to adjoint bulk
fields φαβ .

2B. A totally antisymmetric νN -tensor impurity cou-
pled to adjoint bulk fields.

For all these three models, we find nontrivial fixed points
where the impurity is not fully screened by the bulk and
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these can be explained by symmetry fractionalization ar-
guments. To make a contrast with these intermediate-
coupling fixed points, we also introduce the fourth model:

3. An impurity in the O(N) model respecting the φ 7→
−φ symmetry.

Interestingly, this model exhibits very different behaviors
for N = 3 and N ≥ 4. For N = 3, we allow the impurity
to be in an arbitrary spin-S representation with S ≥ 1
and find that the low-energy physics has a sensitive de-
pendence on S. More precisely, when S = 1, there is an
IR stable fully screened fixed point, but when S ≥ 2 (in-
cluding integer S), the fully screened fixed point becomes
inaccessible in our analytic approach, instead, we find a
runaway flow to some yet unknown strong coupling fixed
point. For N ≥ 4, the impurity is taken to transform in
the traceless symmetric tensor representation of SO(N)
with Nb indices. Here we find a fully screened fixed point
for all values of Nb.

The implications of our results for N = 3 are the fol-
lowing. When a spin-1/2 impurity is coupled to the O(3)
critical bulk, our findings for Models 1 and 2A imply the
impurity to be not fully screened. If we instead consider a
spin-1 impurity, we conclude from Models 2B and 3 that
there exist both a stable not fully screened fixed point
and a fully screened fixed point.

In Section VIIA, we compare our findings with ε-
expansion and QMC results on impurity problems at
N = 3. In Section VIIB, we show that Model 2A and
2B are closely connected with the real and complex SYK
models, respectively. We give a brief summary of our
main results in Table I.

III. SPINOR IMPURITY WITH VECTOR BULK
FIELDS

In this section, we consider an SO(N) spinor impurity
coupled to the critical O(N) NLσM, namely the following
Euclidean action.

S = Sb + Simp + Scp, (5)

Sb =
1

2

∫
d3x

[
N∑
α=1

(∂µφα)2 + λ(x)

(
N∑
α=1

φ2
α −

N

g

)]
,

(6)

Simp =
1

4

∫
dτ

N∑
i=0

γi(τ)∂τγi(τ), (7)

Scp = J

∫
dτ

N∑
α=1

iγ0(τ)γα(τ)φα(τ, r = 0), (8)

where N is assumed to be odd. We use a Majorana repre-
sentation of the impurity where a fermion-number parity
projection is implied. This projection may seem trou-
bling, but fortunately, it is in fact unnecessary for our
purpose. There is a Z2 unitary transformation, γ0 to-
gether with the φ 7→ −φ bulk symmetry operation, which

flips the fermion-number parity but commutes with the
Hamiltonian. As a consequence, the correlation function
of any set of operators which have even total charge un-
der this Z2 transformation takes exactly the same value
in the two fermion-number parity sectors and there is no
need to apply the projection; examples include the two-
point functions of the spin operator Sαβ ∝ γαγβ or the
SO(N) vector operator iγ0γα. We will therefore consider
the extended problem where the fermion operators are
physical since for the quantities of interest, the projec-
tion to the fixed fermion-number parity sector makes no
difference. Notice that the sign of J in Scp is irrelevant
since it can be flipped by the φ 7→ −φ bulk symmetry.
The large-N limit of the bulk action Sb is well-known
[46]. In particular, at zero temperature and when g is
slightly above the critical value gc, the two-point corre-
lation function of φ is given by

gφ(x) ≡ 〈Tφα(x)φα(0)〉 (α arbitrary)

=

∫
dωd2p

(2π)3

1

ω2 + p2 +m2
e−iωτ+ip·r, (9)

where m = ξ−1 ∼ g− gc is the inverse correlation length.
For later convenience, let us introduce some related no-
tation. We define gλφ(x, x′) as a generalized two-point
function whose matrix inverse is

(gλφ)−1(x, x′) = −∂2δ(x− x′) + λ(x)δ(x− x′). (10)

In the special case x = (τ, 0) and x′ = (τ ′, 0), we denote
gφ(x − x′) and gλφ(x, x′) by gφ,0(τ − τ ′) and gλφ,0(τ, τ ′),
respectively.

Now we apply standard path integral manipulations
to the action S, similar to the ones described in [33].
First we integrate out all φ fields in the bulk, leading
to a nonlocal four-fermion interaction on the impurity.
Next, we decouple this interaction into γ0γ0 and γαγα
channels using a Hubbard-Stratonovich transformation.
This process introduces bosonic bilocal fields Q(τ, τ ′) and
Q̄(τ, τ ′) that are antisymmetric by definition. Finally, we
integrate out all fermion fields. The impurity part of the
final action reads

S′ =
1

2J2

∫
dτdτ ′Q̄(τ, τ ′)

[
gλφ,0(τ, τ ′)

]−1
Q(τ, τ ′)

− ln Pf

[
1

2
∂τδ(τ − τ ′)−Q(τ, τ ′)

]
−N ln Pf

[
1

2
∂τδ(τ − τ ′)− Q̄(τ, τ ′)

]
. (11)

Here,
[
gλφ,0(τ, τ ′)

]−1

is the ordinary number inverse in-
stead of the matrix inverse. There is also a bulk part
of the action that we did not show and it has an overall
N factor. If we choose J = J0/

√
N , then the first term

contains a factor of N which suppresses the fluctuations
of Q and Q̄ in the large-N limit and with a proper choice
of the path integral contours. We thus expect the ex-
istence of a controlled large-N limit where Q, Q̄ and λ
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all become classical and their expectation values can be
solved from the saddle-point equations. We assume the
time translation symmetry. Let G0(τ) = 〈Tγ0(τ)γ0(0)〉
and G(τ) = 〈Tγα(τ)γα(0)〉 for an arbitrary α = 1, · · · , N
be the Majorana Green’s functions. As N →∞, we have

G−1
0 (τ, τ ′) =

1

2
∂τδ(τ − τ ′)−Q(τ, τ ′), (12)

G−1(τ, τ ′) =
1

2
∂τδ(τ − τ ′)− Q̄(τ, τ ′), (13)

where G−1
0 (τ, τ ′) is the matrix inverse of G0(τ, τ ′) ≡

G0(τ − τ ′), and similarly for G−1. Anticipating that G0

and G are of order 1, we have the following saddle-point
equations for Q and Q̄ at infinite N :

Q̄(τ, τ ′) = 0, (14)

Q(τ, τ ′) = J2
0 g
λ
φ,0(τ, τ ′)G(τ − τ ′), (15)

where we used

δ ln Pf G−1

δQ̄(τ, τ ′)
=

1

2
Tr

(
G

δG−1

δQ̄(τ, τ ′)

)
= G(τ − τ ′), (16)

keeping in mind that Q̄(τ, τ ′) = −Q̄(τ ′, τ) are not inde-
pendent from each other. These equations imply that Q
is of order 1 while Q̄ is of order 1/N . As a consequence,
we see from the action S′ that the impurity has no order-
1 correction to the bulk λ(x); we can simply set λ to its
uniform bulk value m2 and replace gλφ,0 by gφ,0.

A. Fermion correlation functions

The fermion Green’s functions can be easily solved
from the self-consistent equations. We focus on the bulk
critical point g = gc. First consider the simplest situa-
tion T = 0 where we set m = 0. Q̄ = 0 implies that
G(τ) = sgn(τ) is free. Using gφ,0(τ) = 1/(4π|τ |), we
obtain the solution for Q(τ − τ ′) ≡ Q(τ, τ ′):

Q(τ) =
J2

0

4πτ
or Q(iω) =

1

4
iJ2

0 sgn(ω). (17)

The solution for G0 is given by

G0(iω)−1 = −1

2
iω −Q(iω). (18)

We are mostly interested in the long-time or small-
frequency regime, namely τ−1 � ΛUV where ΛUV is the
UV energy scale including both J2

0 and the bulk high-
energy cutoff. Thus we may omit the iω/2 term on the
right-hand side of the above equation and get

G0(τ) =
4

πJ2
0 τ

(T = 0, τ−1 � ΛUV). (19)

We have found that at the new fixed point, γα (α =
1, · · · , N) remains free (zero scaling dimension), while γ0

acquires a scaling dimension 1/2. One can easily compute
the leading-order correlation functions of more fermions
using Wick’s theorem. In particular, the SO(N) vec-
tor operators iγ0γα which directly couple to the φ-fields
in the bulk have a scaling dimension 1/2, same as the
leading-order dimension of φα.

Next, consider nonzero temperature with T, τ−1 �
ΛUV. When T > 0, a nonzero mass m = µT is generated
for the bulk φ bosons with µ = 2 ln

[
(
√

5 + 1)/2
]
≈ 0.96.

Using

gφ,0(τ) =
1

β

∑
ωn

∫
d2p

(2π)2

1

ω2
n + p2 +m2

e−iωnτ (20)

=

∫
d2p

(2π)2

cosh
[(

1
2β − |τ |

)√
p2 +m2

]
2
√
p2 +m2 sinh

(
1
2β
√
p2 +m2

) ,
(21)

we found in the small frequency regime,

G0(iωn) =
1

J2
0

Φ0(iω̃n), (22)

where

ω̃n ≡ ωn/T, Φ0(iω̃n) = − 1

Ψ(iω̃n)
, (23)

and

Ψ(iω̃n) =

∫ ∞
0

dx

4π

iω̃n coth
(

1
2

√
x+ µ2

)
√
x+ µ2 (ω̃2

n + x+ µ2)
. (24)

Note that the dimensionless function Φ0 does not depen-
dent on J0 or the temperature T ; one can also write in
the time domain G0(τ) = (T/J2

0 )Φ0(τT ) with Φ0(iω̃n) ≡∫ 1

0
d(τT )eiωnτΦ0(τT ). As n → ∞, Φ0(iω̃n) approaches

its asymptotic form 4i sgn(ω̃n) expected from the zero-
temperature Green’s function. γα with α ≥ 1 are still
free with G(τ) = sgn(τ) or G(iωn) = 2i/ωn.

The equality between the scaling dimension of the
SO(N) vectors iγ0γα and that of the φ fields in the bulk
seems to imply that the impurity completely merges into
the bulk. However, this is not the case. One simple ev-
idence is that the so(N) generators iγαγβ (α, β ≥ 1) on
the impurity site have zero scaling dimension. In the
following, we will compute a physical response of the im-
purity showing that it is not fully screened by the bulk.

B. Impurity susceptibility

The static susceptibility χ of the system to a uniform
magnetic field in general takes the form:

χ = Aχb + χimp, (25)

where A is the spatial area. As the temperature T goes
to zero, the bulk susceptibility χb goes to zero linearly
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in T [47]. However, as we will show below, the impurity
susceptibility χimp actually diverges as T−1, which means
the impurity spin does not merge into the bulk.

Let us first determine how to couple a slowly-varying
magnetic field to the system. In the SO(3) case, the
magnetic field has three components Hα(x) with α =
1, 2, 3 and microscopically couples to each spin degree of
freedom Sα, either in the bulk or at the impurity site, as
−
∑
αHα(x)Sα. For the impurity site, we just replace Sα

by Sα, and for the bulk spins, the correct modification of
the action turns out to be the replacement [48]

∂τφα 7→ ∂τφα − i(H × φ)α. (26)

In the SO(N) case, we generalize the magnetic field to an
antisymmetric matrix Hαβ with α, β = 1, · · · , N which
has N(N −1)/2 independent components and reduces to
a vector field in the SO(3) case by Hα = 1

2ε
αβγHβγ . The

coupling of Hαβ to the impurity site is

∆Limp =
1

2

∑
α<β

Hαβ(iγαγβ), (27)

and the coupling to the bulk is

∂τφα 7→ ∂τφα + iHαβφβ , (28)

both of which reduce to the correct form at N = 3.
To compute the susceptibility χ, we take H12(x) =

−H21(x) = h to be a constant and turn off other compo-
nents of Hαβ . Then χ is given by

χ = T
∂2 lnZ

∂h2

∣∣∣∣
h=0

= T
1

Z

∂2Z

∂h2

∣∣∣∣
h=0

, (29)

where we used (∂Z/∂h)|h=0 = 0 since the SO(N) sym-
metry can reverse the sign of h. The additional terms in
the Lagrangian now take the form

∆Lb = 2ih(∂τφ1)φ2 −
1

2
h2
(
φ2

1 + φ2
2

)
,

∆Limp =
1

2
h(iγ1γ2). (30)

First consider the decoupled system where J0 = 0. It is
straightforward to show that χimp = 1/(4T ) ≡ Cfree/T
for all N . This coincides with the well-known result
S(S + 1)/(3T ) for a free SO(3) spin with S = 1/2. Next
consider the much more complicated coupled system. De-
pending on whether ∂/∂h acts on ∆Lb or ∆Limp, the im-
purity susceptibility naturally separate into three terms:

χimp = χb,b + 2χb,imp + χimp,imp. (31)

These three terms can be computed order-by-order in
1/N . At order-1, we found that only χimp,imp con-
tributes:

χ
(0)
imp,imp =

1

4β

∑
ω

G(iωn)G(−iωn) =
1

4T
. (32)

This is the same as a free spin, a not surprising result
since we have found that γα with α ≥ 1 are free. We
have thus shown that the impurity is not screened by the
bulk; it is in fact free to the leading order. We can go
to the next order to reveal a nontrivial interaction effect.
Fig. 2a presents all the diagrams of order 1 and 1/N for

Figure 2. (a) Feynman diagrams at order 1 and 1/N for the
impurity susceptibility χimp. Single circles are bulk source
terms of the form (∂τφ)φ, double circles are bulk source terms
of the form φ2 which couples to h2 and black solid dots are
impurity source terms of the form γγ (cf. Eq. (30)). The
solid lines are propagators for γα with α ≥ 1 and the dashed
lines are γ0 propagators. φ boson propagators are represented
by double lines (solid and dashed). (b) The shaded bubble
which appears in the first panel. The wavy line represents the
propagator of the Lagrange multiplier field λ and is of order
1/N .

χimp, where the shaded bubble is explained in panel b.
Computing all the diagrams in Fig. 2, we found that

χimp =
Ccp

T
. (33)

There is no anomalous dimension in T , but the Curie co-
efficient is renormalized, coinciding with the qualitative
behavior obtained from ε-expansion in [35]. Let us avoid
going into the full details of this calculation, but only
note that there are remarkable divergence cancellations.
One cancellation is between χimp,imp and 2χb,imp, both of
which are logarithmically divergent. The other happens
in the computation of the shaded bubble as depicted in
Fig. 2b and appearing in χb,b. There are two terms con-
tributing to this shaded bubble, one is the fermion bubble
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and the other is the 1/N correction to the λ expectation
value. Both of them contain logarithmic UV divergences,
but their sum is finite. The interaction effect of the bulk
theory, more precisely the λφ2 vertex, plays an important
role for this latter cancellation. In [35], a similar fermion
bubble divergence showed up in the SU(N) large-N ap-
proach but since the bulk there was assumed to be free,
this divergence remained un-cancelled and would result in
a log-divergence of the susceptibility. In fact, the model
in Ref. [35] is more closely related to the case of tensor
bulk fields to be discussed later. The analytic expres-
sions for Ccp can be found in Appendix A. Numerically
we obtained

Ccp =

[
1 +

1

N

(
−0.4187± 9× 10−5

)]
Cfree, (34)

where Cfree = 1/4 has been defined above. If one plugs
in N = 3, this gives Ccp = 0.8604 Cfree. Numerically,
infinite frequency sums are truncated by some maximal
frequency ω̃max. The error above comes from an extrap-
olation to ω̃max =∞.

The impurity being not fully screened is a consequence
of symmetry fractionalization. The SO(N) symmetry in
the bulk fractionalizes into a Spin(N) symmetry on the
impurity site, therefore the bulk does not have the right
degrees of freedom to fully screen the impurity. More
explicitly, the counterclockwise spin rotation by θ on the
αβ-plane is represented on the impurity Hilbert space as
Rαβ(θ) = exp(−iθSαβ) = cos(θ/2)−sin(θ/2)γαγβ , where
we used Sαβ = − 1

2 iγαγβ . We see that the 2π rotation (on
an arbitrary plane) acts as −1 on the impurity. On the
contrary, a 2π rotation is equivalent to the identity in the
SO(N) group, for example it acts trivially on the bulk
fields φα. Hence the impurity spins furnish a projective
representation of SO(N).

IV. SPINOR IMPURITY WITH TENSOR BULK
FIELDS

In this section, we consider an alternative generaliza-
tion of the N = 3 problem described earlier in Section II.
We demand the bulk scalar fields to transform under the
adjoint representation of SO(N), instead of the vector
representation. Note that these two are equivalent in the
special case N = 3. We therefore introduce an antisym-
metric matrix field φαβ (α, β = 1, · · · , N) which satisfies
φαβ = −φβα and thus has Nb ≡ N(N − 1)/2 number of
independent components. The bulk action is given by

Sb =
1

2

∫
d3x

∑
α<β

(∂µφαβ)2 + λ(x)

∑
α<β

φ2
αβ −

Nb

g

 ,
(35)

which has an emergent O(N(N − 1)/2) symmetry con-
taining the original O(N) as a subgroup. The large-N
limit of this action has been explained in Section III and

we will be using the same notations. As before, we take
N to be odd.

For the spin impurity, we again introduce N +1 Majo-
rana operators γi (i = 0, . . . , N) acting on a 2(N+1)/2-
dimensional extended Hilbert space and then project
onto one of the two fermion-number parity sectors, say
Pf = (−i)(N+1)/2γ0γ1 · · · γN = 1. The impurity and the
coupling terms in the action take the form

Simp + Scp =
1

4

∫
dτ

N∑
i=0

γi∂τγi

+ J

∫
dτ
∑
α<β

(iγαγβ)φαβ(τ, r = 0), (36)

where we have ignored γ0 which completely decouples
from other fields. The sign of J is irrelevant as before
due to the φ 7→ −φ bulk symmetry. Similar to Sec-
tion III, there is no need to actually worry about the
fermion-number parity projection: the operator γ0 serves
as a unitary transformation that flips the fermion-number
parity but commutes with the Hamiltonian, which guar-
antees all correlation functions that we will be interested
in take the same value in the two fermion-number parity
sectors. We will therefore again consider the extended
problem where the fermion operators are physical.

Now we analyze the large-N limit of the coupled sys-
tem. Integrating out all the φ fields in the bulk, then de-
coupling the resulting four-fermion interaction term into
γαγα channels by an antisymmetric bilocal field Q(τ, τ ′),
and finally integrating out all fermion fields, we obtain
the following impurity part of the action:

S′ = −N ln Pf

[
1

2
∂τδ(τ − τ ′)−Q(τ, τ ′)

]
+

1

4J2

∫
dτdτ ′Q2(τ, τ ′)(gλφ,0(τ, τ ′))−1. (37)

We now choose J2 to scale as J2
0/N and find that S′ con-

tains an overall factor of N . Moreover, the bulk effective
action that we did not show explicitly has an Nb factor,
thus as N → ∞, both λ(x) and Q(τ, τ ′) become clas-
sical and their expectation values can be obtained from
the saddle-point equations. Since Nb is of order N2, the
classical solution of λ is the same as that in the absence
of impurity up to order 1/N corrections. As a result,
the classical solution for Q(τ, τ ′) can be obtained by set-
ting λ(x) = m2. Let Gγ(τ) = 〈Tγα(τ)γα(0)〉 with an
arbitrary α = 1, · · · , N be the Majorana Green’s func-
tion. In the large-N limit where Q(τ, τ ′) is pinned to its
saddle-point solution, we have

G−1
γ (τ, τ ′) =

1

2
∂τδ(τ − τ ′)−Q(τ, τ ′). (38)

The saddle-point equation for Q(τ, τ ′) as N →∞ is

Q(τ, τ ′) = J2
0Gγ(τ − τ ′)gφ,0(τ − τ ′), (39)
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where we have used

δ ln Pf G−1
γ

δQ(τ, τ ′)
=

1

2
Tr

(
Gγ

δG−1
γ

δQ(τ, τ ′)

)
= Gγ(τ − τ ′). (40)

A. Impurity spin correlation function

The impurity spin Green’s function GS(τ) =
〈TSαβ(τ)Sαβ(0)〉 (no sum over α, β) with the definition
Sαβ = − 1

2 iγαγβ can be computed as GS(τ) = 1
4G

2
γ(τ)

for N →∞. Our task now is to solve the self-consistent
equations (38) and (39). We focus on the bulk critical
point g = gc. First consider the situation T = 0 and
τ−1 � ΛUV. Dropping the first term on the right hand
side of Eq. (38) and using gφ,0(τ) = 1/(4π|τ |), the self-
consistent equations are solved with the ansatz

Gγ(τ) =
Aγ
|τ |2∆

sgn(τ)

⇒ Gγ(iω) =

∫ ∞
−∞

dτeiωτGγ(τ)

= 2iAγ cos(π∆)Γ(1− 2∆)|ω|2∆−1 sgn(ω). (41)

when ∆ = 1/4 and A2
γ = 1/J2

0 . This scaling dimension
of the Majorana fermions is the same as that in the SYK
model with q = 4 [42] a point that we will return to in
Section VIIB below.

It is easy to see from the definition[49] that for all
temperature, Gγ(τ) ≥ 0 when τ ≥ 0, thus Aγ = 1/|J0|.
Notice that since Q(ω) ∼

√
ω, the term we dropped in

Eq. (38) is indeed negligible. The spin two-point function
is determined as

GS(τ) =
1

4J2
0 |τ |

(T = 0, τ−1 � ΛUV). (42)

Next, consider nonzero temperature with T, τ−1 �
ΛUV. Recall when T > 0, a nonzero mass m = µT is
generated for the bulk φ bosons. We can write Gγ(τ) in
the following scaling form:

J0Gγ(τ) =
√
TΦγ(τT ), (43)

where Φγ is some universal function. In the frequency
space, this becomes

J0Gγ(iωn) =
1√
T

Φγ(iω̃n), (44)

where we have used dimensionless frequencies ω̃n =
ωn/T = (2n − 1)π and the corresponding Fourier trans-
form Φγ(iω̃n) =

∫ 1

0
d(τT )eiω̃n(τT )Φγ(τT ). Gγ(τ) being

real and antisymmetric implies Gγ(−iωn) = Gγ(iωn)∗ as
well as Gγ(−iωn) = −Gγ(iωn), thus Φγ(iω̃n) is purely
imaginary and odd in frequency. In terms of Im Φγ(iω̃n),

Figure 3. sgn(ω̃n) sgn(J0) Im Φγ(iω̃n) as a func-
tion of 1/

√
|ω̃n| for 100 values of |ω̃n|. At large

|n|, Φγ(iω̃n) approaches the zero-temperature form
i sgn(J0) sgn(ω̃n)

√
2π|ω̃n|−1/2, indicated by the red dashed

line.

the self-consistent equations are equivalent to

1

Im Φγ(iω̃n)

= − 1

4π

∑
ν̃k>0

Im Φγ(iν̃k) ln

[
(ω̃n − ν̃k)2 + µ2

(ω̃n + ν̃k)2 + µ2

]
, (45)

where we have used

gφ,0(iωn) =
1

4π
ln

(
Λ2

ω2
n +m2

)
(46)

with Λ - the UV cutoff of the bulk momentum. This
equation can be solved numerically. In practice, to accu-
rately estimate Φγ(iω̃n) up to some ω̃max = (2nmax −
1)π, we need to truncate the frequency space at a
larger ω̃ext = (2next − 1)π. As |n| → ∞, we ex-
pect Φγ(iω̃n) to approach the zero-temperature form
i sgn(J0) sgn(ω̃n)

√
2π|ω̃n|−1/2. Using this asymptotic be-

havior, one can show that if we send both ω̃max and
ω̃ext to infinity but have ω̃max/ω̃ext → 0, then the rel-
ative error of Φγ(iω̃max) goes to zero. Therefore, we
took next = n2

max in our actual calculation. The re-
sult for Φγ(iω̃n) is shown in Fig. 3. It is clear that as
|n| gets large, Φγ(iω̃n) indeed approaches the expected
zero-temperature form.

B. Impurity susceptibility

Next, we compute the impurity susceptibility. We
again generalize the magnetic field to an antisymmet-
ric matrix Hαβ with α, β = 1, · · · , N which reduces to a
vector field in the SO(3) case by Hα = 1

2ε
αβγHβγ . Re-

call φαβ also embeds into an antisymmetric matrix φ by
φαβ = −φβα. The coupling of Hαβ to the impurity site
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is

∆Limp =
1

2

∑
α<β

Hαβ(iγαγβ), (47)

and the coupling to the bulk is

∂τφαβ 7→ ∂τφαβ − i(φαγHγβ −Hαγφγβ) (48)

which reduces to Eq. (26) as one can easily check. As be-
fore, to compute the susceptibility χ, we take H12(x) =
−H21(x) = h to be a constant and turn off other compo-
nents of Hαβ . Then χ is given by

χ = T
∂2 lnZ

∂h2

∣∣∣∣
h=0

= T
1

Z

∂2Z

∂h2

∣∣∣∣
h=0

. (49)

The additional terms in the Lagrangian now take the
form

∆Lb = h
∑
α>2

2(i∂τφ1α)φ2α −
1

2
h2
∑
α>2

(
φ2

1α + φ2
2α

)
,

∆Limp =
1

2
h(iγ1γ2). (50)

In the decoupled limit J0 = 0, we still have χimp =
1/(4T ) ≡ Cfree/T for all N . For the interacting system,
it turns out that the low temperature behavior of χimp

is dominated by χb,b (cf. Eq. (31)), thus we will focus on
this term in the following. Fig. 4a presents all the dia-
grams of order N0 for χb,b, where the shaded bubble is
explained in panel b. We note that the two terms con-
tributing to the shaded bubble again have a remarkable
divergence cancellation. Computing all the diagrams in
Fig. 4, we found that

χimp =
Ccp

T
. (51)

There is no anomalous dimension in T . The analytic
expression for Ccp is given in Appendix A. Using the nu-
merical solution for Φγ , we found

Ccp = 0.2109± 0.0018 = (0.844± 0.007)Cfree. (52)

One may recall that in Section III (Model 1), the cou-
pling to the bulk gives an order 1/N correction to the
impurity Curie coefficient, in contrast to the order 1 cor-
rection here. In fact, we now have an order N2 number
of fields in the bulk, and the bulk susceptibility scales as
N (in contrast to Model 1 where the bulk susceptibility
is of O(1)). Thus, the relative order in N of boundary
susceptibility correction to the bulk susceptibility is the
same in Models 1 and 2. Notice that Ccp in Eq. (52) is
numerically quite close to the N = 3 result in Section III,
which is expected because the two models reduce to the
same one at N = 3. As in section III, there is a sim-
ilar symmetry fractionalization argument for the impu-
rity being not fully screened. Let us briefly explain our
numerical computation. Given a numerical solution of

Figure 4. (a) Feynman diagrams relevant in the large-N limit
for χb,b, the bulk-bulk part of the impurity susceptibility to
a uniform magnetic field. Single circles are source terms of
the form (∂τφ)φ which couples linearly to h, and double cir-
cles are sources terms of the form φ2 which couples to h2 (cf.
Eq. (50)). The solid lines are Majorana fermion propagators
and the dashed lines are φ boson propagators. (b) The shaded
bubble which appears in the first panel. The wavy line rep-
resents the propagator of the Lagrange multiplier field λ and
is of order 1/N2.

Φγ(iω̃n) up to |ω̃n| ≤ ω̃max, we can further extrapolate
this solution by its known asymptotic form at larger fre-
quencies. By increasing the number of frequency modes
in the summation, we asymptotically converge to the sus-
ceptibility result corresponding to the infinite sum over
frequency. We collect two sources of error for the suscep-
tibility obtained this way: one is from the extrapolation
fitting, and the other is from the inaccuracy of Φγ(iω̃n)
with |ω̃n| ≤ ω̃max. To estimate the latter error, we reduce
nmax by half, compute the susceptibility in the same way
and then evaluate the discrepancy. We regard the two
kinds of errors as independent and the total error is the
root mean square of them. For the numbers given above,
we used nmax = 100, and the error is dominated by the
extrapolation.

V. ANTISYMMETRIC TENSOR IMPURITY
WITH TENSOR BULK FIELDS

It is natural to generalize the previous analysis to im-
purities in other representations. For example, in the
SO(3) case, one may ask whether there is an even-odd ef-
fect; what will happen if we replace the spin-1/2 impurity
(spinor representation) by spin-1 (vector representation)?
For the SO(N) case, we consider a totally antisymmetric
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tensor representation as explained below.
We introduce complex fermion modes cα for α =

1, 2, · · · , N , and make no assumption on whether N
is even or odd. The impurity spin operators Sαβ are
−i(c†αcβ − c

†
βcα). We also fix the total fermion number

as
∑
α c
†
αcα = νN , namely the impurity Hilbert space is

spanned by the states c†α1
c†α2
· · · c†ανN |0〉. When ν = 1/N ,

the impurity forms a vector representation of SO(N).
For a generic ν, this is the antisymmetric νN -tensor rep-
resentation. In the following, we will hold ν as a constant
when taking the large-N limit. We will still use a Majo-
rana representation that manifest the analogy with the
previous section:

γAα = cα + c†α, γBα = −i(cα − c†α). (53)

The bulk consists of tensor fields φαβ with the action in
Eq. (35). The impurity and coupling terms in the action
now take the form

Simp =
1

4

∫
dτ
∑
α

∑
I=A,B

γIα∂τγIα (54)

+

∫
dτ ξ(τ)

[∑
α

iγAαγBα − (2ν − 1)N

]
, (55)

Scp =
∑
I=A,B

J0√
N

∫
dτ
∑
α<β

(iγIαγIβ)φαβ(τ, r = 0),

(56)

where ξ(τ) is a Lagrange multiplier field imposing
the fermion-number constraint

∑
α iγAαγBα = (2ν −

1)N . We define the imaginary-time Green’s functions[50]
GIJ(τ, τ ′) = 〈TγIα(τ)γJα(τ ′)〉 where I, J ∈ {A,B} and
α is arbitrary. It directly follows from the definition
that GBA(τ, τ ′) = −GAB(τ ′, τ). For convenience, we
will denote GAA and GBB by GA and GB , respectively.
We found the following self-consistent equations in the
N →∞ limit:

QI(τ, τ
′) = J2

0 gφ,0(τ − τ ′)GI(τ, τ ′), (57)

R(τ, τ ′) = J2
0 gφ,0(τ − τ ′)GAB(τ, τ ′), (58)

iGAB(τ, τ) = 2ν − 1, (59)

In terms of the bilocal fields QI and R, the Green’s func-
tion matrix G ≡ (GIJ) is given by

G−1(τ, τ ′) =

(
1
2∂τδ(τ − τ

′)−QA(τ, τ ′) iξ(τ)δ(τ − τ ′)−R(τ, τ ′)
−iξ(τ)δ(τ − τ ′) +R(τ ′, τ) 1

2∂τδ(τ − τ
′)−QB(τ, τ ′)

)
≡Mγ(τ, τ ′). (60)

In this expression, G−1 is the inverse on both
the {A,B} and time indices. In other words,∑
J

∫
dτ ′GIJ(τ, τ ′)Mγ(τ ′, τ ′′)JK = δIKδ(τ − τ ′′). QA

and QB are by definition antisymmetric, but R has no
such restriction, i.e. R(τ, τ ′) are all independent in the
path integral. From these self-consistent equations, we
look for solutions to the classical fields QI , R and ξ. Our
approach presented below is largely inspired by [33].

A. Scaling ansatz

Before writing down the explicit ansatz for the Green’s
functions, let us first examine the general constraints
they need to satisfy. The problem has a U(1) gauge sym-
metry generated by

∑
α iγAαγBα which acts on Majorana

operators as(
γAα
γBα

)
7→
(

cos θ − sin θ
sin θ cos θ

)(
γAα
γBα

)
. (61)

Equivalently, the action is cα 7→ eiθcα. For now let us re-
strict to saddle point solutions which preserve this gauge
symmetry and we will comment on other possibilities
later. Taking θ = π/2, we find GA(τ, τ ′) = GB(τ, τ ′)
and GAB(τ, τ ′) = −GBA(τ, τ ′) ≡ GAB(τ ′, τ). This im-
pliesGAB is symmetric. In contrast, GA is antisymmetric
directly from the definition. We assume the time transla-
tion symmetry, thus G(τ, τ ′) = G(τ−τ ′) and ξ in Eq. (60)
is time-independent.

If we regard the γ’s as actual fermion operators, there
will be more constraints on the Green’s functions. On the
one hand, GA(τ) ∈ R andGA(τ) ≥ 0 when τ > 0. On the
other hand, GAB(τ)∗ = GBA(τ) = −GAB(τ), thus GAB
is purely imaginary. It then follows from the expression
for G−1 that the saddle-point value of ξ is real, thus it
effectively sets a chemical potential. In the following, we
will assume an ansatz with these properties. Of course
there could be other solutions but there should be at least
one solution satisfying these properties. This is because
we can imagine really solving a problem of fermions on
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the impurity site with a chemical potential determined by
ξ. As N goes to infinity, we expect that the total fermion
number does not fluctuate and therefore a solution for
this problem also serves as a valid solution to our original
problem a with fermion number projection.

Define a self-energy matrix

Q(τ) =

(
QA(τ) R(τ)
−R(τ) QA(τ)

)
, (62)

then the self-consistent equations can be compactly writ-
ten as

[G(iωn)]−1 = −1

2
iωn − ξσy −Q(iωn), (63)

Q(τ) = J2
0 gφ,0(τ)G(τ), (64)

where [G(iωn)]−1 denotes the 2×2 matrix inverse and the
symmetry constraints mentioned above have been used.
The first equation is written in the frequency space with a
nonzero-temperature form. When considering zero tem-
perature, one just needs to replace ωn by a continuous
variable ω.

Now let us state our ansatz for the Green’s functions
at T = 0. We emphasize that we only attempt to solve
the self-consistent equations in the regime τ−1 � Λ. In
this long time limit, we expect the leading behavior of
GA and GAB to be the following power-law form:

GA(τ) =
A

|τ |2∆
sgn(τ) (A ≥ 0), (65)

GAB(τ) =
iB

|τ |2∆
(B ∈ R), (66)

where A and B are constants to be determined later. In
terms of the complex fermion operators,

〈
Tcα(τ)c†α(0)

〉
=
A sgn(τ) +B

2|τ |2∆
(no sum over α).

(67)

We assume gφ,0 at long time takes the form:

gφ,0(τ) =
Cφ
|τ |2δ

(
1

2
≤ δ < 1), (68)

where a convenient range for the φ-field scaling dimension
δ is imposed. Physically, δ = 1/2. Equations (57) and
(58) then imply that at τ−1 � Λ,

QA(τ) = J2
0CφA

sgn(τ)

|τ |2(∆+δ)
, (69)

R(τ) = iJ2
0CφB

1

|τ |2(∆+δ)
. (70)

In order to solve (63), Green’s functions in the frequency
space are needed. Assuming 0 < 2∆ < 1, we find that

GA(iω) = A
[
2i cos(π∆)Γ(1− 2∆) sgn(ω)|ω|2∆−1

]
,

(71)

GAB(iω) = iB
[
2 sin(π∆)Γ(1− 2∆)|ω|2∆−1

]
. (72)

These can be obtained by directly Fourier transforming
the power-law ansatz as if it was valid for all τ . How-
ever, as the leading behavior at small ω, the above re-
sults are more generally correct; with our assumptions
for ∆, both GA(iω) and GAB(iω) have power-law diver-
gences at ω → 0, and the leading terms are completely
determined by the slowly decaying long-time behavior of
GA(τ) and GAB(τ). The self-energy functions QI and
R are trickier to deal with. We assume in addition that
1 < 2(∆ + δ) < 2, then the Fourier transform of QA(τ)
can be directly obtained using the ansatz as well as prin-
cipal value integral near ω = 0:

QA(iω) = J2
0CφA

[
2i cos(π(∆ + δ))Γ(1− 2(∆ + δ)) sgn(ω)|ω|2(∆+δ)−1

]
. (73)

As ω → 0, the above expression has no divergence, thus
one may wonder whether this converging power-law be-
havior is still only determined by the long-time limit of
QA(τ). We note that ∂QA(iω)/∂ω does have a diver-
gence at ω = 0 whose leading term is determined by the
slowly decaying tail of τQA(τ). Therefore, modulo a con-

stant term, this expression is indeed the leading behavior
of QA(iω) near ω = 0 which depends only on the long-
time form of QA(τ). Moreover, the oddness of QA(iω)
guarantees that the constant term QA(iω = 0) actually
vanishes.

For the Fourier transform of R(τ), we assume
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R(iω = 0) = iξ, (74)

R(iω)−R(iω = 0) = iJ2
0CφB

∫ ∞
−∞

dτ

[
eiωτ

|τ |2(∆+δ)
− 1

|τ |2(∆+δ)

]
= iJ2

0CφB
[
2 sin(π(∆ + δ))Γ(1− 2(∆ + δ))|ω|2(∆+δ)−1

]
. (75)

In the first integral expression of R(iω) − R(iω =
0), we did not mean that R(iω) is really given by
iJ2

0CφB|τ |−2(∆+δ) for all τ (which does not have a Fourier
transform); we are just using a convenient regularization.
It is not hard to prove that, again, the final result only
relies on R(τ � Λ−1). Plugging our ansatz into Eq. (63),
we found that

∆ =
1

2
(1− δ), (76)

A2 sin2

(
πδ

2

)
+B2 cos2

(
πδ

2

)
=
δ sin(πδ)

4πJ2
0Cφ

. (77)

Notice that our previous assumptions on the scaling di-
mensions are met self-consistently. The ratio A/B can
only be determined using the fermion number constraint
(59). This is not an easy task; here we have only obtained
the correlation functions in the long-time limit, but (59)
is a UV equation. Therefore, we need to find a relation
similar to the Luttinger theorem in a Fermi liquid which
translates this UV constraint to an IR one, and this is
done in Appendix B. Just quoting the result, we found

B/A = tan(θ0+)/tan(π∆), (78)

where θ0+ is the unique solution within [−π∆, π∆] to the
equation

sin(2θ0+)

sin(2π∆)
=

1

2∆− 1

(
2ν − 1 +

2

π
θ0+

)
. (79)

The impurity spin operator is now Sαβ = − 1
2 i(γAαγAβ +

γBαγBβ) and its two-point function is GS(τ) = 1
2 (A2 −

B2)/|τ |4∆.
Plugging in the values δ = 1/2 and Cφ = 1/(4π), we

have ∆ = 1/4, A2 + B2 = 1/J2
0 and B/A = tan θ0+.

Recalling A ≥ 0, these yield

A =
cos θ0+

|J0|
, B =

sin θ0+

|J0|
, (80)

and θ0+ is determined by (79) which simplifies to

sin(2θ0+) = − 4

π
θ0+ − 4ν + 2. (81)

We plot both sides of this equation as well as the solution
for B/A as a function of ν in Fig. 5. The particle-hole
symmetry ν → 1−ν is clear from the plot. The impurity

Figure 5. (a) Both sides of (81) as functions of θ0+. The blue
solid line represents the left-hand side. The black dashed lines
represent the right-hand side which is a linear function with
intercept bν = −4ν + 2, plotted for a few different values of ν
as indicated in the figure. (b) Solution for B/A as a function
of ν in the case ∆ = 1/4.

spin correlator is

GS(τ) =
cos(2θ0+)

2J2
0 |τ |

. (82)

We conclude this section by noting that an alternative
ansatz

GA = GB = 0, GAB(τ) = ± sgn(τ)

J0

√
|τ |
, (83)

which breaks the U(1) gauge symmetry also solves the
long time limit of the self-consistent equations. However,
we believe this is not a physical solution because it gives
the same nonzero spin correlation function for all filling
ν, including ν = 0 where we expect the correlator to
vanish.

B. Correlator at nonzero temperature and
susceptibility

In this subsection, we compute the susceptibility to a
uniform external magnetic field as we did in the spinor
cases.

After eliminating the Q matrix from (63) and (64), the
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self-consistent equations become

[G(iωn)]−1 = −ξσy −
J2

0

β

∑
νn

gφ,0(iωn − iνn)G(iνn),

(84)

where we have ignored the −iωn/2 term. Similar to the
case of a spinor impurity coupled to tensor bulk fields,
we define

J0G(iωn) =
1√
T

Φ(iω̃n). (85)

Φ(iω̃n) takes the form ΦA(iω̃n)1 + ΦAB(iω̃n)iσy and is
purely imaginary. We can then rewrite the equation as

[Im Φ(iω̃n)]−1 = − ξ

J0

√
T

iσy

+
∑
νn

gφ,0(iωn − iνn) Im Φ(iν̃n). (86)

Using an isomorphism of (algebraic) fields:

{a1 + b(iσy)|a, b ∈ R} ∼= C. (87)
a1 + b(iσy) 7→ a+ bi

the 2× 2 matrix function Im Φ(iω̃n) can be conveniently
represented by a complex number function F = Im ΦA +
i Im ΦAB ≡ F1 + iF2, satisfying

F−1(iω̃n) = − iξ

J0

√
T

+
∑
νn

gφ,0(iωn − iνn)F (iν̃n). (88)

F1 is antisymmetric, thus the real part of the above equa-
tion becomes

F1(iω̃n)

|F (iω̃n)|2
=

1

4π

∑
ν̃n>0

ln

[
(ω̃n + ν̃n)2 + µ2

(ω̃n − ν̃n)2 + µ2

]
F1(iν̃n).

(89)

For the imaginary part of the equation, we eliminate ξ
from a specific frequency ω̃n = λ̃, leading to

− F2(iω̃n)

|F (iω̃n)|2
+

F2(iλ̃)

|F (iλ̃)|2
+

1

4π

∑
ν̃n>0

{
ln

[
(ω̃n − ν̃n)2 + µ2

(λ̃− ν̃n)2 + µ2

]

+ ln

[
(ω̃n + ν̃n)2 + µ2

(λ̃+ ν̃n)2 + µ2

]}
F2(iν̃n) = 0. (90)

For example, one may take λ̃ = π. We still need one
more equation to effectively implement the fermion num-
ber constraint. In a numerical calculation where the
frequency space is truncated, this is also necessary for
matching the number of unknowns. From the zero tem-
perature limit, we know that as n→∞, F2(iω̃n)/F1(iω̃n)
should approach the B/A ratio. However, this is hard to
impose in practice as we are not able to directly access
the n → ∞ limit. In our calculation, we constrained
the ratio F2(iω̃n)/F1(iω̃n) for one certain ω̃n, and then

Figure 6. sgn(J0) Im ΦIJ(iω̃n) as a function of 1/
√
ω̃n for 60

positive values of ω̃n. Blue squares and black circles repre-
sent IJ = AA and IJ = AB, respectively. The filling fraction
is estimated to be ν = 0.3354 ± 0.0001 by a linear fitting of
F2(iω̃n)/F1(iω̃n) with respect to 1/ω̃n using the 13 smallest
positive frequency values. Red dashed lines and purple dot-
ted dashed lines indicate the asymptotic (zero-temperature)
behavior for ν = 1/3.

determined F2(i∞)/F1(i∞) by an extrapolation proce-
dure, which then gave an estimate of the filling fraction
ν. As before, when computing F (iω̃n) up to some ω̃max,
we truncated the frequency space at a larger ω̃ext with
next = n2

max. In Fig. 6, we present an example of the
numerical solution to F (iω̃n) where ν is closed to 1/3.

Computation of the susceptibility parallels the previ-
ous case. When the impurity is decoupled, we found

(free imp.) χimp =
2ν(1− ν)N

N − 1

1

T

N→∞−→ 2ν(1− ν)/T.

(91)

For example, when N = 3, ν = 1/3, the result coincides
with S(S + 1)/(3T ) for S = 1, as expected. After turn-
ing on the coupling, with the same Feynman diagrams
as in Fig. 4, we find χimp = Ccp/T . Again there is no
anomalous dimension in T . Our numerical result for Ccp

is shown in Fig. 7. The computation strategy is similar
to that in Section IV. For the special filing ν = 1/2,
F2 = 0 due to the particle-hole symmetry and we simply
multiplied the result in the spinor case by a factor of 2.
For other values of ν, we solved F (iω̃n) for nmax = 60,
extended the solution using the known asymptotic form,
and then obtained an extrapolated result for the suscep-
tibility at infinite frequency cutoff. We collected three
sources of error: one from the extrapolation fitting for
the susceptibility, another one from varying nmax and a
new one from the estimation of ν (another extrapolation)
as explained earlier.

From our result for the susceptibility, at least at this
particular fixed point, the antisymmetric tensor impu-
rity is not fully screened by the bulk. This may sound
surprising because the impurity now transforms under a
regular representation of SO(N). In fact, there is still a
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Figure 7. (a) Ccp for an antisymmetric tensor impurity as a
function of ν for ν ≤ 1/2. Error bars are indicated. Note that
χimp for the filling ν is the same as that for the filling 1 − ν
due to the particle-hole symmetry. (b) Ccp/Cfree as a function
of ν.

Figure 8. Bilayer antiferromagnet and an impurity (marked
as a red dot) symmetric under the Z2 layer interchange sym-
metry.

secret symmetry fractionalization happening. SupposeN
is even, the Z2 center of SO(N) (generated by −1N×N )
has a trivial action on the bulk fields φαβ , i.e. the low-
energy symmetry in the bulk is truly SO(N)/Z2. In con-
trast, this Z2 center symmetry acts nontrivially on the
impurity Hilbert space when νN is odd. This argument
does not apply to odd N or even νN , but for large N the
continuity of our solution in N and ν implies the exis-
tence of a fixed point with only partial screening in these
cases also. In Section VI, we will consider an impurity
problem free of similar symmetry fractionalization and
there we, indeed, find a fully screened fixed point.

VI. A Z2 SYMMETRIC IMPURITY IN THE O(3)
MODEL

As our final model, we come back to a spin S impurity
in the O(3) model, Eq. (2). However, we now require that
the impurity respect the unitary φα → −φα symmetry.
For instance, we can consider the O(3) transition in a bi-
layer antiferromagnet.[51] The layer exchange symmetry
acts as φα → −φα. We place the impurity midway along
a rung of the bilayer and require it to couple in a way that
respects the layer exchange symmetry. See Fig. 8 for an
illustration. In this setup the coupling Lcp ∼ Sαφα of the
impurity spin operator Sα to the bulk fields is prohibited.

The next most relevant coupling is

Scp = −J
∫
dτ Oαβ(τ)tαβ(τ, r = 0) (92)

where

Oαβ =
1

2
(SαSβ + SβSα)− δαβ

3
S(S + 1) (93)

tαβ ∼ φαφβ −
1

3
δαβ(~φ2) (94)

We note that Oαβ = 0 for spin S = 1/2, thus, we only
consider S ≥ 1 below.

The traceless symmetric tensor tαβ operator in the
O(3) model is known to have a scaling dimension
∆t = 1.20954(32).[52] Thus, the impurity coupling J in
Eq. (92) is slightly irrelevant, dJ/d` = −(∆t−1)J . (Here
and below x ∼ e`). This means that for small enough J
the impurity decouples from the bulk, forming an essen-
tially free spin.

We next perform a perturbative renormalization group
analysis in J searching for non-trivial weak coupling fixed
points, using ∆t − 1 ≈ 0.21 as an expansion parameter.
We note that the next most relevant impurity coupling
is δS ∼ λ

∫
dτs(τ, 0), where s(x) is the leading SO(3)

scalar. The scaling dimension ∆s = 1.59488(81) (see
[52]), thus, this coupling is somewhat more irrelevant
than J and will not be included in our analysis.

Applying standard perturbation theory in J to second
order we obtain (see appendix C):

dJ

d`
= −(∆t − 1)J + aJ2 (95)

where the coefficient a is given by

a =

√
2

3

(
S(S + 1)− 15

4

)
λttt (96)

and λttt ≈ 1.499 is the coefficient of t in the t×t OPE (see
appendix C for our normalization convention[53]).[52] In-
triguingly, a < 0 for S = 1, a = 0 for S = 3/2, and a > 0
for S > 3/2. This means that for S = 1 we have an IR
unstable fixed point at negative Jc = −(∆t − 1)/|a|, and
for J < −|Jc|, J runs away to −∞. As we discuss below,
we expect this runaway flow is towards a fully screened
impurity phase. On the other hand, for S ≥ 2 we have an
unstable fixed point at positive Jc = (∆t − 1)/a, and for
J > Jc J runs away to +∞. We do not currently know
the nature of the J = +∞ fixed point, but we don’t ex-
pect the impurity to be fully screened here. (Indeed, this
flow occurs both for integer and half-integer S ≥ 2, and
for half-integer S we don’t expect full screening to occur.)
Finally, for S = 3/2, a = 0 and any perturbatively acces-
sible fixed points will be controlled by the O(J3) term in
dJ/dl. Below, we exclude S = 3/2 from our discussion.

From the β-function (95) we conclude that the corre-
lation length exponent ν at the critical point Jc (ξ ∼
|J − Jc|−ν) is given by

ν−1 = ∆t − 1 ≈ 0.21 (97)
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both for S = 1 and for S ≥ 2. We also compute pertur-
batively the scaling dimension of the impurity spin Sa at
the critical point J = Jc (see appendix C):

∆Sa ≈ 2(S(S + 1)− 3/4)J2

≈ 9(∆t − 1)2

λ2
ttt

S(S + 1)− 3/4

(S(S + 1)− 15/4)2

≈ 0.18
S(S + 1)− 3/4

(S(S + 1)− 15/4)2
(98)

We now say a few words about the nature of the J =
−∞ phase that appears to be realized for S = 1 and
J < −|Jc|. We believe this is a fully screened phase.
There are several indications that this is the case. Most
heuristically, let’s begin by freezing the direction of the
bulk order parameter φα (e.g. along the z direction).
The impurity coupling (92) is then δH ∼ −JS2

z . For
J < 0 this coupling favors the state with minimal Sz.
For integer S, this is the unique state Sz = 0. Now,
turning back on slow fluctuations of φα, the impurity spin
will be in the instantaneous eigenstate of φαSα with zero
eigenvalue, which produces no Berry phase. This absence
of Berry phase makes us conclude that for J → −∞ the
magnetic impurity essentially acts as a non-magnetic one
- i.e. full screening occurs.

Another indication that the J = −∞ fixed point for
S = 1 is fully screened comes from considering the large
N generalization of the current problem that we discuss
below. This generalization is quite similar to the SU(N)
impurity model studied in Ref. [38].

A. Large N generalization

We consider a vector O(N) model in the bulk, Eq. (6).
The impurity is taken to transform in the traceless sym-
metric tensor representation of SO(N) with Nb indices.
There is a unique traceless symmetric two-index tensor
operator Oαβ acting on the impurity Hilbert space, which
can be taken as

Oαβ = −1

2
(SαγSβγ + SβγSαγ) +

2

N
δαβC (99)

with Sαβ the generators of SO(N) in the representa-
tion considered and C = 1

2SαβSαβ = Nb(Nb + N − 2)
- the quadratic Casimir.[54] We consider the impurity
coupling:

Scp = −J
∫

dτOαβ(τ)tαβ(τ, r = 0) (100)

with tαβ - the bulk symmetric tensor

tαβ ∼ φαφβ −
δαβ
N

(~φ2) (101)

The resulting model is similar to the large-N model con-
sidered in Ref. 38, except the symmetry group is SO(N)

instead of SU(N). At large N the scaling dimension ∆t

is given by[55]

∆t = 1 +
32

3π2N
+O(1/N2) (102)

Thus, the impurity coupling J is slightly irrelevant in
the large-N limit, so the impurity forms a free spin for
sufficiently small J .

We again perform a perturbative RG analysis in J uti-
lizing the parametric smallness of ∆t − 1 (see appendix
C). We obtain a flow equation as in (95) but with the
coefficient a now given by

a = −
√

2λttt
4N

(4(N − 4)N2
b + 4(N2 − 6N + 8)Nb

+N(N2 − 4N + 8)) (103)

where the OPE coefficient λttt → 2 for N → ∞. Note
that a < 0 for all integerN > 3 independent ofNb. Thus,
we expect that the critical point with Jc > 0 found for
S ≥ 2 in the N = 3 case does not exist for N ≥ 4 (or at
least is not perturbatively acessible). Instead, for N ≥ 4,
the critical coupling Jc = (∆t − 1)/a is negative, and for
J < −|Jc| we have a runaway flow to J = −∞ as in
the S = 1, N = 3 case. In particular, taking the limit
N →∞ with ν = Nb/N -fixed, we have

a = −2
√

2N2(ν + 1/2)2, Jc = − 8
√

2

3π2N3(ν + 1/2)2

(104)

One may ask whether perturbation theory in J continues
to work for the coupling Jc ∼ O(1/N3). As we explain
below, the answer is yes.

1. Beyond perturbation theory

Next, to understand the nature of the flow J → −∞
for J < Jc we set-up a non-perturbative large-N cal-
culation. We can represent our impurity in terms of
canonical complex boson modes bα. The constraint of
Nb boxes in the symmetric SO(N) tensor representation
translates to b†αbα|ψ〉 = Nb|ψ〉, where |ψ〉 is a state in the
physical subspace Vphys. The traceless condition trans-
lates to bαbα|ψ〉 = 0. The action of the operator Oαβ on
|ψ〉 ∈ Vphys is

Oαβ → −
1

2
(N + 2Nb − 4)

(
b†αbβ + b†βbα − 2

Nbδαβ
N

)
+ (b†γb

†
γ)bαbβ (105)

In particular, when calculating matrix elements of Oαβ
within Vphys we may drop the last term in Eq. (105).
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Thus, we consider the action

Simp =

∫
dτb†α∂τ bα +

∫
dτ ξ(τ)

(
b†αbα − νN

)
+ V

∫
dτb†αb

†
αbβbβ , (106)

Scp =
2π
√

2J0

N

∫
dτb†αbβφαφβ(r = 0). (107)

Here ξ(τ) is a Lagrange multiplier enforcing b†αbα|ψ〉 =
Nb|ψ〉. We enforce the constraint bαbα|ψ〉 = 0 energet-
ically by sending the energy V → ∞. The coupling J0

is related to J in Eq. (100) via J0 = N(N + 2Nb − 4)J

and the factor 2π
√

2 in (107) is introduced to match the
normalization of tαβ in the large-N limit (see appendix
C).

We can decouple the quartic terms in (106), (107):

Simp =

∫
dτb†α∂τ bα +

∫
dτ ξ(τ)

(
b†αbα − νN

)
+ i

∫
dτ
(
ub†αb

†
α + u∗bαbα

)
+

1

V

∫
dτu∗u (108)

Scp =

∫
dτ
(
sb†αφα(r = 0) + s∗bαφα(r = 0)

)
− N

2π
√

2J0

∫
dτs∗s (109)

s(τ) and u(τ) are auxiliary fields. The limit V → ∞
can now be taken by simply dropping the last term in
(108). It is now clear that the theory possesses a large-N
limit with fixed J0, ν where fluctuations of ξ, s and u
are suppressed. Note that taking J0 � 1 only suppresses
fluctuations of s further - in this regime we can perform
combined expansion in J0 and 1/N , as we have done in
the previous section (J0 � 1 translates to J � 1/N2 and
our Jc in Eq. (104) lies in this range). Below, we focus on
J0 ∼ O(N0) in order to understand the phase diagram
of our model.

As already noted, when N =∞ the fields ξ, s, u (and
λ(x)) become frozen at their saddle-point value. The
saddle-point equations are:

〈b†αbα〉 = νN, 〈bαbα〉 = 0 (110)

〈bαφα(r = 0)〉 =
N

2π
√

2J0

s, 〈b†αφα(r = 0)〉 =
N

2π
√

2J0

s∗

(111)

〈φαφα(x)〉 =
N

g
(112)

One saddle-point is s = s∗ = u = u∗ = 0. Here the
impurity and the bulk decouple. Working at finite tem-
perature T we then find the familiar saddle-point λ(x) =
m2 = µT for the bulk, whereas ξ(τ) = T log(ν−1 +
1), so that the b propagator Gb(τ) = 〈bα(τ)b†α(0)〉 =
1
β

∑
ωn

1
−iωn+ξ . It is instructive to compute the s prop-

agator at this decoupled fixed point. Letting Gs(iωn) =

∫
dτ〈s(τ)s∗(0)〉eiωnτ , we obtain

Gs(iωn) =
1

N

(
−(2π

√
2J0)−1 + Πs(iωn)

)−1

(113)

Πs(iωn) = −
∫
dτGb(τ)gφ,0(τ)eiωnτ (114)

with gφ,0 given by Eq. (21). From the small τ behavior
of Gb(τ), gφ,0(τ), the UV divergent part of Πs(iωn)

UV
=

− 1
4π (2ν + 1) log(Λ/|ωn|), leading to the RG flow

dJ0

d`
= −
√

2(ν + 1
2 )J2

0 (115)

which agrees with our perturbative result in Eqs. (95),
(104). Thus, at N = ∞, J0 > 0 runs logarithmically to
zero and J0 < 0 gives a run-away flow J0 → −∞. We
also now have a hint of the nature of this run-away flow.
For J0 < 0 we have

Gs(iωn = 0)−1 =
N

2π
√

2

(
|J0|−1 −

√
2(ν + 1

2 ) log(Λ/T )
)

(116)

Thus, G−1
s (iωn = 0) switches sign and becomes negative

for T < T0 = Λ exp
[
−
(
(ν + 1

2 )
√

2|J0|
)−1
]
. This implies

that the s = 0 saddle-point becomes unstable for T < T0

and suggests that the true saddle-point in this regime
should have 〈s〉 6= 0. (Note that once 1/N corrections
are included, we expect no true phase transition at T0,
but rather a crossover.)

Thus, we expect the T = 0 saddle point for J0 < 0
has s ∼ 〈bαφα〉 6= 0 (and also by symmetry u 6= 0 and
u∗ 6= 0). We will not attempt to solve the saddle-point
equations (112) in this regime. (At such a saddle λ(x)
acquires spatial dependence and has to be solved for self-
consistently.) We expect that this saddle-point describes
a fully screened impurity: the b propagator will be non-
singular near ω = 0, so that the impurity modes can be
safely integrated out.

VII. COMPARISON WITH RELATED RESULTS

A. Impurity problems at N = 3

It is interesting to compare our 1/N -expansion results
with the results of different approaches to related prob-
lems. The ε-expansion with ε = 4−D [35] and quantum
Monte Carlo (QMC) studies [56, 57] have been applied
to the SO(3) (or Spin(3)) symmetric impurity problem
where a spin-S impurity is coupled to the 2+1D O(3)
critical bulk.

First consider the case of a spin-1/2 impurity for which
the full action is given in Eqs. 1-4. Model 1 (Section III,
Eqs. 5-8) and Model 2A (Section IV, Eqs. 35 and 36) are
both SO(N) generalizations of it. In Table II, we list
the results from different approaches on (1) the scaling
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Methods ∆vec ∆adj Ccp/Cfree

Model 1 1/2 0 0.860
Model 2A 1/4 1/2 0.844(7)
ε-Exp. 0.116 ← 0.158
QMC 0.20(1) ← 1.048(8)

Table II. Comparison between different approaches for the
problem of a spin-1/2 impurity coupled to the 2+1D O(3)
critical bulk. For the two large-N models (Model 1 and 2A)
considered in this paper, we display both the scaling dimen-
sion ∆vec of Sα ∝ iγ0γα that transforms as an SO(N) vector
and the scaling dimension ∆adj of Sαβ ∝ iγαγβ that trans-
forms in the adjoint representation. For the actual SO(3)
problem (N = 3) studied previously by both the ε-expansion
and QMC methods, these two set of operators are equivalent.
The last column displays Ccp/Cfree. The ε-expansion results
are of 2-loop order. The numerical error for Ccp/Cfree of Model
1 is not shown since it is smaller than the last digit retained
here.

dimension of the spin operator Sα or its SO(N) analogs
and (2) Ccp/Cfree, the ratio between the renormalized and
free Curie coefficients. See the table caption for more de-
tails such as the expansion orders. Notice that there are
two inequivalent generalizations of the spin operators to
N > 3, one proportional to iγ0γα and the other propor-
tional to iγαγβ , appearing in both Model 1 and 2A. There
is no natural way to prefer one or the other in comparing
to N = 3 results, thus the scaling dimensions for both
sets of operators are given in the table, denoted as ∆vec

and ∆adj, respectively. Let us also quote the analytic
formulas from the ε-expansion:

[Sα] =
1

2
ε− ε2

(
5

484
+
π2

11
[S(S + 1)− 1/3]

)
+ · · ·

(117)

Ccp/Cfree = 1 +

√
33ε

40
− 7ε

4
+ · · · (118)

Note that Ccp/Cfree is S-independent to this order in ε.
We emphasize that when using the above expressions to
obtain concrete numbers, we have directly plugged ε = 1
and the value of S into the power series; usually better
results can be obtained using Padé approximants or other
resummation techniques. In both large-N models, ∆vec

and ∆adj differ a lot from each other, which indicates
a sensitive dependence on N of at least one of the two
scaling dimensions. Nonetheless, ∆vec of Model 2A does
roughly agrees with the QMC result. Also, both large-N
models predict that the impurity operator which directly
couples to the bulk field has a scaling dimension 1/2, co-
inciding with the 1-loop ε-expansion. Our predictions for
the Curie coefficient are numerically much closer to the
QMC finding of Ccp/Cfree ∼ 1.04 than the ε-expansion,
but there is still a qualitative difference: in QMC the
impurity susceptibility is slightly enhanced by the bulk
instead of being suppressed.

Next consider the case of a spin-1 impurity where less
data is available. Model 2B (Section V) with either

ν = 1/N or ν = 1/3 is an SO(N) generalization of this
problem. The ε-expansion gives [Sα] = 1/2 at 1-loop or-
der and a negative number at 2-loop order. Once again,
our prediction [Sαβ ] = 1/2 matches the 1-loop result. We
are not aware of any QMC study of this scaling dimen-
sion. Regarding the susceptibility, 2-loop ε-expansion
gives the same ratio Ccp/Cfree = 0.158 and QMC gives
Ccp/Cfree = 0.995(3). These should be compared with
Fig. 7b either at ν = 1/3 or in the ν → 0 limit. It seems
that the large-N value of the susceptibility ratio Ccp/Cfree

is closed to one for all ν and thus compatible with the
QMC prediction (although we are less certain about the
ν → 0 limit due to the huge error bar).

B. Sachdev-Ye-Kitaev models

The SYK models [40–44] are 0+1D quantum models
which have been extensively studied in the large-N limit,
that exhibit a conformal structure. We can compare cor-
relators in the SYK models with correlators of our 0+1D
quantum impurity, which is immersed in a 2+1D confor-
mal bulk.

Models 2A (Section IV) and 2B (Section V) have
strong similarities to the real (Majorana) and complex
SYK models, respectively, at least at zero temperature.
We will elaborate on this connection in this subsection.
For our purpose here, we will regard the fermion opera-
tors in these two models as physical[58], i.e. we do not
apply the fermion-number parity projection in Model 2A
and treat ξ as a real constant in Model 2B instead of a
Lagrange multiplier.

Zero Temperature Correlators: In Model 2A,
there are N Majorana operators γα coupled to the bulk
fields. We have found that [γα] = 1/4, same as that in the
real SYK model [40–42], therefore, up to an overall fac-
tor, the Majorana Green’s function in Model 2A also co-
incides with that in the SYK model in the long-time limit
at T = 0. We may also identify this equivalence from the
self-consistent equations. In the real SYK model, the
self-energy Q(τ) is related to the Green’s function Gγ(τ)
by Q(τ) ∝ Gγ(τ)3, while we have Q(τ) ∝ gφ,0(τ)Gγ(τ)
in Model 2A. These are not of the same form but gφ,0(τ)
happens to be proportional to Gγ(τ)2 in the long-time
limit at T = 0, thus they lead to the same solution. We
note that, interestingly, it appears from QMC numerics
that the large-N scaling dimension γα = 1/4 in Model
2A does not change much as we go down to N = 3. Re-
call from the previous subsection, QMC found that in
the N = 3 version of Model 2A, the spin operator[59]
Sα ∝ iγ0γα has scaling dimension 0.20. This quantity
does not depend on whether we impose the fermion-
number parity projection or not as explained in Sec-
tion IV. Noticing that γ0 completely decouples from all
other degrees of freedom, we conclude [γα] = 0.20 when
N = 3, quite closed to its large-N limit 1/4.

The equivalence between Model 2B and the complex
SYK model [43, 44] is even more remarkable. The com-
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plex fermion Green’s function in Model 2B is given by〈
Tcα(τ)c†α(0)

〉
=
A sgn(τ) +B

2|τ |1/2
(τ � Λ−1

UV, T = 0).

(119)

Apart from the fermion scaling dimension [cα] = 1/4
and the overall normalization, this two-point function
contains one more parameter B/A characterizing the
particle-hole asymmetry, which is determined by the Lut-
tinger theorem introduced in Section VA. Let us quote
the result again:

ν − 1

2
= − θ

π
+

(
∆− 1

2

)
sin(2θ)

sin(2π∆)
, (120)

where ∆ = 1/4 is the fermion scaling dimension and B/A
is related to θ by B/A = tan(θ)/ tan(π∆). It turns out
that not only do the fermion scaling dimensions match
but the above Luttinger theorem also coincides exactly
with the charge formula in the complex SYK model [43–
45]. This is a rather nontrivial result since the Luttinger
theorem presented here contains an anomalous term, the
second term on the right-hand side, which comes from
certain singularities at ω = 0 as detailed in Appendix B.
For example, such an anomalous term does not exist in
the context of the multichannel SU(N) Kondo problem
[33]. A deeper understanding of the unexpected similar-
ities between these models awaits future investigation.

Finite Temperature: The equivalence between
Model 2A/2B with the real/complex SYK model in the
long-time limit does not seem to hold when T > 0. In
the SYK models, the Green’s functions at T > 0 can
be obtained from the zero-temperature ones by a sim-
ple conformal transformation. However, in our impurity
problems, we have an intrinsically 2+1D bulk CFT such
that the correlation functions at different temperatures
are not simply related by conformal transformations as
in 1+1D or 0+1D (nearly) CFTs.

VIII. CONCLUSION

In this paper, we investigated four SO(N) symmetric
models of a quantum impurity coupled to a 2+1D crit-
ical bulk using 1/N expansions. Models 1, 2A and 2B
are large-N generalizations of SO(3) symmetric models.
More specifically, Models 1 and 2A reduce to the problem
of a spin- 1

2 impurity coupled to the O(3) Wilson-Fisher
bulk CFT when N = 3. On the other hand, Model 2B
together with ν = 1/N reduces to the problem of a spin-
1 impurity coupled to the same bulk. Model 3 describes
the O(3) Wilson-Fisher bulk coupled to a spin S > 1/2
impurity that respects the Z2 : φα → −φα symmetry of
the bulk.

For Models 1, 2A and 2B, we found that the impurity
is not fully screened by the bulk and exhibits a Curie
form static susceptibility with a renormalized Curie co-
efficient. The absence of screening can be understood

using symmetry fractionalization arguments. Model 3
has a rich phase diagram: it possesses a free spin phase
for all S. In addition, for S = 1 it has a fully screened
phase separated from the free spin phase by a transition
that we describe. For S ≥ 2 we find a transition from
the free spin phase to a yet undetermined phase.

Let us think about the implications forN = 3. Extrap-
olating to N = 3, our results for Models 1 and 2A both
imply that a spin- 1

2 impurity is not fully screened by the
O(3) critical bulk. How about a spin-1 impurity? From
Model 2B, we have found that in the large-N limit, either
a vector impurity (ν → 0) or an impurity with ν = 1/3
has a nonzero Ccp/Cfree and is therefore also not fully
screened by the O(N(N − 1)/2) critical bulk generated
by the tensor fields φαβ . Both cases reduce to S = 1
when N = 3. The existence of a stable not fully screened
fixed point for S = 1 was also confirmed using QMC
and ε-expansion, which we discussed in Section VIIA. In
principle, for integer spin S there should also exist a fully
screened impurity fixed point, however, it is not accessi-
ble in our large-N treatment of Model 2B. In contrast,
the transition to what we believe to be a fully screened
phase is accessible for S = 1 in Model 3 and also in its
large-N generalizations.

Let us now comment on other possible future direc-
tions. An obvious open problem is to upgrade the impu-
rity to 1+1D, i.e. to couple a 1+1D gapless spin chain
to the boundary of a 2+1D critical bulk. Indeed this
problem was one of the motivations for this work. This
problem was recently investigated in Refs. [27, 60].

We have found that Models 2A and 2B are closely re-
lated to the real and complex SYK models, respectively.
In particular, the Luttinger theorem we proved in Model
2B takes exactly the same form as that in the complex
SYK model. It would be interesting to further explore
the connections between our impurity problems and the
SYK models. For example, it is presently unclear if the
impurity residual entropy in Models 2A and 2B matches
with the SYK results. A beautiful formula

dSres

dν
= 2πE (121)

which relates the entropy Sres, charge ν and an “electric
field” parameter E characterizing particle-hole asymme-
try has been proved in both the multichannel SU(N)
Kondo problem [33] and the complex SYK model [43, 44],
although the relation between E and ν is different in these
two cases. We wonder if the same holds in Model 2B
where E = ln [(1 +B/A)/(1−B/A)]; so far we were not
able to make progress on this question due to the lack of
analytical control of the finite-temperature Green’s func-
tion.
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Appendix A: Analytic Expressions for the Static Susceptibility

In this section, we explicitly spell out the analytic expressions for the interacting Curie coefficients mentioned in
the main text.

First consider the case of a spinor impurity coupled to vector bulk fields studied in Section III, recall there is the
decomposition:

χimp =
Ccp

T
= χb,b + 2χb,imp + χimp,imp. (A1)

We have the following expressions (cf. Fig. 2) for the order-1/N contribution to χ∗, denoted as χ(1)
∗ .

Tχ
(1)
b,b = I1 + I2 + I3, (A2)

I1 + I2 = − 1

π

∑
ω

Breg(iωn)
ω̃2
n

(ω̃2
n + µ2)2

, (A3)

I3 =
1

2π

∑
ω

Breg(iωn)
1

ω̃2
n + µ2

= 0, (A4)

where Breg(iωn) represents the shaded bubble and is given by

Breg(iωn) =
1

N

∑
λ,ν(λ̃2

n + µ2)−1Φ(iν̃n)[Φ0(iω̃n − iν̃n)− Φ0(iλ̃n − iν̃n)]∑
λ(λ̃2

n + µ2)−1
. (A5)

In deducing the above result, the following leading-order expression for the λ field propagator has been used [46]:

∆λ(iνn, q) = − 2

N

[
1

β

∑
ωn

∫
d2p

(2π)2
gφ(iωn,p)gφ(iνn − iωn, q − p)

]−1

(A6)

=


− 16
N

√
ν2
n + q2 (m = 0),

− 16π√
5N
m (νn = 0, q = 0),

· · ·
(A7)

where the minus sign reveals the fact that λ has imaginary fluctuation around the saddle point solution. For χb,imp

we have

2Tχ
(1)
b,imp =

2

πN

∑
ω,ν

ω̃n + ν̃n
(ω̃n + ν̃n)2 + µ2

1

ω̃2
n

Im Φ0(iν̃n). (A8)

For χimp,imp, we have

Tχ
(1)
imp,imp =

2

πN

∑
ω>0

∑
ν>0

1

ω̃3
n

Im Φ0(iν̃n) ln

[
(ω̃n − ν̃n)2 + µ2

(ω̃n + ν̃n)2 + µ2

]
. (A9)

As we mentioned in the main text, there is a divergence cancellation between χ
(1)
imp,imp and 2χ

(1)
b,imp, which is not

obvious from the analytic expressions above.
For the case of a spinor impurity coupled to tensor bulk fields studied in Section IV, the analytic expression for Ccp
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is (cf. Fig. 4)

Ccp = I1 + I2 + I3 + I4, (A10)

I1 + I2 = − 1

π

∑
ω

[NBreg(iωn)]
ω̃2
n

(ω̃2
n + µ2)2

, (A11)

I3 =
1

4π2

∑
ω,λ,ν

(ν̃n − ω̃n)(ν̃n − λ̃n)

[(ν̃n − ω̃n)2 + µ2][(ν̃n − λ̃n)2 + µ2]
Φ2
γ(iν̃n)Φγ(iω̃n)Φγ(iλ̃n), (A12)

I4 =
1

2π

∑
ω

[NBreg(iωn)]
1

ω̃2
n + µ2

= 0, (A13)

where Breg(iωn) represents the shaded bubble and is given by

NBreg(iωn) =

∑
λ,ν(λ̃2

n + µ2)−1Φγ(iν̃n)[Φγ(iω̃n − iν̃n)− Φγ(iλ̃n − iν̃n)]∑
λ(λ̃2

n + µ2)−1
. (A14)

For the case of an antisymmetric νN -tensor impurity coupled to tensor bulk fields, we have

Ccp = I1 + I2 + I3 + I4, (A15)

I1 + I2 = − 1

π

∑
ω

[NBreg(iωn)]
ω̃2
n

(ω̃2
n + µ2)2

, (A16)

I3 =
1

2π2

∑
ω,λ,ν

(ν̃n − ω̃n)(ν̃n − λ̃n)

[(ν̃n − ω̃n)2 + µ2][(ν̃n − λ̃n)2 + µ2]
Re
[
F 2(iν̃n)F (iω̃n)F (iλ̃n)

]
, (A17)

I4 =
1

2π

∑
ω

[NBreg(iωn)]
1

ω̃2
n + µ2

= 0, (A18)

where

NBreg(iωn) =
2
∑
λ,ν(λ̃2

n + µ2)−1 Re{F (iν̃n)[F (iν̃n − iω̃n)− F (iν̃n − iλ̃n)]}∑
λ(λ̃2

n + µ2)−1
. (A19)

Appendix B: A Luttinger Theorem for the Impurity Problem

Here we derive a Luttinger-like theorem which relates the fermion number constraint (59) at UV to the IR behavior
of the Green’s functions. The derivation here is inspired by [33].

We first introduce a convenient alternative representation of the Green’s function and the self-energy function. Note
that GA(τ) being real antisymmetric, GAB(τ) being imaginary symmetric and gφ,0(τ) being real symmetric altogether
imply that both G(iωn) and Q(iωn) are purely imaginary. Moreover, ImG(iωn) and ImQ(iωn) both have the form
a1 + b(iσy) for a, b ∈ R. There is an isomorphism of (algebraic) fields:

{a1 + b(iσy)|a, b ∈ R} ∼= C. (B1)
a1 + b(iσy) 7→ a+ bi

Therefore, we can define complex valued functions

D(iωn) = D1 + iD2 = ImGA(iωn) + i ImGAB(iωn), (B2)
Σ(iωn) = Σ1 + iΣ2 = ImQA(iωn) + i ImQAB(iωn), (B3)

and they satisfy the same algebra as the two-by-two matrices ImG(iωn) and ImQ(iωn) (but one need to be careful
when taking traces). In particular, the self-consistent equations for them have the same form.

Let us now derive the Luttinger-like theorem. We consider T = 0, and the fermion number constraint can be
written as

−
∫

dω

2π
ImD(iω) = 2ν − 1. (B4)
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We do not know the full functional form of D(iω), so our goal is to evaluate the left-hand side only using the behavior
of D(iω) at ω → 0± and ω → ±∞. The self-consistent equations can be written as

D−1(iω) =
1

2
ω − iξ + Σ(iω), (B5)

Σ(iω) = J2
0

∫
dν

2π
gφ,0(iν)D(iω − iν). (B6)

Taking ω derivative on the first equation, we found

D = −2

(
D−1 ∂D

∂ω
+D

∂Σ

∂ω

)
. (B7)

Eq. (B4) can now be written as

2

∫
dω

2π
Im

(
D−1 ∂D

∂ω
+D

∂Σ

∂ω

)
= 2ν − 1. (B8)

We separate the left-hand side into two integrals. In doing so, we actually need to specify how to deal with the
singularities of both integrands at ω = 0. We choose[61] to break

∫∞
−∞ dω 7→

∫ 0−
−∞ dω +

∫∞
0+

dω. The first integral is
straightforward:

ι1 = 2

(∫ 0−

−∞
+

∫ ∞
0+

)
dω

2π
Im

(
D−1 ∂D

∂ω

)
=

1

π

(∫ 0−

−∞
+

∫ ∞
0+

)
dω

∂

∂ω
Im lnD

=
1

π
(θ∞ − θ0+ + θ0− − θ−∞), (B9)

where θω is the phase angle of D(iω). By the symmetries of the Green’s functions, D(−iω) = −D(iω)∗, thus we can
take θ−ω = π − θω and the above simplifies to ι1 = (2/π)(θ∞ − θ0+). (B5) implies that as |ω| → ∞, D(iω) → 2/ω.
We thus have ι1 = (−2/π)θ0+ by taking θ∞ = 0. At small frequency, we have

D(iω)→ 2[A cos(π∆) sgn(ω) + iB sin(π∆)]Γ(1− 2∆)|ω|2∆−1, (B10)

hence,

(cos θ0+, sin θ0+) =
1√

A2 cos2(π∆) +B2 sin2(π∆)
(A cos(π∆), B sin(π∆)). (B11)

From our previous result, A2 cos2(π∆) + B2 sin2(π∆) = δ sin(πδ)/(4πJ2
0Cφ) is a constant independent of ν. Also

recall that we assume 1/2 ≤ δ < 1, implying 0 < ∆ ≤ 1/4.
Next, let us analyze the second integral

ι2 = 2

(∫ 0−

−∞
+

∫ ∞
0+

)
dω

2π
Im

(
D
∂Σ

∂ω

)
, (B12)

which turns out to be tricky. We will first describe an naïve approach leading to a wrong result, and then explain
how to fix it. Define a Luttinger-Ward functional

ΦLW =

∫
dτgφ,0(τ) Tr[σyG(−τ)G(τ)] = −2i

∫
dνdω

(2π)2
gφ,0(iν) Im[D(iω)D(iω − iν)]. (B13)

ΦLW is a finite number; it is in fact zero due to the symmetries of the Green’s functions. ΦLW should be invariant by
ω 7→ ω + ε, which implies∫

dνdω

(2π)2
gφ,0(iν) Im

[
∂D(iω)

∂ω
D(iω − iν) +D(iω)

∂D(iω − iν)

∂ω

]
= 0. (B14)

Applying the change of variable ω = ω′+ν to the second term in the square bracket, and noticing Eq. (B6), the above
reduces to ∫

dω

2π
Im

[
∂D(iω)

∂ω
Σ(iω)

]
= 0 ⇒

∫
dω

2π
Im

[
D(iω)

∂Σ(iω)

∂ω

]
= 0, (B15)
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where integration by parts was used in the last step. Does the above calculation imply ι2 = 0? Suppose this is true,
we conclude that θ0+ = (1/2− ν)π. As a result, A = 0 for ν = 0 and the impurity spin correlation function (at long
time) GS(τ) = 1

2 (A2 − B2)/|τ |4∆ becomes negative in this case, which is not possible given that Sαβ is a bosonic
hermitian operator. Therefore, the integration in the above result, whatever it means, is not equivalent to that in
ι2. In fact, for this calculation to be valid, we need to regularize the singularity of D(iω) near ω = 0, which also
modifies Σ(iω) through (B6). The regularization leaves a contribution and makes ι2 nonzero. Notice that although
both GA∂R/∂ω and GAB∂QA/∂ω contain O(|ω|−1) terms, these terms cancel in Im(D∂Σ/∂ω) and the integral in ι2
has no logarithmic divergence near ω = 0. Similar cancellation may no longer exist for the regularization; suppose
we regularize D(iω) within |ω| . ε, then there is a contribution of order ε × (1/ε) ∼ 1 to

∫
dω Im(D∂Σ/∂ω), hence

ι2 should be of order 1. According to this argument, in order to get rid of the effect of regularization, we need to
somehow reduce the small-frequency divergence in D or ∂Σ/∂ω. We can achieve this goal by utilizing the D and Σ
functions at the special filling ν = 0, denoted by D0 and Σ0. Let A0, B0 be the A,B coefficients at ν = 0. For a
general filling, we define

D̃ =
A

A0
ReD0 + i

B

B0
ImD0, (B16)

Σ̃ =
A

A0
Re Σ0 + i

B

B0
Im Σ0, (B17)

Then D − D̃ as well as ∂(Σ − Σ̃)/∂ω no longer have O(|ω|−1/2) terms. Now we can perform a similar calculation.
Define a new Luttinger-Ward functional:

Φ′LW =

∫
dνdω

(2π)2
gφ,0(iν) Im[(D + D̃)(iω)(D − D̃)(iω − iν)]. (B18)

By the invariance under ω 7→ ω + ε, we obtain the sum rule∫
dω

2π
Im

[
(D − D̃)

∂(Σ + Σ̃)

∂ω
+ (D + D̃)

∂(Σ− Σ̃)

∂ω

]
= 0. (B19)

Here we can substitute
∫∞
−∞ dω by

∫ 0−
−∞ dω +

∫∞
0+

dω, and the above simplifies to(∫ 0−

−∞
+

∫ ∞
0+

)
dω

2π
Im

[
D
∂Σ

∂ω
− D̃ ∂Σ̃

∂ω

]
= 0. (B20)

Noticing

Im

(
D̃
∂Σ̃

∂ω

)
=

AB

A0B0
Im

(
D0

∂Σ0

∂ω

)
, (B21)

we have

ι2(ν) =
AB

A0B0
ι2(ν = 0). (B22)

For ν = 0, the impurity Hilbert space is trivial, thus GS(τ) should be identically zero, implying A2
0 = B2

0 6= 0. We
know that A0 > 0, but the sign of B0 can be arbitrary. Let us assume B0 > 0, which may follow from the assumption
that ImGAB(τ) does not change sign at zero temperature, or can be checked numerically, then θ0+(ν = 0) = π∆+2nπ
for some integer n. Using ι1 + ι2 = 2ν − 1, we obtain ι2(ν = 0) = 4n+ 2∆− 1. Combining all these results, it follows
that

− 2

π
θ0+ +

sin(2θ0+)

sin(2π∆)
(4n+ 2∆− 1) = 2ν − 1, (B23)

where AB/(A0B0) = sin(2θ0+)/ sin(2π∆) has been used. The system has a particle-hole symmetry: γA 7→ γA, γB 7→
−γB , ξ 7→ −ξ and ν 7→ 1− ν, which implies A(ν) = A(1− ν) and B(ν) = −B(1− ν). Assuming the continuity of θ0+

as a function of ν, this symmetry and A being nonnegative imply that −π∆ + 2nπ ≤ θ0+ ≤ π∆ + 2nπ as ν varies.
In particular, θ0+(ν = 1/2) = 2nπ. Plugging this into the above equation yields n = 0. We finally conclude that θ0+

satisfies the following transcendental equation:

sin(2θ0+)

sin(2π∆)
=

1

2∆− 1

(
2ν − 1 +

2

π
θ0+

)
, (B24)

which then determines the ratio B/A = tan(θ0+)/ tan(π∆).
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Appendix C: Perturbative calculations for the Z2 symmetric impurity

We start with the O(N) symmetric model in Eq. (100). We normalize the O(N) traceless symmetric operator tα1α2

as

〈tα1α2
(x1)tβ1β2

(x2)〉 =
1

x2∆t
12

1

2

(
δα1β1

δα2β2
+ δα1β2

δα2β1
− 2

N
δα1α2

δβ1β2

)
(C1)

tα1α2
(x1)tβ1β2

(x2) ∼ 1

x∆t
12

λttt

2
√

2

(
δα1β1

tα2β2
+ δα1β2

tα2β1
+ δα2β1

tα1β2
+ δα2β2

tα1β1
− 4

N
δα1α2

tβ1β2
− 4

N
δβ1β2

tα1α2

)
(C2)

Our normalization here agrees with Ref. 52. Note, we have only included the operator t on the RHS of the OPE (C2).
Also, we did not include any descendants.

Now, starting from Eq. (100) and performing perturbative RG in J ,

δS = −J
2

2

∫
dτ1dτ2T {Oα1α2

(τ1)Oβ1β2
(τ2)}tα1α2

(τ1)tβ1β2
(τ2)→ −J

2λttt√
2

∫
dτ1dτ2
|τ1 − τ2|∆t

T {Oγα(τ1)Oγβ(τ2)}tαβ
(
τ1 + τ2

2

)
(C3)

Here T stands for time-ordering and we used the OPE (C2) in the last step. Now

OγαOγβ +OγβOγα = c(N,Nb)Oαβ + d(N,Nb)δαβ (C4)

where

c(N,Nb) = − 1

2N
(4(N − 4)N2

b + 4(N2 − 6N + 8)Nb +N(N2 − 4N + 8))

d(N,Nb) =
1

N2
(N − 2)Nb(Nb +N − 2)(2Nb +N − 4)(2Nb +N) (C5)

This result can be obtained by using the representation of the impurity in terms of bα, b†α operators discussed in
section VIA1. For the O(3) case Nb = S - the spin of the impurity and Eq. (C5) also works for half-integer S. Now
integrating over small τ1 − τ2 in (C3) and using ∆t ≈ 1, we obtain

dJ

d`
=
λtttc(N,Nb)√

2
J2 (C6)

We next compute the anomalous dimension of an operator A acting on the impurity. We will be mostly interested
in the N = 3 case with A = Sα. Consider a correlation function with A insertion, 〈A(τ) . . .〉, where ellipses stand for
other operators. Performing perturbation theory in J :

〈A(τ) . . .〉 − 〈A(τ) . . .〉0 = +
J2

2

∫
dτ1dτ2

(
〈T {A(τ)Oα1α2(τ1)Oβ1β2(τ2) . . .}〉0 − 〈T {A(τ) . . .}〉0〈T {Oα1α2(τ1)Oβ1β2(τ2)}〉0

)
× 〈tα1α2(τ1)tβ1β2(τ2)〉0 (C7)

The expectation values on the RHS are understood to be taken in the J = 0 theory. From now on, we omit ellipses.
Using (C1),

〈A(τ)〉 − 〈A(τ)〉0 =
J2

2

∫
dτ1dτ2

|τ1 − τ2|2∆t

(
〈T {A(τ)Oαβ(τ1)Oαβ(τ2)}〉0 − 〈T {A(τ)}〉0〈T {Oαβ(τ1)Oαβ(τ2)}〉0

)
(C8)

Now, OαβOαβ = 1
2Nd(N,Nb). Thus, the RHS is only non-vanishing when τ1 and τ2 are on different sides of τ :

〈A(τ)〉 − 〈A(τ)〉0 = J2

∫ ∞
τ

dτ1

∫ τ

−∞
dτ2

1

|τ1 − τ2|2∆t
〈[Oαβ , A]Oαβ〉0 ∼ J2 log Λ〈[Oαβ , A]Oαβ〉0 (C9)

where we’ve isolated the UV divergent part coming from τ1, τ2 close to τ . Now, let’s take A = Sγδ. We have,

[Oαβ , Sγδ]Oαβ = 2i[Oαγ , Oαδ] = −1

2
(N − 2)(2Nb +N)(2Nb +N − 4)Sγδ (C10)
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which can again be obtained using the representation of Oαβ in terms of b, b†. Thus, the anomalous dimension

∆Sαβ =
J2

2
(N − 2)(2Nb +N)(2Nb +N − 4) (C11)

which coincides with (98) for N = 3.
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