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Mutual interplay between the electronic degrees of freedom in solids, such as charge, spin, orbital, sublattice,
and bond degrees of freedom, is a source of cross-correlated phenomena with unconventional electronic ordered
states. Such degrees of freedom can be described by four types of multipoles (electric, magnetic, magnetic
toroidal, and electric toroidal) in a unified way, which enable us to tightly connect the microscopic degrees
of freedom with macroscopic physical responses in a transparent manner. We complete a classification of the
multipoles in all 122 magnetic point groups based on the group theory. The classification is useful to identify
potentially active multipoles not only in ordinary ferromagnetic and antiferromagnetic orderings but also in
exotic orderings breaking time-reversal symmetry, e.g., a loop-current state. Moreover, the classification gives
an insight into the microscopic origin of the cross-correlated responses and quantum transports. By analyzing
response functions up to the second order, we summarize the indispensable multipole moments for various
responses, such as the linear magnetoelectric, piezoelectric, and elastic responses, and the nonlinear conductivity
and Nernst coefficient. Our results highly promote a further discovery of functional multiferroic materials,
guided by the bottom-up material design based on the symmetry-adapted multipoles.

I. INTRODUCTION

Magnetic orderings have long been studied, in which var-
ious fascinating phenomena emerge such as the anomalous
Hall effect [1], multiferroicity like the magnetoelectric ef-
fect [2-7], nonreciprocal transports [8], and so on. In fer-
romagnetic orderings, for example, the uniform magnetiza-
tion affects the electron kinetics through the Berry-phase-
related mechanism, which results in the anomalous Hall ef-
fect, Kerr effect, and Nernst effect [1, 9, 10]. Meanwhile,
antiferromagnetic (AFM) orderings can also give rise to the
large anomalous Hall effect even with a negligibly small mag-
netization [11-13], which have been discussed in the non-
coplanar AFM ordering [14], the noncollinear AFM order-
ing in Mn3Sn [15-17] and the almost collinear-type AFM or-
dering in RuO; [18, 19], «k-type organic compound [20], y-
FeMn [21], and @-Mn [22] and the magneto-optical effect in
LaMO3(M = Cr, Mn, and Fe) [23]. These studies suggest that
the relation between the magnetic orderings and the electro-
magnetic responses is nontrivial, and there are potential can-
didates of functional materials that can be utilized for future
spintronics devices.

The symmetry is a powerful tool to connect the magnetic
orderings and their physical phenomena [24]. In the case of
the magnetic materials, the physical properties are classified
by the group theory, such as the magnetic group (Shubnikov
group) [24-29] or the magnetic representation theory [30]. It
helps us to investigate the macroscopic physical responses in-
cluding the unconventional anomalous Hall effect in the AFM
orderings as mentioned above. However, it is insufficient to
understand the microscopic key parameters for the magnetic
responses within the symmetry argument.

One of the promising quantities to connect the microscopic
electronic degrees of freedom and the macroscopic physical
phenomena is the electronic multipoles [31-35], since the
multipole degree of freedom constitutes a complete set for an

arbitrary Hilbert space with the charge, spin, and orbital de-
grees of freedom in electrons [36, 37]. The multipoles have
been mainly used to describe peculiar atomic electronic de-
grees of freedom in d- or f-electron systems [31, 32, 35],
e.g., electric quadrupole in CeBg [38—44] and magnetic oc-
tupole in NpO, [45-50]. Meanwhile, the concept of multi-
pole covers not only the atomic electronic degrees of free-
dom but also ones over multi sites and orbitals, such as the
hybrid multipole for the interorbital degrees of freedom be-
tween different orbitals [36, 37, 51], the cluster multipole
for the on-site degrees of freedom in a cluster [16, 52],
the bond multipole for the off-site bond degrees of free-
dom in a cluster [53, 54], and the k multipole for the band
modulations and spin splittings in the electronic band struc-
tures [33, 34]. The microscopic description in terms of the
electronic multipole degrees of freedom is useful to under-
stand the macroscopic responses in accordance with the crys-
tallographic symmetry [33, 34, 55-60], such as the magne-
toelectric effect in the magnetic toroidal dipole orderings,
e.g., Cr,03 [61], LiCoPOy4 [62, 63], and UNiyB [64, 65] and
in the magnetic quadrupole orderings, e.g., CosNby;Og [66—
69], anomalous Hall effect in the magnetic octupole or-
derings, e.g., Mn3Sn [15, 16], magnetopiezoelectric effect
in the magnetic quadrupole/hexadecapole orderings, e.g.,
Ba;_,KMn,As; [70] and EuMn;Bi, [71], and magnetostric-
tion effect in the magnetic octupole orderings [72, 73]. Re-
cent studies also clarified that the multipole description gives
the systematic microscopic understanding of the band mod-
ulation in the AFM orderings [54, 74-76], e.g., k-(BETD-
TTF),Cu[N(CN),]Cl1 [74, 77] and BazMnNb,Og [76, 78].
Furthermore, the multipole description has been also applied
to analyze the nature of the multipole phase transitions based
on the Laudau free energy expansion [37, 79] and the be-
havior of the effective hyperfine fields for NMR/NQR spec-
tra [43, 47, 80, 81].

In this way, the multipole description is essential not only
to understand the physical phenomena but also explore fur-



ther intriguing physics on the basis of microscopic electronic
degrees freedom. As the multipoles are closely related to the
spherical harmonics as shown below, they can be systemat-
ically classified into the crystal symmetry. Nevertheless, the
classification of multipoles has been performed only for the 32
crystallographic point groups [33], and it is still lacking for the
122 magnetic point groups with the anti-unitary time-reversal
operation. In the present paper, we complete a multipole
classification under the 122 magnetic point groups by using
four types of multipoles, electric (E), magnetic (M), electric
toroidal (ET), and magnetic toroidal (MT) multipoles. The
multipole classification enables us to rearrange any AFM or-
derings or more exotic orderings, such as nematic, excitonic,
and loop-current orderings into the ferroic multipole order-
ings. The systematic classification by multipoles has an ad-
vantage of understanding the nature of potential order param-
eters and the relevant cross-correlated physical phenomena on
the basis of microscopic electronic degrees of freedom. We
also discuss the relation between the multipoles and the lin-
ear/nonlinear response functions based on the Kubo formula
beyond the symmetry analysis.

This paper is organized as follows. In Sec. II, we review
the expressions of the four types of multipoles. In Sec. III,
the multipole classification in a magnetic point group is pre-
sented by exemplifying a cubic system. We show the active
E, ET, M, and MT multipoles in all magnetic point groups in
Sec. IV. In Sec. V, the relation between the response tensors
and the active multipole moments is discussed based on the
group theoretical analysis and the Kubo formula. We summa-
rize the present paper in Sec. VI. In Appendix A, we give the
cubic and tesseral harmonics used for the multipole expres-
sions. Appendix B represents the unitary subgroup for each
black and white point group. Appendix C gives the classifi-
cation tables of multipoles, which is not presented in Sec. III.
In Appendix D, we review the irreducible corepresentation of
the magnetic point group. In Appendix E, we summarize the
relation between the magnetic point groups and (magnetic)
Laue groups. The derivation of the multipole expressions of
the response tensors in Sec. V is given in Appendix F. In Ap-
pendix G, the multipole expressions for the response tensors
in the hexagonal and trigonal systems are shown.

II. FOUR TYPES OF MULTIPOLES

The multipole moments are introduced by a multipole ex-
pansion of the electric scalar potential ¢(r) and magnetic
vector potential A(r) representing a spatial distribution of
a source electric charge p.(r) and current j.(r) in classical
electromagnetism [82-87]. The spatial distribution of p.(r)
in ¢(r) leads to E multipole (time-reversal even polar tensor),
while that of j.(7) in A(r) leads to M multipole (time-reversal
odd axial tensor) and MT multipole (time-reversal odd polar
tensor). Furthermore, ET multipole (time-reversal even ax-
ial tensor) is introduced by considering the spatial distribution
of a magnetic current jy,(7) [36, 88, 89]. These four types
of multipoles show the different spatial inversion and time-
reversal parities, as summarized in Table L.

In condensed matter physics, four types of multipoles can
describe a spatial distribution of the electronic charge and spin
in the atomic orbitals by using their quantum-mechanical op-
erator expressions as [36, 37, 79]
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where le, My, Tim, and Gy, denote the E, M, MT, and ET
multipoles with the azimuthal quantum number / (rank of mul-
tipoles) and magnetic quantum number m, respectively. In
Egs. (1)-(4), —e and —ugp are the electron charge and Bohr
magneton, respectively, which are taken to be unity hereafter,
ie., —e,—up — 1. Oy,(7) is related with the spherical har-
monics as a function of angle # = r/|r|, Y},,(#), which is given

by
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In the following discussion for the crystallographic system,
we adopt the real expressions of Oy, following Refs. [79, 90]
and use the multipole notation as X for monopole (I =
0), (X, X,,X;) for dipole (I = 1), (Xu, Xy, X;z, Xox, Xxy) for
quadrupole (I = 2), (Xy,., X%, X, X2, X%, X5, X?) for octupole
(1 = 3), and (Xa, Xau» Xy, X§,. X5, X5, X5, X, Xlp) for hex-
adecapole (I = 4) following Ref. [33] (see also Appendix A
for their expressions). (7)), t;(r;), and g‘;ﬁ (r;) represent
the magnetic moment, magnetic toroidal moment, and elec-
tric toroidal tensor, respectively, which are expressed as
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where I; and o;/2 are the dimensionless orbital and spin
angular-momentum operators of an electron at r;, respec-
tively. The parities with respect to the spatial inversion and
time-reversal operations, ¥ and 7, for each multipole are
given as follows: (P,7) = [(=1), +1] for Qj, [(=D"!, -1]
for Mj,,, [(=1)!, 1] for T}, and [(—1)"*!, +1] for Gy,,, which
are summarized in Table I. The four types of multipoles con-
stitute a complete set for an arbitrary electronic degree of free-
dom in the atomic orbitals [36, 37, 79].

The atomic-scale multipole operators in Eqs. (1)-(4) can
also be applied to describe anisotropic distributions on a clus-
ter system with the sublattice degree of freedom, which is
termed as a cluster multipole [16, 35, 52, 56, 91]. For ex-
ample, the expressions of M and MT multipoles are obtained



TABLE I. Four types of multipoles and their spatial inversion (#),
time-reversal (7°), and P7 parities. The relevant source fields are
also presented.

type notation P 7 PT  source
E le (71)1 +1 (71)1 Pe (jm)
M M, D" -1 D' g
MT T, (-1 -1 D" g
ET Gy D" +1 (=D g,

by reading r; ’ in Egs. (2) and (3) with the position of the j-
th atom I?; in a magnetic unit cell. By adopting the virtual
atomic cluster method in Ref. 52, one can systematically de-
scribe any N-site magnetic structures in terms of cluster M
and MT multipoles as follows [52]:

M(C) Z gj: V Olm(R/) (9)
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where the superscript (c) is introduced to represent cluster
multipoles for clarity. Equations (9) and (10) give the mul-
tipole order parameters under the AFM orderings, which pro-
vide an understanding of physical phenomena. For example,
the magneto-striction effect under the all-in-all-out magnetic
ordering in the pyrochlore structure is understood by the emer-
gence of the cluster M octupole [72] and the linear magneto-
electric effect in the zigzag chain is owing to the active cluster
MT dipole [92-94].

III. TRREDUCIBLE REPRESENTATIONS OF
MULTIPOLES UNDER MAGNETIC POINT GROUPS

The four types of multipoles in Eqs. (1)—-(4) express ar-
bitrary electronic degrees of freedom in the Hilbert space
spanned by the electron wave functions in the 32 point-group
irreducible representations [33]. In this section, we general-
ize the multipole classification from the 32 crystallographic
point groups to the 122 magnetic point groups by taking into
account the anti-unitary time-reversal operation, 6.

The 122 magnetic point groups are categorized into three
groups [95]:

(D ordinary crystallographic point groups without 6 (32),
(II) gray point groups (32),
(III) black and white point groups (58),

where the numbers in parentheses represent the number of
magnetic point groups. Supposing G represents any point
group belonging to the type-(I) crystallographic point groups,
the type-(II) gray point group, M, is defined so as to con-
tain the double elements of G, which is represented by

MDD =G +06G. (1)

Meanwhile, the type-(IIT) black and white point group, M ™D,
consists of half of the elements of M, which is represented
as

M = H +6(G - H), (12)

where H is a halving unitary subgroup of G. The correspon-
dence between MV and H in each black and white point
group is shown in Table XV in Appendix B.

On the basis of the group theory, we classify four types of
multipoles under 122 magnetic point groups. We focus on the
multipole classification under the magnetic point groups with
time-reversal operations, i.e., type-(I) and type-(III) groups.
First, let us classify the multipoles under the 32 type-(II) gray
point groups, which is summarized in Table II in this section
and Tables XVII-XXVI in Appendix C 1. In the following,
we show the examples by taking the cubic gray point group
m3m1’ in Table II.

Table II presents the M and MT multipoles up to rank 4
classified into the irreducible corepresentation (IRREP) under
the cubic gray point group m3m1’. In the table, the superscript
“~” in the IRREP stands for the odd time-inversion property,
as discussed in detail in Appendix D. The IRREPs of the E
and ET multipoles are obtained by replacing (7, M) — (Q, G)
and I'" — I'" where I' = Ajg/u, Asgjus Egju, Tigjus Togu. Ta-
ble II also shows the reduction to the subgroups in each IR-
REP. In the table, “P. axis” stands for the primary axis of the
point group operations. For example, the symmetry opera-
tions of 4/mm’m’ with P. axis [001] are
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where we specify the operation axis or plane in the subscript.
On the other hand, for 4/mm’m’ with P. axis [100], the oper-
ation axes and planes are transformed in cyclic in accordance
with the change of the P. axis, which are represented as

3 2 ’
E. Ciy, Clyu Ch, 05, 6Ch, 0C 0111, 6C 11

1, 1Cy,, ICZX, O 11,00 1y, 001,00 1 0111, 00 | [o113- (14)

The classification in Table II provides the identification of
hidden/unknown multipole order parameters in a systematic
way. Let us take an example of the diamond structure in
Fig. 1(a) with the two sublattices A and B under the space
group Fd3m and the magnetic point group m3m1’ [96]. Sup-
posing the two-sublattice ordering, the IRREPs for the sublat-
tice degree of freedom, Iy, are given by

Taub = Al ® A3, 15)

where Afg corresponds to the uniform potential distribution
and AJ corresponds to the staggered one, as shown in the
right panel of Fig. 1(a).

When the two-sublattice magnetic order occurs, one can
obtain the IRREPs with totally six components by taking the
product of Iy, and the IRREPs for the M dipole (M, M,, M),
I'vi = Tl’g, which are represented by [97]

Tab ® Tt = T, & T, (16)



TABLE II. Irreducible corepresentations (IRREP) of magnetic (M)
and magnetic toroidal (MT) multipoles (/ < 4) in the cubic gray
point group m3m1’. The superscript “~" of the IRREP means the odd
parity with respect to the time-reversal operation. The corresponding
magnetic point group (MPG) with its primary axis (P. axis) is also
shown.

IRREP MT M MPG P axis
Afg To, T4 m_3m (100)
A;g My, m3m’  (100)
Eg T, Ta 4/mmm  [001]

T,, Ts, 4" /mmm’  [001]
ng Ty, M,M{ 4/mm'm’ [100]

Ty, My,My 4/mm'm’ [010]

T¢ M. M? 4/mm'm’ [001]
T, TyoTi M{  &/mm'm [100]
T..T0 M) &/mm'm [010]

Ty, Tfi M & /mm'm [001]

AL, Mo, M, m'3m’  (100)
Ay, T m'3'm  (100)
E; M, My, 4/m'm'm’ [001]
M, My, 4/m'm'm [001]

T;, ToT® MS  4/m'mm [100]
Ty,T)’? Mj{y 4/m’'mm [010]
T.T¢ M.  4/m'mm [001]

T,, TP M M 4/m'mm' [100]

% MM & mmm [010]
77 Mxy,Mi 4 [m'mm’ [001]

(© M,y AL®AL=A;,
atomic

M

xyzZ

Bm-r>0
Bm-r<0

FIG. 1. (a) Diamond structure with two sublattices A and B (left
panel). The IRREPs and the corresponding potential distributions in
the two sublattices are shown in the right panel. (b) The staggered
magnetic dipole along y axis and (c) the staggered xyz-type magnetic
octupole, which are regarded as the cluster M quadrupole M., and
the M monopole M, respectively. The arrows in (b) represent the
spin direction and the color in (c¢) represents the distribution of the
magnetic monopole charge defined by m - r.

The IRREP Ty, in the right-hand side represents the uniform

alignment of the M dipole, i.e., the ferromagnetic order. On
the other hand, the IRREP T, which corresponds to the stag-
gered magnetic structure shown in Fig. 1(b), is regarded as the
M quadrupole ordering from the Table II [98]. Thus, it is easy
to predict the emergent physical phenomena related with the
M quadrupole, such as the transverse magnetoelectric effect,
once the staggered magnetic ordering occurs in the diamond
structure [99] (see also Sec. V).

Similarly, the classification in Table II is used not only
for the AFM ordering but also for the unconventional elec-
tronic orderings, such as the spin nematics [100-103], ex-
citonic states [104-109], staggered flux states [110-113],
loop-current states [53, 54, 114-117], and other higher-
rank multipole orderings [31, 32, 52]. For instance,
when considering the orderings of the atomic M octupoles
(Maye, MO, MO, M2, ME, M5, MP) with the IRREPs Ty =
AggeaTl‘g ®T,,. the possible IRREPs within the two sublattices
are given by

Lo ® Tz = (A3, ® T}, © To) © (A}, © Ty, @ T3).  (17)

The former (latter) parenthesis represents the uniform (stag-
gered) alignment of M octupoles. From Table II, one can find
the multipole order parameters, e.g., the staggered M,,, order-
ing with AJ, is regarded as the M monopole Mj, as schemat-
ically shown in Fig. 1(c). Then, the staggered M,,, ordering
is expected to exhibit physical phenomena in the presence of
M, such as the longitudinal magnetoelectric effect.

Next, we classify four types of multipoles under the type-
(IIT) black and white point groups. The results are summa-
rized in Table III in this section and Tables XX VII-XXXIV in
Appendix C2. We here show the multipole classification un-
der the maximum subgroups of m3m1’, among which do not
have the time-reversal symmetry, in Table III. The IRREPs in
Table III present the transformation property with respect to
their unitary subgroup and the + symbol stands for the par-
ity with respect to the anti-unitary operation except for the
Bg/u representation of 4’ /mmm’ (see also the discussion in
Appendix D).

Table III provides a complete correspondence of the IR-
REPs for the group-subgroup relation. For example, in the
staggered M, -type octupole ordering as exemplified above in
Fig. 1(c), the symmetry reduces as m3m1’ — m’3’m’. In this
case, the IRREPs of the parent point group m3m1’ are read
by those of the subgroup m’3'm’ as follows: (Afg,Afu) -
A7, (A;—'g,Aiu) — A, (E5,E}) — E*, (ng,TTu) — T,
(ng,T;u) — T3. Since some of the multipoles are turned
to belong to the same IRREP by the lowering of the symme-
try, additional cross couplings between multipoles that are not
present in the parent point group are expected, e.g., the cou-
pling between the MT dipole (T, Ty, T;) and the ET dipole
(Gx, Gy, G.) appears because of the same IRREP 7.

IV. ACTIVE MULTIPOLES UNDER MAGNETIC POINT
GROUPS

In this section, we focus on the active multipoles, which
belong to the totally symmetric IRREP in each magnetic point



group. The active multipoles are roughly classified according
to the spatial and time inversion properties in each magnetic
point group, as shown in Table IV. The E and ET multipoles
can be active for all the magnetic point groups, while the M
and MT multipoles can become active only for the type-(I)
crystallographic point groups and type-(III) black and white
point groups without the pure time-reversal symmetry.

Let us start from discussing the active multipoles under
type-(I) crystallographic point groups, where not only E and
ET multipoles but also M and MT multipoles become active
because of the time-reversal symmetry breaking. The type
of active multipoles depends on the spatial parity, as shown in
Table I'V. In the 11 crystallographic point groups with the spa-
tial inversion symmetry m3m, m3, 4/mmm, 4/m, mmm, 2/m,
1, 6/mmm, 6/m, 3m, and 3, even-parity E, ET, M, and MT
multipoles are active. The active multipoles in each crystallo-
graphic point group is shown in Table V. On the other hand, in
the 21 noncentrosymmetric crystallographic point groups 432,
43m, 23, 422, 42m, 4mm, 4, 4, 222, mm2, 2, m, 1, 622, 6m?2,
6mm, 6, 6, 32, 3m, and 3, odd-parity E, ET, M, and MT multi-
poles become active in addition to the even-parity ones, which
are shown in Table VI. It is noted that the active E and MT
(ET and M) multipoles have the same angle dependence; the
same components of Oy, and T}, (Gy,, and M) are activated
simultaneously. This is because the type-(I) crystallographic
point group has no point group operations accompanied by the
time-reversal operation.

In the case of the type-(II) gray point groups, no M and MT
multipoles are activated because of the presence of the time-
reversal symmetry [33]. The even-parity E and ET multipoles
become active in all the type-(I) gray point groups, while the
odd-parity E and ET ones become active in the noncentrosym-
metric 21 point groups; 4321’, 43m1’, 231’, 4221’, 42m1’,
dmm1’, 41’, 417, 2221, mm21’, 21", m1’, 11", 6221’, 6m21’,
6mml’, 617, 617, 321, 3m1’, and 31’. The active even-parity
E and ET multipoles with rank 0—4 in the centrosymmetric 11
gray point groups are summarized in Table VII. Meanwhile,
the E and ET multipoles in the noncentrosymmetric 21 gray
point groups are shown in Table VIII.

In the type-(IIT) black and white point groups, four types of
multipoles can become active, similar to the type-(I) crystal-
lographic point groups. However, there is a major difference
in the symmetry operations; there are proper product opera-
tions of the point-group and time-reversal operations in the
type-(III) black and white point groups, resulting in no rela-
tions between the active E and MT (ET and M) multipoles.
Thus, the type-(II) black and white point groups are clas-
sified into three types according to the presence/absence of
the # and 7 symmetries. The first one is the 10 black and
white point groups with (P, PT) = (O, X), m3m’, 4/mm’'n’,
4 /mm'm, 4 |m, m'm’'m, 2" [m’, 6/mm’'m’, 6’ /m’'mm’, 6" /n’,
and 3m’, where the even-parity E, ET, M, and MT multi-
poles are active, as listed in Table IX. The second one is
the 21 black and white point groups with (P, P7T) = (X,Q),
m'3m’, m'3m, m'3, 4Ajm'm'm’, & Jm'm’m, 4/m' mm, &' |n’,
A/m, m'm'm’, m'mm, 2 [m, 2/m’, U, 6/m'm’'m’, 6 |mmmnt’,
6/m'mm, 6 /m, 6/m’,3'm’, 3'm, and 3’, where the even-parity
E and ET multipoles and the odd-parity M and MT multipoles

become active, as shown in Table X. The last one is the 27
black and white point groups with (P, P7) = (X, X), 4’32,
A3m’, 422 422 A2 A 2w, A2 m, Am'm , A i m, A A
222 mm’2, mm2, 2, m’, 622,622, 6m'2,6m'2, 6’m2’,
om'm’, 6'mm’, 6, 6,32, and 3m’, where all types of the mul-
tipoles become active irrespective of the spatial-inversion and
time-reversal parities, as summarized in Table XI.

Let us remark on the active multipoles from the stand-
point of the (magnetic) Laue group, which is often used
for the diffraction measurement. The even-parity E and ET
multipoles are well classified by 11 Laue groups, m3m, m3,
4/mmm, 4/m, mmm, 6/mmm, 6/m, 3m, 3, 2/m, and 1, whose
correspondence to the magnetic point groups is summarized
in Table XXXV in Appendix E. Meanwhile, the even-parity
M and MT multipoles are well classified by 32 magnetic Laue
groups, m3ml’, m31’, 4/mmml’, 4/ml’, mmml’, 6/mmml’,
6/ml’, 3m1’, 31", 2/m1’, 11", m3m, m3, 4/mmm, 4/m, mmm,
6/mmm, 6/m,3m,3,2/m, 1, m3m’, 4/mm’m’, 4’ |mm’m, 4’ | m,
m'm'm, 6/mm'm’, 6 [m'mm’, 6 /m’, 3m’, and 2’ /m’. The cor-
respondence between the magnetic Laue groups and magnetic
point groups is shown in Tables XXXVI and XXXVII in Ap-
pendix E.

Tables V-XI are useful to identify what type of ferroic
state [118] realizes in a magnetic material, e.g., ferroelectric,
ferromagnetic [119-121], ferrotoroidal [122], and ferroelec-
tric toroidal (ferroaxial) states [123], since active E dipole Q;
(i = x,y,2), M dipole M;, MT dipole T;, and ET dipole G;
correspond to the ferroelectric, ferromagnetic, ferrotoroidal,
and ferroaxial order parameters, respectively [124]. One can
find all the candidate magnetic point groups with these active
dipole moments from Tables V-XI as follows:

e E dipole:
dmml’, 417, mm21’, 6mml’, 61’, 3m1’, 31’, 21’, ml’,
11", 4mm, 4, mm2, 6mm, 6, 3m, 3, 2, m, 1, 4m'nm’,
Ym'm, 4, m'm’2, m’'m2’, 6m’'m’, 6'mm’, 6, 3m’, 2/,
m’,

e M dipole:
4/m, 4, 4, 6/m, 6, 6,3,3, 1, 1, 2/m, 2, m, 4/mm’'m’,
42 Am'm’, A2'w’, m'm’'m, 2'2'2, m'm’2, m’'m2’,
6/mm'm’, 622, 6m’'m’, 6m'2’, 3m’, 3m’, 32', 2’ /nt’,
2. m,

e MT dipole:
dmm, 4, mm2, 6mm, 6, 3m, 3,2, m, 1, 4/m'mm, 4/m’,
mmm’, 6/m'mm, 6/m’, 3'm, 3,2 /m, 2/m’, 1, 42’2,
42m, 4,222 mm2’,62'2,6m2', 6,32, m',2,

e ET dipole:
4/ml’, 41’, 41, 6/m1’, 61’, 61", 31", 31", 2/m1’, 21",
ml’, 11", 11", 4/m, 4,4, 6/m, 6,6,3,3,2/m, 2, m, 1, 1,
&im', 4/m', & m, &, &, 6 |/m’, 6/m’,6'/m, 6, 6,3,
2 m, 2 m’, 2 Im, 2 w1

Thus, our results contain the previous classification for the fer-
roelectric, ferromagnetic, ferrotoroidal, and ferroaxial states
based on the symmetry analyses [122, 125-128]. Further-
more, Tables V-XI provide unconventional order parameters
more than the dipole moments, e.g., E/M/MT/ET quadrupole



and octupole moments. This classification gives a complete
guide to identify the electronic order parameters in a system-
atic way.

Tables V-XI also enable us to understand the cross-
correlated phenomena through the couplings between the dif-
ferent multipoles. Let us take an example of the cubic crystal
with m3m1’ symmetry, where the E monopole Qy and E hex-
adecapole Q4 are active up to rank 4 as shown in Table VII.
Once the spontaneous symmetry breaking to m’3’m’ occurs,
magnetic monopole M, and magnetic hexadecapole M, are
additionally activated as shown in Table X.

The identification of active multipoles under the target mag-
netic point groups enables us to construct the free energy and
the Hamiltonian in terms of the multipole degrees of freedom.
For example, the Landau free energy expansion can be per-
formed in terms of multipole degrees of freedom for any types
of order parameters, which is useful to analyze mutual cou-
pling between them [37, 79]. For the above example of the
symmetry breaking from m3m1’ to m’3’m’, it is easily to no-
tice the additional multipole couplings between (Qy, Q4) and
(Mo, My4), which contribute to the free energy, from the IR-
REP.

Moreover, one can find the additional active multipoles
induced by external fields, such as electric and magnetic
fields. For example, when the symmetry is lowered from
m'3’m’ to 4m'm’ under the magnetic field along the z
axis, H., the additional active multipoles up to rank 4 are
0., 04, 07, Qaus GZ‘Z, M., M,, M7, My,, and TX‘Z, as shown in
Table XI. Then, the additional multipole couplings by the
magnetic field arise, which become source of the field-
induced cross-correlated phenomena. For example, since Q,
and Q, correspond to the electric polarization P, and the
(372 — r*)-type symmetric strain &,, respectively, one can ex-
pect that the magnetoelectric coupling H, P, and magnetoelas-
tic coupling H.g, appear in the free energy expansion.

In addition, our result can be used when constructing the
so-called hyperfine coupling to investigate the field depen-
dence of NQR/NMR spectra [81]. Besides, such multi-
pole couplings in each magnetic point group are also related
with the band deformations [54, 75, 76, 129] and field re-
sponses [33, 34, 130]. The latter will be discussed in the next
section.



TABLE III. IRREPs of the multipoles in the time-reversal breaking maximum subgroups of the gray point group m3ml’. (X, +iX,,X, —iX,}
and { Xy, + iXap, Xaw — iXs,} (X = O or G) are the basis of E(gl/f)* in m3m’, while {X,, + iX,, - X, + iX,} and {Xu, + iXap, —Xau + iXap} (X = T or M)

for B2 (X +iXy, X =iX, ), (Xyo = iXer, Xy +iXer), (XS +iX0, XT—iX0), (X7 —iX0, X0 +iXD), (X5, +iX§,, X, —iX; ), and (X[ —iXy, X, +iX] )}
(X = 0,G, T, M) are the basis of E'** in 4/mm’n’. The IRREPs stands for the transformation property in the unitary subgroups shown in the

3 /u
second row. The superscript + of the IRREPs represents the parity with respect to the anti-unitary operation in the third low, whose operation

axis is shown in the fourth row.

magnetic point group m3ml’ m3m m3m’ m'3’'m’ m'3’'m 4/mmm 4 [mmm’ 4/mm'm’ 4/m'm'm’ 4 |m'm’'m 4/m’'mm

unitary subgroup ~ m3m m3 432 43m mmm 4/m 422 42m 4mm
anti-unitary operation 6 0c; o1 o1 ocy 0C; 01 01 01
[110] [110]  [100]
E ET
0o, Q4 Al A A AT AT Ay Al A; At At At
Gy Al Ay, A AT AT B A B! BY BY B?
akd 2g g g 2 2 g g g 1 1 1
Ou» O E; E, B/ B E* A Al A} At Af At
qu Q4U B]g Ag B% BIr BT BT
0s. G.Gy T, T, T; T T; E B,, EM E* E* E*
13 G . Gﬂ/
4y y» =y
4 G., GY Az B, Ay A AJ AJ
0y, g‘i Gg T, T T, T3 T E By,  E/?" E* E* E*
O, 4y G,
Qxys Qf; G{j B2g BTg B; B; B; B;
Go, G, Al AL AT AT A A, AF Al A7 B, A
Oz Al Ay A A A] By Ay B B A7 B;
G, G E: E, E'"”" E  E Ay, Af A} A7 B; A;
GU,G4U Blu A\I B; BT AI BE
0..0" GS, T, T TX T; T, E, Bay E2* E E E
0,0 G
0., 07 Gi 5 Agy By, ﬁgﬂ Ay B; Ar
Q‘Xf Gy, G%X T, T T, T, T, E Bau E( E E E-
G...G
y x5 g
o ny,Gfi Bo, B}, B; B; A; By
MT M
Ty, T4 A, A A AT AT A A; A; A7 A7 A7
M,y Ay Ag ﬁ) A A7 By, Ag B, B] ih B]
Ty, T E, E, E EE  E A, Ay A; A7 A7 A7
T,, T4, By, Ag B% B BT B
TS, M.M¢ T, T, T, T, T, E B,,  EM” E E- E
T M,, M®
4y ys My
Ty, M., MY Agg Bl, Ag A7 AS AF
T,.. Tg Mg T, T T; T, T; E By,  E/7" E- E- E-
T..,T M
20 L gy y
T,.T, M B, B, B; B; B; B;
Mo, My A, An A, AT Al A, A; A; AF B} Al
Ty A, An A Al AT By A} B; B? Af B}
M,, My, E; E, E'"” E* E* A, A; A; AF B} Al
MU,M4U Blu AI N BT AT B;
T, T¢ MS, T, Tw T, T& T} E, B,y E{¥- E* E* E*
T,,T¢ M
T.,T¢ M, Ay B}, Af A} B At
Tg M, Mf); T, T Ti Ti Tf E, B,  E!"" E* E* E*
Ty M, zx M4\,-
T’ My, My, Bau By, Bi Bj A3 BY




TABLE IV. Active multipoles in the crystallographic point group (CPG), gray point group (GPG), and black and white point group (BWPG)
according to P, 7, and P7 symmetries. “even/odd-parity” represents the spatial-inversion parity of multipoles.

type magnetic point group P T PT even-parity odd-parity even-parity odd-parity
E,ET E,ET MT, M MT, M
(I) CPG m3m, m3, 4/mmm, 4/m, mmm, 2/m, 1, O x x v v
6/mmm, 6/m, 3m, 3
432, 43m, 23, 422, 22m, 4mm, 4, 4,222, mm2, 2, m, 1, X X X v v v v
622, 6m2, 6mm, 6, 6, 32, 3m, 3
1D GpPG m3ml’, m31’, 4/mmm1’, 4/ml’, mmm1’,2/m1’, 11", OO O v
6/mmml’, 6/ml’, 3ml’, 31’
43217, 43m1’, 231, 4221, 2m1’, 4mml1’, 41, 41", x QO X v v

2221, mm21’, 21", ml’, 11,
6221’, 6m21’, 6mml1’, 61’, 61, 321", 3m1’, 31’

(IITI) BWPG m3m’, 4/mm'm’, & [mm’m, &' |m, m'm’'m, 2’ |nt’, O x x v Vv
6/mm'm’, 6 /m'mm’, 6 |m’, 3m’
m'3m’, m'3m,m'3, Afmm'm’, & [’ m'm, &’ mm, & w4 m’, x x O v v

m'm'm’, m'mm, 2’ /m, 2/m’, 1,
6/m'm'm’, 6 |mmm’, 6/m'mm, 6 |m, 6/m’,3m’, 3m,3
432 43m’,42'2, 422, 42°m’ , 42m’, 4 2’m, dm'm’ , Am'm, 4,4, X X X v v v v
222, m'm’2, mM'm2’, 2", m’,
622, 6’22, 6m'2, 6'm'2, 6'm2, 6m'nm’, 6’'mm’, 6, 6,32, 3m’

TABLE V. Active even-parity E, ET, MT, and M multipoles in the centrosymmetric crystallographic point groups. The triclinic point group 1
(C;), in which all the even-parity multipoles are active, is omitted.

even-parity even-parity
E ET MT M
=0 2 4 1 3 0 2 4 1 3
m3m (Oy) Qo O Ty T,
m3 (Ty) Qo O Gy Ty Ty M.y,
4/mmm (D) Qo O O4, Ouu Ty T, Ty, Ty,
4/m(Cq) Qo oy Qs Ouu, 0, G, G? Ty T, Ty, Ty, Ty, M, M
mmm (DZh) QO Qus Qu Q49 Q4uv Q4v nyz TO Tus Tv T47 T4u9 T4v M xyz
2/m(Con) Qo Qus Qus Qv Qs Qs Oss 05 &y Gy Gyes G5, GY To Ty Ty Tox Ty Ty Ty T4y Ty, My Moy, My, MY
6/mmm (Dgy) Qo oy Q4o Ty T, Tao
6/m (Cen) Qo oy Qo G, G? Ty T, Tyo M, M
3m (D) Qo O Ou0, Oup Gsp Ty T, Ta0, Tap M,

3(Cy) Qo oy Q105 Qaa> Qup G. Gi4, G3,, G Ty T, Ta0, Taa, Tap M, Ms,, M3y, MY




TABLE VI. Active E, ET, MT, and M multipoles in the noncentrosymmetric crystallographic point groups. The triclinic point group 1 (C), in
which all the multipoles are active, is omitted.

even-parity odd-parity even-parity odd-parity
E ET E ET MT M MT M
=0 2 4 1 3 1 3 0 2 4 0 2 4 1 3 1 3 0 2 4
_432 O) O [on Gy Gy Ty T, M, M,
43m ( Td ) QO Q4 Qx)'z TO T4 Txyz
23 (T) QO Q4 ny: Qxyz GO G4 TO T4 M xyz Txyz M 0 M4
422(Dy) Qo Qu Q4 Gy G, Gy Ty T, Ty My M, M,
_ O Gy T My,
42m (Dyg) Qo Qu Os Oyyz G, Gy Ty T, Ty T, M, My,
Oy Ty,
4mm (C4V) QO Qu Q4 QZ Q(; GZ: TO Tu T4 TZ’ Tg M:{Z
O T4y
4(Cy) Qo Qu O G. G Q. 0F Gy G, Gy To T, T4 M, My T. TS My M, M,
Q4u G4u T4u M4u
o G T M
4(S 4) QO Qu Q4 Gz G(zy Qxyz Gv G4u TO Tu T4 Mz Mg Txyz MU M4v
Qi o G, G, Tu, (44 M, M
Q5 Ty,
222 (DZ) QO Qu Q4 nyz Qxyz GO Gu G4 TO Tu T4 M.\'yz Txyz MO Mu M4
Qu Q4u GU G4u TU T4u Mv M4u
O Gy T4y My,
mm?2 (CZV) QO Qu Q4 nyz QZ Q{;l ny GZZ TO Tu T4 Mxyz Tz T? Mxy Mfz
QU Q4u Qf G/iz Tv T4u Trﬁ Mf:z
Q4 T4y
2 (CZ) QO Qu Q4 Gy nyz Qy Qxyz GO Gu G4 TO Tu T4 Mv Mxyz Ty Txyz MO Mu M4
QU Q4u G(‘y Q;Y GU G4u Tu T4u M;I T)H ML M4u
Q:x Q4v G€ Qﬁf sz G4u sz T4v Ml}g T)ﬁ sz M4v
a, T g,
o ¢ !
m(cs) QO Qu Q4 Gy Gx,vz Qz Qi} ny GZZ TO Tu T4 My Mxyz TZ Tzn Mxy Mf:z
Qv Q4u G;Y QX (; Gyz GZX Tu T4u M;I Tx T;Y M)‘Z sz
sz Q4u Gf Qf Gﬁz sz T4, M}ﬂ Tzﬁ Mi
Q;, x Gy Ty T My,
B
4y T4v
622 (Ds) Qo Qu Quo Go Gy Gy Ty T, Ty My M, My
6m2 (D3n) Qo Qu Quo O3 Gy To T, Ty T3 My,
6mm (Cey) Qo Qu Quo 0. o7 To T, Ty T, 17
6(C) Qo QuQuw G:. G QO QF Go Gu G To Ty Tao M: M7 T. T7 Mo My, My
6(Cwm) Qo Qu Qun G. G? Q34 Gay To T, Tyo M, MY T34 My,
O3 Gy T3 My,
32(D3) Qo Qu Qu Gsp Ow Go G, Gy To T, Ty Ms, Ty, Mo M, My
(" Gy Ty, My,
3m (C3v) QO Qu Q40 G3b QZ Q3a G4u TO Tu T40 M3b TZ T3a M4a
Ou o7 Ty Ty
3(C3) Qo Qu Ouw G: Gy Q. OQsa Go Gy Gy To Ty, Tao M, M3, T, Tz, My M, My
Qua Gsp Qs G Tya M3, Ty My,

Ouw G? Q7 Gy Ty M7 TY My,
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TABLE VII. Active even-parity E and ET multipoles in the centrosymmetric gray point groups. The triclinic point group 11/, in which all the
even-parity E and ET multipoles are active, is omitted.

even-parity

E ET
=0 2 4 1 3
m3ml’ Qg 04
mg r QO Q4 nyz
4/mmm1, QO Qu Q47 Q4u
4/mll QO Qu Q47 Q4us Qiz GZ G;!
mmm1’ QO Qua Qv Q47 Q4us Q4v nyz
2/ml" Qy Qu> Qv Qv s, Qui Quws 05, &, Gy Gy, G3, Gy
6/mmml” Qo O Ouo
6/ml” O Ou Ouo G: G?
3ml’ Qo Ou Qu0, Qup Gsp
31 Qo O Q40> Qaa> Qup G; G34, Gyp, GY

TABLE VIII. Active E and ET multipoles in the noncentrosymmetric gray point groups. The triclinic point group 11’, in which all the E and
ET multipoles are active, is omitted.

even-parity odd-parity
E ET E ET
=0 2 4 1 3 1 3 0 2 4

4321 Q, 0, Go G,
43ml” Qo O, o

231" QO Q4 nyz Qxyz GO G4
42217 Qo Ou O4, Oy Go G, Gy, Gy,
2ml’ QO Qu Q4a Q4u Qxyz GU G4u
4mml’ QO Ou O4, Quy 0. o7 Gy,

41 QO Qu Q47 Q4ua Q(L Gz G(; QZ’ Q(;I GO Gu G4, G4m GZZ
i Qo 0. Q4. Quu 05, G. G Quyz & Gy, Gy G G,
2221 QO Qus Qv Q4a Q4m Q4v nyz Qxyz GO Gus Gv G4, G4u’ G4v

mm2l’ Qo Qu. O 04 Quu Qo Gy 0. 0. &f Gy Gy, G,
21 Qv Qu Qi Qur Qs Quus Qu 05, Q4 Gy G, G2, G Oy 00, 05,00 Gy Gu, Gy, Gy G, Gy, Gy, G, Gy,
ml’ QO Qu, an sz Q4s Q4u7 Q4uy QX\, iny Gy nyu va G[j QZ’ Qx §Y7 z, Q{j, d G.x’y) Gyz ng’ G(Afxs szi Gf:x
6221" Qo Q. Qa0 Go G, Gu
6m21” Qo O Oso O3 Gup
6mml’ Qo 0. Oqo 0. o7
61" Qo Q. Ouo G, G? 0. 0 Go G, Gao
61" O Oy Ouo G, G; O34, O3 Gia, Gy
321" O O Qu0, Oup G3p O3 Go G, Gy, Gap
3ml” O O Qu0, Oup G 0. Q34> o7 Gua
31" Qo oy Q0> Qaa> Qup G. G3i, G3p, G Q. Q34, O3, OF Gy G, G40, Gaa, Gap

TABLE IX. Active even-parity E, ET, MT, and M multipoles in the centrosymmetric black and white point groups.

even-parity even-parity
E ET MT M
=0 2 4 1 3 0 2 4 1 3
m3m’ QO Q4 Mxyz
4/mm'm’ - Qo Qu 04, Qau Ty, M, M7
4 / mmm’ QO Qu Q4, Q4u T, Ty, Mxyz
4/m Qo Q0. Q4. Qui 05, G. G T.Ty  TunTh My, M2
m'm'm QO Qu~ Qu Q4v Q4u7 Q4u nyz T);y Tz{llz’ sz Mz Mf’ Mf
2im Qo Qu Qo Qux Qur Quur Qur 05 & Gy Gy G2, GY Ty, Ty T4, T4, T4, T M, My M, M, ME, M
6/mm'm’ Qp Oy Ouo M, Mg
6'/m'mm’ Qo O Ouo Ty, M,
6:/ml QO Qu Q4O Gz G? T4u9 T4b M3u9 M3b

3m’ Qo [P Qa0, Oup Gy Tyq M, M;,, M?

Z
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TABLE X. Active even-parity E and ET multipoles and odd-parity MT and M multipoles in the noncentrosymmetric black and white point
groups with the £ symmetry. The triclinic point group 1’ is omitted, where all the even-parity E and ET multipoles and odd-parity MT and
M multipoles are active.

even-parity odd-parity
E ET MT M
=0 2 4 1 3 1 3 0 2 4
m'3'm’ Qp O Mo M,
m,3:m QO Q4 Txyz
m'3’ Qo (on Gzyz Txyz M, M,
4/m'm'm’ Qo Oy 04, Ouy My M, My, My,
4//m,mlm QO Qu Q4a Q4u Txyz Mu M4u
4/m'mm Qo 0 O4, Quu T. T My,
4’/1’]’!/ QO Qu Q4a Q4ua Qiz Ga G(zy Txyz’ Tf Mv’ Mxy M4U’ Mfz
4/ml QO Qu Q4’ Q4m ng Gz G;Y TZ Téy My M, My, My, Mﬁlz
mmm' Qo Qu. O Q4. Quaus Qs Gy T. re, Tt M,y M, M,
m'm'm’ Qg Ou, Oy Qs Qaus Ouo Gy, T,y My M,, M, My, My, My,
Yim Qo Qu O O Qs Quur Qur 05, & Gy Goo, GY, G, T, T, T, T2, T, T My, My, ME, MS, M M,
2/m Qo Qu Qs Qe Qs Quus Oy 04, @y Gy Gy GO, GY Ty T, T TS Mo My, My, Moy M, May, May, M, Ml
6/m'm'm’ Qg O Oso M, M, My
6'/mmm’ Qo Oy Oso T3 My,
6/m'mm Qg O Oso T, T?
6 /m Qo O Ouo G G; T34, T3 Mya, My
6/m Qo Ou Ouo G, G? T, T M, M, My
m’ Qo 0. Q40 O Gsp T3 M, M, Mao, May,
3'm Qo O Qu0, Oup Gy, T, T3, T My,

3 Qo oy Q40> Qaa> Qup G, G34, G, G T, T30, T3, TS My M, Myo, Myy, My,




TABLE XI. Active multipoles in the noncentrosymmetric black and white point groups without the 7~ symmetry.

even-parity odd-parity even-parity odd-parity
E ET E ET MT M MT
=0 2 4 1 3 1 3 0 2 4 02 4 1 3 1 3 0 2 4
Z",?’m, QO Q4 Qxyz Mxyz MO M4
432 QO Q4 GO G4 M Bakd Txyz
27 0 0. O G, G, G, o M, M' T, I¢ M,
Q4u G4u
422 QO Qu Q4 GO Gu G4 Tv T4u M xyz Txyz v M. 4v
Q4u G4u
2w Q0 0 & 0y G, Ga Tg M. M: 7 . M
Q4u
Z", 2m’ QO Qu Q4 Qxyz Gu G4u T, Ty M xyz My M, My
Q4u M4u
¥m2 Qy Q. O o G, G T, T, My T, T¢ M,
Q4u
dm'm’ Qo Qu O 0. O Gy, Ty, M. M? My M, M,
Q4u M4u
4 mm’ QO Qu Q4 Qz Q(; ng Tu T4v Mxyz ng Mxy Mf:z
Q4u
4 QO Qu Q4 Gz Gf-y Qz vay GO Gu G4 Tv T4u M xyz Txyz M, v M. 4v
Q4u G4u Txy Ti M f Tf M xy M fz
2 G(Y
4z 4z
4 QO Qu Q4 Gz G(; Qxyz Gu G4u Tu T4u Mxyz Tz Tf MO Mu M4
Q4u Qf ny Gfiz Tx)' sz M f M 4u
o M
2/ 2/ 2 QO Qu Q4 nyz, Qxyz GO Gu G4 Txy T;;i M z M ‘; Tz T? M xy M Z—
0 Qu G, G, T, ME 77 M,
Q4v G4v
m’m2/ QO Qu Q4 nyz Qa Q(Zy ny G:;i— sz T;}} My M;Y Tx T;I Myz sz
0, Qu 04 G T}, M 7% M,
Q4u
m'm'2 QO Qu Q4 nyz Qz Q(ZF ny ng Txy T;{z Mz Mg Txyz MO Mu M4
Qv Q4u Q[; Gﬁz Ti M f M, v M 4u
Q4u M4u
m QO Qu Q4 Gy nyz Qz vay ny GZZ Txy T:{z Mz Mg T\ Txyz MO Mu M4
Qv Q4u G;! Qx Q(: Gyz Gé: X T)'z T;}: x M x M g T); M, v M. 4u
sz Q4u Gﬁf lej G4Z T4Z M. Z Ty M x My,
Qilyv’ Qiy d Gfx T4ﬁx Mf M:tyv’ Mf\
2 QO Qu Q4 Gy nyz Qy Qxyz GO Gu G4 Txy sz Mz Mf Tz Tf M.\‘y Mifz
Qu Q4u G;Y (yy Gu G4u T)‘Z TZIY M x M le TX T;l M vz M :{ x
sz Q4v Gﬁg y sz G4u Ti le Tf M/:z
@ @ B B
Q4v’ in G4y’ Gi\ T4ﬁx Mf T)‘ M4x
622" Qo Qu QO Gy G, Gy . M T, T?
_6I 22 Q() Qu Q40 GO Gu G40 T4a M 3a T3a M. 4a
?m’Z' [ Ouo O3 Gy . M7 T3, My,
O'm2 Qo Qu  Quw O3 Gy Ty JUE My M, My
6'm2" Qo Q. QO Osp Gy Ty My, T, T¢
om'm’ Qy O, O 0. 0¢ M, M? My M, My
6mm’ Qo Q. O 0. 07 T4, M;, T3 My,
6 Qv Q. OQOu G, G Q. 07 Go G, Gy Tsa M, T3, My,
i Ty M, T3, My,
6’ Qo Qu O G, G? Qsa Gy, Ty My, T, T My M, My
O3 Gy Ty My
3m’ Q() Qu Q40 Gﬁih Qz_ Q3a G4a T4zl Mz M3u T3b MO Mu M40
Ouw o7 M7 My
322 Qo Ou  Quo Gip O Go G, Gy Tae M, My, T, T, My,
Oup Gy M T
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V. LINEAR AND NONLINEAR RESPONSES UNDER
ACTIVE MULTIPOLE

According to Neumann’s principle, macroscopic physical
responses are determined not by the space-group symmetry
but by the crystallographic point-group symmetry [131, 132].
This can be generalized to magnetic point groups: macro-
scopic responses in magnets, such as the Hall conductiv-
ity, the linear magnetoelectric effect, and nonlinear conduc-
tivity, are determined by the magnetic point-group symme-
try [24, 125, 133-138]. In this section, we show physical
responses under the active multipole in any magnetic point
groups. The correspondence between the response tensor
components and multipoles will provide useful information
to systematically discuss the essential microscopic model pa-
rameters for the responses in the magnetic materials [130].
First, we discuss the relation between the response tensors and
multipoles based on the point group symmetry in Sec. V A.
Then, we discuss the role of the anti-unitary time-reversal
operation on the response function by using the linear and
second-order nonlinear response theory in Secs. VB and V C,
respectively.

A. Correspondence between tensor component and multipole

First, we discuss the relation between the response tensor
components and multipoles on the basis of group theory. The
response tensor y!"#"#1 is defined as

Bl — X[”anF]F[nF]’ (18)

where B! and F"#! are the rank-np (output) response and
the rank-ny external (input) field, respectively, which are typ-
ically represented by the electric, magnetic, elastic, and their
product degrees of freedom. For example, FI"#1 is an elec-
tric field F, a magnetic field H, a (symmetric) stress 7 and
their combination, while B is the electric polarization P,
magnetization M, symmetric strain g; = (O;u; + 0ju;)/2,
and rotation w = (V X u)/2 where w is the displacement
vector [139]. B! also represents quantities for the transport
phenomena, such as the electric (thermal) current J (J Q) and
the spin current J;]. = 0;J;. Bach external field and response
have the correspondence to the multipoles, e.g., electric field
E « E dipole and symmetric strain € « E monopole and E
quadrupole. The representative relation is summarized in Ta-
ble XII, where the correspondence between the external field
(response) and multipole is shown in the upper (lower) panel.

According to the spatial parities of B! and FI"r], ylnsxn]
becomes a polar or axial tensor; y"#*"#1 is the polar (axial)
tensor for the parity P = (=1)"5*" [P = (=1)"*"r*1], In the
following, we show the correspondence between multipoles
and rank-1, 2, 3, and 4 tensors are shown in Secs. VA 1—
V A4, respectively. See also Appendix F for details of the
derivation. In the following, we mainly focus on the response
tensors in cubic, tetragonal, orthorhombic, monoclinic, and
triclinic systems, and show those in hexagonal and trigonal
systems in Appendix G.
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TABLE XII. Correspondence of the external fields and the responses
to the multipoles. The spatial-inversion parity of the external field or
the response is shown in the column of 4. In the column of multipole,
Xim (I =0,1,2) means the rank-/ multipole (X = Q,G, M, T).

nr P external field multipole
1 + magnetic field H M dipole (M},,)
— electric field E dipole (Q1)
2+ (symmetric) stress T E monopole (Qy)
E quadrupole (Q5,,)
np response
1 + magnetization M M dipole (M,,)
rotation w ET dipole (Gy,,)
- electric polarization P E dipole (Q1,,)
electric (thermal) current J(JQ)  MT dipole (T},,)
2 + symmetric strain € E monopole (Qy)

E quadrupole (Qy,,)
ET monopole (Gy)

E dipole (Q1,,)
ET quadrupole (G,,,)

- spin current J*

1. Rank-1 tensor

The rank-1 response tensor ¥ for the scalar response
B = (B) with ng = 0 and vector field FI!! = (F,, F,, F,)
with np = 1 is related with the dipole (X, X,, X;) as

X[()xl] — <Xx X, XZ)’ (19)

where X stands for the polar multipoles (Q or T') [axial mul-
tipoles (G or M)] when y!°<!l is the polar (axial) tensor. The
dipoles X, X,, and X; in Eq. (19) is X; = )" (i = x.y.2).
The response tensor ! is obtained by transposing <!,
which is expressed by the same type of multipole as y!*<!1.

The electrocaloric (magnetocaloric) effect where the en-
tropy variation AS is induced by the electric field (the mag-
netic field) as AS = }; p;iE; (AS = Y q;H,), is described by
one of the rank-1 response tensor. As AS corresponds to E
monopole (Qy), the tensor component of p; (g;) is described
by the E dipole (Qy, Oy, Q) or MT dipole (T, Ty, T;) [the ET
dipole (G, Gy, G;) or M dipole (M,, M, M)]. Here and here-
after in Sec. V A, we do not distinguish the multipoles with the
opposite time-reversal parity for simplicity, which depends on
the microscopic process in the presence/absence of the dissi-
pation, as discussed in Secs. VB and V C.

2. Rank-2 tensor
We consider two types of rank-2 tensors, y!'*!! and y!%<1.
)(“X” is the response tensor for Bl = (By, By, B;) and
FW = (F,, Fy, F,), which is related with the rank-0 to 2 mul-
tipoles as monopole Xy, dipole (Y,, Yy, Y;), and quadrupole
(Xu» Xp» Xyz» Xoxs X1y). The tensor component of ! is given
by

Xo—Xu+Xy, Xy+Y; Xox =Y,
Xo—-Y, Xo—-Xu—X, Xpe+Y:|, (20)
X, +Y, X =Y,  Xo+2X,

X[lxl] _



where X = QorT (Gor M)and Y = G or M (Q or T) for the
polar (axial) tensor. See Appendix F 1 for details. When y['x!]
is a polar tensor, such as the magnetic susceptibility tensor for
FU'l = H and B = M, the dielectric susceptibility tensor
for FI!! = E and B!'! = P, and the electric conductivity ten-
sor for FI!l = E and B! = J, the corresponding multipoles
are the E (MT) monopole and E (MT) quadrupoles for X and
ET (M) dipoles for Y. Meanwhile, when y!'! is an axial
tensor, such as the magnetoelectric tensor for FI!l = E and
B = M or FI'l = H and B! = P, the ET (M) monopole
and ET (M) quadrupoles for X and E (MT) dipoles for Y are
relevant.

¥1921 is another rank-2 tensor for B! = (B) and F?! =
(Fxs Fyyy Fry Fypy Foy, Fry) Where Fij = Fji. As F s de-
composed into the monopole and quadrupole components, the

J

X, +4x9
X +2Y,. - 2X* +2X?
bl _ X, —2Y,, - 2X* - 2X"
Y, +Y, +X,,
—3X, - Yy, — 2X% +2X°

It is noted that both X; and Xl' (i = x,,7) stand for the dipole
but they are independent with each other. See Appendix F3
for details. y!"*?! is polar for the piezoelectric tensor (F?! =
7, B = P) and second-order nonlinear conductivity (F 1[12] =
E:E;,BY = J)where X = Qor T and Y = G or M, while
it is axial for the piezomagnetic tensor (F?! = 7, Bl!l = M)
where X = G or M and Y = Q or T. The multipole expression
of the tensor y!?*!1, e.g., the spin conductivity tensor (FI! =
E, B = J%), are obtained by transposing the piezomagnetic
tensor.

x93 is the rank-3 response tensor for B! = (B) and
F[S] = (Fxxx, Fyyya FZZZ’ Fyyz’ Fzzx’ Fxxyw Fyzz’ FZX)C’ nyy, nyz)
where Fijx = Fju = Fij. As F Bl s decomposed into the
dipole and octupole components, %! is also related to them,
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tensor component of x[**?! is given by
Xo = Xy + X\
Xo— X, — X,
XO + ZX”
X,
Xox
Xy

X1 = @

Thus, the active monopole and quadrupole contribute to y[¥?.

See Appendix F2 for details. For example, the piezocaloric
tensor for F1?! = 7 and BI”! = AS corresponds to y!%*?!, where
the E (MT) monopole and quadrupole are relevant. The mul-
tipole expression of y!?*% is obtained by transposing y!**?.

3. Rank-3 tensor

We consider two types of rank-3 tensors, y!'*?! and y!®31.
X2 is the rank-3 tensor for B! = (B,,By,B;) and
F = (Fy, Fyy, Fy, Fyp, Fon, Fry), which is expressed by
dipole (X, Xy, X;), quadrupole (Y,,Y,, Y, Y.\, Y,,), and oc-
tupole (X, X9, X9, X2, X5, X0, XP) as

X =20 - 2Xg - 2X) R4 2¥ - 2Xe 42X )
Xy +4X7
X+ 2V, - 2X0 + 25
=3X, + Yy — 2X2 = 2XF -3X, - Y, - 2X7 +2X)
=Y, +Y, +X,,
~3X, + Yoy - 2X7 —2X5 —3X, — Y. - 2X¢ +2X}

X -2v,, - 2X* - 2X?
X, +4X; 22)
—3X, + Y, — 2X* - 2X¥
=2Y, + Xy,

(

which is shown as

3X, +2XY

3Xy +2X7

3X, + 2X”
X, - X - x?
X, —X* - X*
X, - X0 - X[
Xy = Xva + Xf
X, - X+ X?
X, — X + X%

Xxyz

[O><3] — (23)

See Appendix F4 for details. y'°**!, such as the third-order
electrocaloric effect, is relevant with X = Q or T(G or M) for
the polar (axial) tensor. The multipole expression of y>* is
obtained by transposing .
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4. Rank-4 tensor rank 0 to 4; monopole X, dipole (Y,,Y,,Y;), quadrupole
(Xus Xor Xy, Xoxs Xop), Octupole (Y, YO, YE, YO, Y2, Y0, YP),

and  hexadecapole  (Xa, Xau> Xao, X0 X5, X X5, X[, X0,
The tensor component of y!”3! is given by as

We consider two types of rank-4 tensors, y!"3! and 22,

X7 is the rank-4 response tensor for B! = (B,, B, B;) and
F[S] = (Fxxx’ Fyyys Fzzz, Fyyzs Fzzx, Fxxy, Fyzz’ szx’ nyy’ nyz)
where Fij; = Fj; = Fij. The relevant multipoles are from

J

3Xo— X+ X)) +2Xs — Xau + Xay 3=V, - R+ YO =YD 4 X0 - X0 3(Y, - K. - YO -¥)) - xg, - Xfy !
3(Y, - Ky — YO - YD) - X3 - Xf% 3(Xo — K — X)) +2X4 — Xay — Xay  3(=Ye =K + YO = V) + X0 — X5
3(=Yy — Xox + YO - YD) + Xg - Xy 3V - K. - Y- Y - xo - x8 3(Xo + 2X,) + 2X4 + 2Xau
=Yy = Koy — 4Y7 +27) + 22X Yot X Y2+ Y0+ X0 - X0 Xo+ X —5X, - Yiyr — X4 — Xau + Xao
v _ [ Kot X, =X~ Y —ﬁx4 - Xu, —ﬁX4U Y. = Xy -4+ 2YF +2X) Y+ XL -+ YP + );;(y - Xﬁfy
Y, + X;y —-YI+ Y+ Xjfz - X, Xo—Xu+ X =Yy — X4 +2Xu, =Y — X, —4Yy +2Y, +2X,

Yo Ko +4Y0 +2Y0 +2X0 Xo+ X, + X+ Yoo = X4 — Xau+ Xay  —Yo+ X, + YO+ V0 - X0 - X],
—Yy+ X+ YO+ ¥ - Xg - XL, Yo— Ry +4Y0+2Y0 +2X0  Xo+ R +5X, + Y — Xa — X — Xay
Xo—Xu— X/ + Vi~ Xa +2Xsy  —Y.+ X, + Y2+ Y - X0 - X Yy = Xop +4Y7 +21) + 22X,

5X,, - 2¥% +2X0, 5Xoo -2V +2X)) 5X,y - 2Y0 +2X;
(24)

Note that (X, X, X", (X,,X!,X”), and (Xyz,f(;z) (cyclic) are introduced to express the two independent quadrupoles. See
Appendix F5 for details. y!"?! corresponds to the response tensors, such as the third-order nonlinear electric conductivity. The
relevant multipoles are X = Q or T and Y = G or M for the polar tensor, while those are X = G or M and Y = Q or T for the
axial tensor. The multipole expression of y!**!! is obtained by transposing y!"3!.

/\/[2X2] is another rank-4 tensor for B! = (B,,, By, B, By, Bx, Byy) where B;; = Bj; and F 2l = (F,, F s Fazy Fyzs Fox, Fry)
where F;; = Fj;. The tensor component of y!?! is related to the rank 0—4 multipoles, which is given by

=) @
Xo+ X+ X, +2X4 — Xau + Xuo  X)+ X - 2X) + Xy — Xy + 2Xa, X, + X7+ X7 - X — Xaws
xu =X+ X +2X7 ~ X — Xa + 22X, Ko+ K= Ko+ 2Xs — Xau — Xao X+ X7 = X7 + X — X | (26)
X + X+ X7+ X — Xawor X, + X0 - X~ X — Xaw Xo = 2X, + 2X4 + 2Xu,
X3 2] + 22X 2+ XD+ Y+ Y] - X - X 2V + X - v+ YD+ Xy - X
i =| 2V + X7 —ye V4 xo - XD X5 —2v] +2x5, 2V + X +ve Y -xe -x0 |, @D
2V + Xy YO ¥ - XS - X, 2¥, + KD - Y+ 4 XY - X X3 -2vf +2x]
X +2vi +2x8 2V + X+ v -V xe - X 2v + X - ve v -Xxo - X0
X =| 2¥y + XA -y — ¥ - Xg - X X5 +2v) + 20 —2Yy + XU + ¥ - Y+ Xg - xfy . (28)
2V, + X Y-V XE - X 2V, + X - v - Y - Xo - X, X5 + 278 +2xf)
3Xo +3X, = 3X, = Xaw— —Ve+3Xyy —2Y0 +2Xy Yy 43X, +2Y7 +2X]
Yo =| Yo 43Xy +2Y0 +2X5 3Xo +3X, +3X, — Xawr —Yo +3X,, — 2Y% +2X, |, (29)
=Y, +3X,, - ZY;' + 2X§y Y. +3X,, +2Yy + ZXfX 3Xp — 6X, — X4 + 2X4,

(

where Xye = X4 + X4 + X4, We also introduce (Xo, X)),
X X5, X0), (X, X57), and (X2, X/ (cyclic) for nota-
tional simplicity. See Appendix F6 for details. x> rep-
resents the rank-4 tensor, such as elastic stiffness tensor and

magneto-Seebeck tensor, which is related to the multipoles
X =QorTandY = G or M for the polar tensor and to X = G
or M and Y = Q or T for the axial tensor.



B. Linear response theory

The multipoles with the opposite time-reversal parities, E
and MT or ET and M, are not distinguished by the above
symmetry analyses. They are distinguished from the micro-
scopic process by considering the effect of the dissipation. To
demonstrate that, we adopt the Kubo formula in the following
discussion [33, 70].

When we consider the external perturbation Hamiltonian
Hexe = = X ;A;F (1), where Fi(t) = [ 92F; 7 is the
Jj-th component of an external ﬁeld for o > O the linear com-
plex susceptibility y;. j(w) satisfies the relation

. “ do’ , ,
(Bio) = f 8= Wi Fr. (0

Considering the uniform external field with the wave vector
g — 0, and then taking the static limit w — 0, the linear
response function for the periodic system is represented as

Xij = Xij(w — 0)
By
iho + &,(k) — en(k)’
(3D

__in Z flen(B)] = flem(k)]
- &n(k) — en(k)

where A = dA/dt. X" = (nk|X|mk) is the matrix element
between the Bloch states |nk) and |mk) with the band indices
n and m, respectively, and the wave vector k. f[e,(k)] is the
Fermi distribution function with the eigenenergy &,(k) of the
eigenstate |nk). V, fi, and ¢ is the system volume, the reduced
Planck constant, and the broadening factor, respectively. We
here assume the relaxation-time approximation and mimic the
constant 1/6 as the relaxation time. y;;; can be decomposed as

X XEJJ) + Xf]i) (32)
o Fleak)] = flen(h)] B
K0 =2 Z
TV A gk —gak)  (7160) + [£a(K) — Em(R)
(33)
(E) — Sn(k)] f[gm(k)] nmAmn (34)

Xij S (716)? + [£,(k) — £n(K)]? Bie A

where X(J? includes the intraband (dissipative) contribution

proportional to 1/6, while /\/ ) is the interband (nondissipa-
tive) one, which remains ﬁmte in the clean limit of § — 0.
¥ and y® have the opposite time-reversal property [33,
70]. When the time-reversal symmetry is preserved, they are
transformed as
J ) (E E
Xi) = ~IBIAXG ) Xy = IBdaXy (35)
where X" = tyX"™ for ty = +1 (X = A}, By). The ii-th band
stands for the time-reversal partner of the n-th band. Equa-
tion (35) means that X(J) [)((]?] can be finite when 724, =

—1(+1). In other words, )((J) [)(E;Ej)] becomes nonzero when the

M and MT (E and ET) multlpoles are active for tp s, = +1,
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while X(J) [,\/(E) becomes nonzero when the E and ET (M and

MT) multlpoles are active for 7,14, = —1. The multipoles
contributing to X(J) and X ) are summarized in Table XIII. A
similar argument holds for the static isothermal susceptibility
such as magnetic susceptibility, which is obtained by w — 0
and then ¢ — O for y;,j(w) in Eq. (30) in the non-degenerate
system [140].

Let us discuss /\(EJJ) and XE;EJ,) by taking an example. We con-
sider the uniform and staggered magnetic orderings with mag-
netic moments along the z axis in the diamond structure in
Secs. VB 1 and V B 2, respectively.

(a) ferromagnetic ordering (b) antiferromagnetic ordering

4/mm'm’
(P, T,PT) =

(O, %, %)

(P, T,PT) =

(x,x,0)

FIG. 2. (a) Ferromagnetic ordering and (b) antiferromagnetic order-
ing in the diamond structure. (a) is characterized by 4/mm’m’ with
the # symmetry, whereas (b) is represented by 4’ /m’mm’ with the
PT symmetry.

1. P-symmetric magnetic structure

The uniform magnetic structure belonging to the Tl‘g repre-
sentation of m3m1’ in Fig. 2(a) reduces the symmetry to the
P-symmetric 4/mm’m’. From Table IX, one can find that the
active multipoles with rank 0—4 are the even-parity E mul-
tipoles Qy (monopole), Q, (quadrupole), Qs, Qs, (hexade-
capole), even-parity M multipoles M; (dipole), M{ (octupole),
and even-parity MT multipole T}’ (hexadecapole). Thus, it is
expected to occur the physical responses related to these active
multipoles, such as magnetocaloric response, electric conduc-
tivity, and piezomagnetic response from Table XIII.

For example, the electric conductivity tensor J; = 3’ ; 0y, E;

is given by
Qo — Ou 0 0
oV o 0 Qo — Ou 0 , (36)
0 0 QO + 2Qu
and

0 M,
c® o|-M, 0
0 o0

(==l )

] , (37
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TABLE XIII. Correspondence between the linear response functions %" and multipoles X;,, (I = 1-4, X = Q,G, T, M). Nonzero y"P is
indicated by the checkmark(v'). In the rightmost column, the parenthesis represents the corresponding multipoles to the response B and the
external field F (see also Table XII).

P.7,PT) = examples
rank Ig;ta; multipole O.0,0) X0,x) (O,X%,X) (X,X,0) (X,X,X) (B F)
1  polar +1 O Tim v v electrocaloric tensor
/\/<E) le \/ \/ (QO A le)
-1 YU Oim v V4 toroidalcaloric tensor
X<E) Tlm \/ (QO A Tlm)
axial +1 O M,,, v V4
X(E) Glm \/ \/ \/ \/ e-g- (QO «© Glm)
-1 X9 Gin v v v v magnetocaloric tensor
X(E) Mlm v v (QO Ad Mlm)
polar  +1 9 Ty, My, Ton v v magnetic susceptibility tensor
X<E) QOv Gll117 Q2m \/ \/ \/ \/ (Mlm A Mlm)
-1 X9 00,Gim O v v v v electric conductivity tensor
X(E) T(), Mlmv T2m \/ \/ (Tlm A Elm)
axial +1 X(J) My, T1,,, M, v
X® Gy, Qim. Gon v e.g. (Tim © M)
-1 X9 Gy, Oim»Gom v magnetoelectric tensor
X<E) MO’ Tlrm M2m \/ (Mlm A Elm)
polar  +1 YO Ty, My, Ts, v piezoelectric tensor
X<E) lev G2m7 Q?m v (le hd Q()y Q2m)
-1 X(J) les Glmv Q3m v
X<E) Tlm, M2m, T}m \/ c.g. (Tlm A Q07 QZm)
axial +1 9 My, Ton, M3, v Vv spin conductivity tensor
X<E) Glms QZHH G3m ‘/ ‘/ \/ \/ (GO$ le’ GZm A le)
-1 XY Gim Ooms Gam V4 V4 V4 v piezomagnetic tensor
X<E) Mlms TZm’ M3m \/ \/ (Mlm Ad QOs Q2m)
polar  +1  x9  To, My, Tom, v v elastic stiffness tensor
M, Ta (Qo, Qo2 < Qo> Qo)
X(E) QOaGlma Q2ma v Vv v V4 v
G3ms Q4m
-1 X(J) QO’ Glma Q2ma v v v v v
G3mv Q4m e-g- (TO’ T2m Ad QOv QZm)
x®  To, My, Tom, v v
M3ma T4m
axial  +1 X9 My, Ty, Moy, v v
T3y My e.g. (Go, Gom © Qo, Qom)
X<E) GO» les G2ms \/ \/
Q3m, G4m
-1 X(J) G09 ann G2/11’ \/ v
Q3m, G4m c.g. (Mo, M2m Ad QO’ QZm)
X® Mo, Ty, Moy, v v
T3mv M4m
where o; = 0',(;) + o-l(f). This means that the system exhibits is given by
the anisotropic electric conductivity along the xy and z direc- T
tions and the anomalous Hall effect in the xy plane. 0 o A(Ei
E
0 0 A((E))
AB = 0 OE Azzz (38)
0 AL 0
AR 00
0 0 0
0 0 M —2m\'
0 0 M —2M¢
o 0 0 M, +4M? (39)
The other example is the piezomagnetic effect where M; = 0 -3M, - 2M¢ 0 >
2. jk NijT i From the active multipoles, the tensor component -3M, - 2M" 0 0



by using Eq. (22). We omit AY by taking 6 — 0.

2. PT -symmetric magnetic structure

The staggered magnetic structure belonging to the T rep-
resentation in Fig. 2(b) has the 7 -symmetric 4’ /m’mm’. In
this case, the odd-parity M multipoles M, (quadrupole), Mfz

(hexadecapole), and odd-parity MT multipole Tf (octupole)
become active in addition to the even-parity E multipole Qy,
Qu, O4, and Qg,, which are obtained by appropriately replac-
ing the mirror plane of 4’ /m’m’m in Table X. The active odd-
parity M and MT multipoles induce the cross-correlated re-
sponses such as magnetoelectric effect and piezoelectric effect
in Table XIII.
For example, the magnetoelectric tensor «;; is given by

0 a® 0] (0 My 0
o® = P 0 ofe|My, 0 of (40)
0 0 0 0 0 0

It is noted that oV = 0, as no odd-parity E and ET multipoles

are active under the magnetic point group 4’/m’m’m.
Meanwhile, in the (inverse) piezoelectric response, the re-

sponse tensor d;j; for &;; = 3 dijxEy [70, 71] is described by

J
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M,, and 77 as

0 0 dxxx
0 0 _dxxx
0 0 0
()
d 0 dy O
_dyzy 0 0
0 0 0
0 0 ~2M,, +2T%
0 0 2M,, - 2T
0 0 0
41
Tl 0 —m,-orf 0 “h
M, + 2717 0 0
0 0 0

Similar to a;j, d') =

+ = 0 owing to the lack of odd-parity E and
ij
ET multipoles.

C. Nonlinear response theory

In a similar way to the linear response tensor y;.;, we con-
sider the second-order nonlinear response tensor ;. based
on the Kubo formula [141].

The nonlinear complex susceptibility y;. x(w’, w”) satisfies the relation

do’ dw”
2r 2m

(Bio) = f f

where y;. ji(w’, w”’) is represented as

—Xi (W, W)Fjuy Frodw— o — "), (42)

IR - A
xi;jk(w’,w")=§(.—) f f dr'dt” Te|Bi[A (=), [Au(=t = 1), pol]| 7720 20" 4 (o) & (), (43)
0 0

in

where X(7) is the Heisenberg representation of an operator X. py is the density matrix for the nonperturbative state, whose matrix

element is represented by the Fermi distribution function f(g,) as [0olun

= f(€,)0,m- When we suppose A as the well-defined

operator in a periodic system, i.e., the matrix element of A includes no differential operator with respect to the wave vector, the
nonlinear response function in the static limit (g — 0, w — 0) is given as follows.

Bnm Aml Aln

Aml Aln

Xijk = Xijk(0,0) =

Z e b+ AGAT) | fleaB)] = fleo] _ flak)] - flen(k)] )
sn(k:) en(k) + 2th6 ea(k) — (k) + ik gi(k) — ep(k) +ili6 |
The nonlinear response function is also decomposed into the two parts with different time-reversal properties as
Xisjk _X, Lk Xfljrx]:)’ (45)
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where
nm Aml Aln
Re) _ | 3 Re (B AT AL ) Len() = en®)] ((f1e, ()] = flatk)]) [ea(k) — k)] (fTei)] = flantk)]} [ei(k) = &nlk)]
Yt TV £ T [ey(k) — (k) + (200)? [ea(k) — i) + (h6)? [ex(k) — en(R)P + (h5)?
B Re (Biam Al fleatk)l = flak)] __ flek)] = flen(k)] “6)
Vo G len(k) — en(R)) + (206)° | [ea(k) — ei(K))> + (RO)*  [&1(k) — en(R)] + (RS)
nm Aml Aln
i 16 2 I (B AL [0 k) = en )] fle, k)]~ flek)]  fleik)] = flen(h))
Xt =V L1 e, (k) — ek + 2707 \[ea(k) — ei(R)P + (70)°  [e1(k) — en(R)]? + (6)
nm Aml Aln
L 200 Im (BRPARAL)  (Uflea(k)] - flai)) [eak) - si(k)]  (flek)] = flenR)l) (k) = sn(h)]
V' £ e, (k) = en(k)P + (200)° [ea(k) — ei(k) ] + (15)? [e1(k) — en(R)] + (10)? ‘
(47
(
In contrast to the linear response tensor y;.;, there are com- is represented by
plicated intraband and interband processes in both X(Re) and
)(EI;',:) It is noted that the nonlinear response function of elec-
tric field in the length gauge needs rederivation by applying BT
A = —e? (7 position operator) in Eq. (43), since the matrix el- 0 0 af
ement of 7 in a periodic system includes differential operator 0 O cugi
f k [142]. ®)
of k [142] oRe) = 8 ° “g (49)
/\/E;lj‘z) and )((Im) show the following relations in the presence ) @yyz
of time- reversal symmetry: C%% 8 8
0 0 M- 2m\'
(Re) _ (Re) (Im) _ (Im) 0 0 M' - 2M”
Xl Lk tB Ia; tAle Lk /\/i;jk - tB,-tA,-tAkX[;jk . (48) . 0 0 M + 4Ma (50)
0 -3M, - 2M¢ 0 ’
& . =3M, - 2M¢ 0 0
Equation (48) indicates that X( © and )(E;;.']:) are represented by 0 0 0

E and ET (M and MT) multlpoles and the M and MT (E and
ET) multipoles, respectively, for 5,14,24, = +1(—1). The mul-
tipoles relevant with the nonlinear response tensors are shown
in Table XIV. In the following, we show a correspondence be-
tween the nonlinear responses and multipoles by considering
again the ferromagnetic and AFM orderings in the diamond
structure in Figs. 2(a) and (b).

1. P-symmetric magnetic structure

In the P-symmetric ferromagnetic structure in Fig. 2(a),
the nonlinear responses, such as the Nernst effect and the
second-order nonlinear magnetoelectric effect, are expected.
In the case of the nonlinear magnetoelectric effect M; =
2k @ik EjEy, the tensor a( ke) is induced by the even-parity

M and MT multipoles in Table XIV. Since M, and MY are ac-
(Re)

tive in the 4/mm’m’ symmetry, the tensor component of @iy

where there are three independent matrix elements in @/R®.

2. PT -symmetric magnetic structure

In the AFM ordering with the 4'/m’mm’ symmetry in
Fig. 2(b), the second-order nonlinear conductivity, ojj, for

Ji = Y oijEjE) becomes nonzero, which reflects the lack
(Re)
ijk
is induced in the presence of the odd-parity M

and MT multipoles. The finite tensor component of a'kae) is

of the spatial inversion symmetry. Among the two parts o
(Im) (Re)

and Tiie > Tk
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TABLE XIV. Correspondence between the second-order nonlinear response functions y®™ and multipoles. Nonzero y®™ is shown by the

checkmark (V).
P, 7,PT) = examples
rank Ig;ta;ta, multipole O, 0,0) X0,x) (O,%X) Xx%x0) *X%,X) (B F)
3 polar +1 X T, Moy, Tap v Vv
X(Re) lea GZma Q3m v v c.g. (le hd QOv Q2m)
-1 X™ 01y Gy O v v electric conductivity tensor
X(Re) T]ma M2ma T3m v v (Tlm < QO’ Q2m)
axial +1 XY™ My, Tom, M3, v Vv Nernst effect tensor
X® Gy Qoms Gam v v v v v (T & My, My)
-1 X™ Gy Oy Gam v Vv v v v magnetoelectric tensor
X(Re) Mlm’ T2m, M3m v v (Mlm Ad QO’ QZW)
4 polar +1 Y™ To, My, Tom, v v electric striction tensor
Mz, Tam (Qo, Qam © Qo, Qo)
X(Re) QO’Glms Q2ms v v v v v
G}ms Q4m
-1 X(Im) QO» Glm > QZm B v v v v v
G3ms Q4m c.g. (QOs Q2m « TO, T2m)
X<RE) T07 Mlnn T2m, v v
M 3m> T4m
axial +1 X™ My, Ty, My, v v
T3m» M4m e~g~ (QOv QZm A G07 G2/11)
X<Re) GO’ lea G2ms v v
Q3ma G4m
-1 X(lm) G(), les G2ms v v
Q3> Gam e.g. (Qo, Qam & Mo, May)
xR Mo, Ty, Moy, v v
T3m’ M4m
shown as more than ordinary ferromagnetic and AFM orderings. Our
multipole classification has mainly three advantages. One is
0 0 {Re) ! the systematic identification of electronic order parameters to
0 0 _O—gi) cover unconventional nematic, chiral, excitonic, loop-current,
Re) _ 0 0 0 and anisotropic bond ordered states. The second is the pre-
o= 0 O_g;) 0 dictability of overlooked physical phenomena under simple
_oR 0 ferromagnetic and AFM orderings which may be hosted by
Oyzy . Lo .
0 0 0 the secondary multipole order parameters. The third is the in-
- tuitive understanding of the cross-correlated phenomena and
0 0 —2M,, + 2Tf nonlinear transports on the basis of the microscopic multipole
0 0 2M,, — ZTf couplings. The present comprehensive study will give an ef-
0 0 0 ficient way to explore further exotic physical phenomena in-
< 0 M, — 2Tf 0 D duced by higher-rank multipoles, e.g., MT quadrupole and oc-
Mo +2T5 0 ' 0 tupole. Moreover, our result can be applied to investigate the
xy z . . . . . . .
0 0 0 functional magnetic materials in cooperation with the material

Thus, the nonlinear conductivity, which is known as the non-
linear Drude and/or the intrinsic terms, is expected in the AFM
structure in Fig. 2(b) [143].

VI. SUMMARY

In summary, we have accomplished the classification of
multipole degrees of freedom in accordance with the irre-
ducible (co)representations in 122 magnetic point groups. The
completed multipole classification enables us to explore fur-
ther functional multiferroic materials showing the extraordi-
nary cross-correlated phenomena with exotic ordered states

database like MAGNDATA [144], as the multipole analysis is
perfectly compatible to group theoretical analysis.
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Appendix A: Multipole notation under cubic and hexagonal
point groups

In the main text, we adopt the real expressions of Oy, () for
both atomic multipoles in Egs. (1)—-(4) and cluster multipoles
in Egs. (9)-(10), which are given by [90]

0\ (r) = Op(r), (Al)
09(r) = ¢ f) [On(r) + O, (1)1, (A2)
09 =i 10,) - 03, (1. (A3)

\/_

A linear combination of ngn) (r) and O;;Z(r) gives the expres-
sion of multipoles under the magnetic point groups. In the
case of the cubic and its subgroups, the cubic harmonics are
used. We show the cubic expressions of Oy, (7) up to rank 4
as follows: the rank 0 is

O =1, (Ad)
the rank 1 is
(Ox’ Oy’ OZ) = (X, y’ Z)7 (AS)
the rank 2 is
1
O, = §<3z2 -, (A6)
0, = ?(x2 — D), (A7)
(Oyz, 0.y, 0ry) = V3(yz, 2, xy), (A8)
the rank 3 is
e = «/_ 5xyz, (A9)
(01,05, 0;’) =3 (x5 = 37,5055 ~ 3). 25 - 3)).
(A10)
V15
(05.00.05) = == (x07 = 2).3@ = ). 2% =),
(A11)
and the rank 4 is
_ 5V21 4, 4,4 34
Oy = B (x +y +z—§r s (A12)
INIS[, x*+y* 3, ,
O = c [z - —7r(3z -r)|,
(A13)
75 6
Op = — |x* =y = =P (7 = )|, (Al14)
4 7
V35
(OZ){’ Oiy’ O?l/z) = T (yz(yz - ZZ)’ Zx(z2 - x2)’ -xy(-x2 - yz)) >
(A15)
\5
(0 04 04) = = (32727 = ). 2x(7y? = 1), 09727 = 7).

(A16)
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where we denote Oy, (1) — O, for notation simplicity. In the
case of the hexagonal and trigonal point groups, it is useful to
replace 0%, 0%, 0, 0§ with rank 3 in Egs. (A10) and (A11)
and Oy, w1th rank 4 in Eqs (A12)-(A16) by

03, = @x(xz - 3y%), (A17)
O3 = @y(sﬁ -, (A18)
(O34, 03,) = % (x(52% = ), (52 = 1)), (A19)
and
Oy = é(35z4 - 30227 + 3r%), (A20)
Ouq = @W@xz -, (A21)
Oy = @zx(xz -3y%), (A22)
(05, 05,) = @ (zx(72 = 37,3207 = 3r7)),  (A23)
(04,.04) = @ (x* = 627y + 3%, 4ry(x® —37)),  (A24)
(05 0) = ? (02 =2 = 1), 22072 = 1)),

(A25)

with the use of the tesseral harmonics. It is noted that three
components {O,y,, 07, OB } among the rank-3 functions are
common to the cubic harmonics in Egs. (A9)—(A11).

Appendix B: Black and white point group and its unitary
subgroup

Type-(I1I) black and white point group M ™ is represented
by using type-(I) crystallographic point group G and its halv-
ing unitary subgroup H in Eq. (12); G is given by remov-
ing the prime symbol in M ™D The correspondence between
M™ and H is summarized in Table XV [26, 95, 145-148].

Appendix C: Multipole classification

We present the complete tables for the multipole classifica-
tion in the 32 gray point groups in Sec. C 1 and 58 black and
white point groups in Sec. C 2.

1. Gray point groups

We show the M and MT multipole classification in all the
32 gray point groups in Table II in Sec. III for m3m1’ and
the others in Tables XVII-XXVI. The primary, secondary,
and tertiary axes in Table XVI are used for the point-group
operations, unless otherwise mentioned. When the primary
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TABLE XV. List of 58 black and white point groups M, The parentheses represent the corresponding unitary subgroup H.

cubic tetragonal orthorhombic  monoclinic triclinic hexagonal trigonal
m'3m’ (432)  A/m'm'm’ (422) wm'm'm’ (222) 2’ /m’ (1) 1)  6/mm'm (622) 3m’ (3)
m3m’ (m3) 4/mm'm’ (4/m) m'm'm (2/m) 2/m' (2) 6/mm’'m’ (6/m) 3'm’ (32)
m'3m@A3m) 4 /m'm'm (A2m)  m' mm 2mm) 2'/m (m) 6 /m'mm’ 3m)  3'm (3m)
&3m’ (23) 4 /mm’m (mmm) 2'2'2 (2) m’ (1) 6 /mmm’ (6m2) 32" (3)
4’32 (23) 4/m'mm (4mm) m'm'2 (2) 2/ (1) 6/m’'mm (6mm)  3m’ (3)
m'3 (23) 42’2 (4) m'm2’ (m) 62’2 (6) 3 (3)
4'22 (222) 622" (32)
a2'm (4) 6m'2’ (6)
a2m’ (222) 6'm2’ (3m)
42'm (mm2) 6'm'2 (32)
dm'm’ (4) 6m'm’ (6)
4'm'm (mm2) 6’'mm’ (3m)
4 /m' (4) 6'/m’ (3)
4/m’ (4) 6/m’ (6)
4 /m (2/m) 6'/m (6)
42 6’ (3)
42 6" (3)

axis is different from that in Table X VI, secondary and tertiary
axes should be transformed by cyclic.

The classifications for cubic systems are shown in Ta-
ble XVII, tetragonal systems in Tables XVIII and XIX, or-
thorhombic systems in Table XX, monoclinic systems in Ta-
ble XXI, triclinic systems in Table XXII, hexagonal sys-
tems in Tables XXIII and XXIV, and trigonal systems in Ta-
bles XXV and XXVI.

TABLE XVI. Primary, secondary, and tertiary axes with respect to
the symmetry operations in the Cartesian coordinates.

primary secondary tertiary
cubic (100) (111) (110)
tetragonal [001] [100] [110]
orthorhombic [100] [010] [001]
monoclinic [010]
triclinic
hexagonal [001] [100] [010]
trigonal [001] [010]

2. Black and white point groups

The classification of four types of multipoles, E, ET, MT,
and M multipoles, in 58 black and white point groups is
shown. The classification for cubic systems is shown in Ta-
ble XXVII, tetragonal systems in Tables XXVIII and XXIX,
orthorhombic systems in Table XXX, monoclinic and triclinic
systems in Table XXXI, hexagonal systems in Tables XXXII
and XXXIII, and trigonal systems in Table XXXIV.



TABLE XVII. IRREPs of magnetic (M) and magnetic toroidal (MT)
multipoles (! < 4) in the cubic gray point groups. The classification

for m3m1’ is shown in Table II.

4321

IRREP MT M MPG P axis
A; To. T4 M,, M, 432 (100)
A; Ty M, 432 {100)
E Ty Tiu M,, My, 422 [001]

T, T M,, My, 422 [001]

T; T, T°,TS, M., M2, M, 42’2’ [100]
T, T, T¢, My, MS, M3, 42’2’ [010]

T, T8, TS M., M2, M, 42’2’ [001]

T; T, T, T, My, M, M, 422 [100]
T.. 10, T, M., ME, M, 422 [010]

T, T2, TV, M., M, Mﬁ), 422 [001]

43ml’

IRREP MT M MPG P axis
A7 To,Tryes Ty 3m  (100)
A Mo, My, My I3m (100)
E Ty Tiu M,, My, 2m  [001]

T,, Ta, M,, My, 42m’  [001]

Ty 74,73, M My, M2, M, 32'm [100]
.1, My, Mo, M2, M, 32m’ [010]

¢, T3 M My MO M, 32 [001]

T, T.T,.TT: M, M2, ¥2rm  [100]
T, T... T, T}, ML, M3, &2m  [010]

T. T, T, T, M Me 2Ym  [001]

m31’

IRREP MT M MPG P axis
A; To, T4 M., m3  (100)
E, T,, Ty, mmm [100]

T,, T4 mmm [100]

T, Ty T3, TV M., M*, M? mm'n’ [100]
T. T8, T, M,, M3, My m'mnt [100]

T, T2, T M., M*, MP m'm'm  [100]

A; Ty Mo, M, m'3 (100)
E, M,, My, m'm'm’  [100]
M,, My, m'm'm’  [100]

T, T, T, T My M M. m'mm [100]
T, T, TS M M2, M, mm'm  [100]

T., T, T My, M, Mi{ mmm’ [100]

231

IRREP MT M MPG P axis
A~ To, Txyz, Ty M, Mxyz» M, 23 (100)

E Ty Tiu M,, My, 222 [100]
T, T M,, My, 222 [100]
T T, Ty, TS TS My, My, M2, M2 2272 [100]
Ty Ty, Mg, M,
Ty T TOTE My, Mo, MO, M, 27227 [100]
T, Ty, M, MY,
T, Ty, T8, TY M, My, M2, M 222 [100]
T, T MM,
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TABLE XVIII. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in the tetragonal gray point groups with twofold-
rotational axes perpendicular to the primary axis or vertical reflection

planes.

4/mmm1’

IRREP MT M MPG P axis
Al’g To, Ty, Ts, Ty, 4/mmm [001]
A, TS M., M¢ 4/mm'm’ [001]
Bl"g T,, Ty, M.y, 4" /mmm’  [001]
B, Ty T}, M 4 /mm'm  [001]
E; Ty TS, T M., M®, M" mm'n? [100]

T T2, T My, M?, M) m'mm’  [100]

AL ] Mo, M,, My, My, &/m'm’/m’ [001]
Ad T, T My, 4/m'mm  [001]
B, Ty M,, My, & /m'm'm  [001]
B;, a4 My, M, & [m'mm’ [001]
E; T, T°,T¢ M., M§ M, m'mm [100]
T, T¢,T) M., M2, M, mm'm  [100]

4221

IRREP MT M MPG P axis
AT To. 04T, Ta Mo, M, My, My, 422 [001]
A T, T2, T3 M., M2, M, 421 [001]
B, Ty, Tryer Tay M,, M., My, 42 [001]
B; Ty T2, TY, My, M2, MY, 4272 [001]
E- T Ty, T TS My, My, M, M5 22/ [100]

T g
Ty T TO, T My, Mo MO MY 2227 [100]
T Ty M, My,

2m1

IRREP MT M MPG P axis
A; To, Tus Ty M,, My, 2m [001]

Ty, Ty,
A5 ¢T3 Mo My, M2 M 32'm [001]
B, T,, Ta, Mo, M, M, Iom [001]
My, My,
By  T.T,.T2.T} M Mz, ¥2m  [001]
E- T Ty, T*, TV M, M, M®, M} 222 [100]
T Ty, Mg, M,
Ty T TO T My, M., M2, MY 222 [100]
Ty Ty My, M,

dmm1’

IRREP MT M MPG  P.axis
A; Tos T T, T7 M, dmm [001]

T4, Ty,
A7 Ty, Moy, M, M,,, M? dm'm’ [001]
My, My,
B; T, T2, T4, My, My, MY, & mm’ [001]
B; Ty, Ty T, M, M? M, m'm  [001]
E- Ty Ty T8 T My Mo ME MY mm'Y [100]
Ty TS, Mg, MY,
T T TETY My My MO, My m'm2’ [100]
2.7, MM
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TABLE XIX. IRREPs of magnetic (M) and magnetic toroidal (MT)
multipoles in the tetragonal gray point groups without twofold-

TABLE XX. IRREPs of magnetic (M) and magnetic toroidal (MT)
multipoles in orthorhombic gray point groups.

rotational axes perpendicular to the primary axis or vertical reflection mmm1’
planes. - TRREP MT M MPG  P.axis
4/m1 A, To. T T, M. mmm_ [100]
IRREP MT M MPG  P. axis T4, Taus Tao
A; To, T, M, M? 4/m  [001] B, T, T2, T} M., M¢, M? m'm'm  [100]
Ty, Tay, Ty, B: T, T, T" M,, M?, MP m'mm’  [100]
- B B ’ 2g 20 T4y T dy yo My My
By Tolplul, Myeo Me - &/m - [001] By, TuT8.Th M MO M. mm'm’ [100]
E, Ty, Tg, T%X M., My, Mg 2'fm"[001] A T Mo, M, M,  m'm'm’__ [100]
T TS, Th, My, M2, M, 2/m’ [001] Mo, My, My,
Ay T, T Mo, M, 4/m’1001] B, T, 70, T¢ My, M, M, mmm’ [100]
i , My, My, My, P B;, T, TS, TS M. M3, M, mm'm [100]
Bu Txyz, Tz s M, MX,V’ M,,, []3‘442 4 /m [001] Bgu T,, T;Y, Tf Mvz’ Mfr, Mf{x m’'mm [100]
E. T, T, T% My M M, 2'/m [001] -
(¢ /3 d ﬁ ’
T, T¢,T% M. M§. M, 2/m  [001] 01’
" IRREP MT M MPG P axis
! A~ ToT,.TnTy. Mo M, M. M, 222 [100]
IRREP MT M MPG P. axis Ty, Ta, Tay My, My, My,
A~ To, T, T, TS Mo, M, M, M 4 [001] B,  T.T.,.T%T° M, My,M M 222 [100]
Ty, Ta, Ty, ; My, My, My, ., T, wa M, Mi
B~ Tu, Txy, TXBVZ, TZ Mva Mxy’ Mxﬁyz, MZ’ 4’ [001] B; T)., sz, T;]’ Tf My’ sz, 1‘4;}}/7 M‘ﬁ 2197’ [100]
Ta, Ty, May, M, e, T" Me. M,
a B a AP ’ y? 4y y? 4y
B LleTiTo MoMe Mo My 2 [001] By  T.T.T0T) M M. MM 222 [100]
Ty Ty, My, M, T T8 Mo M
a TP @ B ’ 4x° ~ 4x 4x° " 4x
Ty, T T, T My, M MS, My 2 [001]
@ :B ’ @ ﬂ
T4v’ T4y Ma M4y mm21’
- IRREP MT M MPG P axis
4l AI TOv Tz’ Tm Tv Mxys Mxyz mm2 [100]
IRREP MT M MPG P. axis T, T¢ M, Mf,
A~ T0. T Tuye T2 Mo, My, M., M2 4 [001] T4, Taws Ty C
T4, Taus TS, My, MY, A Toys Ty Mo, M., M, M, m'm’2  [100]
B~ T, Ty, Ty, T® Mo, My, My, M2 & [001] Te, T, M, ML
Ty, T}, My, My, M2, My, My, My,
E  T.T.T0.T° M.M.M. M 2  [001] B  T.T.TST¢ M, M MM, m'm2 [100]
(13 @ @ ﬁ (13 ﬁ
T4x’ fo M4x’ fo T4y’ T4y M, 4x° M 4x
Ty, T.. Tg, W M, M, Mg, M} 2 [001] B, T,T,., Tg, W M, M, Mg, M mm2 [100]
Tgy’ T4v MZ\" M4v Téllyx’ T4x MZ\" M4v




TABLE XXI. IRREPs of magnetic (M) and magnetic toroidal (MT)
multipoles in monoclinic gray point groups.
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TABLE XXII. IRREPs of magnetic (M) and magnetic toroidal (MT)
multipoles in triclinic gray point groups.

2/ml’ i1
IRREP MT M MPG P axis IRREP MT M MPG P. axis
A, Ty, Ty, Ty, Tox M, 2/m  [010] A, Ty, T,, T, M., M, M, 1
Ty, Tows Ty Mg MO, M Ty Toe Ty Moo, ME, M2, MY
Tg. T, Ty, Tau, Tay MM, M
B, Ty, Ty M., M, 2/m [010] Ty, Ty, TS
Ty Tg Ty Ty My, M2, M3, MY i 1 7t
A; T, Moy, M, M,, M., 2/m [010] A; T,.T,,T, My, M, M, 1’
Toye T2, TY My, My, My, Ty TO.TO TS My, M. M,
M, M, T3.70, 1! My, My, My,
B; Tx, Tz Mvz’ Mxy 2,/m [010] M:{x’ Mjllv’ Mﬁ(ltz
Ty Te TETE My, My, My, My, M M M
21 1
IRREP MT M MPG P, axis IRREP MT M MPG P axis
A~ 10,0, T, T, T, My, M, M,M, M., 2  [0I0] A To, T Ty, T. Mo, My, M, M. 1
Ty T2, T) My, MZ, MY T, T, M, M,
T, Taus Tas My, My, My, Ty, Tor, Ty My, My, My
¢, TS Mg, M, Toe T, TV, T Ms, My, My, M
_ Ay a7y B B B B B 4B
B T, T., Tyey Ty M, M, M, M, 2 [010] T.,T,,T; My, My, M
T, 70, T, T? M, M®, M, MP T4, Tau; Tao My, My, M,
Ty T Ty Ty Mg, My, My, My, Ty T;?}’ Ty Mg, Mg\» M,
To T Th M My M
ml’
IRREP MT M MPG P, axis
A~ To, T, 7. M,, M., M., m_ [010]
T,. T, T My, MZ, MY
TS, T, T TP Me, M2 M, M,
Ty, Taus Ty
T3, T,
A" Ty, Ty, Ty Mo, M, M, m  [010]
Toye T2, TY M, M,, M.,
TeL TS TR T Mo, Mo ME, ME
My, My, My,

B
My, M},




TABLE XXIII. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in the hexagonal gray point groups with twofold-
rotational axes perpendicular to the primary axis or vertical reflection

TABLE XXIV. IRREPs of magnetic (M) and magnetic toroidal (MT)
multipoles in the hexagonal gray point groups without twofold-
rotational axes perpendicular to the primary axis or vertical reflection

planes.

6/mmml’

IRREP MT M MPG P axis
ATg T(), Tu, T40 6/mmm [00 1 ]
A;g M., M? 6/mm’'m’ [001]
B, Ta Ms, 6 /m’mmy’ [001]
ng T4y Ms, 6'/m'm'm [001]
E;, T,.,T¢ M., My, mm’m’ [100]

T, T, M,, Ms, m'mm’  [100]

E, T.T,.T; M. mmm_ [100]
T, T2, T M m'm'm  [100]

AT, Moy, M,, Msy  6/m’m’m’ [001]
A, T.,T¢ 6/m'mm [001]
B, T3, My, 6'/mm'm [001]
B;u T3b M4b 6’ /mmm’ [00 1 ]
E, T, T M, M, m'mm  [100]
Ty, T3, M., My, mm'm  [100]

E, TT,%Z Illfl/[ 1\5‘;], Aﬁz mmm [100]
4 o My, My, mmm’  [100]

6221’

IRREP MT M MPG P axis
A]_ To, T, Tao Moy, M, My, 622 [001]
A T, T¢ M., M¢ 622" [001]
B, Tsu, Taa Msa, My, 622 [001]
B; Tsp, T4 M3y, My, 6’22 [001]
E,  T.T T3 TS MM, My, MS 222 [100]

Ty, Toe T3, TS, My, Mo, Ms,, M2 2722 [100]
E; T, T T0. Ty M,My, M M. 222 [100]
Ty, T8, T, T My, M M MG 222 [100]

6m21’

IRREP MT M MPG P, axis
A/f T() ) Tu s T3],, T4() M4], 6"12 [00 1 ]
Ar T3, M., M?, My, 6m’2  [001]
Al- T, T2, Tu, Ms, 6m2  [001]
A,Z,_ T4b M(), Mu, M}b, M4Q 6'm’2 [001]
E- Ty, T, T, M, Moy, M, m2m  [100]

T4y The
Ty, Toy, T My, ME, M2 m'2m  [100]
T} Thy
B Ty Ty T2 M, M, M5, m2m’  [100]
Bl M/J‘2
4u 4u
T, T2, T My, My, M, m'2m’ [100]
M}, M,

6mml’

IRREP MT M MPG P axis
Al To,T.,.T,T% Ty 6mm  [001]
Ay Mo, M., M,, M¢, My, 6m'm’  [001]
BI T3ba T4a M3a7 M4b 6’'mm’ [001]
B; T34, Tay My, My, 6m'm [001]
E,  T.T, T3, T Mo Mo My, M, mm'2  [001]

ToTo T30 T8, My, My, My, MS,  m'm2’ [001]
E; T, 707070 My, My M M7 mm2  [100]
Ty Toe To T M, M MEL ME. m/m’2 [100]

4u>

planes.

6/ml’

IRREP MT M MPG P. axis
A, Tos T Ta0 M, M*® 6/m [001]
B, Tsa, Tap M3, M3, 6'/m’ [001]
Elcg T, Ty, M., M5, 2'/m’ [001]

T T2 M,, Ms, 2 /m’ [001]

Ea, T, 79, T4 M, 2/m [001]
T, T, T, M? 2/m [001]

A, T.,T® Mo, M,, My 6/m’ [001]
B, T34, T3p My, My, 6'/m [001]
Elu Tx, T3u Myz,Mfo 2//}11 [001]
T,, T3, M., M, 2’ /m [001]

Ea, Ty M, MM 2/ [001]
T’ My, M, M 2/m’ [001]

61’

IRREP MT M MPG P. axis
A~ To. T, T, T, Tag My, M, M,, M®, Myy 6 [001]
B~ T34, T3p, Taas Tay Mz, My, Myy, My, 6 [001]
Ei ToT T3, T8 MMy, Ms, M3 2 [001]

Ty, Tows T30, TS, My, Mo, M3, MS, 2 [001]
E: T,,To..Ti Ty M, My, M M, 2 [001]
Ty, 170,10, T My, M M M 2 [001]

61

IRREP MT M MPG P. axis
A" To. T, M, M2 Myy,My, 6 [001]

T34, T3p, Tao B
A" T, T8, Tag, Ty My, M, 6 [001]
M3, M3, My
E' T..T, Tz My, My, M, m  [001]
T Th
Ty, Ty, T3 M, ME, MS, m  [001]
T}, . Ty
E” Ty, Toes TS, M., M,, M5, m’ [001]
M, M,
T T2, T¢ My, M, M, m [001]
My, Ml




TABLE XXV. IRREPs of magnetic (M) and magnetic toroidal (MT)
multipoles in the trigonal gray point groups with twofold-rotational
axes perpendicular to the primary axis or vertical reflection planes.

3ml’
IRREP MT M MPG P. axis
Ay, To, Ty, Tao, Tap M3, 3m [001]
2 T4, M., M7, M, 3m’ [001]
E, Ty Ty M, M3, M 2 /m’ [010]
a Bl B2
T4v’ T4v ’ T4v
sz’ Tv Myy M3U’ Mxyz Z/I’l’l [010]
Bl B2
Tﬁ(lyu’ T4u > T4u
AL, T3, Mo, My, Mag, My, 3'm’ [001]
Ay, TLTOTy, Ma, Im [001]
E; Ty, T TP My, M, 2'/m [010]
« Bl B2
M4v’ M4v ’ M4u
Tya T3u, Txyz szz[fjlwv P 2/m, [010]
Mé(llu’ M4u 14 M4u
321
IRREP MT M MPG P. axis
A7 To, Ty, T3p Mo, M, M3, 32 [001]
T4, Tap Mo, My,
A; Tz9 Tza, T3asT4a MZ’ Mf, M}aaM4a 3 [001]
E” Ty, Ty, Ty My, My, M,y 27 [010]
Ty, T7 M, M
a 7Bl B2 Bl B2
T4yv’ T4v ’ T4v M:llv’ M4v ’ M4U
vs Toxs My, M., M, 2 [010]
T3u, Txyz M 3vs M Xxyz
« Bl B2 @ Bl p 482
T4u’ T4u i T4u M4u’ M4u i M4u
3ml’
IRREP MT M MPG P. axis
AT To, Ty, T, T, T34 Msp,, My, 3m [001]
T4o, Tap
A T3p, Taa Moy, M, M, MZ, M3, 3m’ [001]
Mo, My,
E- Ty, Tyer Ty M., M., M, m' [010]
T3v’ Txyz M3u’ Mf
a Bl B2 @ B1 B2
T4u’ T4u ’ T4u M4u’ M4u ’ M4u
Ty, T, T, My, My, M, m  [010]
T3m Tf M3Ua Mxyz
Bl B2 @ Bl 3 B2
Tﬁ(lyu’ T4u i T4u M4u’ M4u > M4U
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TABLE XXVI. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in the trigonal gray point groups without twofold-
rotational axes perpendicular to the primary axis or vertical reflection

planes.
31
IRREP MT M MPG P. axis
A, Ty, T, M., M7, M3,, M3, 3 [001]
T40, Tag, Tap }
Eg Tyz’ Txy Mxv M3us ME 1
a« Bl B2
T4v’ T4U > T4U _
X Mv, M3v7 Mxyz 1
Ty T4y Thy
AL, T, T, T3, T3 My, M, 3’ [001]
Mo, Myy, My, )
E,  T,Ts,T¢ My:, M, I
Bl 3 32
Mé(:v’ M4U ’ M4u _
Ty, T3l)7 Txyz X M, v I
« Bl B2
M4u’ M4u’ M4u
31’
IRREP MT M MPG P. axis
AT Ty, T,.,T, Mo, M;, M, 3 [001]
T7, T30, T3 M7, M3, M3,
T4o, Taas Tay  Mayy, Myy, My,
E T)rs Tyz,’ T)ry M)ra Myz» xy 1
T3u7 Tff M3M’ Mf
Ty T Ty Mg, My, My,
¥ sz7 Tu M)'7 sz’ Mv 1
T3uy Txyz M 3vs Mxyz
« Bl B2 @ Bl B2
T4u’ T4u i T4u M4u’ M4u’ M4u




TABLE XXVII. IRREPs of multipoles in the cubic black and white
point groups. Corresponding unitary subgroups are also shown. The
sign + represents the parity with respect to the anti-unitary operation
in the third row, where the direction of the rotational axis or mirror
plane are shown in the next row (see Appendix D). {X, + iX,, X, —
iX,} and {Xy, + iXy,, X4, — iXy,} are the basis of E representations
in m3m’, where X = Q,G, T, and M for Eg’z)ﬂEf,l’z)*,Eg’z)’, and
E!'"?", respectively. They are also basis of E!"?*(X = Q,G) and
EU2~(X = T, M) in 4'32’, whereas E1"2*(X = Q, M) and E}?~(X =
G,T)in4'3m’.

magnetic point group m’'3’'m m3m’ m'3m’ 432" A3m’ m'¥

unitary subgroup 3m  m3 432 23 23 23
anti-unitary operation 6/ 0C; 01 0C; 0oy o1

[110] [110] 1 [110]
E ET
QO’ Q4 AT A;’ A‘]" At At A*
nyz A; AT A'z* A A~ At
Ous Ouu E* Eg ‘%)*' E* B0+ g2+ E
Qva Q4v

05 G. Gy T Ty T; T ™ T

05, G,.G?

05, G..G?
B - - _

0.0, G T, T, T; T T T+

QZX’ Qf: )

dei G’

Go.G. A, Al A, AT A A

Oy AT A AF A~ A* A-
G.Gy,  E EM E E0»* E12-  E
Gvs G4v
0., 07 Gy, T T T; T* T T
0,00 G
Q.07 Gi.
: ) ) . ) )
o G,.,G i T, T, T, T ™ T
o GG,
o GG,
MT M
To, T4 Al A AT A A A
M., A, AL A AT AT A
Ty, T E- Ef;'%)* E- EM» E02-  E
Tua T4u
¢, M.M: T, T, T, T T T
TS, M,, M
T M, M
T,., ngx Mg T, T T, T T T
T Th M
.70 M
Mo, My, Al A, Al A AT AT
Ty AT AT AT AT AT AT
M,M, E* E" E* EI» EI2>* E
MvaM4v
T Ty M, T T, T T T T
T}"T;' M4y
T.T? Mg
™ MM, TF T T} T T T
T? M., M,

28
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TABLE XXVIIIL IRREPs of multipoles in tetragonal black and white point groups except for 4’ /m’, 4/m’, 4 /m, 4, and 4’ (see also Ta-
ble XXIX). (X, +iXy, X =iXy}, {Xye=iXee, Xy +iXoch, X +IXE, XO—iX 0}, (XE—iX0, X0+iX0), (X, +iXS, Xg,—iX ), and (X] —iX] , X{ +iX] )
(X = 0,G, T, M) are the basis of Eg’”i in4/mm'n’, EOP* in 42/ 4m'nt’, and 42/’

/u
magnetic point grou Aim'm'm’ 4/m'mm & m'm'm Ajmm'm’ & Jmmm 42'2" 422 Am'm/ Amm’ A2m Am2 A2m’
g point group 7 :
unitary subgrou 422 dmm 42m 4/m mmm 4 222 4 mm?2 4 mm2 222
y subgroup
anti-unitary operation o1 o1 o1 ocC’, ocy oc, ecy fo, Ooy oc,  6cy Ooy
Y op! 2 2 2 2 2 2
[100] [110]  [100] [110] L [100] L [110] [100] [110] L [110]
E ET
00, Ou» A} A7 A} A} Al A* AT AT At AY AT AT
Q4’ Q4u
s Ot Gy B* B* B} B} A B* A B* AT B* Aj A~
Y 1 1 1 % g 1 1
0y, 05 g GX,G;%,GE E* B E* E;?* By, E!»* B, E* B E?* B B,
0.,05,.05 GGG
o G.,G? Al Al Al A; B, A~ B A~ A; Am A B,
Q4. 0, ¢ B} B} B} B, B, B B B At B Al B!
Go, G, A7 AS B Af Al AY AT A~ A7 B* Aj A~
G4$G4u
[ G,,Ga B; B; A7 B A; B* A B~ Al At A A*
0.0%.00 GGG, E- E- E- g2+ B,, EW* B, EW»- B, E&V+ B, B,
0,050 G..G5,G,
0., 07 Gy, A A7 B3 Ay B, A~ B A* AT B~ A7 B}
o G, G B; B; A; B, B', B~ B B A; AT AT B]
MT M
;o, ;‘ A7 A7 A7 Ay A; A~ A A~ A7 A A A~
45 L 4y
T, Ts M. B, B, B, B: A; B~ A* B~ At B~ A} AY
@ « B - — - (l.%)f (1,2)— (1,2)— (1,2)—
Ty, T3, T0 M, M2, M E E E E{ B,, E® B, E& B, E& B, B,
T, T, T M, M° M"
200 L4y F gy Yo Sy Ay
T M, M? A A A A} B, A* B} A* AZ AT AS B}
Ty, T M B; B; B; B/ B, B* B; B* A;  B* A, Bj
2/1/10, 2/1/1 AF AS B} A A A~ A A7 AS B~ A N
45 4u
Ty M,, My, B} B} AT B; Al B~ A* B* A; A~ A A~
T.,T°,T¢ M, M: M  E* E* E* E(-)- B,, E!2- B, E02* B, E2b- B, B,
T}"T;'Z’Tf MZX’ MZV’MfV
T, T¢ M: AL At B} Al B, A* B A A} B* A" B}
77 M, M. B} B+ AS B} B, B* B B Af AY A B




TABLE XXIX. IRREPs of multipoles in tetragonal black and white point groups for 4’ /m’, 4/m’, 4 /m, &', and 4'.

magnetic point group &/m 4jm ¥ m & 4

unitary subgroup 4 4 2/m 2 2
anti-unitary operation (4 0l 6C, 6IC, 06C,
[001] [001] [001]
E ET
00, Q> Os, Q> OF. G.,G? AT AT A AT AT
Qv’ Qx,\'y Q4U$ sz nyz’ Glf B* B* A; A~ AT
0., 0.0 G..G*,G. E E B, B B
0. 05, 0, G,.G*, G’
0., 0" G0,G.,G1,Gy, G5, B AT Al AT AT
04y OF GGy, Gy, G, A~ B™ A] A* A
0..0% 0} G,..GS. G E E B, B B
0,08, 00 G...G5,. Gl
MT M
To.Tus Ta, Taun Ty, M., M°® AT AT A A A
Ty, Ty Tarn T, M.y, MP B~ B~ A] A" A
Ty TS, TP M, M¢, M E E B, B B
T T4 T, My, M, M}
T.,T® Mo, M, My, My, My, B®  A* A, A" A
Ty, T? M, My, My, M}, A* B* Al AT A*
T.,72,T, My, M, M E E B, B B
T, T¢.T) M., M§, MY,

TABLE XXX. IRREPs of multipoles in orthorhombic black and white point groups.

magnetic point group m'm'm’ mmm’ m'm'm 2'2'2 m'm’2 m'm2’

unitary subgroup 222 mm2  2/m 2 2 m

anti-unitary operation 61 o1 0Cy,  60C,, B0, 6C,,

E ET
QOs Qus Qv, Q4, Q4us Q4v nyz A* AT Ag A* A" A
0,..0%. 0, G,.G*,G" Bf By B B B A"
0., 05, 0, G,.G¢.G) B; B B, B B A"
0,010} G., G2, G Bf A} A, A A AT
Qxyz GO’ Guy Gu, G4, G4u7 G4u A~ A; A: A+ A~ A"+
0,010 Gyz,sz,ng B; B Bl B" B A"
0,.0°. 0 G...G5,. Gy, B, B, B B B* A"
0,0, 0! G..,Go, G B, A A A A" A7

MT M
TO» Tuv Tua T4a T4uv T4u Mxyz A~ AI Ag A~ A~ A~
Ty TS, TP M, M?, M} B; B; B, B B A"
T, T8, T, My, M¢, M B, B B} B* B A"
T,.T8. T, M, MM Bl Ay A AT AT AT
T,x)‘z MO? Muv Mvv M4a M4us M4u A A; Al: A~ A* A~
T, T¢T: My, M2, M Bf B By B B* A"
T, T, T) M., M§,, M, B; B B B* B A"
T.,T°,T¢ M., M3, M, Bf AT AT AY A A




TABLE XXXI. IRREPs of multipoles in monoclinic and triclinic black and white point groups.

magnetic point group 2/m 2/m" 2 /m’ 2 w1
unitary subgroup m 2 1 1 1 1
anti-unitary operation 24 0l 6C, 06C, 6o 61
E ET
00, Qu» Qv Qv Qs> Qs O, 05, O G,,Gy:, G}, G} AT AT A AT AT AT
Q0 0. 05, 04, 04, 04 G..G..Gy. G, G, G A" BT A A A A
0y. 042, 02, 0F G0.Gi:G1r Gt Ga. Gun Gar G5, G A A- A} AT AT A
0. 0.,0% 0% 050! G,..G,, GGG, Gl AT B A A AT A
MT M
T0, Tus To» Tews Tas T, Tan, T, Tfy My, M., M3, MY AT AT A AT A A
Ty Ty, TS TS, TR TS M, M., M%, M®, Ms, M’ A" BT A} AT AT A
Ty Ty TS, T} Mo, My, My, M, My, My, My, Mjfy,Mffy A" AT A AT AT AT
T.,T,T¢T,T8,T° My, My, MS, M2, M M. A”*  BY  AY AT AT AY

31
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TABLE XXXII. IRREPs of multipoles in hexagonal black and white point groups except for 6’'/m, 6/m’, 6'/m’, 6, and 6’ (see also Ta-
ble XXXIH) {Xx - l.Xw Xx + in}s {X\"z + ixz)m Xyz _ixz,\'}s {Xv +iX XU - iX.\'y}s {X3u _iX3U5 X}u +iX3v}s {Xxyz - leﬁ9 Xxyz + le}v {Xf(v +iX} qu - l’XZu},

xy» 4u’
{Xf; - inj,Xfu' + inul }, and {Xﬁ + inuz, ij - inUZ} (X = Q,G, M, T) are the basis of E{.”* and E{.”* representations in 6/mm’m’, E!"?* and

1g/u 2g/u
E{"”* representations in 622" and 6m’m’, E"""»* and E"("?* representations in 6m'2’.

magnetic point group 6/mm'm’ 6/m'mm 6 [mmm’ 6/mm'm’ 6 [/m'mm’ 622 622 6m'm’ 6mm’ 6m'2 6m2 6'm'?2
unitary subgroup 622 6mm 6m?2 6/m 3m 6 32 6 3m 6 3m 32
anti-unitary operation o1 o1 o1 0C,, 0C, 0C,, 6C, 6o, 6c, 0Cy, 6o,  Hoy
E ET
00, Ou> O Af Af Al Af A, AY AT AT AT AT AT AT
G.,G¢ Al Al Ay A; A, AT AL A AL AT A A
Qua G, B} B A" B; Al B* A] BY A7 AT AT A
O Gy B} B At 113% A, 113; A; 1?2 A, AT A A
Oy O, G.. Gy S Ef B E,”" E, E E EY E EU B E
Qz, s (yu G," G3u
0., v4},,4 " G E; E; E* QL E; E!?" E* E/®* E* EO» E*  E
0y 0Oy G
Go,G,,Ga A7 A A" AT AT, AT AT AT AT AT A, A
0., 07 A; A] Aj- A A3 AT AL AT AT AT AT A
Q34 Gy, B B; Ay B} A B* A, B A AT A AL
O3 G B; B, AT B, A, B~ A, B* A} AY AT A
0., s, G,..GS, E; E; E~ E(* E;, E" g g™ E EO0» E*  E*
Q)w Q3v sz, GZM
Qxyz GU’ il;’ Ggi E; E; E’- E;1u,2)+ E: E;1,2)+ E+ E(21 2)- E* E//(1,2)+ E- E-
0! Gy, G, , G
Z XY 4y T4
MT M
To, T, Tao A7 A; Al A; A, AT AT A A AT AT A
M., M? AF A7 AT Ag Ay AY A A A7 At A AT
Ty Ms, B; B, Ay B, A, B~ AT BT AT A AT AL
T My, B, B; A~ B! Al B* A} B* A} A" Al AT
T, TS, M., My, E; E; B’ BT E; E”" E* E” E* E/U2 Er E
T.,T® M,, M,
o Ly ys 30
Bl B2 - - ’— (1,2)- - (1,2)- - (1,2)- - /(1,2)- - -
T, T, T, M., E; E; E Ej, E; E E- E E- EU2- E E
Ty Ty To M
My, M, My AT Al ATF A7 A, AT A AT A AT A A
T, T® Al A} AL Al A3, AT A AT A AT AT A
T3, My, B} B} A B; Al B~ AT B* Al AY A A
T3 My, B; BT A/IJr BS A;u B* A; B~ AT A~ AI AI
T, T3, M., M, E E E"* E{?" E; E" E* E®" E* B0 E E
T,w T3v sz’ MZ[“
Ty M, M M2 B} E} Er ELY- E; E" B EM® E E/P EY E
B Bl 52
Tz MXY’M4u’M4u




TABLE XXXIII. IRREPs of multipoles in hexagonal black and white
point groups for 6’ /m, 6/m’, 6’ /m’, 6’, and 6’.

magnetic point group  6'/m6/m’ 6'/m’ 6 6

unitary subgroup 6 6 3 3 3

anti-unitary operation oI 61 6C, 6oy, 6C,
E ET

Q0,Qu, Q0 G.,GI AT AT A AT AT

Qua> Qup G, Gy, A" BY A AT A
Q)'z» QZU Gx, G3u E” El Eg E E
sz, qu G_v, G3u

0,.00.07 G, E E E E E

4y =4y
0.0 0 Gt
sz Q? GOv Guy G40 A" AT Al AT AY
O34, O3p G40, Gy A BT A; AT A
gx, g3u gy gZU E' Ei E, E E
ys Z3v o Ty,
Qxyz G,, Gﬁl Gﬁz E" E, E, E E

M
Qf G"y’ G4u i G4u
MT M
To, Ty, Tao M, M AT AT A AT A
Taa> Tap M3, M3, A”” BT A; AT AT
T)‘Zv TZ[U Mx, M3u EN El Eg E E
sz, T:{u M_v, M3v
Bl B2 ’
7,797 M,, E E E E E
Ty Ty Ty, M

T.,T7 Mo, M,,Myy A" A" A; A" A”
T34, T3 My, My, AT BT AT AT AT

T, T M, M E E E, E E
Ty, T3u MZ-X'! MZM
Ty M, M M7 E' E, E, E E

B Bl gB2
TZ Mxys M4L,7M4u

34
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TABLE XXXIV. IRREPs of multipoles in trigonal black and white point groups. {X, —iX, X, +iX,}, {Xox +iX,;, Xor —iX,.}, (X — Xy, X, +iX, ),
{Xa0 = iXaus X30 + X3}, (Xye + iXE, Xy — X0}, AXC, + X0, X, — X2 X0+ ix0) X0 —iXE'), and (X0 — X2, X2+ iXI2) (X = Q,G, T, M)
are the basis of E(u]/’f)i in 3m’ and E?* in 32" and 3m’.

magnetic point group 3Im’ 3Im 3m’ 32 3m’ ¥
unitary subgroup 32 3m 3 3 3 3
anti-unitary operation el 61 6c, 6C, 6o, 061
E ET
0. 0. Oso- Oy G Aj ATAL AT AT A
Qua G.,G¢,G3, A A A A~ A~ A*
Qyza Qxy, Q:fva 4: , 43 G., G, G/; E+ E* Egé)* EL2+ EUD+ R
QZX? qu Qzu’ Qiz,’ Qgi Gyv G3ua nyz
O3 Go, Gy, G, Gy A]_ AE A: A* A A
0. 0% Os, Gia Ay A) A, A AT A
0., 03, O° G,.,G,, G, G G2 E- E- E* B0 EU2- E
Qy’ Q3va Qxyz szv Gu, GZu’ Gf:,l» Gﬁi
MT M
T(), TM, T40, T4}, M3h AI AI A; A~ A~ A~
T4, M., M¢, M3, Ay A A A* At A”
Ty T, TS, TH T My, My, MP E- E E E!» E0»- E
Tor Tor Ty Ty Ty, My M3, M,y
Ts, Moy, M, M4y, My, AT A; A; A~ At A*
T, TS, T3, My, A; AT A At A~ A*
Ty, Ta, TP My, My, MS, M2 M E* E* B E02- E02+ E

1 2
Ty, Tayp, Ty M., M, M2, M2 M




Appendix D: Corepresentation of magnetic point group

We give the short review of the irreducible corepresentation
in magnetic point groups. For the group with G + AG (A is
the anti-unitary operation), the corepresentation for the basis
set of the irreducible representation I' of G, (Y|, and another
set obtained as (¢| = A (Y| is given as follows [149-151]

AT(R 0
Ry, ¢l =y, ¢|( é : [Ar(ﬂlm)]*) forRe G, (D)
3 B 0 AY(BA)
W, 9l =y, ¢l [Ar(ﬂ‘IB)]* 0 for B € AG,
(D2)

where R (B) represents the (anti-)unitary point group opera-
tion and A is the matrix representation of I'. In the present
study, we adopt A = @ for the gray point group and A = 6S
[S is the unitary point group operation in (G — H) in Eq. (12)]
for the black and white point group.

By the unitary transformation, we can obtain the irreducible
corepresentation DV [95, 147, 148, 152—154]. The irreducu-
ble corepresentation can be classified into three types:

+|G| : case (a),
2, X'B) =1 -G : case (b, (D3)
BeAG 0 : case (¢),

where |G| is the order of G and y'(8?) is the character with
respect to the unitary operation 82 in I'. For case (a), D' is
expressed as

Fon _ [AT(R) 0
D' (R) = ( 0 AF(R)) forR € G, (D4)
I —1
D (B) :(A (ng o A Boﬂ")N) for B € AG, (D5)

where N is the unitary matrix to satisfy the relation AT(R) =
NIAT(A'RA)]*N~! [95]. Here, the basis set (i, ¢| is trans-
formed by the unitary transformation

1 1 -1

V= @ (N‘l N‘l)' (D6)
In the present paper, we denote the counterpart of the irre-
ducible corepresentation characterized by A'(R) for R and
+AT(BA )N for BasT*, e.g., At

In contrast to case (a), the corepresentation cannot be re-
duced into even- and odd-parity parts with respect to the anti-
unitary operation in cases (b) and (c). For case (b), D' is
described as

I (ATR) 0
0 —A'(BAHN
AV(BAHN 0

) forR e G, D7)

D' (B) = ( ) for B € AG, (DY)

36

where the basis set is transformed by the unitary transforma-

tion
1 0
U= (o N-l)'

Meanwhile, for case (c), D' is represented as

(D9)

"(R) = A'R) 0 forR € G D10

D ( )_( 0 [Ar(ﬂlﬂﬂ)]*) or c ) ( )
. 0 AY(BA)

D (B) = ([Ar(ﬂ‘lB)]* 0 forBe AG. (Dl11)

DU in both cases are not block-diagonal with respect to the
anti-unitary operation 8. Thus, we denote the corepresenta-
tion in cases (b) and (c) simply as I'.
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Al dix E: L d tic L
PpEndix avie group anc magactic Lane group TABLE XXXVI. Magnetic Laue group (MLG) for gray point group

(GPG) and the P7 -symmetric black and white point group (BWPG).
The correspondence between Laue groups and magnetic

point groups is summarized in Table XXXV, while that be-

tween magnetic Laue groups and magnetic point groups is MLG GPG _BWPG
listed in Tables XXX VI and XXXVII. Table XXXVI presents m3ml’ m3ml’ m'3'm’,m'3'm
the magnetic Laue group with the 7~ and/or P7 symmetry, 4 321'/
whereas Table XXXVII presents that without the $7 sym- = 43ml —
metry. m31’ m31’ m'3’
231"
4/mmml’ 4/mmml" 4/m'm'm’, & |m'm’'m,4/m' mm
TABLE XXXV. Laue group (LG) and the corresponding three types 4221
of magnetic point group: gray point group (GPG), crystallographic 42ml’
point group (CPG), and black and white point group (BWPG). 4mm1’
4/ml’ 4/ml’ 4 /m',4/m’
LG GPG  CPG BWPG 41
m3m m3ml’ m3m m'3m’, m3m’, m’'3’'m 41
4321 432 4’32 mmml’ mmm1’ m'm’'m’,m'mm
Bl A3m a3m’ 221"
m3  m3l  m3 w3 mm21
231’ 23 2/ml’ 2/ml’ 2 [m,2/m’
4/mmm 4/mmml’ 4/mmm 4/m'm'm’, 4/mm’m’ 21,/
4 Im'm'm, 4 [mm'm, 4/m’'mm _ '111 _
4221 422 422,422 N 1y I
2m  A2m 2w, 2m, ¥ 2Ym 1
dmm1’ dmm dm'm, &'m'm 6/mmml’ 6/mmml’ 6/m'm'm’,6 /mmm’,6/m mm
4m 4mlU 4/m ¥, &Im’, ¥ m 6221
41’ 4 4 6m21’
ar i ¥ Gmm1’
mmm — mmml’  mmm m'm'm’, m'm’'m, m’'mm 6/ml’ 6/ml’ 6" /m,6/n’
20 222 222 or
mm21’ mm?2 m'm'2, m'm2’ _ _61, _ _
2/m 2/ml” 2[m 2 [m’, 2/m’, 2 [m 3ml’ 3ml’ 3m’,3'm
21 2 P 321
ml’ m m’ _ 31"1, _
1 11 1 1 31’ 31 3
1 1 3
6/mmm 6/mmml’ 6/mmm 6/m'm'm’, 6/mm’'m’
6'/m'mm’, 6 [mmm’, 6/m’ mm
6221’ 622 622,622’
6m21’ 6m2 6m'2, 6'm2,6'm'?2
6mml’ 6mm om'm’, 6'mm’
6/m 6/ml’ 6/m 6'/m',6/m', 6 |/m
61’ 6 6
61 6 6
3m 3ml’ 3m 3, 3m’, 3’m
321 32 32
3ml’ 3m 3m’
3 31 3 3

31 3




TABLE XXXVII. Magnetic Laue group (MLG) for crystallographic
point group (CPG) and the P7 -breaking black and white point group

(BWPG).
MLG CPG MLG BWPG
m3m m3m m3m’ m3m’
432 4’32
43m 43m’
m3 m3 d/mm'm’  4/mm'm’
23 4272
4/mmm 4/mmm 42'm’
422 dm'm’
42m 4" [mm'm 4" [mm'm
4dmm 4'22
4/m 4/m 42m' 42 m
4 4'm'm
4 4" /m 4" /m
mmm  mmm 4
222 &
mm?2 m'm'm m'm’'m
2/m 2/m 22’2
2 m'm'2, m'm2’
m 2 [m’ 2 [m’
1 1 2
1 m’
6/mmm 6/mmm 6/mm’'m’ 6/mm’'m’
622 62’2
6m2 6m'2
6mm 6m'm’
6/m 6/m o' /m'mm’ 6 /m' mm’
6 622
6 6'm2’,6'm'2
3m 3m 6'mm’
32 6 /m’ 6 /m
3m 6’
33 6
3 3m’ 3m’
32/

3m’

38



Appendix F: Derivation of multipoles in response tensors

We present the expressions of the multipoles in the response
tensor components in Sec. V A. The multipoles in the rank-2
tensors are shown in Secs. F 1 and F 2, the rank-3 tensors in
Secs. F3 and F 4, and the rank-4 tensors in Secs. F5 and F6.

[1x1]

1. Y

We decompose the rank-2 tensor y!'*!! into the monopole,
dipole, and quadrupole components, which are given as

XM(1><1) 32 [1><1]’ (F1)

D(1x1 Ix1

= 2Ze,,kx' !, (F2)
1

Q(Ix1) _ [1x1] [Ix1]) _ . Q(1x1)

Xij _Q(Xi;j ) = (F3)

respectively (i, j = x,y,2). € is the totally antisymmetric
tensor (Levi-Civita symbol). The upper script of yX(#</) rep-
resents the ranks of the response (output), /g, and the external
field (input), /r, in terms of the spherical tensors. By using
Egs. (F1)—(F3), the multipoles in Eq. (20) are expressed as

Xo = MY, (F4)
(Y0 Yy, Y,) = (XD“X”,X;?“X‘%X?“X”), (F5)
Q(1x1) Q(Ix1)
Xu 6 WA = s )
i
1 1 1x1
Xy = 5 (30 —x3).
Xz Xors Xoy) = Q2 DD ) &0 A0, (F6)

2. ylox

x'© is decomposed into the monopole and quadrupole in
Eq. (21), which are represented by

1
[0x2] , [0x2] , . [0x2]
X §(X0xx +X0)y +XOZZ )’ (F7)
1
[0x2] [0x2]
Xy 8(3X0zz _ZXO;ii J’
i
1
[0x2] [0x2]
X, = 2<X0xx XOM )’
Xyes Xews Xiy) = (K X > X - (F8)

3.

x!? consists of the dipole, quadrupole, and octupole
components, which are represented by using the component
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D2 10
ljk ( lkj )as
1
D(1x0) _ [1x2]
K =3 (F9)
J
1
D(Ix2) _ [1x2] [1x2]
Xi —Z(g)fm X jij ) (F10)
Q(1><2) [1x2] Q(1x2)
pos ZZ €y + €t ) = X3P, (FLD)
1
O(1x2) _ [1x2] [1x2] [1x2]\ _ . O(1x2) _ _O(1x2)
ijk 3<Xz]k T X ki T Xkij )— ki = Xjik
(F12)

It is noted that there are two dipole components in y'*?!, as
the symmetric tensor field F1?! = (Fyy, Fyy, Fyo, Fyy, Foy, Fx))
is decomposed into the components with I = 0 and with [p =

2. The Iy = 0 component in F1%), leads to x>"*” in Eq. (F9)

and the [ = 2 component in F?! leads to XD(IXZ) , XS(IXZ)

X?jjsz) in Egs. (F10)—(F12).
The corresponding multipoles in Eq. (22) are expressed by

KO PO Xg“*”, and ij.,ﬁ‘*” in Egs. (F9)—(F12) as

,and

1
Yy Yy, Vo) = _O(XE(IXZ)’X?(IXZ) XD(]XZ)), (F13)
v y’ Y!) = (XE“XO),XE(IXO)’XZ(IXO)) (F14)
Q(1x2) Q(1x2)
X, 6 33 Z)(ﬁ ,
1
Q(1x2) Q(1x2)
X, = ¢ (3D —x30),
1
( yzvaxy xy)_ Q(1X2)7XSC(1X2)’XS}(1X2)) (F15)
Yoo = )(XO)(ZIXD,
L {2 oax2 0(1x2)
Y= 20 S =3 . X xii ’
1 0% 0(1x2)
Y)('l = E X yyy SZX)’U ’
0(1 2) 0O(1x2)
Yg 20 227 * 3 ZXZZI ’
L/ oaxe 0O(1x2
Z (Xxy(yx ) — ZZ&X ))’
L/ oax2) 0(1x2)
Z (X)zzx Xxxvx )’
1
B _ O(1x2 O(1x2
Ye = Z( 0P — x5). (F16)
We set
X, X)) = (X, — 4X,, X}, + 2X,), (cyclic), (F17)

for notational simplicity.
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4. 00

The multipoles in Eq. (23) are represented by using )(g?ixji],

which is totally symmetric for the permutation of 7, j, and %,
as follows:

1
_ [0x3] [0x3] [0x3]
Xe Xy, Xo) = 3 E X 0sxii E Xosyii > z Xozi |» (F18)
i 7 i
— 10x3]
Xxyz = Xo. vz ?

1
@ _ [O><3J [0x3]
XX - X 0:vxx 3ZX0xii

1
a _ [O><3] [0x3]
Xy - 10 Oy)) 32 O\ii

1
— [O><3] [0x3]
Xg - E OZZZ 3ZX02ii ’
1
B _ [0x3] _  [0x3]
XX 5 X()xy) — Xo; ”Zx)
1
B _ [0x3] _  [0x3]
Xy 5 (XO 3744 Xo; xxy) ’
1
B _ [0x3] _  [0x3]
XP = E( ol = ). (F19)

5.

1x3 [1x3]
The monopole, dipole, quadrupole, octupole, and hexadecapole components of y!"3! are represented by using Xl » which
is totally symmetric by the permutation of j, k, and /, as

1 1x3
PMaxD 3 Z Xt[';i;(j]7 (E20)
D(1x1 1x3
)(,-(X)= —Zeuk)(gkxll], (F21)
Jjki
1
Q(Ix1) _ [1><3] [1x3]) _ . QUxI)
Xij _EZ( l]kk /tkk)_/\/ji ’ (F22)
k
Quxs) _ 1 3], [1x31\ _ 2 ( [(x31 , (31| _  Qax3)
Xij - EZ[X/{U/C +ijlk) S(X,/kk +thkk )]_/\/ﬁ B (F23)
k
1
o(Ix3) _ [1x3] [1x3] [1x3] 0(1x3) _  0(1x3)
Xijk - 6 Z (fklm)(] ijm + €il mXZ Jjkm + GJIW’XI kim ) Xjkl le'k ) (F24)
m
H(1x3) _ 1 [ [1x3] [1x3] [1x3] [1x3] H(1x3) _ _ H(1x3)
Xig =7 (X, ki T X T X T XLk ) SXjki T X - (F25)

The field FB = (Fy., F vyys Fzzes Fyyes Fozes Fxys Fyzzs Foxxs Fyyy, Fxyz) 1s decomposed into the [r = 1 and 3 components. The
Ir = 1 field in F leads to the monopole, dipole, and quadrupole components, XM(1X1), XD(IXI), and XQ(IXI), whereas the [ = 3
field in F13 results in the quadrupole, octupole, and hexadecapole components, y 23, yO(1X3) apd HIX3),



By using Egs. (F20)—(F25), the multipoles in Eq. (24) are shown as

X, = ; M(Ix1)
1 D(1x1) 1 D(1x1) 1 D(1x1)
YX: =Xx > YY:_Xy s YZZ_XZ >
5 5
1 1 1
- Q(l><3) Q(1x3) Q(1x3) Q(1x3) — _— ,Q0x3) Q(1x3) _— ,Q(Ix3)
=10 ZX ’ 42( AP =3V, Xpe = e X = apxe T X = ok
X = 1 Q(l><l) ZXQ(lxl) X’ 3 ( Q(1x1) XQ(]X])) X = é QUxD) yr _ éXQ(lxl) X’ 3XQ(1><1)
u 10 4 10 XX yy vz 5 yZ [ 4 5 X 4 5 xy ’
nyz :X%ibd)’
y 1 0(1x3) 0(1x3) 1 0(1x3) 0(1x3) 0(1 3) O(1x3)
Y,‘vy = 20 xxxx 32Xxu ’ ‘ﬂ’ - 2 yy)x 3ZXVU ’ YZa = 20 ”ZZ x SZ
1 1 1
B _ 0(1x3 0(1x3 B _ 0(1x3 0(1x3 B _ 0(1x3 0(1x3
Yx—Z(Xxy(yX)_ zzch))’Yy_Z( vz(zX) x;gyx ))’Yz _Z( zx(xX) yy(zX))’
1| H(1x3) (x3) , _H(Ix3) , . H(1x3)
X4 = E »Z)(iiii -3 (vazzx + Xozxx . 'i_/\/xxyy>< ) >
1 H(Ix3 H(1x3 H(Ix3 H(1x3 H(1x3 L1 waxs H(I1x3 H(1x3 H(1x3
Xau = E 7z(zzx k Z/\/tm D + 6 x)gy;( : X)v(zzx : Xzzgcxx )) s Xy = 14 [ )ogx;( ) /\/”(yyx '+ 6(XW(ZZX : Xzzgcxx :
1 1
H(I1x3 H(I1x3 H(I1x3 H(I1x3 H(1x3 H(1x3
ng = 5 (X yy(yz>< ) —X y7(zz>< )) ng = 2 < zz(zxx ) )(zx(x;< )) ng = 2 (X x)gx; = )ry(y;< )) ’
1 1 1
B _ H(1x3) H(1x3) B _ H(1x3) H(1x3) B _ H(1x3) H(1x3)
X4x = ﬁ 7Xxxyzx - Z)(iiyz )’ X4y - ﬁ 7X)’)’Zx>< - Z)(iizx X4z - ﬁ [7XZZXYX - ZXiiX)’ ]
1 1 1
For notational simplicity, we take
X X)) =X, +X,,4X, - X)), X' =X, - X, (X,,X)) = (3X, + X,2X, - X)), X' = X, + 2X/,

For the rank-4 tensor y

Xl =

22 )CX

(Xyz B

[2x2] [2><2]

XX;XX

[2><2] [2><£]
X y%

um G,

Xzyv

X)) = (2X,. -

y7’

[2x2]

[2><2]
XZXXZZZ]
s X

XZZ Z

[2x2]
o
z s Xl =

~ s s el

22;y2 222X /\/72 sxy

[2x2]
XX32X
[2><2]

8X,, + sz) (cyclic).

6 [2x2]

2x2] _ (Xu Xir
X (le Xt

)

[2><2] [2x2] [2x2] [2x2] [2%2] [2x2] [2><2]

X, 21 13xa) 1ol B M
Xzxxx szyv Xz |» Xt = szyz Xzxiex zxxy |

2x2] . [2x21 . 23] 2%2] " [2x21 . [2x2]

XY5XX Xy5yy Xy;22 XYz xyizx Xxyixy
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(F26)

(F27)

(F28)

(F29)

(F30)

)]

(F31)

(F32)

(F33)

(F34)
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the monopole, dipole, quadrupole, octupole, and hexadecapole components are expressed by using the tensor component X,[fizz] (=
2x2] _ [2><2] ;
X =Xz ) @S
M(0x0) _ 1 [2x2] (F35)
X - 3 X” ji
ij
Qox2.x) _ 1 2x2] | [2x2]
Xij 56 Z (ka fij _Xl]kk) (F36)
M) - 2x2] _ [2><2]
3 Z( Aijsji 3 Aiisjj )’ (F37)
D(2><2) [2x2]
0D =23 e, (F38)
Jkl
2
Q(2><2) 2x2] | [2x2] (2x2] | 12x21\| _  Q2x2)
Xij 22[ Nik:kj Jkki)_g()(ij;kk * Xiksij )]_in ’ (F39)
O(2><2) [2x2] [2x2] [2x2] [2x2] [2x2] [2x2] 02x2) _ _0(2x2)
Uk 6 Z Etlm)(jl -mk + Ejlkal -mi + €klmX . mj + Ezlm/\/kl mj + e]lm)(ll mk + Eklijl -mi ) Xjki = ink > (F40)
1
H(2x2) _ [2x2] [2x2] [2x2] [2x2] [2x2] | [2x2] H(2x2) _  H(x2)
X~ = E(Xij;kl T X T Xikj T Xk X X ) X = Xjin (F41)

Since both B! = (B,,, By, B, By;, B.r, Byy) and F©?! = (F, Fyy, F.;, Fy,, F.y, Fy) contain [, [ = 0 and 2 components, there
are two types of monopole components yM©*? and yM®*2) and three types of quadrupole component X?j(on,i) and Xin(ZXZ)' By
using Eqgs. (F35)-(F41), the multipoles in Egs. (26)—(29) are represented by

1 1
Xo = — MO, X; = MO0 (F42)
10 3
1 1 1
Vo= ox0%D 0 = o2, v, = gx?m, (F43)
1 1 1
— Q(2x2) _ § Q(2x2) Q(2x2) Q(2x2) - -, Q2x2 Q(2 2) Q(2x2)
Xu - ( Xzz * X ’ 14( XX * /\/yy x ) X}’Z - 7/\/.\,'1 * ) XZX 7/\/2)( * X 7Xxy x ’ (F44)

+ 0x2,+ 0x2, 1 0x2, 0x2, 0x2, 0x2, 0x2,
Xﬁ+)=g[3)(g(x+) ZXQ(X+))’ S)ZE(gxﬂ Q02 XD = Q020 x) = Q02 () - Q02

(F45)
Yor = Xor s
yo = 210( )(C)gxz) 32 ggzxz)]’ ye = 210[ )O»(yZXZ) 32 ngXZ))v Yf=%( 2(22><2) 32 ?U(zxz)]
V= 2 (00 20, ¥ = i(X?f*” X?SX”) Y= (0P —92), (F40)
X4 :é Z ZIZ(IZXZ) 5 Z ;I](JZXZ) , _ g(éxZ) ZXZIZ(ZZXZ) _Z(ZXZIZ(ZZXZ) _X;I;)ZCXZ) _X;I}(,}Z,XZ))],

i i

o= - 2 3 (2 -y )]
X, = %(xii&i*” ), X = 5 (R - ), X = 3 (R - ),
= 5o 3 ) o = o - L ) = ot - T3]
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‘We use the notation

(X0, X)) = (4Xo + X}, —2Xo + X}),
X X)) = (-4X, - 22X, -4X, + X £ 3X0), X, = -X( - X9

u u

%, X®) = 4X, + 2XD, —4X, + XD + X)),
v v N v

X2, X0) = (=4X,. + X3P + X, 2%, + X £ X)), (cyclic), (F48)
for simplicity.
[
Appendix G: Tensor expression in hexagonal/trigonal system The corresponding rank-3 and -4 tensors are represented by
3X, + Xaq — 3X3,\'
3X, — X3, — 3X3,
3X, +2X¢
X, - X2 X!
X, +4X
[0x3] — X 3u G1
X Xy + X3, — X3, ’ G
In the hexagonal and trigonal systems, multipoles are ex- Xy +4X;, 5
pressed by the tesseral harmonics. Since the tesseral harmon- X - X7+ X;
ics have the different functional form from the cubic harmon- Xy — X3q — X3
ics for the rank / > 3, we show the response tensors in the Xyy:
hexagonal and trigonal systems with rank / > 3 multipoles.
J
- - - T
X, + Xz — 3X3u X -2V + X3~ X5 XL +2Y,, —2X0 +2X°
X +2Y,. — Xaa — Xa, X, - X3 —3Xs, X -2Y, -2X°-2x?
ey _ | Xp =2V, +4X3, X) + 2V, +4X3, X, +4X¢ G2)
X Yi+Y, + Xy, =3X, + Yy —2X7 - 2Xf =3X, - Y. +4X3, ’
“3X, = Yy —2X2 +2X0 Y, 4+ Y, + Xy —3X, + Yy, +4Xs,
—3Xy + sz + X3, — X3, -3X, - sz — X34 — X3y =2Y, + Xxyz

~ ~ ~ ~ T
3(Xo = X+ X,) +3Xa0 + Xf; - x%f 3(-Y. = Xy + YO~ Y + X'B; - ng 3(Y, = Xex + Yap = Ya) + Xap = 3X§,
3(Y. - Xy = YO - YO = X[ - X[T 3(Xo— X,y — X)) +3Xao + Xl + X2 3(=Y, = Ry + V3g + V3,) — Xag — 3XG,
=3(Yy + Xox +4Y3,) +4X], 3(Yy — Xy, +4Y3,) +4X5, 3(Xo + 2X,) + 8Xyo
=Yy = Koo+ Y3 + 11Y3 = Xgp = X5, Yo+ X} = V3 — V3, — X4o = 3X§, Xo+ X/ = 5X, — Yy, —4X40 — Xffj
g | Kot X, - X - Vay, —4Xa0 + ’ffi Y - Xy —dvee2vi s 2Xff;] Y, + XL, + 473, +4X],
Y.+ X, - Y2+ Y+ X0 - X2 Xo— R+ X/ Yoo+ Xao— Xo0 Yo=Ky, = 3V30 + Vau + Xay — X8, |
Yo~ Ky +4Y + 277 + 22X Xo+ X+ K] + Yo — 4Xa0 X Yy + X, — 45, +4X;,
_Yy+X£x_Y3b+Y3u+X4b_3XZM YX—XyZ+Y3a— 11Y3, +X4a—X$U X0+X;’ +5XU+nyZ—4X40+XfZ
Xo= X=X/ + Yo+ Xao = Xy ~V,+ X, + YO+ Y X X2 ¥, - X, - 3YV3 - V3, - X24b - X¢,
5Xyz + Yaq + 5Y3, + Xao — X2, 5Xoo + Yap — 5Y3 — Xup — X2, 5X.y — 2Y7 + 2XP
(G3)

[2x2] _ (Xu X G4
X (th /\,/tt)’ G
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~)?O +~)~(,, + X:U +3Xy0 + Xff; - Xfi f(é + X’é - 2):(,(,‘) + Yy + Xao — Xﬁ; }:((’) + ):(,(f) + ):(,(f) — Yoy —4Xao + sz
xu=| X+ X, + 287 — Yo+ Xao - X0 Ko+ X=X +3Xao + X0+ X0 X0+ XV~ X 4 Vi — 4Xa0 - XL |
X(’) + XL(;) + Xl(,+) + nyz - 4X4() + X45 X(I) + X,(;) - Xl(,ﬂ - nyz - 4X4() - Xf’f X() - ZXM + 8X40
(GS)
XD 4 Vi +5Y3 + Xao = X2 =2V, + K7 = Vap + Yoy + Xap — 3X, 2V, + X7 —vo + ¥0 + XE - X2
i =|2Y + X = Vi, — Yoy — Xag — 3X9 XD 1y, —5Ys, — Xap — X© 2V, + Xy ye + ¥ - XP - x|,
oo 4v z b 4u z xy z z 4v 4v
2V, + X\ — 4Y3, +4X2, 2V, + XD + 475, + 4X2, X5 —2vf 42X
(G6)
X = Yau = 5Y3 4 Xaa = X5, =2V + X0 4 Yag + Yoy = X = 3X5, 2V + X0 4475, +4X],
Xu =|2Y, + ng‘) + Yap — Yoo + Xap — 3X4ﬁ X§;>~— Y3 + 5Y3, — Xap — X2, 27, + X — 43, + 4X¢, | (G7)
=2V, + X, + Y=Y + - X =YY -Y, - - o T +
DD CEED GRS (D (D (o) A RIS (S (D (AR G X5 + 278 42X
3Xo +3X, — 3X, — 4X40 - X1 —Y, +3X,y - 2Y0 +2X5 Yy +3X.. — Yap — 3Y3, — X — X¢,
Xi = Y, + 3Xy, +2Y7 42X 3Xo +3X, +3X, —4Xa0 + X2 =Y, 43X, — Yau + 3V3u + Xaw — X2 |, (G8)
4 Y z 4y 4u yz 4v
—Y, 43X, + Y3+ 3Y3 — Xap — X? Yy +3X,, + Yau — 3Y3y + Xug — X° 3Xo — 6X, + Xag — X2
y z 4u Yz 4v 4u
where the following relations with respect to the octupoles and hecadecapoles are used as
1 « B 1 « B 1 « B 1 « B
Yig = 7Oy = 3Y0), Yap = = Yy +31), Yau = = (Y + 12), Y3y = — (¥ = 1),
1 1 1 L1 .
Xio = 7 (Xa + Xa), X4, = (G = Xp), X§, = =2 (Xq, + X0, X, = 25X, = TXa), Xy = X,
1 1
Xy = ~Xa, Xi) = X5 Xaw = =3 (X4, = TX0). Xop = =2 (X, + 7X5), (G9)
in (031 3131 and 1221 while
| | — Lo, vB |
X3a = 75X = 3X,), X3p = =5 0Ky +3Xy), Xou = -5 (X; + X3), X3 = =5 (X - Xp), (G10)

in y1¥21
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