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We investigate how the real and imaginary charge density waves interplay at the Van Hove singu-
larity on the hexagonal lattices. A phenomenological analysis indicates the formation of 3¢ complex
orders at all three nesting momenta. Under a total phase condition, unequal phases at the three
momenta break the rotation symmetry generally. The 3Q complex orders constitute a rich Haldane-
model phase diagram. When effective time-reversal symmetries arise under 1-site translations, the
Dirac semimetals are protected. The breakdown of these symmetries gaps the Dirac points and
leads to the trivial and Chern insulator phases. These phases are deformations of purely real and
imaginary orders, which exhibit trivial site and/or bond density and chiral flux orders, respectively.
The exotic single-Dirac-point semimetals also appear along the gapless phase boundary. We further
show that the theoretical model offers transparent interpretations of experimental observations in
the kagome metals AV3Sbs with A = K,Rb,Cs. The topological charge density waves may be
identified with the complex orders in the Chern insulator phase. Meanwhile, the lower-temperature
symmetry-breaking phenomena may be interpreted as the secondary orders from the complex or-
der ground states. Our work sheds light on the nature of the topological charge density waves in
the kagome metals AV3Sbs, and may offer useful indications to the experimentally observed charge

orders in the future experiments.

I. INTRODUCTION

The studies of Fermi liquid instabilities on the hexag-
onal lattices has received enormous interest in the past
decade. While most of the interest are devoted to the
graphene with honeycomb lattice [1-7], the materials
with triangular [7-12] and kagome lattices [13-15] have
also been studied extensively. A particularly interesting
setup for such analyses is the doping to the Van Hove sin-
gularity [16]. At this doping, the Fermiology of the three
lattices become identical, with the caveat that the trans-
lation from lattice scale interactions to interaction con-
stants in momentum space is non-trivial on the kagome
lattice [14, 15]. The density of states is logarithmically
divergent at the M-point saddle points of dispersion en-
ergy, leading to the amplification of correlation effects.
These saddle points define a hexagonal Fermi surface
with parallel edges, which further supports the Fermi sur-
face nesting at three finite momenta. The combination
of these two singular structures can trigger various types
of Fermi liquid instabilities. It has been shown that the
d + id chiral superconductivity is the universal leading
weak-coupling instability at the Van Hove doping for re-
pulsive interactions on triangular or honeycomb lattices
[2]. The spin density waves can also arise away from
the Van Hove doping, where the orders develop at all
three nesting momenta. These ground states are known
as the 3@ states, which can realize the chiral noncopla-
nar Chern insulator [8] and the uniaxial half-metal [3].
On the other hand, it was shown that the charge density
waves may develop from the sublattice interference on
the kagome lattices [14, 15]. The M-point charge density
waves with unconventional features have also been stud-
ied in the transition metal dichalcogenides [17-19]. More

recently, the doping of graphene with intercalation shows
a flattening of dispersion energy at the Van Hove doping
[20], leading to the high-order Van Hove singularity with
power-law divergent density of states [21]. This turns the
phase diagram into the competition between the d + id
chiral superconductivity and the ferromagnetism [22—-24].

While most of the works at the Van Hove singularity
have focused on the real orders in the particle-hole chan-
nels, the imaginary orders have not received as much in-
vestigation. The imaginary particle-hole orders at finite
momentum can realize staggered /loop charge currents on
the lattice, which corresponds to the formation of intrin-
sic staggered fluxes [25-27]. Such flux orders may break
the time-reversal symmetry spontaneously. The develop-
ment of orders at all three nesting momenta can further
trigger nontrivial band topology in the ground states.
For the imaginary charge density waves, a Chern insu-
lator can develop from the 3@Q chiral flux order [28, 29].
Meanwhile, a quantum spin Hall insulator can arise from
the 3Q uniaxial spin flux order, which is a combination
of two opposite chiral flux orders at opposite spins [30].
Whether these topological states can arise as the leading
instability at the Van Hove doping becomes an interest-
ing topic to explore. It has been shown that the imagi-
nary charge density wave is degenerate with the real spin
density wave with spin flavors Ny = 2, and is further
dominant universally at larger number of flavors Ny > 4
[29, 31]. Meanwhile, the staggered currents have also
been proposed in a w-flux triangular lattice [11], as well
as in the doped chiral spin liquid [32]. These observa-
tions indicate the possibility of realizing the topological
imaginary orders in the systems with hexagonal lattices.
A Ginzburg-Landau analysis has been conducted to in-
vestigate how the according d-wave order interplay with
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FIG. 1. Haldane-model phase diagram of 3Q) complex charge
density waves from the computation of Chern number, where
the s-wave order is chosen for the real order. Here the triv-
ial insulator (TrI), Chern insulators (CI) with nonzero Chern
numbers C' = £1, Dirac semimetal (DSM), and single-Dirac-
point semimetal (SDPSM) arise in different regimes. The
minima of real order strength 6% under the total phase con-
dition occur in the Chern insulator phase, below which the
system evolves to the 3@ imaginary orders. Note that the
phase diagram is periodic under ¢; — ¢; + 7 for i = 1, 2.

the real orders [12]. However, the d-wave order has been
treated as a secondary order to the real site density order,
and its purely imaginary structure has not been appreci-
ated. A complete analysis where the real and imaginary
orders are treated on equal footing is urged for the ad-
vanced understanding of complex charge density waves.
Such an analysis may uncover unconventional phenom-
ena where the topological imaginary orders contribute.

Recently, a set of experiments observe unconventional
3@ charge density waves in the kagome metals AV3Sbs
with A = K,Rb,Cs [33-43], which occur at 80-110 K
far above the superconductivity at 0.9-2.7 K [42, 44-48].
These orders develop at all three M points and mani-
fest giant anomalous Hall effects [34, 38]. Furthermore,
a more exotic 1Q) charge density wave is observed at a
half M point at lower temperature, which is accompanied
by another rotation symmetry breaking effect along the
same direction [39, 42]. The signals of pair density waves
at the three-quarter M point is also observed along the
same direction [42]. A recent experiment indicates that
the charge density waves may arise from the electronic
repulsion instead of the strong electron-phonon coupling
[43]. Given the proximity of the Fermi surface to the Van
Hove singularity, the theoretically proposed chiral flux
order [28, 29] may contribute significantly to the topo-
logical response in these kagome metals.

In this work, we investigate how the real and imaginary
charge density waves interplay at the Van Hove singular-
ity on the hexagonal lattices. A phenomenological anal-
ysis indicates the formation of 3Q) complex orders at all
three nesting momenta. Under a total phase condition,
unequal phases at the three momenta break the rotation
symmetry generally. The 3@ complex orders constitute
a rich Haldane-model phase diagram (Fig. 1). When ef-
fective time-reversal symmetries arise under 1-site trans-
lations, the Dirac semimetals are protected. The break-
down of these symmetries gaps the Dirac points and leads
to the trivial and Chern insulator phases. These phases
are deformations of purely real and imaginary orders,
which exhibit trivial site and/or bond density and chiral
flux orders, respectively. The exotic single-Dirac-point
semimetals also appear along the gapless phase bound-
ary. We further show that the theoretical model offers
transparent interpretations of experimental observations
in the kagome metals AV3Sbs. The topological charge
density waves may be identified with the complex or-
ders in the Chern insulator phase. Meanwhile, the lower-
temperature symmetry-breaking phenomena may be in-
terpreted as the secondary orders from the complex or-
der ground states. Our work sheds light on the nature
of the topological charge density waves in the kagome
metals AV3Sbs, and may offer useful indications to the
experimentally observed charge orders in the future ex-
periments.

II. VAN HOVE FERMIOLOGY ON
HEXAGONAL LATTICES

We consider the fermionic models doped to the Van
Hove singularity on the hexagonal lattices. These in-
clude the triangular, honeycomb, and kagome lattices
[Fig. 2(a)-(c)], all of which exhibit the same Van Hove
Fermiology in the hexagonal Brillouin zone [Fig. 2(d)].
For the triangular lattice with a single band, the Van
Hove singularity occurs at the 3/4 doping. For later con-
venience, we interpret this band as a hole band from
the full doping, where the Van Hove singularity sit at
the —1/4 doping. The honeycomb and kagome lattices
contain two and three bands, respectively, where a pair
of bands are separated by the Dirac points with oppo-
site relative energies. In these systems, the Van Hove
singularity occurs at the +1/4 dopings on the particle
and hole bands, respectively. The Van Hove singular-
ity is carried by the saddle points of dispersion energy,
where the density of states becomes logarithmically di-
vergent. For the hexagonal lattices, these saddle points
sit at the three inequivalent zone edge centers My—_1 2 3.
The Fermi surface takes these saddle points as the corners
and form a hexagon in the Brillouin zone. Since the op-
posite Fermi lines are parallel to each other with opposite
energy structures, a strong Fermi surface nesting is man-
ifest at the Van Hove singularity. Note that the nesting
vectors Q, = M, are half of reciprocal lattice vectors.



This allows the umklapp scattering to occur, from which
various Fermi liquid instabilities may be triggered.

Due to the Van Hove singularity, the three saddle
points dominate the rest parts of the Fermi surface at
low energy. The low-energy effective theory is well de-
scribed by the patch model [2, 29], where the Fermi sur-
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FIG. 2. The hexagonal lattices and their Van Hove (VH)

Fermiology. The (Left) lattices and (right) nearest-neighbor
tight-binding band structures are presented for (a) triangu-
lar, (b) honeycomb, and (c) kagome lattices. The origins of
triangular Bravais lattices are defined by the intersections of
lattice vectors aq—1,2,3. (d) The contour illustration of band
structure on the triangular lattice. Without loss of general-
ity, we present the momentum-space computation only for the
triangular lattice in this work. The Fermi surface (red) is a
hexagon in the hexagonal Brillouin zone (black), where the
corner saddle points sit at the zone edge centers. The oppo-
site sides are parallel, leading to the Fermi surface nesting at
three momenta Q.. (e) Patch model of the Van Hove Fermi-
ology. The Fermi surface is approximated by the patches at
the three inequivalent saddle points M, which are connected
by the nesting momenta Q.. The inner hexagon indicates the
reduced Brillouin zone under the charge density waves.
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face is approximated by three patches at these saddle
points [Fig. 2(e)]

3

H’ = (ca — p)ltba (1)

a=0

Here 1, with @ = 1,2,3 are the fermions in the three
patches with dispersion energy e, and the chemical po-
tential 4 = 0 is defined at the Van Hove singularity. We
have included a patch a = 0 at the zone center I'; which
is coupled to the saddle points by the nesting momenta.
Despite the distance from the Fermi surface, it may still
contribute by lifting the degeneracy between otherwise
degenerate orders. Note that the fermion flavor is sup-
pressed since our analysis focuses on the charge orders.

III. PHENOMENOLOGY OF COMPLEX
CHARGE DENSITY WAVES

The combination of Van Hove singularity and Fermi
surface nesting leads to the In®(1/7T") divergences in the
temperature T. These divergences can induce various
Fermi liquid instabilities in the presence of interactions.
Our interest lies in the charge density waves, which are
the particle-hole condensates at finite momenta. At the
Van Hove singularity on the hexagonal lattices, these con-
densates develop at the three nesting momenta Q.

(Wl q.vK)- (2)

The charge density waves are generally complex. While
the real orders manifest the periodic modulations of
charge site and/or bond densities, the imaginary order
hosts the staggered currents. We will study the inter-
play between these orders in the framework of Ginzburg-
Landau theory and determine the phase diagram of com-
plex charge density waves.

Aoc,k =

A. TIrreducible pairing channels

The irreducible pairing channels of charge density
waves can be determined based on the symmetry and the
momentum [28]. An important feature of charge density
waves at Van Hove singularity is the commensuration of
momenta Q. This results in the decoupling of real and
imaginary orders into different irreducible pairing chan-
nels. The decoupling can be identified from the order
function A, x = Ay fax. Here A, € C is the order pa-
rameter and the form factor f, x € R is the eigenmode
of momentum shift Tq,. Under the commensuration,
the condition TZQ = TQQQ = 1 implies the eigenval-
ues +1 for the eigenmodes fo x+qQ., = TQafa,k ==*fox-
Meanwhile, a complex conjugate constraint is imposed on

the order function Ay x4+q, = <1/’1T<+2Qa7/’k+Qa> =A%
Combining these two conditions, the order parameter ac-
quires the purely real or imaginary form A, = +A}.



FIG. 3. The form factors of the charge density waves with
(a) real s-wave f5 i, (b) real dr-wave i’f(, and (c) imaginary
dr-wave f;ifk orders in the momentum space. The momentum
Q1 and the connected pairs of points (M3, M), (M;,T) are
indicated in the figures. The form factors at the other two
momenta « = 2,3 can be obtained by Cs rotations.

Such a decoupling has also been confirmed from the flows
of renormalization group [29].

We adopt particular real and imaginary irreducible
pairing channels under the commensurate conditions [28].
In the s- and dg, ;-wave channels, the explicit form fac-
tors read (Fig. 3)

ci,k = 13
fgff( = —cos(k-a,), (3)
fdfk = cos(k - ag) — cos(k - a,),

[e3

v >8> a,

where a,, are the lattice vectors [Fig. 2(a)-(c)]. We have
defined the patch numbers « in a cyclic notation 1 <
2 < 3 < 1. The s- and dgr-wave orders manifest the real
condition fi’,i’iQa = f;:iR, thereby exhibiting the site
and bond density modulations. Meanwhile, the dj-wave
order obeys the imaginary condition ifk Q. = ~ fifk
and leads to staggered/loop currents. The form factors
can be translated into the patch representations in the
patch model. The real orders exhibit the s- or dgr-wave
patch representation (fa,M, ;s fa.Ms, fam,) = (£1,1,1)
with v > 8 > «a, while the imaginary order carries the
dr-wave patch representation (0,1, —1).

Our analysis focuses on the s- and dp j-wave irre-
ducible pairing channels under the symmetry. However,
the realistic structures of charge density waves may ex-
perience some deviations from these channels. Such de-
viations may be attributed to the strong suppression of

condensates away from the Fermi surface, such as in the
pairing between a saddle point M, and the zone center
I in the s- and dgr-wave real orders. The combination of
different channels may resolve this issue. For example,
the combined (s+ dg)-wave real order exhibits the patch
representation (0,1,1), which involves only the saddle
points at the Van Hove singularity. This configuration is
sufficient for the patch model theory.

B. Ginzburg-Landau free energy

Having identified the real and imaginary charge den-
sity waves, we introduce the interactions in these two
channels and obtain the interacting theory

1
e S S L d0: )
O=R,] «

The pairing operators at M,

'Polc2 = Re[7/ij¢ﬂ]}v>5>a + Re[wldj()]a
Py = Tm[$plvs]] .

are defined according to the patch representations. Note
that the zone center I' is coupled to the saddle points
M,, only in the real channel. The s- and dg-wave orders
correspond to the + signs, respectively.

We assume that both of the real and imaginary or-
ders can develop below certain critical temperatures
TR where the originally positive interactions become
negative ¢! < 0. To study the interplay between
these two orders, we conduct a coherent path integral
and extract the mean-field free energy [29]. Under a
Hubbard-Stratonovich transformation, the interactions
are decoupled by the bosonic complex order parameter
A= (A1, As,A3z). The real and imaginary components
of the order parameter A, = A +iAl = |A,|ei? are
coupled to the pairing operators (Pf / I)T, respectively.
Integrating out the fermionic modes, we arrive at the
mean-field free energy

2 RRp2 2 x1p2 -1
f=177A" 4+ AT =Trin(=G).  (6)
9" lg'|
Here the trace denotes the momentum-frequency summa-
tion Tr ~ T, fk. The inverse Green’s function takes
the form

Gi' Ay Ay £AR
| Ay GytoAr AR
S A AL Gt oxal | @)

+AR +ALR +AR Gyt

where the free propagators are defined G, = [iw — (g4 —
w)] =t with the fermionic Matsubara frequency w.

We expand the free energy with respect to the in-
finitesimal order parameters near the critical tempera-
ture T, = max{TF T!}. Ignoring the constant part,



the expansion to the quartic order gives the Ginzburg-
Landau free energy

f= Zz(z2)|&R|2 +Z§2)|ﬁ1\2
— ZO (A1 AgAs + Ay AyAg) — 625 ARAEAR
1 N 4
+ 528+ (2 - 2"

X (18112 + [A2?|As] + [As*| Ar[?).
(8)
The quadratic prefactor Z§2) turns negative below T/,
indicating a second-order phase transition for the purely
imaginary order. Meanwhile, the other quadratic prefac-
tor Zg) may remain infinitesimally positive at T and
turn negative at lower temperature, since a cubic term
supports a first-order phase transition. The isotropic
quartic prefactor Z£4) = Tr(G3G3) = Tr(G3G3) =
Tr(G%2G?) > 0 remains positive and ensures the stabil-
ity of Ginzburg-Landau free energy. The charge den-
sity waves develop below T, and expand a large order
manifold, where the degeneracy is reduced by the cubic
and quartic anisotropies. At the cubic order, the pri-
mary anisotropy reads ~ 2|A;[|Az|[Az| cos(d1 + P2 + b3)
with prefactor Z(3) = Tr(G1G2G3). The magnitude part
|A1]|Az||Az| indicates that the ‘3Q orders’ are energet-
ically favored, where the orders at the three momenta

develop simultaneously with the same magnitude

[A1] = |A] = |As]. (9)

The same conclusion follows from the consideration of
the quartic anisotropy with a negative prefactor Z24 —
7" <0, where ZiY = Tr(G2G2G5) = Tr(G2G5G,) =
Tr(G3G1G2) > 0 [3]. The phase degeneracy of the 3Q
orders is lifted by the phase part of cubic anisotropies.
The primary cubic anisotropy ~ cos(¢1+d2+¢3) imposes
a total phase condition on the 3Q) orders. Furthermore,

the secondary cubic anisotropy with the prefactor Zég) =

TI‘(GoGlGQ) = TI‘(GOG2G3) = TI‘(G()G3G1) leads to the
additional preference of real orders. Note that this term
is secondary since it involves the zone center I' away from
the Fermi surface, and only comes into play if the real
and imaginary orders would be degenerate in the absence
of this term.

The phase conditions from the cubic anisotropies de-
serve further discussions. For the hole bands with the
zone center I' at the band bottoms, the cubic prefactors

are positive —Z(3),—6Z(g?’) > 0. On the contrary, the

prefactors are negative —Z), —6Zé3) < 0 for the par-
ticle bands, where the zone center T' lies at the band
tops. According to the prefactors of the primary cubic
anisotropy, we summarize the total phase condition as

hole band
particle band

(2n + 1),

2nm,

¢1+¢2+¢3={ (10)

with n € Z. The preference of real orders from the sec-
ondary cubic anisotropy then follows directly. Notably,

the total phase condition suggests that the phases at the
three momenta are generally different. This indicates
that rotation symmetry breaking occurs generally in the
3@ complex orders. In the real channel, the secondary
cubic anisotropy suggests an energetically favored imbal-
ance between the s- and dg-wave orders. This is also con-
firmed by a Ginzburg-Landau analysis where both orders
are included explicitly.

C. Energetically favored ground states

The energetically favored ground states can now be
determined from the Ginzburg-Landau free energy. We
start by assuming that the real and imaginary orders are
balanced, where equal strength of orders can be manifest
near T,. (We will shortly relax this assumption). The full
order manifold contains all 3Q) orders for any strength of
real order 6p = |Ag|/|A| € [0,1]. For example, the real
and imaginary orders carry dg = 1 and 0, respectively,
while 0 < égr < 1 for the complex orders. The cubic
anisotropies select the real orders as the energetically fa-
vored ground states (Fig. 4). For the hole bands, the
negative order (¢o, ¢, ¢y) = (m,m,m) with v > 5 > «
and the l-negative orders (0,0,7) are energetically fa-
vored. Meanwhile, the particle bands prefer the positive
order (0,0,0) and the 2-negative orders (0, m, 7).

Things may become different when the real and imag-
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[~1,1/8] and (b) the strength of real order 6% € [1/4,1]. Here
two of the phases ¢1,2 are tuned, while the third phase is given
by ¢3 = m — (¢1 + ¢2) under the total phase condition. The
corners exhibit the minimal ARAFAL = —1 and the maxi-
mal 6% = 1. Meanwhile, the red points (7/3,7/3,7/3) and
(2m/3,2m/3, —m/3) exhibit the maximal ATAZAL = 1/8 and
the minimal 6% = 1/4. Despite different functional forms, the
contours in the two figures are identical. The states with the
same 0% are degenerate under the secondary cubic anisotropy.
In the balanced case, the system sits at the corners with min-
imal secondary cubic anisotropy and exhibit the real orders
with maximal 6% = 1. As the upper bound 8% decreases in
the imbalanced case, the contour at 6% = 0% defines the de-
generate ground states with the lowest available secondary
cubic anisotropy.



inary orders are imbalanced. When the two orders de-
velop at distinct critical temperatures T.X # T, their
available magnitudes below the critical temperature T,
become different. This constrains the available range
of dr and shrinks the order manifold, thereby chang-
ing the energetically favored ground states. A renormal-
ization group study shows that the imaginary order is
much stronger than the real order under the electronic
repulsion [29]. Nevertheless, the imaginary order may
bring up the real order so as to minimize the free en-
ergy. We study the Ginzburg-Landau free energy in this
complex-order regime (Fig. 4), where an upper bound
dr > 0p with g < 1 indicates the deviation from the
balanced case. As &p decreases, the energetically fa-
vored ground state is pushed away from the real orders.
The degenerate ground states are determined by the en-
ergy contour of the secondary cubic anisotropy at this
Sr. Note that §p reaches the minimum 6% = 1/2 at
(mam £ w/3, mom £ w/3, mam £ 7/3) with mi23 € Z
under the total phase condition. The total phase condi-
tion is broken below this point, and the system gradu-
ally evolves to the imaginary orders (+m /2, &7 /2, £7/2).
On the other hand, the real order may be stronger than
the imaginary order under the strong phonon-mediated
attraction. The sublattice interference on the particle
band of kagome lattice may also drive the system into
this regime [14, 15]. According to the secondary cubic
anisotropy, the real orders remain energetically favored
under the imbalance.

IV. GROUND STATE PHASE DIAGRAM

The Ginzburg-Landau analysis identifies various com-
plex orders as the ground states of 3(Q) charge density
waves. These orders may lead to unconventional phenom-
ena, such as the Chern insulators with quantized intrinsic
Hall conductivity [28, 29]. To examine the ground state
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FIG. 5. Fermiology in the absence of charge density waves.
(a) The band gap at the Fermi level and (b) the band struc-
ture along the indicated path (green dashed polygon) in the
reduced Brillouin zone. The Fermi surface is composed of
three lines connecting opposite 2M,. These lines cross at the
zone center I' and form a topological quadratic band crossing.

properties, we consider the mean-field model of 3Q) com-
plex orders and analyze the according band structures.
Since the charge density waves break the 1-site transla-
tion symmetries, the system exhibits 2 x 2 enlarged unit
cells. The nesting momenta Q. serve as the new recip-
rocal lattice vectors, which connect the new recirpocal
lattice sites M, and T'. In the 1/2 x 1/2 reduced Bril-
louin zone [Fig. 2(e)], the mean-field Hamiltonian takes
a four-band form

ey k. Az k —Dom, k —A1 Mk

Hy = “AzM,k  EMak  —AiM,k —A2 M,k

—Aomak —Di Mgk  EMsk  —Az Mk
-Airx —DAorx —Asrk €Tk

(11)
The reciprocal lattice sites with dispersion energies
epx = €k—p are coupled by the charge density waves
Ao p i = Doip = [Aal(cos go 23" pHisin g [ p)-

In the absence of charge density waves, the Fermi sur-
face is composed of three straight lines connecting oppo-
site zone edge centers M/ = +M, /2 (Fig. 5). These
Fermi lines cross at the zone center I' and lead to a triply
degenerate quadratic band crossing. Importantly, the
quadratic band crossing inherits the d-wave structure of
saddle points and manifest topological +27 phase wind-
ing [49, 50]. Such a topological band crossing is protected
by the time-reversal and Cg rotation symmetries. The
charge density waves may break the symmetries and gap
the topological band crossing [28, 29, 50]. The result-
ing bands can inherit the nontrivial 27 phase winding,
thereby forming topologically nontrivial states. On the
other hand, the doubly degenerate band crossings at M,
are protected by the symmetries of 1-site translations at
agq, inversion Cy, and time reversal [28]. Although
Cy symmetry remains present under the charge density
waves, the band crossings can be gapped by the break-
down of 1-site translation and time-reversal symmetries.
Fully gapped insulators can appear from the gapping of
these band crossings.

In addition to the analysis of band structures, we also
map out the site, bond, and current density modula-
tions on the hexagonal lattices. The Fourier transform
of charge density waves

<¢iwr’>
= Z {Aaei(_Mv'rJ"MB"‘l)+Aaei(—M3'r+M7.r’)
y>pB>a
AR {ei<—Ma~r+r'r'> n ei(—r.rma.rq}

(12)
gives the densities of site p, = Re[(1){¢);)], bond ppr =
Re[(¥1by)], and current jps = Im[{¢)]1),/)]. For the hon-
eycomb and kagome lattices with multiple bands, the
evaluation involves a projection from the band eigenstate
to the sublattice sites. Importantly, there is an asymme-
try between the hole and particle band eigenstates on the
kagome lattice. Each saddle point receives the contribu-
tions from two sublattice sites on the hole band, while the



remaining sublattice site is involved singly on the particle
band [51]. The real-space pattern can indicate the resid-
ual symmetries under the charge density waves, which
serves as an important complement to the determination
of band properties.

We now examine whether the nontrivial band topology
occurs in the potential ground states, thereby uncovering
the phase diagram of 3Q) complex charge density waves.

A. Trivial insulator from real order

When the orders at all three momenta are real
[Fig. 6(a)], the system preserves both the time-reversal
and Cg rotation symmetries. This can be observed from
the real-space patterns of density modulations, where a
density order (3,—1,—1,—1) is present in the 2 x 2 en-
larged unit cell. For the triangular lattice, the s- and
dr-wave orders manifest the site and bond density mod-
ulations, respectively [28]. The realistic orders may be
closer to the combined (s + dg)-wave order, where the
pairings between the saddle points (1#;1/%) lead to the
equally mixed site and bond density modulations. Ac-
cording to the secondary cubic anisotropy in the free en-
ergy, a secondary imbalance between these two orders
is energetically favored. For the honeycomb lattice and
the hole band on the kagome lattice, the (s 4+ dg)-wave
order also shows an equally mixed site and bond den-
sity modulations from the pairings between the saddle
points (¢143). Under the imbalance between the s- and

dr-wave orders, the finite condensates (1f0)*) lead to
secondary modulations. Similar results are observed on
the particle band on the kagome lattice. However, the
site density modulation is absent, which results from the
single-sublattice-site structure of band eigenstate at the
saddle points. Note that the bond density modulation
shows the ‘inverse star-of-David’ pattern.

With both time-reversal and Cg rotation symmetries,
the topological quadratic band crossing remains stable
at the zone center I'.  However, the degenerate triplet
is splitted into a singlet and a degenerate doublet, where
the later hosts the protected quadratic band crossing [28].
Whether the doublet sits at the Fermi level determines
the gap opening. We find that the energetically favored
ground states are those with the Fermi level lying be-
tween the doublet and the singlet. The gap is opened
in the whole reduced Brillouin zone, leading to a triv-
ial insulator with zero Chern number C' = 0. Note that
the results are consistent with the maximization of or-
dering energy, which is equivalent to the maximization
of gap structure. For the hole bands, the fully gapped
states are the energetically favored ground states under
the total phase condition ¢ + ¢ + ¢3 = (2n + 1)7, such
as (0,0,7) and (m, 7, 7). Meanwhile, the energetically
unfavored states with ¢1 + ¢2 + ¢3 = 2nm, including
(0,0,0) and (0,7, ), exhibit a Fermi-level cut across the
quadratic band crossing. The gap structure and ener-
getic hierarchy are interchanged on the particle bands.

The later states become fully gapped and energetically
favored, while the former states are gapless and energet-
ically unfavored.

B. Chern insulator from imaginary order

For the charge density waves with imaginary orders
at all three momenta (+m/2,+7/2,+7/2) [Fig. 6(b)],
the staggered/loop currents are induced on the lattice.
These currents are related to the intrinsic staggered
fluxes in the triangles and hexagons, where a flux or-
der (3,—1,—1,—1) is manifest in the 2 x 2 enlarged
unit cell [28, 29]. While the Cg rotation symmetry is
preserved, the time-reversal symmetry is broken sponta-
neously. This indicates the gap of topological quadratic
band crossing at the zone center I'. The Fermi surface
is fully-gapped under the 3Q) order, where the bands in-
herit the nontrivial £27 phase winding of the quadratic
band crossing. The ground state thus manifests a Chern
insulator with nonzero Chern number C' = +1 [28, 29].

To acquire more information of how the Chern insula-
tor forms, we investigate how the gap structure evolves
under the development of each order (Fig. 7) [29]. The
breakdown of symmetries plays an important role in this
procedure. When the order develops at a single momen-
tum Q, and breaks the Cg rotation symmetry, the 1Q
order gaps the topological quadratic band crossing at the
zone center I'. The Fermi surface exhibits a Dirac point
at M/, as well as a curved nodal line connecting the other
two M% These nodal structures inherit the 27 phase
winding of the quadratic band crossing. Time-reversal
symmetry is broken by the currents on the lattice. Never-
theless, effective time-reversal symmetries arise by com-
bining 1-site translations at ag-,. Each effective time-
reversal symmetry at agx, protects the band crossings
at two edge centers M; 8- As a second order occurs at a
momentum Qg., the effective time-reversal symmetry
at ayxq,p is still present. The 2¢) order gaps the nodal
line into a Dirac point at M/, leaving a pair of Dirac
points at My, 5 on the Fermi surface. The third order
at Qa3 gaps the pair of Dirac points by breaking the
effective time-reversal symmetry. Despite the restoration
of Cg rotation symmetry, the topological quadratic band
crossing at the zone center I' remains gapped. The 3Q)
order thus turns the system into a Chern insulator with
C = =£1 as in the Haldane model [52].

We note that the topological nature of the 3Q) imag-
inary order may be interpreted more naturally with an
alternative chiral flux order [Fig. 6(b)]. The physical or-
der in the imaginary order is the current order, which
is unique for each choice of 3Q order. According to the
pattern of current modulations, the flux order may be
assigned as an auxiliary order in the state. The stag-
gered flux orders are demanded in the 1Q) and 2Q) orders
due to the effective time-reversal symmetry. Meanwhile,
the absence of such a symmetry in the 3Q orders allows
more freedom in choosing the flux orders. Although the
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FIG. 6. The (a) trivial and (b) Chern insulator ground states from the 3Q real (0,0, ) [(0,0,0) for the particle band on the
kagome lattice] and imaginary (7/2,7/2,7/2) charge density waves, respectively. The first row illustrates the band gaps at the
Fermi level in the mean-field Hamiltonian, where the colorbar is the same as in Fig. 5(a). The second row presents the according
band structures. The rest rows illustrate the patterns on the triangular and honeycomb lattices, as well as the kagome lattice
at the (up) hole and (down) particle dopings. (a) For the trivial insulator, we present the (left) s- and (right) dr-wave real
orders on the triangular lattice, while the (s + dr)-wave order is presented on the honeycomb and kagome lattices. (b) For the
Chern insulator, we present the (left) staggered and (right) chiral flux orders. The site and bond densities are indicated by the
colors, where the positive and negative values correspond to red and blue, respectively. The triangle and hexagon densities are
summed over the surrounding sites and bonds and indicated by the center dots. The current strength is indicated by the arrow
size. The flux in each triangle or hexagon is summed over the surrounding bond currents and indicated by the background.

3@ imaginary orders inherit the staggered flux orders
(3,—1,—1,—1) from the 1Q orders, the chiral flux or-
ders with intrinsic dilute fluxes (1,0,0,0) may serve as
more natural choices. These orders manifest an intrinsic
flux in only one triangle or hexagon in each 2 x 2 en-

larged unit cell. A unit anomalous Hall conductivity is
induced accordingly, corresponding to the Chern number
C = £1. The chiral flux orders also indicate the possi-
bility of switching with external magnetic fields, which
reflects the chiral nature of the states.
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FIG. 7. The formation of Chern insulator can be understood
from a step-by-step construction of 3Q) imaginary order. The
energy gap at the Fermi level in the reduced Brillouin zone
and the real-space current pattern are illustrated in each step.
The colorbar for the energy gap is the same as in Fig. 5(a).
The side arrows in 1Q and 2@Q orders indicate the available 1-
site translations that support the effective time-reversal sym-
metries 7.

C. Semimetals in-between

We have identified the trivial and Chern insulators as
the ground states of real and imaginary orders. A nat-
ural expectation is that the gapless states should also
occur in the phase diagram, which serve as the criti-
cal states between the two gapped phases. Such gap-
less states may occur, for example, at (mm, +7/2, +m/2)
with m € Z [Fig. 8(a)]. The real-space pattern indicates
the presence of an effective time-reversal symmetry un-
der a 1-site translation at a,, similar to the 2Q) imaginary
orders (Fig. 7). This protects a pair of Dirac points at

540 and lead to a Dirac semimetal. The effective time-
reversal symmetry is broken away from this critical point
(mm + 0¢p, £7/2 — §¢, £7/2) with §¢ # 0. Remarkably,
one of the Dirac points becomes gapped, leaving only
one Dirac point at the Fermi level [Fig. 8(b)]. This exotic
single-Dirac-point semimetal breaks the fermion doubling
theorem, similar to the two-dimensional surfaces of three-

dimensional topological insulators [53]. The possibility
of realizing a single Dirac point between the trivial and
Chern insulators has already been anticipated in the Hal-
dane model [52]. When an effective time-reversal sym-
metry occurs at 0¢p = +7/2, a new Dirac point appears
and leads to a new Dirac semimetal. These semimetallic
states constitute the gapless phase boundary between the
trivial and Chern insulators in the phase diagram.

D. Phase diagram

Having analyzed the ground state properties at specific
points, we now map out the phase diagram of the complex
charge density waves. We determine the phase diagram
under the total phase condition by computing the Chern
number (Fig. 1) [54]. When the real and imaginary orders
are balanced at 6z = 1, the ground states are the trivial
insulators from the 3Q real orders (mim, mom, mam) with
mi2,3 € Z. As the system becomes imbalanced with de-
creasing 6 < 1, the ground state remains in the trivial
insulator phase until reaching the phase boundary. In
the case where the real order is s-wave, the phase bound-
ary line at 0% = 1/4/3 is defined by the phase condition
¢o = £7m/2 for a single a. When the real order is dr-
wave, the phase boundary becomes slightly curved. The
Dirac semimetals develop at (mm, £7/2, +7/2), where an
effective time-reversal symmetry at a,, protects a pair of
Dirac points at M'ﬂ?ﬁ o The breakdown of this symmetry
leads to the single-Dirac-point semimetals along the rest
part of phase boundary. The further decrease of 6 gaps
the system into the Chern insulator with nonzeo Chern
number C' = £1. The minima 6% = 1/2 under the total
phase condition occur within the Chern insulator phases
at (mim £ /3, mom £ /3, mam £ w/3) with m1 23 € Z.
As i decreases further toward 65 = 0, the ground state
remains in the Chern insulator phase and evolves contin-
uously to the 3Q imaginary orders (+m/2, £7/2, £7/2).

The 3@ complex charge density waves constitute a
phase diagram reminiscent of the one in the Haldane
model [52, 53, 55]. A major difference lies in the man-
ifestations of symmetries. In the Haldane model, the
pair of Dirac points at +K are connected and protected
by the inversion and time-reversal symmetries. When
these symmetries are broken, the gaps of Dirac points
lead to the trivial and Chern insulators. In the 3Q) com-
plex charge density waves, the pair of Dirac points at
M/’Bia are protected by the symmetries of inversion and
effective time reversal at a,. However, the inversion sym-
metry now connects the equivalent points +M/, and per-
sists under the 3@ complex orders. The gaps of Dirac
points are controlled only by the effective time-reversal
symmetry breaking. Nevertheless, the resulting gapped
states still manifest both the trivial and Chern insulators.
Such a Haldane-model phase diagram may offer useful in-
formation to the experimentally observed charge orders
on the hexagonal lattices.
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FIG. 8. The semimetallic ground states of 3Q) complex charge density waves. (a) Dirac semimetal from the complex orders at
(0,7/2,m/2) and (w,7/2,7/2) on the hole and particle bands, respectively. (b) Single-Dirac-point semimetal from the complex
order. When the real order is s-wave, we choose (7[20/180], 7[70/180], 7[90/180]) and (7[200/180], w[70/180],7[90/180]) on the
hole and particle bands, respectively. In the case where the real order is dg-wave, we choose (7|20 — ¢§/180], w[70/180], w[90 +
4/180]) with 6 = 3.766 on the triangular lattice. The patterns on the hole bands of the other lattices are also shown at this
point, although the gapless points § are slightly different on different lattices. Similar setup is chosen for the particle band on
the kagome lattice with 6 = 8.6241. The layout of the figures are the same as in Fig. 6(a).

V. TOPOLOGICAL CHARGE DENSITY WAVES
IN KAGOME METALS

Recent experiments on the kagome metals AV3Sbs
with A = K, Rb, Cs have uncovered the relevance of topo-
logical charge density waves on the V kagome lattices
[33-43]. These states develop at 80-110 K far above the
superconductivity at 0.9-2.7 K, with the charge modula-

tions occurring at the three nesting momenta Q.. The
observed giant anomalous Hall effect suggests that the
charge density waves may break the time-reversal sym-
metry spontaneously and become topological [34, 38].
Given the proximity of Fermi surface to the Van Hove
singularity and the commensurate momenta, we propose
that the topological charge density waves are realized by
the 3Q) complex orders in our theoretical model.



The Fermi surface of AV3Sbs lies on the particle
bands on the V kagome lattices. With the total phase
condition demanded, the complex orders at the three
momenta carry unequal phases generally. This sug-
gests the general breakdown of rotation symmetry in
the 3Q) complex charge density waves in AV3Sbs. An
experiment on KV3Sbs uncovers the charge modula-
tions with the ratios of strengths ~ (3.1,0,9,3.8) at the
three momenta, which is reversed under opposite exter-
nal magnetic field [37]. Choosing the complex phases
(w[56/180], w[252/180], w[52/180]) for the 3Q order, we
obtain the magnitudes of real orders at the three mo-
menta (cos? ¢y, cos? ¢a,cos? ¢p3) = (0.313,0.095,0.379).
This result is extremely close to the experimentally
observed ratios. Furthermore, the real-space star-of-
David pattern leads to a hexagon density modulation
which matches the measured results in the experiment
[Fig. 9(a)]. Importantly, the state lies in the Chern in-
sulator phase of the 3Q complex charge density waves.
This explains naturally how the giant anomalous Hall ef-
fects occur in the experimental measurements [34, 38].
Note that the gap structure may be affected by the de-
viations from the ideal Van Hove Fermiology. For ex-
ample, residual Fermi surfaces may appear around the
valleys M/, under finite doping or nonperfect nesting. In
the multiband structure of AV3Sbs, the normal bands
immune to charge density waves may also contribute to
the residual Fermi surfaces. These effects may explain
the (nearly) gapless signals in the momentum-dependent
gaps, as well as the nonquantized parts in the measured
anomalous Hall effects.

In addition to the 3Q) charge density waves at M, re-
cent experiments on CsV3Sbs also observe a 1Q) charge
density wave at a half momentum MY and a rotation
symmetry breaking along the same direction [39, 42].

(a) (b)
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FIG. 9. The proposed interpretation to the experi-

mental results in the kagome metals AV3Sbs. (a) The
real-space pattern of 3() complex charge density wave at
(w[56,/180], w[252/180], w[52/180]). The bond density mod-
ulation shows a star-of-David pattern, and the according
hexagon density pattern may be matched with the experimen-
tal result of KV3Sbs [37]. (b) The band structure of complex
charge density wave at (7[60/180],7[231/180],w[69/180]),
which is assigned based on the experimental result of CsV3Sbs
[39]. We observe the hierarchy of anisotropic valley gaps
AEM/S < AsM/l < AEMIZ with similar differences AEMII —
ASMé Z AfMé — ASMll
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Here we propose an explanation also based on the the-
oretical model of 3@ complex charge density waves.
Adopting the experimental ratios of strengths in the
charge modulations ~ (2,3,1) [39], we assign the com-
plex phases (7[60/180], w[231/180], 7[69/180]) to the 3Q
order. Three valleys with anisotropic gaps Aepp, <
Aenyp < Aenp, are observed near the Fermi level
[Fig. 9(b)], where residual Fermi surfaces may appear un-
der finite doping or nonperfect nesting. The low-energy
valleys may support secondary orders at low tempera-
tures. If a secondary nematic order forms at the minimal-
gap valley Mj, rotation symmetry breaking occurs along
this direction. An intervalley charge density wave may
develop between the rest two valleys M , and manifest
a 1@ density modulation at the momentum M}. These
valleys may also support the pair density waves at the
three 3M,, /4, which were recently proposed based on the
experiments [42]. While we have chosen the state in the
Chern insulator phase, the actual phases in the experi-
ments can be examined by the measurement of anoma-
lous Hall effect.

VI. DISCUSSION

We have studied the interplay of real and imaginary
charge density waves at the Van Hove singularity on
the hexagonal lattices. The 3@ complex orders consti-
tute a rich Haldane-model phase diagram under a total
phase condition, where rotation symmetry breaking oc-
curs generally. When effective time-reversal symmetries
arise under 1-site translations, the Dirac semimetals are
protected. The breakdown of these symmetries gaps the
Dirac points and leads to the trivial and Chern insula-
tor phases. The exotic single-Dirac-point semimetals also
appear along the gapless phase boundary. The theoret-
ical model offers transparent interpretations to the ex-
perimentally observed topological charge density waves
in the kagome metals AV3Sbs with A = K,Rb, Cs, as
well as the lower-temperature symmetry-breaking phe-
nomena. Future experimental results may also find useful
hints from the theoretical model in our analysis. Feasi-
ble experimental probes of complex charge density waves
include the real-space microscopy and transport measure-
ment. In addition to the solid-state materials, the ultra-
cold atomic systems have also served as fertile grounds
for the topological phases [55]. The realization of tun-
able 3@ complex charge density waves may serve as an
exciting direction for experimental investigations.

Our analysis has focused on the irreducible pairing
channels under the symmetries, while strong deviations
may occur away from the Fermi surface. We have ad-
dressed this issue briefly and obtained the qualitative re-
sults by considering the mixing between different real or-
ders. Meanwhile, the finite doping or nonperfect nesting
may also alter the gap structures. Further analysis in
the practical systems can offer more precise predictions
in the gap structures and real-space patterns, which is



an interesting topic for future work. On the other hand,
later analysis uncovers the possible occurrence of higher-
order topological insulators in the 3Q) charge bond or-
ders [56]. Inspecting such unconventional state in the
Haldane-model phase diagram is an interesting topic for
future work.

Our work presents a complete framework of charge
density waves at the M-point Van Hove singularity on
the hexagonal lattices. ~While the model have pre-
sented transparent interpretations to the kagome metals
AV3Sbs, the application to the other hexagonal lattice
materials, such as the moiré systems [29], may also un-
cover intriguing phenomena. Note that the charge den-
sity waves may become incommensurate when the saddle
points are shifted away from the M points. The deforma-
tion of bands under such deviation may lead to nonper-
fect nesting and according residual Fermi surfaces. Mean-
while, the two decoupled channels both become complex
[29], where the sliding phases may contribute to addi-
tional transport signals. The investigations along this
direction may serve as an important topic for future work.

Our work also serves as a paradigmatic example of how
the real and imaginary orders may interplay generally.
The analysis herein may be generalized to the study of
the other channels. The spin density waves at the Van
Hove singularity on the hexagonal lattices may serve as
an interesting example [30]. While the real orders realize
the chiral noncoplanar Chern insulator [8] and uniaxial
half-metal [3], the imaginary order may support a quan-
tum spin Hall insulator [30]. The interplay between these
topological states can lead to an unconventional phase di-
agram of complex spin density waves. Such an analysis
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also presents an interesting topic for future work.

Note added. Recently, we learned about the indepen-
dent mean-field studies on the charge density waves in
the kagome metals AV3Sbs. A manuscript evaluated the
mean-field ground state energies of various density, bond,
and flux orders with mixed real and imaginary orders
[57]. Our analysis treats the real and imaginary orders
as decoupled channels properly, thereby providing a more
complete investigation of the interplay between these two
orders. The actual energetically favored ground states
are determined accordingly. Another manuscript con-
ducted a Ginzburg-Landau analysis for another type of
complex charge density wave [58]. The real and imagi-
nary orders therein differ from the M-point irreducible
pairing channels discussed in our analysis. Meanwhile,
our work presents a detailed analysis of the phase dia-
gram and according ground states. A matching to the
experimental results is further presented in our work.

ACKNOWLEDGMENTS

This research was sponsored by the Army Research
Office and was accomplished under Grant No. W911NF-
17-1-0482. The views and conclusions contained in this
document are those of the authors and should not be
interpreted as representing the official policies, either ex-
pressed or implied, of the Army Research Office or the
U.S. Government. The U.S. Government is authorized
to reproduce and distribute reprints for Government pur-
poses notwithstanding any copyright notation herein.

[1] J. Gonzdlez, “Kohn-luttinger superconductivity in
graphene,” Phys. Rev. B 78, 205431 (2008).

[2] R. Nandkishore, L. S. Levitov, and A. V. Chubukov,
“Chiral superconductivity from repulsive interactions in
doped graphene,” Nat. Phys. 8, 158 (2012).

[3] R. Nandkishore, G.-W. Chern, and A. V. Chubukov,
“Itinerant half-metal spin-density-wave state on the
hexagonal lattice,” Phys. Rev. Lett. 108, 227204 (2012).

[4] W.-S. Wang, Y.-Y. Xiang, Q.-H. Wang, F. Wang,
F. Yang, and D.-H. Lee, “Functional renormalization
group and variational monte carlo studies of the elec-
tronic instabilities in graphene near % doping,” Phys.
Rev. B 85, 035414 (2012).

[5] M. L. Kiesel, C. Platt, W. Hanke, D. A. Abanin, and
R. Thomale, “Competing many-body instabilities and
unconventional superconductivity in graphene,” Phys.
Rev. B 86, 020507 (2012).

[6] S. Jiang, A. Mesaros, and Y. Ran, “Chiral spin-density
wave, spin-charge-chern liquid, and d + id superconduc-
tivity in 1/4-doped correlated electronic systems on the
honeycomb lattice,” Phys. Rev. X 4, 031040 (2014).

[7] R. Nandkishore, R. Thomale, and A. V. Chubukov, “Su-
perconductivity from weak repulsion in hexagonal lattice
systems,” Phys. Rev. B 89, 144501 (2014).

[8] I. Martin and C. D. Batista, “Itinerant electron-driven
chiral magnetic ordering and spontaneous quantum hall
effect in triangular lattice models,” Phys. Rev. Lett. 101,
156402 (2008).

[9] Y. Akagi and Y. Motome, “Spin chirality ordering and
anomalous hall effect in the ferromagnetic kondo lattice
model on a triangular lattice,” J. Phys. Soc. Jpn. 79,
083711 (2010).

[10] Y. Akagi, M. Udagawa, and Y. Motome, “Hidden
multiple-spin interactions as an origin of spin scalar chi-
ral order in frustrated kondo lattice models,” Phys. Rev.
Lett. 108, 096401 (2012).

[11] O. Tieleman, O. Dutta, M. Lewenstein, and A. Eckardst,
“Spontaneous time-reversal symmetry breaking for spin-
less fermions on a triangular lattice,” Phys. Rev. Lett.
110, 096405 (2013).

[12] A. V. Maharaj, R. Thomale, and S. Raghu, “Particle-
hole condensates of higher angular momentum in hexag-
onal systems,” Phys. Rev. B 88, 205121 (2013).

[13] S.-L. Yu and J.-X. Li, “Chiral superconducting phase and
chiral spin-density-wave phase in a hubbard model on the
kagome lattice,” Phys. Rev. B 85, 144402 (2012).

[14] M. L. Kiesel, C. Platt, and R. Thomale, “Unconventional
fermi surface instabilities in the kagome hubbard model,”


http://dx.doi.org/ 10.1103/PhysRevB.78.205431
http://dx.doi.org/10.1038/nphys2208
http://dx.doi.org/10.1103/PhysRevLett.108.227204
http://dx.doi.org/10.1103/PhysRevB.85.035414
http://dx.doi.org/10.1103/PhysRevB.85.035414
http://dx.doi.org/ 10.1103/PhysRevB.86.020507
http://dx.doi.org/ 10.1103/PhysRevB.86.020507
http://dx.doi.org/ 10.1103/PhysRevX.4.031040
http://dx.doi.org/10.1103/PhysRevB.89.144501
http://dx.doi.org/ 10.1103/PhysRevLett.101.156402
http://dx.doi.org/ 10.1103/PhysRevLett.101.156402
http://dx.doi.org/10.1143/JPSJ.79.083711
http://dx.doi.org/10.1143/JPSJ.79.083711
http://dx.doi.org/10.1103/PhysRevLett.108.096401
http://dx.doi.org/10.1103/PhysRevLett.108.096401
http://dx.doi.org/ 10.1103/PhysRevLett.110.096405
http://dx.doi.org/ 10.1103/PhysRevLett.110.096405
http://dx.doi.org/ 10.1103/PhysRevB.88.205121
http://dx.doi.org/10.1103/PhysRevB.85.144402

Phys. Rev. Lett. 110, 126405 (2013).

[15] W.-S. Wang, Z.-Z. Li, Y.-Y. Xiang, and Q.-H. Wang,
“Competing electronic orders on kagome lattices at van
hove filling,” Phys. Rev. B 87, 115135 (2013).

[16] L. Van Hove, “The occurrence of singularities in the elas-
tic frequency distribution of a crystal,” Phys. Rev. 89,
1189 (1953).

[17] W. L. McMillan, “Landau theory of charge-density waves
in transition-metal dichalcogenides,” Phys. Rev. B 12,
1187 (1975).

[18] J. Ishioka, Y. H. Liu, K. Shimatake, T. Kurosawa,
K. Ichimura, Y. Toda, M. Oda, and S. Tanda, “Chi-
ral charge-density waves,” Phys. Rev. Lett. 105, 176401
(2010).

[19] J. van Wezel, “Chirality and orbital order in charge den-
sity waves,” EPL (Europhys. Lett.) 96, 67011 (2011).

[20] J. L. McChesney, A. Bostwick, T. Ohta, T. Seyller,
K. Horn, J. Gonzélez, and E. Rotenberg, “Extended
van hove singularity and superconducting instability in
doped graphene,” Phys. Rev. Lett. 104, 136803 (2010).

[21] N. F. Q. Yuan, H. Isobe, and L. Fu, “Magic of high-order
van hove singularity,” Nat. Commun. 10, 5769 (2019).

[22] J. Gonzélez, “Magnetic and kohn-luttinger instabilities
near a van hove singularity: Monolayer versus twisted
bilayer graphene,” Phys. Rev. B 88, 125434 (2013).

[23] L. Classen, A. V. Chubukov, C. Honerkamp, and M. M.
Scherer, “Competing orders at higher-order van hove
points,” Phys. Rev. B 102, 125141 (2020).

[24] Y.-P. Lin and R. M. Nandkishore, “Parquet renormal-
ization group analysis of weak-coupling instabilities with
multiple high-order van hove points inside the brillouin
zone,” Phys. Rev. B 102, 245122 (2020).

[25] I. Affleck and J. B. Marston, “Large-n limit of the
heisenberg-hubbard model: Implications for high-T. su-
perconductors,” Phys. Rev. B 37, 3774 (1988).

[26] C. Nayak, “Density-wave states of nonzero angular mo-
mentum,” Phys. Rev. B 62, 4880 (2000).

[27] S. Chakravarty, R. B. Laughlin, D. K. Morr, and
C. Nayak, “Hidden order in the cuprates,” Phys. Rev.
B 63, 094503 (2001).

[28] J. W. F. Venderbos, “Symmetry analysis of translational
symmetry broken density waves: Application to hexago-
nal lattices in two dimensions,” Phys. Rev. B 93, 115107
(2016).

[29] Y.-P. Lin and R. M. Nandkishore, “Chiral twist on the
high-T¢ phase diagram in moiré heterostructures,” Phys.
Rev. B 100, 085136 (2019).

[30] J. W. F. Venderbos, “Multi-¢ hexagonal spin density
waves and dynamically generated spin-orbit coupling:
Time-reversal invariant analog of the chiral spin density
wave,” Phys. Rev. B 93, 115108 (2016).

[31] L. Classen, C. Honerkamp, and M. M. Scherer, “Com-
peting phases of interacting electrons on triangular lat-
tices in moiré heterostructures,” Phys. Rev. B 99, 195120
(2019).

[32] X.-Y. Song, A. Vishwanath, and Y.-H. Zhang, “Dop-
ing the chiral spin liquid — topological superconductor or
chiral metal?” arXiv e-prints , arXiv:2011.10044 (2020),
arXiv:2011.10044 [cond-mat.str-el].

[33] B. R. Ortiz, L. C. Gomes, J. R. Morey, M. Winiarski,

M. Bordelon, J. S. Mangum, I. W. H. Oswald,
J. A. Rodriguez-Rivera, J. R. Neilson, S. D. Wil-
son, E. Ertekin, T. M. McQueen, and E. S. To-

berer, “New kagome prototype materials: discovery of

(34]

(35]

(36]

37]

(38]

(39]

(40]

(41]

42]

(43]

13

kvssbs, rbvssbs, and csvssbs,” Phys. Rev. Materials 3,
094407 (2019).

S.-Y. Yang, Y. Wang, B. R. Ortiz, D. Liu, J. Gayles,
E. Derunova, R. Gonzalez-Hernandez, L. Smejkal,
Y. Chen, S. S. P. Parkin, S. D. Wilson, E. S. Toberer,
T. McQueen, and M. N. Ali, “Giant, unconventional
anomalous hall effect in the metallic frustrated mag-
net candidate, kv3sb5,” Sci. Adv. 6 (2020), 10.1126/sci-
adv.abb6003.

B. R. Ortiz, S. M. L. Teicher, Y. Hu, J. L. Zuo, P. M.
Sarte, E. C. Schueller, A. M. M. Abeykoon, M. J.
Krogstad, S. Rosenkranz, R. Osborn, R. Seshadri, L. Ba-
lents, J. He, and S. D. Wilson, “Csvssbs: A z2 topologi-
cal kagome metal with a superconducting ground state,”
Phys. Rev. Lett. 125, 247002 (2020).

E. M. Kenney, B. R. Ortiz, C. Wang, S. D. Wilson, and
M. Graf, “Absence of local moments in the kagome metal
kv3sbb as determined by muon spin spectroscopy,” J.
Phys.: Condens. Matter (2021).

Y.-X. Jiang, J.-X. Yin, M. M. Denner, N. Shumiya,
B. R. Ortiz, J. He, X. Liu, S. S. Zhang, G. Chang,
I. Belopolski, Q. Zhang, M. Shafayat Hossain, T. A.
Cochran, D. Multer, M. Litskevich, Z.-J. Cheng, X. P.
Yang, Z. Guguchia, G. Xu, Z. Wang, T. Neupert, S. D.
Wilson, and M. Zahid Hasan, “Discovery of topological
charge order in kagome superconductor KV3Sb5,” arXiv
e-prints , arXiv:2012.15709 (2020), arXiv:2012.15709
[cond-mat.supr-con].

F. H. Yu, T. Wu, Z. Y. Wang, B. Lei, W. Z. Zhuo, J. J.
Ying, and X. H. Chen, “Concurrence of anomalous Hall
effect and charge density wave in a superconducting topo-
logical kagome metal,” arXiv e-prints , arXiv:2102.10987
(2021), arXiv:2102.10987 [cond-mat.str-el].

H. Zhao, H. Li, B. R. Ortiz, S. M. L. Teicher,
T. Park, M. Ye, Z. Wang, L. Balents, S. D. Wil-
son, and I. Zeljkovic, “Cascade of correlated electron
states in a kagome superconductor CsV3Sb5,” arXiv
e-prints , arXiv:2103.03118 (2021), arXiv:2103.03118
[cond-mat.supr-con].

Z. Liang, X. Hou, W. Ma, F. Zhang, P. Wu, Z. Zhang,
F. Yu, J. J. Ying, K. Jiang, L. Shan, Z. Wang, and
X. H. Chen, “Three-dimensional charge density wave
and robust zero-bias conductance peak inside the su-
perconducting vortex core of a kagome superconduc-
tor CsV3Sbs,” arXiv e-prints , arXiv:2103.04760 (2021),
arXiv:2103.04760 [cond-mat.supr-con].

E. Uykur, B. R. Ortiz, S. D. Wilson, M. Dressel,
and A. A. Tsirlin, “Optical detection of charge-density-
wave instability in the non-magnetic kagome metal
KV3Sbs,” arXiv e-prints , arXiv:2103.07912 (2021),
arXiv:2103.07912 [cond-mat.str-el].

H. Chen, H. Yang, B. Hu, Z. Zhao, J. Yuan, Y. Xing,
G. Qian, Z. Huang, G. Li, Y. Ye, Q. Yin, C. Gong,
Z. Tu, H. Lei, S. Ma, H. Zhang, S. Ni, H. Tan, C. Shen,
X. Dong, B. Yan, Z. Wang, and H.-J. Gao, “Roton
pair density wave and unconventional strong-coupling su-
perconductivity in a topological kagome metal,” arXiv
e-prints , arXiv:2103.09188 (2021), arXiv:2103.09188
[cond-mat.supr-con].

H. X. Li, T. T. Zhang, Y. Y. Pai, C. Marvinney, A. Said,
T. Yilmaz, Q. Yin, C. Gong, Z. Tu, E. Vescovo, R. G.
Moore, S. Murakami, H. C. Lei, H. N. Lee, B. Lawrie,
and H. Miao, “Observation of Unconventional Charge
Density Wave without Acoustic Phonon Anomaly in


http://dx.doi.org/ 10.1103/PhysRevLett.110.126405
http://dx.doi.org/10.1103/PhysRevB.87.115135
http://dx.doi.org/10.1103/PhysRev.89.1189
http://dx.doi.org/10.1103/PhysRev.89.1189
http://dx.doi.org/10.1103/PhysRevB.12.1187
http://dx.doi.org/10.1103/PhysRevB.12.1187
http://dx.doi.org/ 10.1103/PhysRevLett.105.176401
http://dx.doi.org/ 10.1103/PhysRevLett.105.176401
http://dx.doi.org/ 10.1209/0295-5075/96/67011
http://dx.doi.org/10.1103/PhysRevLett.104.136803
http://dx.doi.org/10.1038/s41467-019-13670-9
http://dx.doi.org/10.1103/PhysRevB.88.125434
http://dx.doi.org/ 10.1103/PhysRevB.102.125141
http://dx.doi.org/ 10.1103/PhysRevB.102.245122
http://dx.doi.org/10.1103/PhysRevB.37.3774
http://dx.doi.org/ 10.1103/PhysRevB.62.4880
http://dx.doi.org/10.1103/PhysRevB.63.094503
http://dx.doi.org/10.1103/PhysRevB.63.094503
http://dx.doi.org/ 10.1103/PhysRevB.93.115107
http://dx.doi.org/ 10.1103/PhysRevB.93.115107
http://dx.doi.org/10.1103/PhysRevB.100.085136
http://dx.doi.org/10.1103/PhysRevB.100.085136
http://dx.doi.org/10.1103/PhysRevB.93.115108
http://dx.doi.org/10.1103/PhysRevB.99.195120
http://dx.doi.org/10.1103/PhysRevB.99.195120
http://arxiv.org/abs/2011.10044
http://dx.doi.org/ 10.1103/PhysRevMaterials.3.094407
http://dx.doi.org/ 10.1103/PhysRevMaterials.3.094407
http://dx.doi.org/10.1126/sciadv.abb6003
http://dx.doi.org/10.1126/sciadv.abb6003
http://dx.doi.org/10.1103/PhysRevLett.125.247002
http://iopscience.iop.org/article/10.1088/1361-648X/abe8f9
http://iopscience.iop.org/article/10.1088/1361-648X/abe8f9
http://arxiv.org/abs/2012.15709
http://arxiv.org/abs/2012.15709
http://arxiv.org/abs/2102.10987
http://arxiv.org/abs/2103.03118
http://arxiv.org/abs/2103.03118
http://arxiv.org/abs/2103.04760
http://arxiv.org/abs/2103.07912
http://arxiv.org/abs/2103.09188
http://arxiv.org/abs/2103.09188

Kagome Superconductors AV3Sb5 (A=Rb,Cs),” arXiv
e-prints , arXiv:2103.09769 (2021), arXiv:2103.09769
[cond-mat.supr-con].

[44] B. R. Ortiz, P. M. Sarte, E. M. Kenney, M. J. Graf,
S. M. L. Teicher, R. Seshadri, and S. D. Wilson, “Su-
perconductivity in the za kagome metal kvssbs,” Phys.
Rev. Materials 5, 034801 (2021).

[45] C. C. Zhao, L. S. Wang, W. Xia, Q. W. Yin, J. M.
Ni, Y. Y. Huang, C. P. Tu, Z. C. Tao, Z. J. Tu,
C. S. Gong, H. C. Lei, Y. F. Guo, X. F. Yang, and
S. Y. Li, “Nodal superconductivity and superconducting
domes in the topological Kagome metal CsV3Sb5,” arXiv
e-prints , arXiv:2102.08356 (2021), arXiv:2102.08356
[cond-mat.supr-con].

[46] K. Y. Chen, N. N. Wang, Q. W. Yin, Z. J. Tu, C. S.
Gong, J. P. Sun, H. C. Lei, Y. Uwatoko, and J. G.
Cheng, “Double superconducting dome and triple en-
hancement of Tc in the kagome superconductor CsV3Sb5s
under high pressure,” arXiv e-prints , arXiv:2102.09328
(2021), arXiv:2102.09328 [cond-mat.supr-con].

[47] W. Duan, Z. Nie, S. Luo, F. Yu, B. R. Ortiz, L. Yin,
H. Su, F. Du, A. Wang, Y. Chen, X. Lu, J. Ying, S. D.
Wilson, X. Chen, Y. Song, and H. Yuan, “Nodeless su-
perconductivity in the kagome metal CsV3Sbs,” arXiv
e-prints , arXiv:2103.11796 (2021), arXiv:2103.11796
[cond-mat.supr-con].

[48] Z. Zhang, Z. Chen, Y. Zhou, Y. Yuan, S. Wang,
L. Zhang, X. Zhu, Y. Zhou, X. Chen, J. Zhou, and
Z. Yang, “Pressure-induced Reemergence of Supercon-
ductivity in Topological Kagome Metal CsV3Sbb,” arXiv
e-prints , arXiv:2103.12507 (2021), arXiv:2103.12507
[cond-mat.supr-con].

[49] K. Sun, H. Yao, E. Fradkin, and S. A. Kivelson, “Topo-
logical insulators and nematic phases from spontaneous
symmetry breaking in 2d fermi systems with a quadratic
band crossing,” Phys. Rev. Lett. 103, 046811 (2009).

[50] G.-W. Chern and C. D. Batista, “Spontaneous quantum
hall effect via a thermally induced quadratic fermi point,”
Phys. Rev. Lett. 109, 156801 (2012).

[61] M. L. Kiesel and R. Thomale, “Sublattice interference in
the kagome hubbard model,” Phys. Rev. B 86, 121105
(2012).

[52] F. D. M. Haldane, “Model for a quantum hall effect with-
out landau levels: Condensed-matter realization of the
”parity anomaly”,” Phys. Rev. Lett. 61, 2015 (1988).

[63] M. Z. Hasan and C. L. Kane, “Colloquium: Topological
insulators,” Rev. Mod. Phys. 82, 3045 (2010).

[54] T. Fukui, Y. Hatsugai, and H. Suzuki, “Chern numbers
in discretized brillouin zone: Efficient method of com-
puting (spin) hall conductances,” J. Phys. Soc. Jpn. 74,
1674 (2005).

[55] N. R. Cooper, J. Dalibard, and I. B. Spielman, “Topo-
logical bands for ultracold atoms,” Rev. Mod. Phys. 91,
015005 (2019).

[56] Y.-P. Lin, “Higher-order topological insulators from
3@ charge bond orders on hexagonal lattices: A hint
to kagome metals,” arXiv e-prints , arXiv:2106.09717
(2021), arXiv:2106.09717 [cond-mat.str-el].

[67] X. Feng, K. Jiang, Z. Wang, and J. Hu, “Chiral flux
phase in the Kagome superconductor AV3Sbs,” arXiv
e-prints , arXiv:2103.07097 (2021), arXiv:2103.07097
[cond-mat.supr-con].

[68] M. M. Denner, R. Thomale, and T. Neupert, “Anal-
ysis of charge order in the kagome metal AV3Sbs

14

(A =K,Rb,Cs),” arXiv e-prints , arXiv:2103.14045
(2021), arXiv:2103.14045 [cond-mat.str-el].


http://arxiv.org/abs/2103.09769
http://arxiv.org/abs/2103.09769
http://dx.doi.org/ 10.1103/PhysRevMaterials.5.034801
http://dx.doi.org/ 10.1103/PhysRevMaterials.5.034801
http://arxiv.org/abs/2102.08356
http://arxiv.org/abs/2102.08356
http://arxiv.org/abs/2102.09328
http://arxiv.org/abs/2103.11796
http://arxiv.org/abs/2103.11796
http://arxiv.org/abs/2103.12507
http://arxiv.org/abs/2103.12507
http://dx.doi.org/10.1103/PhysRevLett.103.046811
http://dx.doi.org/10.1103/PhysRevLett.109.156801
http://dx.doi.org/ 10.1103/PhysRevB.86.121105
http://dx.doi.org/ 10.1103/PhysRevB.86.121105
http://dx.doi.org/ 10.1103/PhysRevLett.61.2015
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1143/JPSJ.74.1674
http://dx.doi.org/10.1143/JPSJ.74.1674
http://dx.doi.org/10.1103/RevModPhys.91.015005
http://dx.doi.org/10.1103/RevModPhys.91.015005
http://arxiv.org/abs/2106.09717
http://arxiv.org/abs/2103.07097
http://arxiv.org/abs/2103.07097
http://arxiv.org/abs/2103.14045

	Complex charge density waves at Van Hove singularity on hexagonal lattices: Haldane-model phase diagram and potential realization in kagome metals AV3Sb5
	Abstract
	Introduction
	Van Hove Fermiology on hexagonal lattices
	Phenomenology of complex charge density waves
	Irreducible pairing channels
	Ginzburg-Landau free energy
	Energetically favored ground states

	Ground state phase diagram
	Trivial insulator from real order
	Chern insulator from imaginary order
	Semimetals in-between
	Phase diagram

	Topological charge density waves in kagome metals
	Discussion
	Acknowledgments
	References


