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Recently, topological phases in non-Hermitian systems have attracted much attention because non-

Hermiticity sometimes gives rise to unique phases with no Hermitian counterparts. Non-Hermitian Bloch

Hamiltonians can always be mapped to doubled Hermitianized Hamiltonians with chiral symmetry, which en-

able us to utilize the existing framework for Hermitian systems to classify non-Hermitian topological phases.

While this strategy succeeded in the topological classification of non-Hermitian Bloch Hamiltonians in the

presence of internal symmetries, the generalization of symmetry indicators—a way to efficiently diagnose topo-

logical phases—to non-Hermitian systems is still elusive. In this work, we study a theory of symmetry indicators

for non-Hermitian systems. We define space group symmetries of non-Hermitian Bloch Hamiltonians as ones

of the doubled Hermitianized Hamiltonians. Consequently, symmetry indicator groups for chiral symmetric

Hermitian systems are equivalent to those for non-Hermitian systems. Based on this equivalence, we list sym-

metry indicator groups for non-Hermitian systems in the presence of space group symmetries. We also discuss

the physical implications of symmetry indicators for some symmetry classes. Furthermore, explicit formulas of

symmetry indicators for spinful electronic systems are included in appendices.

I. INTRODUCTION

In the last two decades, our understanding of the topo-

logical phases of matter has considerably progressed. In

particular, the understanding of the topological nature of

band theory of crystalline systems and the bulk-boundary

correspondence—connection between nontrivial topology in

bulk and surface states—has played an essential role in devel-

oping the study of topological phases1–3. Internal and crys-

talline symmetries such as time-reversal, particle-hole, and

magnetic space group symmetries impose restrictions on a

Bloch Hamiltonian and result in various topological invari-

ants in momentum space4–24. On the other hand, the nontriv-

iality of topological invariants in momentum space does not

necessarily imply nontrivial boundary states in real space. To

extract only nontrivial band insulators with boundary states,

trivial insulators, so-called atomic insulators consisting of lo-

calized orbitals that do not have any boundary state, should be

suitably subtracted. Based on this idea, a theory of symme-

try indicators has been developed in Ref. 25. This method is

formulated by subtracting atomic insulators from band struc-

tures satisfying all compatibility relations25–27. The theory of

symmetry indicators is a practical tool because it needs only

numbers of irreducible representations at high-symmetry mo-

menta that are easily computed. There exist various appli-

cations to materials searches28–32 and generalizations to su-

perconductors33–39. The strategy of subtracting atomic insu-

lators has also been applied to detection boundary states lo-

calized at spatial regions with codimension higher than one,

called higher-order topological insulators and superconduc-

tors18,23,24,40–48.

Recently, there has been much interest in the topological

nature of non-Hermitian systems49–62. By a formal equiv-

alence between single-particle quantum mechanics and the

classical wave equation, band theory in solid-state physics

is straightforwardly applied to classical systems with crys-

talline structures such as optics, photonics, electric circuits,

mechanical systems, etc (see Ref. 63 for a review). Al-

though symmetry and the band-gap in band theory are well

understood, we need to revisit the symmetry and gap con-

ditions in non-Hermitian systems. As for symmetry, inter-

nal symmetries, which do not change the spatial position,

are particularly significant because they bring basic building

blocks of topological phases to us. While internal symmetry

classes in Hermitian systems are classified into ten indepen-

dent classes (Altland-Zirnbauer classes64), there are 38 classes

(Bernard-LeClair classes65) in non-Hermitian systems due to

non-Hermiticity58. As for the gap condition, while we usu-

ally impose a finite energy gap at E = 0 on Hermitian sys-

tems, the line and point gap conditions are considered in non-

Hermitian systems. There are two types of line gaps, real and

imaginary line gaps, which are defined as the eigenvalues E
of the Hamiltonian satisfying |ReE| > 0 and |ImE| > 0,

respectively. When the Hamiltonian has a real (imaginary)

line gap, it can be continuously deformable into an (anti-

)Hermitian Hamiltonian, preserving internal symmetries and

the real (imaginary) line gap58,63. In this sense, topological

phases of non-Hermitian Hamiltonians with the real (imag-

inary) line gap condition are not essentially different from

those of Hermitian systems. On the other hand, the point gap

condition, which is defined as the Hamiltonian having no zero

eigenvalues |E| > 053, gives rise to a new topological phase

that did not exist in the Hermitian system and is now being

investigated for its properties. The non-Hermitian skin ef-

fect54,55 is a prototypical example of non-Hermite topological

phases66,67. A three-dimensional intrinsic non-Hermite topo-

logical phase is also known, which exhibits a chiral magnetic

effect68–71. Symmetry-protected non-Hermitian topological

phases are also becoming understood. A sort of time-reversal

symmetry (reciprocity) leads to Z2 non-Hermitian skin ef-

fects in one and two dimensions, where for two dimensions

the conventional non-Hermitian skin effect is absent67. We

note that intrinsic non-Hermitian topological phases, which

are defined as topological phases with the point-gap condi-

tion that can not be deformed into a line-gap topological phase

while keeping the point gap, were classified in Ref. 67. Non-

Hermitian analogs of higher-order topological insulators are

also discussed72,73.
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The purpose of this paper is to formulate a symmetry in-

dicator for non-Hermitian systems. Originally, the theory of

symmetry indicators for Hermitian systems has been formu-

lated by utilizing space group symmetries. However, since

non-Hermitian Bloch Hamiltonians do not necessarily de-

scribe crystalline electronic systems, we need to extend the

definition of space group symmetries themselves. There is

a canonical mapping between a non-Hermitian Hamiltonian

and an Hermitian Hamiltonian with chiral symmetry, which

is called a doubled Hermitianized Hamiltonian (see (16) be-

low)53. In this work, we define space group symmetries for

doubled Hermitianized Hamiltonians as symmetries of non-

Hermitian systems. This procedure corresponds to viewing a

Bloch HamiltonianHk as a map from a crystalline system HB

to another one HA, and independent space group symmetries

of respective systems HB and HA impose restrictions on the

Hamiltonian. As a result, we have symmetry constraints for

group element g of a space group such that

Ak

gHk =

{

HpgkB
k
g (cg = 1),

H†
pgk

Bk
g (cg = −1),

(1)

depending on a sign representation cg ∈ {±1} of space group

(See Sec. III for details). The sign cg = ±1 indicates the com-

mutation or anticommutation relation between the chiral oper-

ator and the space group symmetry operator, which is an input

data like the symmetry property of the gap function of a super-

conductor. Because of the mapping between non-Hermitian

Hamiltonians in a given symmetry setting and doubled Her-

mitianized Hamiltonians, symmetry indicator groups for chi-

ral symmetric Hermitian systems are equivalent to those for

non-Hermitian systems. In this paper, we present symme-

try indicator groups of chiral symmetric Hermitian systems

in all space groups taking into account all possible sets of cg ,

which have not been presented in the literature. The result

is summarized in Appendix A. We also discuss some exam-

ples of symmetry classes and discuss the relationship between

nontrivial symmetry indicators and the corresponding topo-

logical boundary modes. As shown in Sec. IV, we see that

nontrivial symmetry indicators do not always detect intrinsic

non-Hermitian topological phases such as non-Hermite skin

effects. We also list explicit formulas of symmetry indicators

for the factor system of spinful electrons in Appendix B.

In Hermitian systems, it is known that there exist bands that

cannot be deformed into atomic insulators while keeping the

gap in the entire Brillouin zone (BZ), but the same as atomic

insulators at all high-symmetry momenta. When a topologi-

cal band transition occurs at a generic momentum of which the

little group is trivial, then the topological invariants, like the

Chern number, can change nontrivially, resulting in bound-

ary gapless states, even if the symmetry indicator index is un-

changed. This is a common feature of the symmetry indicator,

and this is also true in non-Hermitian systems formulated in

this paper. Let us describe this point by using a simple one-

dimensional non-Hermitian example. Suppose an inversion-

like symmetry H(k)† = H(−k) is imposed on the non-

Hermitian Hamiltonian H(k). Under the point-gap condition

detH(k) 6= 0 for all k ∈ [0, 2π], one can define the winding

number W = 1
2πi

∫ 2π

0 d log detH(k) which takes a value in

integers. From the inversion-like symmetry, we have the Z2

indicator formula (−1)W = sign detH(π)/signdetH(0). It

should be noted that the Z2 indicator detects only the even and

odd parts of the winding numberW . In fact, when topological

band transitions occur at generic two inversion symmetric k-

points k∗ ∈ (0, π) and k∗ + π ∈ (π, 2π), the winding number

W changes by an even integer.

Before moving on to the body of this paper, several com-

ments are in order. Symmetries treated in this work are lim-

ited such that transposition and complex conjugation are not

involved, as written in Eq. (1). This restriction is technical, not

physical. Our classification of the symmetry indicator groups

applies only to the trivial Bernard-LeClair class with addi-

tional crystalline symmetry written in Eq. (1) without time-

reversal/transposition symmetry. Although there is no reason

that a factor system of a non-Hermitian system is the same as

that in electric systems, we show symmetry indicator groups

for factor systems of spinful and spinless electron systems as

examples. When the sign representation cg is trivial, the chiral

symmetry is preserved inside sectors of irreducible represen-

tations, meaning that no symmetry indicators exist. However,

in the presence of chiral symmetry, various topological invari-

ants are defined on a one-dimensional subspace of momentum

space20, which are invariants beyond counting numbers of ir-

reducible representations.

Upon preparing this manuscript, two related papers ap-

peared74,75, where symmetry indicators for non-Hermitian

systems with a certain inversion symmetry were discussed.

Their discussions rely on concrete expressions of topological

invariants. One of the most significant merits of symmetry in-

dicators is that we can diagnose topological phases even when

we do not know topological invariants. In fact, to our knowl-

edge, we have not discovered all topological invariants that

characterize possible topological phases in all symmetry set-

tings. Furthermore, we note that even for inversion symmetry,

the definition of symmetry itself in this paper is more general

than that in Refs. 74 and 75

This paper is organized as follows. In Sec. II, we formu-

late the symmetry indicator for the chiral symmetric Hermi-

tian systems. In Sec. III, we introduce the space group sym-

metries for non-Hermitian systems adopted in this paper. In

Sec. IV, we discuss some examples of symmetry indicators

for non-Hermitian systems. In Sec. V we close this paper with

conclusion and outlook. Appendix A lists the symmetry indi-

cator groups for spinful and spinless fermions in space groups.

The formulas of the symmetry indicators for factor systems of

spinful fermions are also shown in Appendix B.

II. SYMMETRY INDICATOR IN HERMITIAN CHIRAL

SYMMETRIC SYSTEMS

In this section, we formulate the theory of symmetry in-

dicators for Hermitian systems with chiral symmetry, which

will be utilized into symmetry indicators for non-Hermitian

systems in Sec. III.
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A. Symmetry and Z invariant

Let H̃k be a Hermitian Bloch Hamiltonian on the BZ. In the

following, we use the tilde symbols like X̃ for Hermitian sys-

tems to distinguish them from symbols in non-Hermitian sys-

tems. In this paper, we employ the convention that a Hamilto-

nian H̃k is periodic H̃k+G = H̃k by a reciprocal lattice vector

G. This corresponds to the Fourier transformation from real

space to momentum space by |k, i〉 =
∑

x |x, i〉 eikx, where

x runs over the Bravais lattice, and i stands for degrees of

freedom inside unit cell. This choice of Fourier transforma-

tion does not respect the local position of degrees of freedom,

which may affect the physical quantities such as the Berry

phase but does not affect topological boundary states.

Let G be a space group, T ⊂ G be the subgroup of lat-

tice translations (Bravais lattice), and G/T be the point group

of G. Let us denote the point group operation and the (frac-

tional) lattice translation of g ∈ G by pg and tg , respectively.

The group law implies that tg + pgth = tgh. We also use

the Seitz notation {pg|tg} to represent elements of the space

group. Each element g ∈ G is represented by a unitary matrix

Ũk
g , which satisfies

Ũk

g H̃k = H̃pgkŨ
k

g , (2)

Ũphk

g Ũk

h = zg,hŨ
k

gh, (3)

for g, h ∈ G. Here, zg,h ∈ U(1) is a factor system (two-

cocycle) that is determined by the physical system in which

we are interested. For instance, we can always choose zg,h =
+1 (g, h ∈ G) for spin integer systems. In our convention,

Ũk
g is also periodic Ũk+G

g = Ũk by a reciprocal lattice vec-

tor G. Note that, for translations t ∈ T, Ũk
t = e−it·k. We

assume any translation t ∈ T commutes with other symmetry

operators. In other words, the phase factor zg,h depends only

on the point group G/T.

The chiral symmetry is represented as

Γ̃H̃k = −H̃kΓ̃, (4)

Γ̃2 = 1. (5)

Here, Γ̃ is a unitary matrix that acts on internal degrees of

freedom, which implies Γ̃ is k-independent. We can always

choose the basis such that Γ̃ = diag(1N ,−1M ). One can

assume N = M , otherwise the chiral symmetry implies the

existence of |N −M | zero-energy flat bands.

In the presence of chiral symmetry, there is another input

data to fix a symmetry class. Usually, a symmetry representa-

tion is sometimes projective in the one-particle Hilbert space.

Thus, we have projective factors cg for g ∈ G defined by

Ũk

g Γ̃ = cgΓ̃Ũ
k

g (6)

with cg ∈ U(1). We note that the group multiplication law

Eq. (3) ensures that cg is a group homomorphism, namely

cgch = cgh. In addition, Γ̃2 = 1 implies that cg is a sign

cg ∈ {±1}. In this paper, we simply assume cg = 1 for

g ∈ T to keep the first BZ unchanged76. In other words, the

projective factor cg depends only on the point groupG/T. As

a result, a symmetry class is specified by a space group G
and a sign representation of the point group G/T. It is useful

to extend the factor system for G to the full symmetry group

G× {e,Γ}. Here, we denoted chiral symmetry as an element

of the symmetry group by Γ. It is equivalent to fix symmetry

representations for element gΓ with g ∈ G. Here, we define

the representation of gΓ by Ũk

gΓ := Ũk
g Γ̃, that is we choose

zg,Γ = 1, (7)

zΓ,g = cg, (8)

for g ∈ G.

Let us focus on a point k in the BZ. The little group Gk

at k is defined by Gk = {g ∈ G|pgk = k + ∃
G}. The

Hamiltonian is subject to the symmetry constraint

[Ũk

g , H̃k] = 0, g ∈ Gk, (9)

in addition to chiral symmetry Eq. (4). We fix a representative

g ∈ gT for each coset of G/T. For trivial coset eT = T, we

set the trivial group element e as a representative. From the

equality {pg|tg}{ph|th} = {e|(tgh − phth − th)}{pgh|tgh}
in G, we have

Ũk

g Ũ
k

h = zkg,hŨ
k

gh, (10)

zkg,h = zg,he
−ik·(tgh−phth−tg), (11)

for g, h ∈ Gk. This means that Ũk
g s form a projective repre-

sentation of the group Gk/T with the factor system zkg,h. We

can always find the basis such that a Hamiltonian and sym-

metry representations are simultaneously block-diagonalized,

where each block-diagonal element in symmetry representa-

tions is an irreducible representation (irrep). Let α be an irrep

of Gk/T with the factor system zkg,h. Let χα
g be the character

of irrep α. We denote Γα the mapped irrep of α by Γ, whose

character is given by

χΓα
g =

zkg,Γ

zkΓ,Γ−1gΓ

χα
Γ−1gΓ = cgχ

α
g , g ∈ Gk/T. (12)

We can check whether the chiral operator Γ̃ preserves the irrep

α or not by the orthogonality test

Oα =
1

|Gk/T|
∑

g∈Gk/T

[χα
g ]

∗χΓα
g (13)

=
1

|Gk/T|
∑

g∈Gk/T

cg|χα
g |2 ∈ {0, 1}.

When Oα = 0, the mapped irrep Γα is not unitary equivalent

to α, and the chiral symmetry is absent within the irrep α.

Then, we introduce the following Z invariant

Nα
k
[H̃0

k
, H̃1

k
] := Nα

k
[H̃0

k
]−Nα

k
[H̃1

k
] ∈ Z, (14)

for a pair of Hamiltonians H̃0
k

and H̃1
k

defined on a com-

mon one-particle Hilbert space. Here, Nα
k
[H̃k] is the number
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of negative energy eigenstates of irrep α, and Nα
k
[H̃0

k
, H̃1

k
]

measures how two Hamiltonians H̃0
k

and H̃1
k

are different. If

Nα
k
[H̃0

k
, H̃1

k
] 6= 0, there is no continuous path connecting the

two Hamiltonians H̃0
k

and H̃1
k

, keeping the energy gap and

symmetry. Notice that if Oα = 1, namely, if the chiral sym-

metry is preserved in irrep α, the numberNα[H̃k] of negative

energy eigenstates is a constant determined solely from the

one-particle Hilbert space, i.e., Nα
k
[H̃0

k
, H̃1

k
] vanishes identi-

cally. The invariant Eq. (14) will be used to define the sym-

metry indicator for chiral symmetric systems.

B. Comments on topological invariant and K-group

Let (H̃0
k
, H̃1

k
) be a pair of gapped Hamiltonians defined

on common atomic orbitals with symmetries representations

Eqs. (2) and (4). We ask if H̃0
k

is continuously deformed into

H̃1 while keeping symmetries. This question is difficult to

answer, and there is no general prescription. It is also not nec-

essarily an important question, depending on the physics in

which we are interested.

This question can be answered if all the definable topologi-

cal invariants are known and can be computed: If there exists

at least one different value of a topological invariant for two

Hamiltonians, we know that continuous deformation between

two Hamiltonians is forbidden. However, it is not easy to list

all possible topological invariants, and it depends in general

on the rank of the Hamiltonian and the concrete form of the

symmetry representations. Under a weakening of the equiv-

alence relation called “stable equivalence5,” pairs of Hamil-

tonians can be classified more conveniently by K-theory77.

However, even in this case, to derive concrete expressions

of topological invariants is a case-by-case problem and is not

practical.

Also, nontrivial topological invariants in momentum space

do not necessarily imply topological boundary states in real

space. It is necessary to define a suitable set of topological in-

variants in momentum space according to the physical proper-

ties of interest. As we will see in the next section, the symme-

try indicator can efficiently detect only nontrivial insulators

with topological boundary states.

C. Symmetry indicator

The construction of the symmetry indicator in chiral sym-

metric systems is almost parallel to that in Ref. 34. Particle-

hole symmetry in Ref. 34 plays the same role as chiral symme-

try in chiral symmetric systems. In this subsection, we briefly

summarize how the symmetry indicator is formulated.

The theory of symmetry indicators is composed of two free

abelian groups in terms of topological invariants in momen-

tum space, which are called “lattice” in mathematics. One is

the lattice of the band structures that satisfy all compatibility

relations, and the other is a lattice of atomic insulators25,78.

While it is not a pragmatic approach to list all possible topo-

logical invariants in momentum space, a subset of topologi-

cal invariants can be used to show the absence of continuous

deformations between two Hamiltonians. The Z invariant in

Eq. (14) defined at high symmetry points, which is a stable

invariant in the sense of the K-theory, is an apparently topo-

logical invariant in momentum space and easy to compute.

In chiral symmetric systems, we first define a free abelian

groupE0,0
1 by the lattice formed by Z topological invariants in

Eq. (14) at high symmetry points called 0-cells in a symmet-

ric cell decomposition. (We here use the notation of Atiyah-

Hirzebruch spectral sequence20). Any pair of Hamiltonians

(H̃0
k
, H̃1

k
) that have finite energy gaps on 0-cells corresponds

to a point in the lattice E0,0
1 through the invariants in Eq. (14).

The lattice E0,0
1 is not unique as it depends on a choice of

0-cells. In addition, a pair of Hamiltonians (H̃0
k
, H̃1

k
) repre-

senting a point ofE0,0
1 sometimes have an obvious obstacle in

deforming each other on some lines connecting 0-cells while

keeping an energy gap and symmetry due to a violation of the

compatibility relation. The compatibility relation is viewed

as the first differential d0,01 : E0,0
1 → E1,0

1 of the Atiyah-

Hirzebruch spectral sequence20, where E1,0
1 is the lattice for

Z invariants in Eq. (14) on line segments connecting 0-cells

called 1-cells, and d0,01 is computed by the irreducible charac-

ter20,25–27. We define E0,0
2 = Kerd0,01 , which is a sublattice

of E0,0
1 , as the lattice of band structures that satisfy all com-

patibility relations2579. It turns out that E0,0
2 does not depend

on a choice of 0-cells. For a pair of Hamiltonians (H0
k
, H1

k
)

corresponding to a point in E0,0
2 , H0

k
can be deformed into

H1
k

on 1-cells with an energy gap and symmetry remained (in

the sense of the stable equivalence).

Next, we introduce the lattice of atomic insulators in chi-

ral symmetric systems. In the absence of chiral symmetry, an

atomic insulator is obtained by the following procedures: (i)

choosing a Wyckoff position x, (ii) choosing one irrep of the

little group Gx := {g ∈ G|pgx + tg = x} with the factor

system zg,h, and (iii) constructing the induced representation

for the whole space group G. As a result, we have symme-

try operators Ũocc,k
g of a Wyckoff position x and an irrep with

the trivial fully occupied Hamiltonian H̃occ
k

≡ −1 (See Ap-

pendix C in Ref. 25 for the detail). Next, we enforce chiral

symmetry on the Hamiltonian H̃occ
k

by doubling the degrees

of freedom, which results in a chiral symmetric atomic insu-

lator Hamiltonian H̃ai
k

= diag(−1,1) with symmetry oper-

ators Ũk
g = diag(Uocc,k

g , cgU
occ,k
g ) equipped with the chiral

operator Γ̃ = σx⊗1. Are there any atomic insulator Hamilto-

nians defined on the same localized degrees of freedom? The

only possibility is the negative one −Hai
k

= diag(−1,1) with

the same symmetry operators Ũk
g . Conversely, given sym-

metry operators Ũk
g and the chiral operator Γ̃ = σx ⊗ 1

of localized orbitals, a constant Hamiltonian should be ei-

ther of H̃ai
k

or −H̃ai
k

. Therefore, we conclude that for given

atomic degrees of freedom equipped with chiral symmetry,

the only pair of Hamiltonian is (H̃ai
k
,−H̃ai

k
). An atomic

insulator H̃ai
k

corresponds to a point in E0,0
1 through Z in-

variants Nα
k
[H̃ai

k
,−H̃ai

k
] = Nα

k
[H̃ai

k
] − NΓα

k
[H̃ai

k
]. Here

we have used the relation Nα
k
[−H̃k] = NΓα

k
[H̃k]. Since
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the atomic insulator H̃ai
k

satisfies all compatibility conditions,

the pair (H̃ai
k
,−H̃ai

k
) is also a point in E0,0

2 . Collecting all

possible atomic insulator Hamiltonians, we have a sublattice

Kai ⊂ E0,0
2 , which we call the lattice of atomic insulators.

We note that all Wyckoff positions for 230 space groups are

available in Ref. 80. Finally, the symmetry indicator group is

defined by the quotient groupQ := E0,0
2 /Kai.

Our definition of atomic insulators is simply rephrased as

follows. An atomic insulator in Hermitian chiral symmetric

systems is a fully gapped Hamiltonian H̃k that is deformable

with keeping the band gap to a k-independent constant Hamil-

tonian H̃k = diag(−1,1) on the basis that the chiral symme-

try operator is written as Γ̃ =

(

0 1

1 0

)

. We note that the Su-

Schrieffer-Heeger (SSH) Hamiltonian, which is a prototypical

topologically nontrivial model in chiral symmetric systems,

is not an atomic insulator since the finite winning number

prohibits the SSH Hamiltonian from being a k-independent

Hamiltonian.

Given a Hamiltonian H̃k defined on a localized atomic de-

grees of freedom, we have a trivial reference Hamiltonian

±H̃ai
k

. Thus the pair (H̃ai
k
,±H̃ai

k
) is an element of the sym-

metry indicator group Q. Since the pair (H̃ai
k
,−H̃ai

k
) is al-

ready subtracted in the quotient group Q, a choice of trivial

reference Hamiltonian is arbitrary. Thus, a single Hamilto-

nian H̃k specifies an element of the symmetry indicator group

Q. Suppose a Hamiltonian H̃k is a nontrivial entry of Q; In

that case, it implies that (i) H̃k has a gapless point with codi-

mension two or more or (ii) H̃k has a topological boundary

state.

III. SYMMETRY INDICATOR IN NON-HERMITIAN

SYSTEMS

In this section, we first formulate the definition of symmetry

in non-Hermitian system by rewriting space group symmetry

in Eq. (2) for the off-diagonal part of the chiral Hamiltonian.

There are some different caveats from the usual Hermitian

systems.

A. Symmetry in non-Hermitian systems

We move on to non-Hermitian systems. We can always

choose the basis such that the chiral symmetry Γ̃ takes the

following form

Γ̃ =

(

1
−1

)

. (15)

In the following, we fix Γ̃ to this form. In such a basis, a

Hermitian Hamiltonian H̃k becomes

H̃k =

(

Hk

H†
k

)

. (16)

Here, Hk does not have to be Hermitian. Since the set of

singular values ofHk coincides with the set of positive eigen-

values of H̃k, the existence of a finite energy gap of H̃k cor-

responds to the point gap condition on Hk. Depending on the

sign of cg, the unitary matrix Ũk
g is also written as

Ũk

g =















(

Ak
g

Bk
g

)

(cg = 1)
(

Bk
g

Ak
g

)

(cg = −1)
, (17)

with the factor system

zg,hA
k

gh =

{

Aphk
g Ak

h (ch = 1)
Bphk

g Ak

h (ch = −1)
, (18)

zg,hB
k

gh =

{

Bphk
g Bk

h (ch = 1)
Aphk

g Bk

h (ch = −1)
, (19)

for g, h ∈ G. The unitarity of Ũk
g implies that Ak

g and Bk
g are

also unitary. Substituting Eqs. (16) and (17) into Eq. (2), we

find that the symmetry relation for a non-Hermitian Hamilto-

nian Hk is

Ak

gHk =

{

HpgkB
k
g (cg = 1),

H†
pgk

Bk
g (cg = −1).

(20)

Unlike Hermitian cases, Ak
g = Bk

g does not hold but is sub-

ject to the relations in Eqs. (18) and (19). In particular, for

order-two symmetries (i.e., g2 = e) such as Z2 onsite, re-

flection, two-fold rotation, and inversion symmetries, we have

A
pgk

g Bk
g = zg,g for cg = −1.

Unlike Hermitian systems, a basis change of the one-

particle Hilbert space is a simultaneous transformation

Hk 7→ uHkv
−1, (21)

Ak 7→ uAk

gu
−1, Bk

g 7→ vBk

g v
−1, (cg = 1), (22)

Ak 7→ vAk

gu
−1, Bk

g 7→ uBk

g v
−1, (cg = −1), (23)

with u and v independent constant unitary matrices. It should

be compared with Hermitian systems where v = u always

holds. If v−1u is not proportional to the identity matrix,

the above transformation (21) on the Hamiltonian generally

changes the energy spectrum. Even when Hk has a real-

or imaginary-line gap, the transformed Hamiltonian uHkv
−1

may not have a line gap, which is a unique feature of non-

Hermitian systems. More importantly, the transformation (21)

does not change the point-gap topological invariants, but may

change a line-gap topological invariant, which implies that

the transformation (21) may changes the topological bound-

ary state. We will see in Sec. IV A an example where this is

the case.

Although the unitary matrices Ak
g and Bk

g with constraints

in Eqs. (18) and (19) satisfy the desired algebra (6) in the

doubled Hermitian systems, they may be meaningless symme-

try. To see this, let us focus on a high-symmetry momentum

pgk = k+∃
G and elements with cg = 1, where the symmetry

constraint in Eq. (20) is Ak
gHk = HkB

k
g . It means that if Hk
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is invertible, thenAk
g andBk

g belong to a common representa-

tion of the little groupG0
k
= {g ∈ G|pgk ≡ k+∃

G, cg = 1}.

In other words, if Ak
g and Bk

g belong to different represen-

tations of G0
k

, the Hamiltonian Hk should not be invertible.

Namely, the point gap closes at k. Since we are interested

in fully point-gapped Hamiltonians, at least in high-symmetry

momenta, we further assume that there exists a constant uni-

tary matrix uH such that uH satisfies the symmetry relation

Ak

guH =

{

uHB
k
g (cg = 1),

u†HB
k
g (cg = −1),

(24)

i.e., the matrices Bk
g are related with Ak

g by

Bk

g =

{

u†HA
k
guH (cg = 1),

uHA
k
guH (cg = −1).

(25)

The constant unitary matrix uH plays the role of the atomic

insulator in non-Hermitian systems. The trivial atomic insula-

tor Hamiltonian in the doubled Hermitianized system is given

by

H̃ai
k = ±

(

uH
u†H

)

. (26)

We refer to uH as the reference unitary matrix.

B. On Hermitianization

When Ak
g = Bk

g holds for all g ∈ G, we find that if Hk has

a real- (imaginary-) line gap,Hk can be deformed into an Her-

mitian Hamiltonian while keeping the line gap and symmetry

(20), which can be shown by the same way as in Appendix

D in Ref. 63. However, for generic non-Hermitian symmetry

as Ak
g 6= Bk

g , the symmetry constraint in Eq. (20) may pre-

vent the Hamiltonian Hk from being Hermite with the line

gap kept73.

C. Examples of non-Hermitian symmetry

We provide a few examples of symmetries in non-

Hermitian systems. We see that a Z invariant is indeed de-

fined from the structure of symmetries, which is instructive

even when the generic formula in Eq. (14) is available. We

note that the following relation holds:

A
p2

gk

g Bpgk

g Ak

gHk = A
p2

gk

g Hp2
gk
Apgk

g Bk

g (27)

for cg = −1. At high-symmetry points satisfying pgk =
k + ∃

G, Eq. (27) reads

[Ak

gB
k

g , A
k

gHk] = 0. (28)

This implies that the Hamiltonian Hk is block-diagonalized

by the unitary matrix Ak
gB

k
g .

1. Z2 symmetry

As a simple example of nontrivial symmetries in non-

Hermitian systems, let us consider the following Z2 onsite

symmetry

AH = H†B, (29)

AB = 1, (30)

with A,B unitary matrices. This is equivalent to (AH)† =
AH . If there is a point gap detH 6= 0, the Hermitian matrix

AH has a finite energy gap. Then, we can define a Z invariant

N [AH ] as the number of negative eigenvalues of AH that is

stable unless the point gap of H closes. The corresponding

symmetry of the doubled Hamiltonian (16) is ŨH̃Ũ−1 = H̃
with

Ũ =

(

B
A

)

. (31)

The equality N1[H̃ ] = N [AH ] holds, where N1[H̃ ] is the

number of negative eigenstates of H̃ with Ũ = 1.

2. Z4 symmetry

Let us discuss the following Z4 symmetry

AH = H†B, (AB)2 = −1. (32)

From Eq. (28), the matrix AH splits into sectors of AB =
±i. For AB = ±i, (e∓

π
4
iAH)† = e∓

π
4
iAH and

N [e∓
π
4
iAH |AB=±i], the numbers of negative eigenvalues of

e∓
π
4
iAH , are Z invariants.

One can directly connect eigenstates of AH with ones of

the doubled Hermitianized Hamiltonian (16) with Ũ defined

by (31). Suppose that |ψ〉 belongs to the sector AB = i and

is an eigenstate e−iπ
4AH |ψ〉 = λ |ψ〉 with λ ∈ R. Then, we

find that |ψ̃〉 := (e−
π
4
iB |ψ〉 , |ψ〉)T satisfies H̃ |ψ̃〉 = λ |ψ̃〉

and Ũ |ψ̃〉 = e
π
4
i |ψ̃〉. Similarly, if |ψ〉 belongs to the sector

AB = −i and is an eigenstate e
π
4
iAH = λ |ψ〉 with λ ∈ R,

then |ψ̃〉 := (e
π
4
iB |ψ〉 , |ψ〉)T satisfies H̃ |ψ̃〉 = λ |ψ̃〉 and

Ũ |ψ̃〉 = e−
π
4
i |ψ̃〉. Therefore,

N Ũ=e
π
4

i

[H̃ ] = N [e−
π
4
iAH |AB=i], (33)

N Ũ=e−
π
4

i

[H̃ ] = N [e
π
4
iAH |AB=−i]. (34)

D. Symmetry indicator in non-Hermitian systems

Given a non-Hermitian Hamiltonian Hk with symmetries

(20), one can define the doubled Hermitianized Hamiltonian

(16) with symmetries (17). One can straightforwardly apply

the symmetry indicator in Hermitian chiral symmetric sys-

tems introduced in Sec. II C to non-Hermitian systems to get

the symmetry indicator in non-Hermitian systems.

If a non-Hermitian Hamiltonian Hk has a nontrivial value

of symmetry indices, then either one of the followings is true:
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(i) Hk has a point-gap gapless point with codimension two or

more where the point gap closes. (ii)Hk has a finite point gap

in the entire BZ, and it can not be deformed into a constant

Hamiltonian while keeping symmetry (20). Unlike Hermitian

cases, the physical implication of nontrivial symmetry indices

for the case (ii), namely symmetry indices for fully point-

gapped Hamiltonians, is more subtle. A nontrivial symmetry

index implies a topological boundary gapless state as Hermi-

tian systems, or a non-Hermitian skin effect if the Hamilto-

nian Hk is put on the open boundary condition. These two

physically different phenomena are interchanged by closing

the line gap with keeping the point gap. Therefore, the sym-

metry indicator is sometimes insufficient to fully characterize

the topological boundary states, which is a common feature of

the symmetry indicator in Hermitian systems.

IV. CASE STUDIES

This section discusses two examples to illustrate the use of

the symmetry indicator in non-Hermitian systems.

A. p4 with B representation

Let us consider the following four-fold rotation-type sym-

metry in two-dimensional systems73

AkHk = H†
c4k
Bk, (35)

A−c4kB−kAc4kBk = −1. (36)

Here, k = (kx, ky) and c4k = (−ky, kx). The correspond-

ing Hermitianized Hamiltonian (16) and symmetry represen-

tations (17) satisfy

ŨkH̃k[Ũ
k]−1 = Hc4k, (37)

Ũ−c4kŨ−kŨ c4kŨk = −1, (38)

Γ̃Ũk = −ŨkΓ̃. (39)

At high-symmetry points Γ = (0, 0) and M = (π, π), there

are four irreps labeled by α ∈ {1, 3, 5, 7} with the eigen-

value Ũk = ei
α
4
π for k ∈ {Γ,M}, and the chiral operator Γ̃

changes the sign of Ũk and the energy eigenvalue. As a result,

the effective Altland-Zirnbauer (EAZ) symmetry classes at Γ
and M are class A for each pair (α = 1, α = 5), (α = 7, α =
3) of irreps, implying that we have Z×4 invariant in total. For

a given pair (H̃0
k
, H̃1

k
) of Hamiltonians, the Z invariants are

defined by

Nα
k
[H̃0

k
, H̃1

k
] = Nα

k
[H̃0

k
]−Nα

k
[H̃1

k
], (40)

k ∈ {Γ,M}, α ∈ {1, 7}. (41)

Here,Nα
k
[H̃k] is the number of negative energy eigenstates of

the irrep Uk = ei
α
4
π. Because the chiral symmetry is defined

on each irrep at other points, there are no other topological

invariants. The Z invariants Nα
k
[H̃0

k
, H̃1

k
] with k ∈ {Γ,M}

and α ∈ {1, 7} span the lattice E0,0
1 = Z

×4. Since there is no

compatibility relation in this symmetry setting, the lattice of

band structures that satisfy all compatibility relations, denoted

by E0,0
2 , is the completely same as E0,0

1 = Z
×4.

Next, we compute the lattice of atomic insulators denoted

by Kai in Sec. II C. The set of atomic insulators is gener-

ated by localized orbitals at Wyckoff positions a = (0, 0) and

b = (12 ,
1
2 ) in unit cell. We have four independent atomic in-

sulators labeled by (a, α = 1), (a, α = 7), (b, α = 1), and

(b, α = 7), respectively, with a localized orbital at the Wyck-

off position a or b with an irrep α = 1 or α = 7. According

to the construction of the k-space Hamiltonian illustrated in

Sec. II C, corresponding Hamiltonians are written as

H̃ai
k

=

(

−1
1

)

(42)

with the symmetry representations

Uk

(a,α=1) =

(

e
π
4
i

−e π
4
i

)

, (43)

Uk

(a,α=7) =

(

e
7π
4
i

−e 7π
4
i

)

, (44)

Uk

(b,α=1) =

(

e
π
4
ie−iky

−e π
4
ie−iky

)

, (45)

Uk

(b,α=7) =

(

e
7π
4
ie−iky

−e 7π
4
ie−iky

)

, (46)

in the basis so that

Γ̃ =

(

1
1

)

. (47)

They have the Z
×4 invariants Nα

k
[Hai

k
,−Hai

k
] as follows.

Nα=1
Γ Nα=7

Γ Nα=1
M Nα=7

M

(a, α = 1) 1 0 1 0
(a, α = 7) 0 1 0 1
(b, α = 1) 1 0 −1 0
(b, α = 7) 0 1 0 −1

. (48)

Therefore, Kai is spanned by vectors

{(1, 0, 1, 0), (0, 1, 0, 1), (1, 0,−1, 0), (0, 1, 0,−1)} in E0,0
2 .

We have the symmetry indicator groupQ = E0,0
2 /Kai = Z

×2
2

(Layer group number 49 with B representation. See Ap-

pendix A 2 a). The two Z2 indices are given as

µC4
= Nα=1

Γ [H̃Γ, H̃
ai
Γ ] +Nα=7

Γ [H̃Γ, H̃
ai
Γ ]

+Nα=1
M [H̃M , H̃

ai
M ] +Nα=7

M [H̃M , H̃
ai
M ] mod 2, (49)

zC4
= Nα=1

Γ [H̃Γ, H̃
ai
Γ ] +Nα=1

M [H̃M , H̃
ai
M ] mod 2. (50)

(Recall that H̃ai
k

is the atomic insulator Hamiltonian on which

the Hamiltonian H̃k defined.) The index µC4
detects a gapless

point since near a high-symmetry point Γ orM , the following

Hamiltonian creates a gapless point in generic momenta

H̃k = (k2x + k2y − µ)σz + kxkyσy , (51)

Γ̃ = σx, Ũk = e
π
4
iσz or e

7π
4
iσz, (52)
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with changing µC4
by 1 when the chemical potential µ passes

zero. Under the condition that µC4
≡ 0, the second index zC4

detects the second-order topological insulator for Hermitian-

ized chiral systems.

It turns out that the index zC4
is the same as the Z2 quan-

tized Wess-Zumino (WZ) term of non-Hermitian Hamiltonian

Hk
73,

WZ[Hk] :=
1

24π2

∫

T 2×[0,1]

tr [H−1
k,tdHk,t]

3 ∈ R/Z. (53)

Here, Hk,t for t ∈ [0, 1] is an extension of Hk to a con-

stant Hamiltonian (without keeping the symmetry (35)). In the

presence of the four-fold rotation-like symmetry in Eq. (35),

WZ[Hk] is quantized to {0, 12}. Comparing explicit generator

models, we find that

2WZ[Hk] ≡ zC4
mod 2. (54)

As discussed in Ref. 73, WZ[Hk] = 1
2 yields a 2nd-order

skin effect in the absence of a gapless edge state. In the rest

of this section, we present examples of indicators for gapless

and gapped phases, respectively.

1. µC4

Let us consider the four-fold rotation-like symmetry

Hk = iH†
c4k
. (55)

This is equivalent to the case with Ak = 1, Bk = i. We find a

reference unitary matrix uH = e
π
4
i. At k = Γ andM , e−

π
4
iH

is a Hermitian matrix so that the numbersN [e−
π
4
iHk∈{Γ,M}]

of negative energy eigenstates of e−
π
4
iH are Z invariants un-

less the point gap closes. By using relations Eqs. (33) and

(34), the index µC4
is recast as

µC4
= N [e−

π
4
iHΓ] +N [e−

π
4
iHM ] mod 2. (56)

(The k-independence of both Ak and Bk implies that

Nα
Γ [H̃

ai
Γ ] = Nα

M [H̃ai
M ].) Indeed, µC4

indicates the existence

of a gapless point (in the sense of the point gap) with a wind-

ing number in generic momenta.

For example, consider the following 1× 1 Hamiltonian

Hk = e
π
4
i(t cos kx + t cos ky − µ+ iψk). (57)

Here, ψk is a function satisfying ψc4k = −ψk. If

2t − µ and −2t − µ have opposite signs, µC4
= 1 and

there should be points k∗ with a winding number w1 =
1

2πi

∮

|δk|=ǫ d log detHk∗+δk = ±1 around a small circle en-

closing the point k∗ in a four-fold symmetric manner.

2. zC4

The next example is the four-fold rotation-like symmetry

discussed in Ref. 73,

AkHk = H†
c4k
Bk, (58)

Ak = 1, Bk = −iσy. (59)

We find a reference unitary matrix uH = e−
π
4
iσy . It

was shown that under this symmetry, the Wess-Zumino term

WZ[Hk] is Z2-quantized and the nontrivial WZ term relates

the 2nd-order skin effect that exhibits the skin modes local-

ized at corners for the full open boundary condition. By using

relations Eqs. (33) and (34), the indices are recast into

µC4
= N [e−

π
4
iHΓ|σy=−1] +N [e

π
4
iHΓ|σy=1]

+N [e−
π
4
iHM |σy=−1] +N [e

π
4
iHM |σy=1] mod 2,

(60)

zC4
= N [e−

π
4
iHΓ|σy=−1] +N [e−

π
4
iHM |σy=−1] mod 2.

(61)

Let us discuss a model with nearest-neighbor hopping given

by

Hk = λ0 sinkxσz + λ0 sin kyσx

− i√
2
(2γ + λ1 cos kx + λ1 cos ky)e

π
4
iσy

− iλ2√
2
(cos kx − cos ky)e

−π
4
iσy , (62)

where γ, λ0, λ1, and λ2 are real parameters, and σµ(µ =
x, y, z) are Pauli matrices. For λ0 = λ1 = λ2, the model

(62) is the the non-Hermitian counterpart of the Benalcazar-

Bernevig-Hughes (BBH) model41. When λ0 6= 0, the point

gap closes at |γ| = |λ1|. The first index µC4
vanishes identi-

cally. One can see that the second index is zC4
= 1 if |γ| <

|λ1|, and for the full open boundary condition, the model (62)

exhibits the 2nd-order skin effect for λ0 = λ1 = λ2, where

the skin modes appear at the corners73.

As noticed in Ref. 73, the nontrivial WZ term, or the index

zC4
, does not always imply the 2nd-order skin effect. This

can be well illustrated by introducing the Chern number Ch
associated with the real-line gap. If the real-line gap is open,

one can define the Chern number by

Ch =
1

24π2

∫

[0,2π]2×[−∞,∞]

tr [GdG−1]3, (63)

with G(ω,k)−1 = iω − Hk the inverse of Green’s func-

tion. When the real-line gap closes, the Chern number Ch
can change with the point gap opened.

Figure 1 shows the energy spectra with λ0 = λ1 = 1.0
and γ = 0.5 for different λ2s in the open boundary conditions

for x and y directions. At λ2 = 1.0 (Fig. 1 (a1) and (a2)),

Ch = 0 and the corner skin modes appear and they form a

closed loop detached from the bulk spectrum. The line gap

closes near λ1 = 0.5 (Fig. 1 (b1)), and at the same time a part

of the skin modes are absorbed by the bulk. At λ2 = 0 (Fig. 1

(c1) and (c2)), Ch = 1 and an edge mode appears and they

form an interval and bridge the bulk spectrum. We emphasize

that while λ2 is varying, the index zC4
unchanged.

It is instructive to consider how the spectrum changes

against a continuous deformation of basis defended by

Eqs. (21) and (23). Let us consider the following simulta-

neous transformation parametrized by θ,

Hk,θ = Hke
iσyθ, (64)
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FIG. 1. A phase transition between the 2nd-order non-Hermitian

skin effect and a Chern insulator. The complex spectra of the model

(62) are shown for 30 × 30 sites in the full open boundary condition.

The parameters are given as λ0 = λ1 = 1.0, γ = 0.5, as well as (a1,

a2) λ2 = 1.0, (b1, b2) λ2 = 0.5, or (c1, c2) λ2 = 0. Each (a2), (b2),

and (c2) show the densities of right eigenvectors of the eigenvalues

specified by the red dots in (a1), (b1), and (c1), respectively.

Ak,θ = e−iσyθ, Bk,θ = eiσy(θ−π
2
). (65)

This does not affect the index zC4
, since the simultaneous

transformation in Eqs. (64) and (65) is a unitary transforma-

tion for the doubled Hermitianized system. However, since

(64) is not a similarity transformation, the spectrum of the

Hamiltonian Hk,θ changes, and it may exhibit different topo-

logical boundary modes as θ varies. Figure 2 shows the en-

ergy spectra for θ = π
8 (Fig. 2 (a1, a2)) and θ = π

4 (Fig. 2 (b1,

b2)) in the full open boundary condition. The other parame-

ters are fixed as λ0 = λ1 = λ2 = 1.0 and γ = 0.5. We find

that Ch = 0 at θ = 0 (Fig. 1 (a1, a2)), and Ch = 1 at θ = π
4 .

Near θ = π
8 (Fig. 2 (a1, a2)) the line gap closes, and the Chern

number is changed by one. We emphasize again that while the

index zC4
is unchanged, the Chern number is changed. Let us

focus on θ = π
4 , where Ch = 1. Remarkably, even when the

system is in the real-line gap topological phase of the Chern

insulator with Ch = 1, the mid-gap state is localized at the

corners as shown in Fig. 2 (b2), due to a non-Hermitian term,

like the 2nd-order skin effect.

The parameter θ = π
4 is a particular point, where

Ak,θ=π
4 = Bk,θ=π

4 holds, and in such a case, we have the

FIG. 2. The complex spectra of the model in Eq. (64) are shown for

30 × 30 sites in the full open boundary condition. The parameters

are given as λ0 = λ1 = λ2 = 1.0, γ = 0.5, as well as (a1, a2)

θ = π
8

, or (b1, b2) θ = π
4

. (a2) and (b2) show the densities of right

eigenvectors of the eigenvalues specified by the red dots in (a1) and

(b1), respectively.

equality Ch ≡ 2WZ.73 The Hamiltonian reads

Hk,θ=π
4
= λ sin kx

σx + σz√
2

+ λ sin ky
σx − σz√

2

+
1√
2
(2γ + λ1 cos kx + λ1 cos ky)σy

− iλ2√
2
(cos kx − cos ky). (66)

This can be viewed as a model of a Chern insulator with non-

Hermite perturbation. The imaginary term λ2 can be turned

off without closing the point gap, resulting in a Hermitian

Chern insulator.

B. P 1̄, Au representation

Inversion symmetry I in non-Hermitian Hamiltonian with

cI = −1 (the Au representation) is written as

AkHk = H†
−k
Bk, A−kBk = 1. (67)

At high-symmetry momenta k satisfying −k ≡ k + ∃
G,

AkHk is a Hermitian matrix, and thus the numbers of nega-

tive eigenvalues ofAkHk are denoted byN [AkHk]. For three

space dimensions with primitive lattice, the symmetry indica-

tor group is Q = Z8 × Z
×3
4 × Z

×3
2 . (Space group number 2

withAu representation. See Appendix A 1). In Appendix B 1,

we present the index formulas for the doubled Hermitianized

Hamiltonian, which are written in the non-Hermitian Hamil-
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tonian as

z2,I,µ∈{x,y,z}

=
∑

kν 6=µ=π,kµ∈{0,π}
(N [AkHk]−N [AkuH ]) mod 2,

(68)

z4,I,µ∈{x,y,z}

=
∑

kµ=π,kν 6=µ∈{0,π}
(N [AkHk]−N [AkuH ]) mod 4,

(69)

z8,I =
∑

kx,ky,kz∈{0,π}
(N [AkHk]−N [AkuH ]) mod 8.

(70)

Here, uH is a reference unitary matrix. A part of roles

of indices was discussed in the literature72,74,75. The index

z2,I,µ ≡ 1 implies the 1st-order skin effect in one-dimension.

z4,I,µ ≡ 1 mod 2 corresponds to the existence of a pair

of inversion symmetric exceptional lines. In the same way

as Sec. IV A, one can show that z4,µ ≡ 2 indicates either

a 2nd-order skin effect or a Chern insulator in two dimen-

sions. For three dimensions, z8,I ≡ 1 mod 2 indicates the

existence of a single exceptional ring surrounding an inver-

sion symmetric point. For a fully point-gapped non-Hermitian

Hamiltonian, the relation 2z8,I ≡ W3 mod 2 holds, where

W3 = 1
24π2

∫

tr [H−1
k
dHk]

3 is the three-dimensional wind-

ing number. Therefore, z8,I ≡ 2 mod 4 means a 3D intrin-

sic non-Hermitian topological phase67 that was discussed to

exhibit the chiral magnetic effect69,71 and host the boundary

mode with a single exceptional point70.

Let us see the physical implication of z8,I ≡ 4 in more de-

tail, which has not been discussed in the literature. For the

doubled Hermitianized system, the phase with z8,I ≡ 4 turns

out to be the 3rd-order topological phases with chiral zero

modes localized at the corners43,44. We can expect the cor-

responding non-Hermitian model exhibits the 3rd-order skin

effect. Rewriting the cubic lattice model discussed in Ref. 81

in terms of the non-Hermitian Hamiltonian, we have the fol-

lowing 4× 4 model

Hk = H0
k + Vk, (71)

H0
k = −it

∑

i=x,y,z

sin kiτxσi +m− λ
∑

i=x,y,z

cos ki, (72)

Vk =
∑

i=x,y,z

{λi4(−τzσi) + λi5(τyσi) + ηi(−τxσi)}. (73)

Here, t,m, λ, λi4s, λi5s, and ηis are real parameters, and

τi, σi(i = x, y, z) are Pauli matrices. The model in Eq. (71)

has the inversion symmetry with Ak = Bk = 1 and a refer-

ence unitary matrix is given by uH = 1. In the following, we

set t = λ = 1. The parameter m plays the role of the ref-

erence energy. For the unperturbed Hamiltonian H0
k

, we find

that the index z8,I takes values as z8,I ≡ 4 for 1 < |m| < 3,

and z8,I ≡ 0 for |m| < 1. In order to have corner-localized

skin modes, we need appropriate perturbation. The perturba-

tion Vk is designed to induce the mass in the boundary mode

FIG. 3. The complex spectra and density plots of right eigen-

states of Eq. (71). The parameters are given as λx4 = 0.32, λy4 =
0.03, λz4 = −0.26, λx5 = 0.04, λy5 = 0.3, λz5 = 0.25, ηx =
0.05, ηy = −0.04, ηz = 0.0281. (a) The complex spectrum for

50× 50× 50 sites with the periodic boundary conditions for x, y, z
directions. (b) The complex spectrum for 20 × 20 × 20 sites with

full open boundary condition. (c) and (d) show the densities of right

eigenstates of the eigenvalues specified by the red and green dots in

(b), respectively.

for the corresponding doubled Hermitianized system81. We

employ the same parameters as in Ref. 81 (See the caption of

Fig. 3 for the detail). Figure 3 (a) shows the complex spec-

trum with the full periodic boundary condition. In the spec-

trum, a finite point gap is open around the reference energies

E = 0, 2, 4. Figure 3 (b) shows the complex spectrum with

the full open boundary condition for 20× 20× 20 sites. One

can see a finite set of eigenvalues that seems to be outside the

bulk spectrum around E = 0, 4. The distribution of a right

eigenstate picked from this set is shown in Fig. 3 (c), where

one can find that the eigenstate is localized at a corner. On the

one hand, Fig. 3 (d) shows the distribution of a right eigen-

state of the bulk spectrum. As shown in the figure, the states

are delocalized. These features are consistent with the 3rd-

order skin effect.

Similar to the zC4
index in Sec. IV A 2, if the real-line gap

open, the z8 ≡ 4 phase may be understood as a Hermitian

2nd-order topological phase. To see this, let us consider the

following simultaneous transformation

H ′0
k = H0

kτy,

=
∑

µ=x,y,z

sin kµσµτz + (m−
∑

µ=x,y,z

cos kµ)τy , (74)

A′k = τyA
k = τy, B′k = Bkτ†y = τy . (75)

This transformation does not affect the indices. Remarkably,

A′
k
= B′

k
holds. In such a case, as noticed in Sec.III B, if a

real-line gap open, a non-Hermitian Hamiltonian can be de-

formed into a Hermitian one while keeping symmetry and
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real-line gap. In fact, the model H ′0
k

is Hermitian and has

an energy gap unless m = −3,−1, 1, 3. The model H ′0
k

is known to be a 2nd-order topological insulator with inver-

sion symmetry, which shows a chiral hinge mode with suitable

symmetry-preserving perturbation.

V. CONCLUSION AND OUTLOOK

In this paper, we developed a theory of the symmetry in-

dicator for non-Hermitian systems, especially for detecting

topological phases under the point-gap condition, and com-

puted the symmetry indicator groups. Our strategy is based on

the fact that the point-gap condition in non-Hermitian systems

corresponds to the usual gap condition in the corresponding

doubled Hermitian Hamiltonian (Eq.(16)) with chiral symme-

try. The commutative or anticommutative relation between

the space group symmetry operator and the chiral operator

is specified by a sign representation of the point group. The

corresponding symmetry in a non-Hermitian system is a kind

of space group symmetry involving the Hermitian conjugate

for a nontrivial sign representation. Under such a generalized

space group symmetry, the symmetry indicators are defined.

In Appendix A, the results of symmetry indicator groups for

spinless and spinful factor systems are shown. The explicit

formulas of topological indices for spinful factor systems are

also discussed in Appendix B in the notation of doubled Her-

mitianized systems. In Sec IV, we discuss the layer group

p4 and the space group P 1̄ as examples and show how the

symmetry indices are defined and the corresponding physical

phenomena.

We close this paper with some perspectives. In this pa-

per, we did not take internal symmetry into account. It is

known that there are 38 internal symmetry classes in non-

Hermitian systems58. For example, the symmetry indicator

of non-Hermitian systems with reciprocity, which is a kind of

time-reversal symmetry, is interesting. In corresponding dou-

bled Hermitian systems, time-reversal symmetry is added to

chiral symmetry, and the symmetry indicators for supercon-

ductors38 are applicable. In this paper, we have focused on

the spectral properties and the boundary modes of the system

described by the non-Hermitian Hamiltonian, but it can also

be applied to the detection of nontrivial unitary operators that

are not continuously deformable into trivial unitary operators.

The application to the Floquet operators is also interesting.
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Appendix A: Symmetry indicator groups in layer and space groups

Here, we list symmetry indicator groups for all layer and space groups. For simplicity, every symmetry indicator group

XBS = Zp × Zq × Zr × . . . is denoted by {p, q, r, . . .} in the following tables.
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1. Space group

a. spinful systems

SG Irrep XBS

1 A {}
2 Au {2, 2, 2, 4, 4, 4, 8}
2 Ag {}
3 B {2, 2, 4}
3 A {}
4 B {}
4 A {}
5 B {2}
5 A {}
6 A” {2}
6 A’ {}
7 A” {}
7 A’ {}
8 A” {}
8 A’ {}
9 A” {}
9 A’ {}
10 Bu {2, 2, 2, 2, 2, 2, 4, 4, 4}
10 Bg {2}
10 Au {2, 2, 2, 2, 2, 4}
10 Ag {}
11 Bu {2, 2, 4}
11 Bg {}
11 Au {2, 2, 2, 4}
11 Ag {}
12 Bu {2, 2, 2, 2, 4, 4}
12 Bg {}
12 Au {2, 2, 4, 4}
12 Ag {}
13 Bu {2, 2, 2, 4, 4}
13 Bg {2}
13 Au {2, 2, 4}
13 Ag {}
14 Bu {2, 2, 4}
14 Bg {}
14 Au {2, 2, 4}
14 Ag {}
15 Bu {2, 2, 4, 4}
15 Bg {}
15 Au {2, 4, 4}
15 Ag {}
16 B1 {}
16 B2 {}
16 B3 {}
16 A1 {}
17 B1 {2, 2, 2}
17 B2 {2}
17 B3 {2}
17 A1 {}

SG Irrep XBS

18 B1 {}
18 B2 {2}
18 B3 {2}
18 A1 {}
19 B1 {}
19 B2 {}
19 B3 {}
19 A1 {}
20 B1 {2}
20 B2 {}
20 B3 {}
20 A1 {}
21 B1 {}
21 B2 {2}
21 B3 {2}
21 A1 {}
22 B1 {}
22 B2 {}
22 B3 {}
22 A1 {}
23 B1 {}
23 B2 {}
23 B3 {}
23 A1 {}
24 B1 {2}
24 B2 {2}
24 B3 {2}
24 A1 {}
25 B1 {}
25 B2 {}
25 A2 {}
25 A1 {}
26 B1 {}
26 B2 {}
26 A2 {}
26 A1 {}
27 B1 {}
27 B2 {}
27 A2 {}
27 A1 {}
28 B1 {2, 2}
28 B2 {2}
28 A2 {}
28 A1 {}
29 B1 {}
29 B2 {}
29 A2 {}
29 A1 {}
30 B1 {2}

SG Irrep XBS

30 B2 {2}
30 A2 {}
30 A1 {}
31 B1 {}
31 B2 {}
31 A2 {}
31 A1 {}
32 B1 {2}
32 B2 {2}
32 A2 {}
32 A1 {}
33 B1 {}
33 B2 {}
33 A2 {}
33 A1 {}
34 B1 {2}
34 B2 {2}
34 A2 {}
34 A1 {}
35 B1 {2}
35 B2 {2}
35 A2 {}
35 A1 {}
36 B1 {}
36 B2 {}
36 A2 {}
36 A1 {}
37 B1 {2}
37 B2 {2}
37 A2 {}
37 A1 {}
38 B1 {}
38 B2 {}
38 A2 {}
38 A1 {}
39 B1 {}
39 B2 {}
39 A2 {}
39 A1 {}
40 B1 {2}
40 B2 {}
40 A2 {}
40 A1 {}
41 B1 {}
41 B2 {}
41 A2 {}
41 A1 {}
42 B1 {}
42 B2 {}

SG Irrep XBS

42 A2 {}
42 A1 {}
43 B1 {}
43 B2 {}
43 A2 {}
43 A1 {}
44 B1 {}
44 B2 {}
44 A2 {}
44 A1 {}
45 B1 {}
45 B2 {}
45 A2 {}
45 A1 {}
46 B1 {2}
46 B2 {2}
46 A2 {}
46 A1 {}
47 B1u {2, 2, 2, 4, 4, 4, 8}
47 B1g {}
47 B2u {2, 2, 2, 4, 4, 4, 8}
47 B2g {}
47 B3u {2, 2, 2, 4, 4, 4, 8}
47 B3g {}
47 Au {2, 2, 2, 4, 4, 4, 8}
47 Ag {}
48 B1u {2, 4}
48 B1g {}
48 B2u {2, 4}
48 B2g {}
48 B3u {2, 4}
48 B3g {}
48 Au {2, 4}
48 Ag {}
49 B1u {2, 2, 2, 4}
49 B1g {}
49 B2u {2, 2, 4}
49 B2g {}
49 B3u {2, 2, 4}
49 B3g {}
49 Au {2, 2, 2, 4}
49 Ag {}
50 B1u {2, 4}
50 B1g {}
50 B2u {2, 4}
50 B2g {}
50 B3u {2, 4}
50 B3g {}
50 Au {2, 4}
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SG Irrep XBS

50 Ag {}
51 B1u {2, 2, 2, 4, 4}
51 B1g {2}
51 B2u {2, 2, 4}
51 B2g {}
51 B3u {2, 2, 2, 4, 4}
51 B3g {2}
51 Au {2, 2, 4}
51 Ag {}
52 B1u {2, 4}
52 B1g {}
52 B2u {2, 2, 4}
52 B2g {2}
52 B3u {2, 4}
52 B3g {}
52 Au {4}
52 Ag {}
53 B1u {2, 2, 2, 2, 4}
53 B1g {2}
53 B2u {2, 2, 2, 4}
53 B2g {}
53 B3u {2, 2, 4}
53 B3g {}
53 Au {2, 4}
53 Ag {}
54 B1u {2, 2, 4}
54 B1g {2}
54 B2u {2, 4}
54 B2g {}
54 B3u {2, 2, 4}
54 B3g {2}
54 Au {2, 4}
54 Ag {}
55 B1u {2, 2, 4}
55 B1g {}
55 B2u {2, 2, 2, 4, 4}
55 B2g {2}
55 B3u {2, 2, 2, 4, 4}
55 B3g {2}
55 Au {2, 2, 4}
55 Ag {}
56 B1u {2, 4}
56 B1g {}
56 B2u {2, 4}
56 B2g {}
56 B3u {2, 4}
56 B3g {}
56 Au {2, 4}
56 Ag {}

SG Irrep XBS

57 B1u {2, 2, 4}
57 B1g {2}
57 B2u {2, 2, 4}
57 B2g {2}
57 B3u {2, 4}
57 B3g {}
57 Au {2, 4}
57 Ag {}
58 B1u {2, 4}
58 B1g {}
58 B2u {2, 2, 2, 4}
58 B2g {}
58 B3u {2, 2, 2, 4}
58 B3g {}
58 Au {2, 4}
58 Ag {}
59 B1u {2, 4}
59 B1g {}
59 B2u {2, 4}
59 B2g {}
59 B3u {2, 4}
59 B3g {}
59 Au {2, 4}
59 Ag {}
60 B1u {2, 4}
60 B1g {}
60 B2u {4}
60 B2g {}
60 B3u {2, 4}
60 B3g {}
60 Au {4}
60 Ag {}
61 B1u {4}
61 B1g {}
61 B2u {4}
61 B2g {}
61 B3u {4}
61 B3g {}
61 Au {4}
61 Ag {}
62 B1u {2, 4}
62 B1g {}
62 B2u {2, 4}
62 B2g {}
62 B3u {2, 4}
62 B3g {}
62 Au {2, 4}
62 Ag {}
63 B1u {2, 2, 4}

SG Irrep XBS

63 B1g {}
63 B2u {2, 2, 4}
63 B2g {}
63 B3u {2, 4}
63 B3g {}
63 Au {2, 4}
63 Ag {}
64 B1u {2, 2, 4}
64 B1g {}
64 B2u {2, 2, 4}
64 B2g {}
64 B3u {2, 4}
64 B3g {}
64 Au {2, 4}
64 Ag {}
65 B1u {2, 2, 4, 8}
65 B1g {}
65 B2u {2, 2, 2, 2, 4, 8}
65 B2g {}
65 B3u {2, 2, 2, 2, 4, 8}
65 B3g {}
65 Au {2, 2, 4, 8}
65 Ag {}
66 B1u {2, 2, 4}
66 B1g {}
66 B2u {2, 2, 2, 4}
66 B2g {}
66 B3u {2, 2, 2, 4}
66 B3g {}
66 Au {2, 2, 4}
66 Ag {}
67 B1u {2, 2, 4}
67 B1g {}
67 B2u {2, 2, 4}
67 B2g {}
67 B3u {2, 2, 4}
67 B3g {}
67 Au {2, 2, 4}
67 Ag {}
68 B1u {2, 4}
68 B1g {}
68 B2u {2, 4}
68 B2g {}
68 B3u {2, 4}
68 B3g {}
68 Au {2, 4}
68 Ag {}
69 B1u {2, 2, 2, 8}
69 B1g {}

SG Irrep XBS

69 B2u {2, 2, 2, 8}
69 B2g {}
69 B3u {2, 2, 2, 8}
69 B3g {}
69 Au {2, 2, 2, 8}
69 Ag {}
70 B1u {2, 4}
70 B1g {}
70 B2u {2, 4}
70 B2g {}
70 B3u {2, 4}
70 B3g {}
70 Au {2, 4}
70 Ag {}
71 B1u {2, 2, 2, 8}
71 B1g {}
71 B2u {2, 2, 2, 8}
71 B2g {}
71 B3u {2, 2, 2, 8}
71 B3g {}
71 Au {2, 2, 2, 8}
71 Ag {}
72 B1u {2, 4}
72 B1g {}
72 B2u {2, 4}
72 B2g {}
72 B3u {2, 4}
72 B3g {}
72 Au {2, 4}
72 Ag {}
73 B1u {2, 4}
73 B1g {}
73 B2u {2, 4}
73 B2g {}
73 B3u {2, 4}
73 B3g {}
73 Au {2, 4}
73 Ag {}
74 B1u {2, 2, 2, 2, 4}
74 B1g {}
74 B2u {2, 2, 4}
74 B2g {}
74 B3u {2, 2, 4}
74 B3g {}
74 Au {2, 4}
74 Ag {}
75 B {2, 2}
75 A {}
76 B {}
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SG Irrep XBS

76 A {}
77 B {}
77 A {}
78 B {}
78 A {}
79 B {}
79 A {}
80 B {}
80 A {}
81 B {2, 2, 2, 2, 4, 4}
81 A {}
82 B {2, 2, 4, 4, 4}
82 A {}
83 Bu {2, 2, 4}
83 Bg {2, 2, 2, 2, 2, 2}
83 Au {2, 2, 2, 2, 2, 2, 2, 4, 8}
83 Ag {}
84 Bu {2, 2}
84 Bg {2, 2}
84 Au {2, 2, 2, 2, 2, 4}
84 Ag {}
85 Bu {2, 2}
85 Bg {2, 2, 2, 2}
85 Au {2, 2, 2, 4}
85 Ag {}
86 Bu {2}
86 Bg {2, 2}
86 Au {2, 2, 2, 4}
86 Ag {}
87 Bu {2, 2, 2}
87 Bg {2, 2, 2, 2}
87 Au {2, 2, 2, 2, 2, 2, 8}
87 Ag {}
88 Bu {4}
88 Bg {2, 4}
88 Au {2, 2, 4, 4}
88 Ag {}
89 B2 {2}
89 B1 {2}
89 A2 {}
89 A1 {}
90 B2 {2}
90 B1 {2}
90 A2 {}
90 A1 {}
91 B2 {2}
91 B1 {}
91 A2 {2, 2}
91 A1 {}

SG Irrep XBS

92 B2 {}
92 B1 {}
92 A2 {}
92 A1 {}
93 B2 {}
93 B1 {}
93 A2 {}
93 A1 {}
94 B2 {}
94 B1 {}
94 A2 {}
94 A1 {}
95 B2 {2}
95 B1 {}
95 A2 {2, 2}
95 A1 {}
96 B2 {}
96 B1 {}
96 A2 {}
96 A1 {}
97 B2 {}
97 B1 {}
97 A2 {}
97 A1 {}
98 B2 {2}
98 B1 {}
98 A2 {2}
98 A1 {}
99 B2 {2}
99 B1 {2}
99 A2 {}
99 A1 {}
100 B2 {2}
100 B1 {2}
100 A2 {}
100 A1 {}
101 B2 {}
101 B1 {}
101 A2 {}
101 A1 {}
102 B2 {}
102 B1 {}
102 A2 {}
102 A1 {}
103 B2 {2}
103 B1 {2}
103 A2 {}
103 A1 {}
104 B2 {2}

SG Irrep XBS

104 B1 {2}
104 A2 {}
104 A1 {}
105 B2 {}
105 B1 {}
105 A2 {}
105 A1 {}
106 B2 {}
106 B1 {}
106 A2 {}
106 A1 {}
107 B2 {}
107 B1 {}
107 A2 {}
107 A1 {}
108 B2 {}
108 B1 {}
108 A2 {}
108 A1 {}
109 B2 {}
109 B1 {}
109 A2 {}
109 A1 {}
110 B2 {}
110 B1 {}
110 A2 {}
110 A1 {}
111 B2 {2, 2, 4}
111 A2 {}
111 B1 {2, 2, 4}
111 A1 {}
112 B2 {2, 2, 4}
112 A2 {}
112 B1 {2, 2, 4}
112 A1 {}
113 B2 {2, 2, 4}
113 A2 {}
113 B1 {2, 2, 4}
113 A1 {}
114 B2 {2, 2, 4}
114 A2 {}
114 B1 {2, 2, 4}
114 A1 {}
115 B2 {2, 2, 4}
115 A2 {}
115 B1 {2, 2, 4}
115 A1 {}
116 B2 {2, 2, 4}
116 A2 {}

SG Irrep XBS

116 B1 {2, 2, 4}
116 A1 {}
117 B2 {2, 2, 4}
117 A2 {}
117 B1 {2, 2, 4}
117 A1 {}
118 B2 {2, 2, 4}
118 A2 {}
118 B1 {2, 2, 4}
118 A1 {}
119 B2 {2, 2, 4}
119 A2 {}
119 B1 {2, 2, 4}
119 A1 {}
120 B2 {2, 2, 4}
120 A2 {}
120 B1 {2, 2, 4}
120 A1 {}
121 B2 {2, 2, 4}
121 A2 {}
121 B1 {2, 2, 4}
121 A1 {}
122 B2 {2, 2, 4}
122 A2 {}
122 B1 {2, 4}
122 A1 {}
123 B2u {2, 4, 4, 8}
123 B2g {2, 2, 2}
123 B1u {2, 4, 4, 8}
123 B1g {2, 2, 2}
123 A2u {2, 2, 2, 2, 4, 8, 16}
123 A2g {}
123 A1u {2, 2, 2, 2, 4, 8, 16}
123 A1g {}
124 B2u {2, 4}
124 B2g {2, 2, 2}
124 B1u {2, 4}
124 B1g {2, 2, 2}
124 A2u {2, 2, 2, 2, 8}
124 A2g {}
124 A1u {2, 2, 2, 2, 8}
124 A1g {}
125 B2u {2, 2}
125 B2g {2, 2}
125 B1u {2, 2}
125 B1g {2, 2}
125 A2u {2, 2, 4}
125 A2g {}
125 A1u {2, 2, 4}
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SG Irrep XBS

125 A1g {}
126 B2u {2}
126 B2g {2, 2}
126 B1u {2}
126 B1g {2, 2}
126 A2u {2, 4}
126 A2g {}
126 A1u {2, 4}
126 A1g {}
127 B2u {4, 4}
127 B2g {2, 2, 2}
127 B1u {4, 4}
127 B1g {2, 2, 2}
127 A2u {2, 2, 2, 4, 8}
127 A2g {}
127 A1u {2, 2, 2, 4, 8}
127 A1g {}
128 B2u {4}
128 B2g {2, 2, 2}
128 B1u {4}
128 B1g {2, 2, 2}
128 A2u {2, 2, 2, 8}
128 A2g {}
128 A1u {2, 2, 2, 8}
128 A1g {}
129 B2u {2, 2}
129 B2g {2, 2}
129 B1u {2, 2}
129 B1g {2, 2}
129 A2u {2, 2, 4}
129 A2g {}
129 A1u {2, 2, 4}
129 A1g {}
130 B2u {2}
130 B2g {2, 2}
130 B1u {2}
130 B1g {2, 2}
130 A2u {2, 4}
130 A2g {}
130 A1u {2, 4}
130 A1g {}
131 B2u {2, 4, 4}
131 B2g {2}
131 B1u {2, 4, 4}
131 B1g {2}
131 A2u {2, 2, 2, 4, 8}
131 A2g {}
131 A1u {2, 2, 2, 4, 8}
131 A1g {}

SG Irrep XBS

132 B2u {2, 4}
132 B2g {2}
132 B1u {2, 4}
132 B1g {2}
132 A2u {2, 2, 2, 8}
132 A2g {}
132 A1u {2, 2, 2, 8}
132 A1g {}
133 B2u {2}
133 B2g {2}
133 B1u {2}
133 B1g {2}
133 A2u {2, 4}
133 A2g {}
133 A1u {2, 4}
133 A1g {}
134 B2u {2}
134 B2g {2}
134 B1u {2}
134 B1g {2}
134 A2u {2, 2, 4}
134 A2g {}
134 A1u {2, 2, 4}
134 A1g {}
135 B2u {2}
135 B2g {2}
135 B1u {2}
135 B1g {2}
135 A2u {2, 2, 4}
135 A2g {}
135 A1u {2, 2, 4}
135 A1g {}
136 B2u {4}
136 B2g {2}
136 B1u {4}
136 B1g {2}
136 A2u {2, 2, 8}
136 A2g {}
136 A1u {2, 2, 8}
136 A1g {}
137 B2u {2}
137 B2g {2}
137 B1u {2}
137 B1g {2}
137 A2u {2, 4}
137 A2g {}
137 A1u {2, 4}
137 A1g {}
138 B2u {2}

SG Irrep XBS

138 B2g {2}
138 B1u {2}
138 B1g {2}
138 A2u {2, 2, 4}
138 A2g {}
138 A1u {2, 2, 4}
138 A1g {}
139 B2u {2, 2, 4}
139 B2g {2, 2}
139 B1u {2, 2, 4}
139 B1g {2, 2}
139 A2u {2, 2, 2, 2, 16}
139 A2g {}
139 A1u {2, 2, 2, 2, 16}
139 A1g {}
140 B2u {2, 4}
140 B2g {2, 2}
140 B1u {2, 4}
140 B1g {2, 2}
140 A2u {2, 2, 2, 8}
140 A2g {}
140 A1u {2, 2, 2, 8}
140 A1g {}
141 B2u {2, 2}
141 B2g {2}
141 B1u {2}
141 B1g {2}
141 A2u {2, 2, 2, 4}
141 A2g {}
141 A1u {2, 4}
141 A1g {}
142 B2u {2}
142 B2g {2}
142 B1u {2}
142 B1g {2}
142 A2u {2, 4}
142 A2g {}
142 A1u {2, 4}
142 A1g {}
143 A {}
144 A {}
145 A {}
146 A {}
147 Au {2, 2, 2, 4, 8}
147 Ag {}
148 Au {2, 2, 2, 4, 8}
148 Ag {}
149 A2 {2}
149 A1 {}

SG Irrep XBS

150 A2 {2}
150 A1 {}
151 A2 {2}
151 A1 {}
152 A2 {2}
152 A1 {}
153 A2 {2}
153 A1 {}
154 A2 {2}
154 A1 {}
155 A2 {2}
155 A1 {}
156 A2 {}
156 A1 {}
157 A2 {}
157 A1 {}
158 A2 {}
158 A1 {}
159 A2 {}
159 A1 {}
160 A2 {}
160 A1 {}
161 A2 {}
161 A1 {}
162 A2u {2, 2, 2, 2, 4}
162 A2g {}
162 A1u {2, 2, 4}
162 A1g {}
163 A2u {2, 2, 4}
163 A2g {}
163 A1u {2, 4}
163 A1g {}
164 A2u {2, 2, 2, 2, 4}
164 A2g {}
164 A1u {2, 2, 4}
164 A1g {}
165 A2u {2, 2, 4}
165 A2g {}
165 A1u {2, 4}
165 A1g {}
166 A2u {2, 2, 2, 2, 4}
166 A2g {}
166 A1u {2, 2, 4}
166 A1g {}
167 A2u {2, 2, 4}
167 A2g {}
167 A1u {2, 4}
167 A1g {}
168 B {4}



18

SG Irrep XBS

168 A {}
169 B {}
169 A {}
170 B {}
170 A {}
171 B {4}
171 A {}
172 B {4}
172 A {}
173 B {}
173 A {}
174 A” {2, 2, 2, 2, 2, 6, 6}
174 A’ {}
175 Bu {4, 4, 4}
175 Bg {2, 6, 6}
175 Au {2, 2, 2, 2, 2, 2, 2, 2, 6, 12}
175 Ag {}
176 Bu {4}
176 Bg {2, 6}
176 Au {2, 2, 2, 2, 2, 12}
176 Ag {}
177 B1 {}
177 B2 {}
177 A2 {}
177 A1 {}
178 B1 {}
178 B2 {}
178 A2 {2}
178 A1 {}
179 B1 {}
179 B2 {}
179 A2 {2}
179 A1 {}
180 B1 {}
180 B2 {}
180 A2 {}
180 A1 {}
181 B1 {}
181 B2 {}
181 A2 {}
181 A1 {}
182 B1 {}
182 B2 {}
182 A2 {2}
182 A1 {}
183 B2 {}
183 B1 {}
183 A2 {}
183 A1 {}

SG Irrep XBS

184 B2 {}
184 B1 {}
184 A2 {}
184 A1 {}
185 B2 {}
185 B1 {}
185 A2 {}
185 A1 {}
186 B2 {}
186 B1 {}
186 A2 {}
186 A1 {}
187 A′′

2 {2, 6, 6}
187 A′

2 {}
187 A′′

1 {2, 6, 6}
187 A′

1 {}
188 A′′

2 {2, 2, 2, 6}
188 A′

2 {}
188 A′′

1 {2, 2, 6}
188 A′

1 {}
189 A′′

2 {2, 6, 6}
189 A′

2 {}
189 A′′

1 {2, 6, 6}
189 A′

1 {}
190 A′′

2 {2, 2, 2, 6}
190 A′

2 {}
190 A′′

1 {2, 2, 6}
190 A′

1 {}
191 B1u {2, 4, 8}
191 B1g {3, 6}
191 B2u {2, 4, 8}
191 B2g {3, 6}
191 A2u {2, 2, 2, 2, 12, 24}
191 A2g {}
191 A1u {2, 2, 2, 2, 12, 24}
191 A1g {}
192 B1u {4}
192 B1g {6}
192 B2u {4}
192 B2g {6}
192 A2u {2, 2, 2, 2, 12}
192 A2g {}
192 A1u {2, 2, 2, 2, 12}
192 A1g {}
193 B1u {4}
193 B1g {6}
193 B2u {2, 4}
193 B2g {6}
193 A2u {2, 2, 2, 12}

SG Irrep XBS

193 A2g {}
193 A1u {2, 2, 12}
193 A1g {}
194 B1u {2, 4}
194 B1g {6}
194 B2u {4}
194 B2g {6}
194 A2u {2, 2, 2, 12}
194 A2g {}
194 A1u {2, 2, 12}
194 A1g {}
195 A {}
196 A {}
197 A {}
198 A {}
199 A {}
200 Au {2, 2, 2, 4, 8}
200 Ag {}
201 Au {2, 2, 2, 4}
201 Ag {}
202 Au {2, 2, 2, 8}
202 Ag {}
203 Au {2, 2, 2, 4}
203 Ag {}
204 Au {2, 2, 2, 8}
204 Ag {}
205 Au {2, 2, 4}
205 Ag {}
206 Au {2, 2, 2, 4}
206 Ag {}
207 A2 {2}
207 A1 {}
208 A2 {}
208 A1 {}
209 A2 {}
209 A1 {}
210 A2 {2}
210 A1 {}
211 A2 {}
211 A1 {}
212 A2 {}
212 A1 {}
213 A2 {}
213 A1 {}
214 A2 {}
214 A1 {}
215 A2 {2, 2, 4}
215 A1 {}
216 A2 {2, 2, 4}

SG Irrep XBS

216 A1 {}
217 A2 {2, 2, 4}
217 A1 {}
218 A2 {2, 2, 4}
218 A1 {}
219 A2 {2, 2, 4}
219 A1 {}
220 A2 {2, 4}
220 A1 {}
221 A2u {2, 4, 8}
221 A2g {2, 2, 2}
221 A1u {2, 2, 2, 2, 8, 16}
221 A1g {}
222 A2u {2, 2}
222 A2g {2, 2}
222 A1u {2, 2, 4}
222 A1g {}
223 A2u {2, 4}
223 A2g {2}
223 A1u {2, 2, 2, 8}
223 A1g {}
224 A2u {2, 2}
224 A2g {2}
224 A1u {2, 2, 2, 4}
224 A1g {}
225 A2u {2, 2, 4}
225 A2g {2, 2}
225 A1u {2, 2, 2, 2, 16}
225 A1g {}
226 A2u {2, 4}
226 A2g {2, 2}
226 A1u {2, 2, 2, 8}
226 A1g {}
227 A2u {2, 2, 2}
227 A2g {2}
227 A1u {2, 2, 4}
227 A1g {}
228 A2u {2, 2}
228 A2g {2}
228 A1u {2, 2, 4}
228 A1g {}
229 A2u {2, 2, 4}
229 A2g {2, 2}
229 A1u {2, 2, 2, 2, 16}
229 A1g {}
230 A2u {2, 2}
230 A2g {2}
230 A1u {2, 2, 4}
230 A1g {}
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b. spinless systems

SG Irrep XBS

1 A {}
2 Au {2, 2, 2, 4, 4, 4, 8}
2 Ag {}
3 B {2, 2, 4}
3 A {}
4 B {}
4 A {}
5 B {2}
5 A {}
6 A” {2}
6 A’ {}
7 A” {}
7 A’ {}
8 A” {}
8 A’ {}
9 A” {}
9 A’ {}
10 Bu {2, 2, 2, 2, 2, 2, 4, 4, 4}
10 Bg {2}
10 Au {2, 2, 2, 2, 2, 4}
10 Ag {}
11 Bu {2, 2, 4}
11 Bg {}
11 Au {2, 2, 2, 4}
11 Ag {}
12 Bu {2, 2, 2, 2, 4, 4}
12 Bg {}
12 Au {2, 2, 4, 4}
12 Ag {}
13 Bu {2, 2, 2, 4, 4}
13 Bg {2}
13 Au {2, 2, 4}
13 Ag {}
14 Bu {2, 2, 4}
14 Bg {}
14 Au {2, 2, 4}
14 Ag {}
15 Bu {2, 2, 4, 4}
15 Bg {}
15 Au {2, 4, 4}
15 Ag {}
16 B1 {2, 2, 2, 2}
16 B2 {2, 2, 2, 2}
16 B3 {2, 2, 2, 2}
16 A1 {}
17 B1 {2, 2, 2}
17 B2 {2}
17 B3 {2}
17 A1 {}

SG Irrep XBS

18 B1 {}
18 B2 {2}
18 B3 {2}
18 A1 {}
19 B1 {}
19 B2 {}
19 B3 {}
19 A1 {}
20 B1 {2}
20 B2 {}
20 B3 {}
20 A1 {}
21 B1 {2, 2}
21 B2 {2, 2}
21 B3 {2, 2}
21 A1 {}
22 B1 {2}
22 B2 {2}
22 B3 {2}
22 A1 {}
23 B1 {2}
23 B2 {2}
23 B3 {2}
23 A1 {}
24 B1 {2}
24 B2 {2}
24 B3 {2}
24 A1 {}
25 B1 {2, 2, 2}
25 B2 {2, 2, 2}
25 A2 {}
25 A1 {}
26 B1 {2}
26 B2 {}
26 A2 {2}
26 A1 {}
27 B1 {2, 2, 4}
27 B2 {2, 2, 4}
27 A2 {}
27 A1 {}
28 B1 {2, 2}
28 B2 {2}
28 A2 {}
28 A1 {}
29 B1 {}
29 B2 {}
29 A2 {}
29 A1 {}
30 B1 {2}

SG Irrep XBS

30 B2 {2}
30 A2 {}
30 A1 {}
31 B1 {}
31 B2 {}
31 A2 {}
31 A1 {}
32 B1 {2}
32 B2 {2}
32 A2 {}
32 A1 {}
33 B1 {}
33 B2 {}
33 A2 {}
33 A1 {}
34 B1 {2}
34 B2 {2}
34 A2 {}
34 A1 {}
35 B1 {2, 2}
35 B2 {2, 2}
35 A2 {}
35 A1 {}
36 B1 {}
36 B2 {}
36 A2 {}
36 A1 {}
37 B1 {2, 4}
37 B2 {2, 4}
37 A2 {}
37 A1 {}
38 B1 {2, 2}
38 B2 {}
38 A2 {}
38 A1 {}
39 B1 {2}
39 B2 {2, 2}
39 A2 {}
39 A1 {}
40 B1 {2}
40 B2 {}
40 A2 {}
40 A1 {}
41 B1 {}
41 B2 {}
41 A2 {}
41 A1 {}
42 B1 {2}
42 B2 {2}

SG Irrep XBS

42 A2 {}
42 A1 {}
43 B1 {}
43 B2 {}
43 A2 {}
43 A1 {}
44 B1 {2}
44 B2 {2}
44 A2 {}
44 A1 {}
45 B1 {4}
45 B2 {4}
45 A2 {}
45 A1 {}
46 B1 {2}
46 B2 {}
46 A2 {}
46 A1 {}
47 B1u {2, 2, 2, 2, 2, 2, 2, 2, 2}
47 B1g {}
47 B2u {2, 2, 2, 2, 2, 2, 2, 2, 2}
47 B2g {}
47 B3u {2, 2, 2, 2, 2, 2, 2, 2, 2}
47 B3g {}
47 Au {2}
47 Ag {}
48 B1u {2, 2, 4}
48 B1g {2}
48 B2u {2, 2, 4}
48 B2g {2}
48 B3u {2, 2, 4}
48 B3g {2}
48 Au {2}
48 Ag {}
49 B1u {2, 2, 2, 2, 2}
49 B1g {}
49 B2u {2, 2, 2, 2, 2, 4}
49 B2g {2, 2}
49 B3u {2, 2, 2, 2, 2, 4}
49 B3g {2, 2}
49 Au {2}
49 Ag {}
50 B1u {2, 2, 2, 4}
50 B1g {2, 2}
50 B2u {2, 2, 4}
50 B2g {2}
50 B3u {2, 2, 4}
50 B3g {2}
50 Au {2}
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SG Irrep XBS

50 Ag {}
51 B1u {2, 2, 2}
51 B1g {}
51 B2u {2, 2, 2, 2}
51 B2g {}
51 B3u {2, 2, 2, 2, 2, 2}
51 B3g {2}
51 Au {2, 2}
51 Ag {}
52 B1u {2, 4}
52 B1g {}
52 B2u {2, 2, 4}
52 B2g {2}
52 B3u {2, 4}
52 B3g {}
52 Au {4}
52 Ag {}
53 B1u {2, 2, 2, 2, 4}
53 B1g {2}
53 B2u {2, 2, 2, 4}
53 B2g {}
53 B3u {2, 2, 4}
53 B3g {}
53 Au {2, 4}
53 Ag {}
54 B1u {2, 2}
54 B1g {}
54 B2u {2, 2, 4}
54 B2g {2}
54 B3u {2, 2, 2, 4}
54 B3g {2, 2}
54 Au {2}
54 Ag {}
55 B1u {2, 2, 2}
55 B1g {}
55 B2u {2, 2, 2}
55 B2g {}
55 B3u {2, 2, 2}
55 B3g {}
55 Au {2, 2, 2}
55 Ag {}
56 B1u {2}
56 B1g {}
56 B2u {2, 2, 4}
56 B2g {2}
56 B3u {2, 2, 4}
56 B3g {2}
56 Au {2}
56 Ag {}

SG Irrep XBS

57 B1u {2, 2, 2}
57 B1g {}
57 B2u {2, 2}
57 B2g {2}
57 B3u {2}
57 B3g {}
57 Au {2, 2}
57 Ag {}
58 B1u {2, 4}
58 B1g {}
58 B2u {2, 2, 2, 4}
58 B2g {}
58 B3u {2, 2, 2, 4}
58 B3g {}
58 Au {2, 4}
58 Ag {}
59 B1u {2}
59 B1g {}
59 B2u {2, 2, 2}
59 B2g {2}
59 B3u {2, 2, 2}
59 B3g {2}
59 Au {2, 2}
59 Ag {}
60 B1u {2, 4}
60 B1g {}
60 B2u {4}
60 B2g {}
60 B3u {2, 4}
60 B3g {}
60 Au {4}
60 Ag {}
61 B1u {4}
61 B1g {}
61 B2u {4}
61 B2g {}
61 B3u {4}
61 B3g {}
61 Au {4}
61 Ag {}
62 B1u {2}
62 B1g {}
62 B2u {2, 2}
62 B2g {}
62 B3u {2}
62 B3g {}
62 Au {2, 2}
62 Ag {}
63 B1u {2, 2, 2, 2}

SG Irrep XBS

63 B1g {}
63 B2u {2, 2}
63 B2g {}
63 B3u {2, 2}
63 B3g {}
63 Au {2, 2}
63 Ag {}
64 B1u {2, 2, 2}
64 B1g {2}
64 B2u {2, 2}
64 B2g {}
64 B3u {2, 2, 2}
64 B3g {}
64 Au {2, 2}
64 Ag {}
65 B1u {2, 2, 2, 2, 2, 2}
65 B1g {}
65 B2u {2, 2, 2, 2, 2, 2}
65 B2g {}
65 B3u {2, 2, 2, 2, 2, 2}
65 B3g {}
65 Au {2, 2}
65 Ag {}
66 B1u {2, 2, 2, 2}
66 B1g {}
66 B2u {2, 2, 2, 2, 4}
66 B2g {2}
66 B3u {2, 2, 2, 2, 4}
66 B3g {2}
66 Au {2, 2}
66 Ag {}
67 B1u {2, 2, 2, 2}
67 B1g {2}
67 B2u {2, 2, 2, 2, 2}
67 B2g {}
67 B3u {2, 2, 2, 2, 2}
67 B3g {}
67 Au {2}
67 Ag {}
68 B1u {2, 2}
68 B1g {}
68 B2u {2, 2, 4}
68 B2g {2}
68 B3u {2, 2, 4}
68 B3g {2}
68 Au {2}
68 Ag {}
69 B1u {2, 2, 2, 2, 2}
69 B1g {}

SG Irrep XBS

69 B2u {2, 2, 2, 2, 2}
69 B2g {}
69 B3u {2, 2, 2, 2, 2}
69 B3g {}
69 Au {2, 2}
69 Ag {}
70 B1u {2, 4}
70 B1g {}
70 B2u {2, 4}
70 B2g {}
70 B3u {2, 4}
70 B3g {}
70 Au {4}
70 Ag {}
71 B1u {2, 2, 2, 2, 2}
71 B1g {}
71 B2u {2, 2, 2, 2, 2}
71 B2g {}
71 B3u {2, 2, 2, 2, 2}
71 B3g {}
71 Au {2, 2}
71 Ag {}
72 B1u {2, 2, 2, 2}
72 B1g {}
72 B2u {2, 2, 2}
72 B2g {2}
72 B3u {2, 2, 2}
72 B3g {2}
72 Au {2, 2}
72 Ag {}
73 B1u {2, 2, 2}
73 B1g {2}
73 B2u {2, 2, 2}
73 B2g {2}
73 B3u {2, 2, 2}
73 B3g {2}
73 Au {2}
73 Ag {}
74 B1u {2, 2, 2}
74 B1g {}
74 B2u {2, 2, 2, 2}
74 B2g {}
74 B3u {2, 2, 2, 2}
74 B3g {}
74 Au {2, 2}
74 Ag {}
75 B {2, 2}
75 A {}
76 B {}
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SG Irrep XBS

76 A {}
77 B {}
77 A {}
78 B {}
78 A {}
79 B {}
79 A {}
80 B {}
80 A {}
81 B {2, 2, 2, 2, 4, 4}
81 A {}
82 B {2, 2, 4, 4, 4}
82 A {}
83 Bu {2, 2, 4}
83 Bg {2, 2, 2, 2, 2, 2}
83 Au {2, 2, 2, 2, 2, 2, 2, 4, 8}
83 Ag {}
84 Bu {2, 2}
84 Bg {2, 2}
84 Au {2, 2, 2, 2, 2, 4}
84 Ag {}
85 Bu {2, 2}
85 Bg {2, 2, 2, 2}
85 Au {2, 2, 2, 4}
85 Ag {}
86 Bu {2}
86 Bg {2, 2}
86 Au {2, 2, 2, 4}
86 Ag {}
87 Bu {2, 2, 2}
87 Bg {2, 2, 2, 2}
87 Au {2, 2, 2, 2, 2, 2, 8}
87 Ag {}
88 Bu {4}
88 Bg {2, 4}
88 Au {2, 2, 4, 4}
88 Ag {}
89 B2 {2}
89 B1 {}
89 A2 {2, 2, 2}
89 A1 {}
90 B2 {}
90 B1 {2, 2}
90 A2 {2}
90 A1 {}
91 B2 {2}
91 B1 {}
91 A2 {2, 2}
91 A1 {}

SG Irrep XBS

92 B2 {}
92 B1 {}
92 A2 {}
92 A1 {}
93 B2 {2}
93 B1 {}
93 A2 {2, 2, 2}
93 A1 {}
94 B2 {}
94 B1 {}
94 A2 {}
94 A1 {}
95 B2 {2}
95 B1 {}
95 A2 {2, 2}
95 A1 {}
96 B2 {}
96 B1 {}
96 A2 {}
96 A1 {}
97 B2 {2}
97 B1 {2}
97 A2 {2, 2}
97 A1 {}
98 B2 {}
98 B1 {}
98 A2 {2}
98 A1 {}
99 B2 {}
99 B1 {}
99 A2 {}
99 A1 {}
100 B2 {}
100 B1 {2}
100 A2 {}
100 A1 {}
101 B2 {}
101 B1 {}
101 A2 {}
101 A1 {}
102 B2 {}
102 B1 {}
102 A2 {}
102 A1 {}
103 B2 {2}
103 B1 {2}
103 A2 {}
103 A1 {}
104 B2 {}

SG Irrep XBS

104 B1 {}
104 A2 {}
104 A1 {}
105 B2 {}
105 B1 {}
105 A2 {}
105 A1 {}
106 B2 {}
106 B1 {}
106 A2 {}
106 A1 {}
107 B2 {}
107 B1 {}
107 A2 {}
107 A1 {}
108 B2 {}
108 B1 {2}
108 A2 {}
108 A1 {}
109 B2 {}
109 B1 {}
109 A2 {}
109 A1 {}
110 B2 {}
110 B1 {}
110 A2 {}
110 A1 {}
111 B2 {2, 2, 2, 2}
111 A2 {2}
111 B1 {2}
111 A1 {}
112 B2 {2, 2, 2, 2, 2}
112 A2 {2}
112 B1 {2, 2}
112 A1 {}
113 B2 {2, 2}
113 A2 {}
113 B1 {2, 2, 2}
113 A1 {}
114 B2 {2, 2}
114 A2 {}
114 B1 {2, 2}
114 A1 {}
115 B2 {2, 2, 2}
115 A2 {}
115 B1 {2}
115 A1 {}
116 B2 {2, 2, 2, 2}
116 A2 {}

SG Irrep XBS

116 B1 {2, 2}
116 A1 {}
117 B2 {2, 2, 2, 4}
117 A2 {2}
117 B1 {2, 2}
117 A1 {}
118 B2 {2, 2, 4}
118 A2 {}
118 B1 {2, 2}
118 A1 {}
119 B2 {2, 2, 2}
119 A2 {}
119 B1 {2, 2}
119 A1 {}
120 B2 {2, 2, 2, 2, 2}
120 A2 {2}
120 B1 {2, 2, 2}
120 A1 {}
121 B2 {2, 2, 2}
121 A2 {}
121 B1 {2, 2}
121 A1 {}
122 B2 {2, 2, 4}
122 A2 {}
122 B1 {2, 4}
122 A1 {}
123 B2u {2, 2, 2}
123 B2g {}
123 B1u {2}
123 B1g {}
123 A2u {2, 2, 2, 2, 2, 2, 2, 2, 2}
123 A2g {}
123 A1u {2, 2, 2}
123 A1g {}
124 B2u {2, 2}
124 B2g {2, 2}
124 B1u {2}
124 B1g {2, 2}
124 A2u {2, 2, 2, 2, 2, 4}
124 A2g {}
124 A1u {2, 2, 4}
124 A1g {}
125 B2u {2}
125 B2g {2}
125 B1u {2}
125 B1g {2}
125 A2u {2, 2, 2, 2}
125 A2g {2}
125 A1u {2}
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SG Irrep XBS

125 A1g {}
126 B2u {2, 2}
126 B2g {2, 2, 2}
126 B1u {2}
126 B1g {2, 2}
126 A2u {2, 2, 2, 2}
126 A2g {2}
126 A1u {2, 2}
126 A1g {}
127 B2u {2}
127 B2g {}
127 B1u {2, 2}
127 B1g {2, 2, 2}
127 A2u {2, 2, 2, 2, 2, 2}
127 A2g {}
127 A1u {2, 2, 2, 2}
127 A1g {}
128 B2u {2, 2}
128 B2g {2, 2}
128 B1u {2, 2, 2}
128 B1g {2, 2, 2}
128 A2u {2, 2, 2, 2, 4}
128 A2g {}
128 A1u {2, 2, 2, 4}
128 A1g {}
129 B2u {}
129 B2g {}
129 B1u {2}
129 B1g {2}
129 A2u {2, 2, 2}
129 A2g {}
129 A1u {2}
129 A1g {}
130 B2u {2}
130 B2g {2, 2}
130 B1u {2, 2}
130 B1g {2, 2, 2}
130 A2u {2, 2, 2}
130 A2g {}
130 A1u {2, 2}
130 A1g {}
131 B2u {2, 2, 2}
131 B2g {}
131 B1u {}
131 B1g {}
131 A2u {2, 2, 2, 2, 2, 2}
131 A2g {}
131 A1u {2}
131 A1g {}

SG Irrep XBS

132 B2u {2}
132 B2g {}
132 B1u {2}
132 B1g {}
132 A2u {2, 2, 2, 2, 2}
132 A2g {}
132 A1u {2}
132 A1g {}
133 B2u {2, 2}
133 B2g {2, 2, 2}
133 B1u {2}
133 B1g {2, 2}
133 A2u {2, 2, 2, 2, 2}
133 A2g {2, 2}
133 A1u {2, 2}
133 A1g {}
134 B2u {2}
134 B2g {2}
134 B1u {2}
134 B1g {2}
134 A2u {2, 2, 2, 2}
134 A2g {2}
134 A1u {2}
134 A1g {}
135 B2u {2}
135 B2g {}
135 B1u {2, 2}
135 B1g {2}
135 A2u {2, 2, 2, 2}
135 A2g {}
135 A1u {2, 2, 2}
135 A1g {}
136 B2u {2}
136 B2g {}
136 B1u {2, 2}
136 B1g {2}
136 A2u {2, 2, 2, 2}
136 A2g {}
136 A1u {2, 2, 2}
136 A1g {}
137 B2u {}
137 B2g {2}
137 B1u {2}
137 B1g {2}
137 A2u {2, 2}
137 A2g {}
137 A1u {2, 2}
137 A1g {}
138 B2u {}

SG Irrep XBS

138 B2g {}
138 B1u {2}
138 B1g {2, 2}
138 A2u {2, 2, 2}
138 A2g {}
138 A1u {2, 2}
138 A1g {}
139 B2u {2}
139 B2g {}
139 B1u {2}
139 B1g {}
139 A2u {2, 2, 2, 2, 2, 2}
139 A2g {}
139 A1u {2, 2}
139 A1g {}
140 B2u {}
140 B2g {}
140 B1u {2}
140 B1g {2}
140 A2u {2, 2, 2, 2, 2}
140 A2g {}
140 A1u {2, 2}
140 A1g {}
141 B2u {2}
141 B2g {2}
141 B1u {2}
141 B1g {2}
141 A2u {2, 2, 2}
141 A2g {}
141 A1u {2, 2}
141 A1g {}
142 B2u {2}
142 B2g {2, 2}
142 B1u {2}
142 B1g {2, 2}
142 A2u {2, 2, 2, 2}
142 A2g {2}
142 A1u {2, 2}
142 A1g {}
143 A {}
144 A {}
145 A {}
146 A {}
147 Au {2, 2, 2, 4, 8}
147 Ag {}
148 Au {2, 2, 2, 4, 8}
148 Ag {}
149 A2 {2}
149 A1 {}

SG Irrep XBS

150 A2 {2}
150 A1 {}
151 A2 {2}
151 A1 {}
152 A2 {2}
152 A1 {}
153 A2 {2}
153 A1 {}
154 A2 {2}
154 A1 {}
155 A2 {2}
155 A1 {}
156 A2 {}
156 A1 {}
157 A2 {}
157 A1 {}
158 A2 {}
158 A1 {}
159 A2 {}
159 A1 {}
160 A2 {}
160 A1 {}
161 A2 {}
161 A1 {}
162 A2u {2, 2, 2, 2, 4}
162 A2g {}
162 A1u {2, 2, 4}
162 A1g {}
163 A2u {2, 2, 4}
163 A2g {}
163 A1u {2, 4}
163 A1g {}
164 A2u {2, 2, 2, 2, 4}
164 A2g {}
164 A1u {2, 2, 4}
164 A1g {}
165 A2u {2, 2, 4}
165 A2g {}
165 A1u {2, 4}
165 A1g {}
166 A2u {2, 2, 2, 2, 4}
166 A2g {}
166 A1u {2, 2, 4}
166 A1g {}
167 A2u {2, 2, 4}
167 A2g {}
167 A1u {2, 4}
167 A1g {}
168 B {4}
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SG Irrep XBS

168 A {}
169 B {}
169 A {}
170 B {}
170 A {}
171 B {4}
171 A {}
172 B {4}
172 A {}
173 B {}
173 A {}
174 A” {2, 2, 2, 2, 2, 6, 6}
174 A’ {}
175 Bu {4, 4, 4}
175 Bg {2, 6, 6}
175 Au {2, 2, 2, 2, 2, 2, 2, 2, 6, 12}
175 Ag {}
176 Bu {4}
176 Bg {2, 6}
176 Au {2, 2, 2, 2, 2, 12}
176 Ag {}
177 B1 {2}
177 B2 {2}
177 A2 {2, 2}
177 A1 {}
178 B1 {}
178 B2 {}
178 A2 {2}
178 A1 {}
179 B1 {}
179 B2 {}
179 A2 {2}
179 A1 {}
180 B1 {2}
180 B2 {2}
180 A2 {2, 2}
180 A1 {}
181 B1 {2}
181 B2 {2}
181 A2 {2, 2}
181 A1 {}
182 B1 {}
182 B2 {}
182 A2 {2}
182 A1 {}
183 B2 {2}
183 B1 {2}
183 A2 {}
183 A1 {}

SG Irrep XBS

184 B2 {4}
184 B1 {4}
184 A2 {}
184 A1 {}
185 B2 {}
185 B1 {}
185 A2 {}
185 A1 {}
186 B2 {}
186 B1 {}
186 A2 {}
186 A1 {}
187 A′′

2 {2, 2, 2, 2, 2}
187 A′

2 {}
187 A′′

1 {2, 2, 2}
187 A′

1 {}
188 A′′

2 {2, 2, 2, 6}
188 A′

2 {}
188 A′′

1 {2, 2, 6}
188 A′

1 {}
189 A′′

2 {2, 2, 2, 2, 2}
189 A′

2 {}
189 A′′

1 {2, 2, 2}
189 A′

1 {}
190 A′′

2 {2, 2, 2, 6}
190 A′

2 {}
190 A′′

1 {2, 2, 6}
190 A′

1 {}
191 B1u {2, 2, 2}
191 B1g {2}
191 B2u {2, 2, 2}
191 B2g {2}
191 A2u {2, 2, 2, 2, 2, 2, 2, 2}
191 A2g {}
191 A1u {2, 2, 2, 2}
191 A1g {}
192 B1u {2, 4}
192 B1g {2, 6}
192 B2u {2, 4}
192 B2g {2, 6}
192 A2u {2, 2, 2, 2, 2, 6}
192 A2g {}
192 A1u {2, 2, 2, 6}
192 A1g {}
193 B1u {2}
193 B1g {2}
193 B2u {2}
193 B2g {2}
193 A2u {2, 2, 2, 2, 2}

SG Irrep XBS

193 A2g {}
193 A1u {2, 2, 2}
193 A1g {}
194 B1u {2}
194 B1g {2}
194 B2u {2}
194 B2g {2}
194 A2u {2, 2, 2, 2, 2}
194 A2g {}
194 A1u {2, 2, 2}
194 A1g {}
195 A {}
196 A {}
197 A {}
198 A {}
199 A {}
200 Au {2, 2, 2}
200 Ag {}
201 Au {2, 2, 2}
201 Ag {}
202 Au {2, 2, 2, 2}
202 Ag {}
203 Au {2, 2, 4}
203 Ag {}
204 Au {2, 2, 2, 2}
204 Ag {}
205 Au {2, 2, 4}
205 Ag {}
206 Au {2, 2, 2}
206 Ag {}
207 A2 {}
207 A1 {}
208 A2 {}
208 A1 {}
209 A2 {2}
209 A1 {}
210 A2 {}
210 A1 {}
211 A2 {2}
211 A1 {}
212 A2 {}
212 A1 {}
213 A2 {}
213 A1 {}
214 A2 {}
214 A1 {}
215 A2 {2}
215 A1 {}
216 A2 {2, 2}

SG Irrep XBS

216 A1 {}
217 A2 {2, 2}
217 A1 {}
218 A2 {2, 2}
218 A1 {}
219 A2 {2, 2, 2}
219 A1 {}
220 A2 {2, 4}
220 A1 {}
221 A2u {2, 2}
221 A2g {}
221 A1u {2, 2, 2, 2}
221 A1g {}
222 A2u {2, 2}
222 A2g {2, 2}
222 A1u {2, 2, 2}
222 A1g {}
223 A2u {2}
223 A2g {}
223 A1u {2, 2}
223 A1g {}
224 A2u {2, 2}
224 A2g {2}
224 A1u {2, 2}
224 A1g {}
225 A2u {2, 2}
225 A2g {}
225 A1u {2, 2, 2}
225 A1g {}
226 A2u {2}
226 A2g {}
226 A1u {2, 2, 2}
226 A1g {}
227 A2u {2, 2}
227 A2g {2}
227 A1u {2, 2, 2}
227 A1g {}
228 A2u {2, 2}
228 A2g {2, 2}
228 A1u {2, 2, 2}
228 A1g {}
229 A2u {2, 2}
229 A2g {}
229 A1u {2, 2, 2}
229 A1g {}
230 A2u {2, 2}
230 A2g {2, 2}
230 A1u {2, 2, 2}
230 A1g {}
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2. Layer group

a. spinful systems

LG Irrep XBS

1 A {}
2 Ag {}
2 Au {2, 2, 4}
3 A {}
3 B {2, 2, 4}
4 A’ {}
4 A” {}
5 A’ {}
5 A” {}
6 Ag {}
6 Au {2}
6 Bg {2}
6 Bu {2, 2, 2, 2, 4, 4}
7 Ag {}
7 Au {2}
7 Bg {2}
7 Bu {2, 2, 4}
8 A {}
8 B {2}
9 A {}
9 B {}
10 A {}
10 B {}
11 A’ {}
11 A” {2}
12 A’ {}
12 A” {}
13 A’ {}
13 A” {}
14 Ag {}
14 Au {2, 2, 2}
14 Bg {}
14 Bu {2, 2, 2}
15 Ag {}
15 Au {2, 2}
15 Bg {}
15 Bu {2}
16 Ag {}
16 Au {2}
16 Bg {}
16 Bu {2, 2}
17 Ag {}
17 Au {2}

LG Irrep XBS

17 Bg {}
17 Bu {2}
18 Ag {}
18 Au {2, 2}
18 Bg {}
18 Bu {2, 2}
19 A1 {}
19 B3 {}
19 B2 {}
19 B1 {}
20 A1 {}
20 B3 {2, 2}
20 B2 {2}
20 B1 {}
21 A1 {}
21 B3 {2}
21 B2 {2}
21 B1 {}
22 A1 {}
22 B3 {2}
22 B2 {2}
22 B1 {}
23 A1 {}
23 A2 {}
23 B2 {}
23 B1 {}
24 A1 {}
24 A2 {}
24 B2 {2}
24 B1 {2, 2}
25 A1 {}
25 A2 {}
25 B2 {2}
25 B1 {2}
26 A1 {}
26 A2 {}
26 B2 {2}
26 B1 {2}
27 A1 {}
27 A2 {}
27 B1 {}
27 B2 {}
28 A1 {}

LG Irrep XBS

28 A2 {}
28 B1 {}
28 B2 {}
29 A1 {}
29 A2 {}
29 B1 {}
29 B2 {}
30 A1 {}
30 A2 {}
30 B1 {}
30 B2 {}
31 A1 {}
31 A2 {}
31 B1 {}
31 B2 {2}
32 A1 {}
32 A2 {}
32 B1 {}
32 B2 {}
33 A1 {}
33 A2 {}
33 B1 {}
33 B2 {}
34 A1 {}
34 A2 {}
34 B1 {}
34 B2 {}
35 A1 {}
35 A2 {}
35 B1 {}
35 B2 {}
36 A1 {}
36 A2 {}
36 B1 {}
36 B2 {}
37 Ag {}
37 Au {2, 2, 4}
37 B3g {}
37 B3u {2, 2, 4}
37 B2g {}
37 B2u {2, 2, 4}
37 B1g {}
37 B1u {2, 2, 4}

LG Irrep XBS

38 Ag {}
38 Au {2, 2}
38 B3g {}
38 B3u {2, 2}
38 B2g {}
38 B2u {2}
38 B1g {}
38 B1u {2}
39 Ag {}
39 Au {2}
39 B3g {}
39 B3u {2}
39 B2g {}
39 B2u {2}
39 B1g {}
39 B1u {2}
40 Ag {}
40 Au {2}
40 B3g {2}
40 B3u {2, 2, 4}
40 B2g {2}
40 B2u {2, 2, 4}
40 B1g {}
40 B1u {2}
41 Ag {}
41 Au {2}
41 B3g {}
41 B3u {2, 2}
41 B2g {}
41 B2u {2}
41 B1g {}
41 B1u {2, 2}
42 Ag {}
42 Au {2}
42 B3g {}
42 B3u {2, 2}
42 B2g {2}
42 B2u {2, 2}
42 B1g {}
42 B1u {2}
43 Ag {}
43 Au {2}
43 B3g {2}
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LG Irrep XBS

43 B3u {2, 2}
43 B2g {2}
43 B2u {2, 2}
43 B1g {}
43 B1u {2}
44 Ag {}
44 Au {2}
44 B3g {2}
44 B3u {2, 2, 4}
44 B2g {2}
44 B2u {2, 2, 4}
44 B1g {}
44 B1u {2}
45 Ag {}
45 Au {2}
45 B3g {2}
45 B3u {2, 2}
45 B2g {2}
45 B2u {2, 2}
45 B1g {}
45 B1u {2}
46 Ag {}
46 Au {2}
46 B3g {}
46 B3u {2}
46 B2g {}
46 B2u {2}
46 B1g {}
46 B1u {2}
47 Ag {}
47 Au {4}
47 B3g {}
47 B3u {2, 2, 4}
47 B2g {}
47 B2u {2, 2, 4}
47 B1g {}
47 B1u {4}
48 Ag {}
48 Au {2}
48 B3g {}
48 B3u {2}
48 B2g {}
48 B2u {2}

LG Irrep XBS

48 B1g {}
48 B1u {2}
49 A {}
49 B {2, 2}
50 A {}
50 B {2, 2}
51 Ag {}
51 Au {4}
51 Bg {2, 2, 2, 2}
51 Bu {4}
52 Ag {}
52 Au {2}
52 Bg {2, 2}
52 Bu {2}
53 A1 {}
53 B1 {2}
53 B2 {2}
53 A2 {}
54 A1 {}
54 B1 {2}
54 B2 {2}
54 A2 {}
55 A1 {}
55 A2 {}
55 B1 {2}
55 B2 {2}
56 A1 {}
56 A2 {}
56 B1 {2}
56 B2 {2}
57 A1 {}
57 B1 {2}
57 B2 {2}
57 A2 {}
58 A1 {}
58 B1 {2}
58 B2 {2}
58 A2 {}
59 A1 {}
59 B1 {2}
59 B2 {2}
59 A2 {}
60 A1 {}

LG Irrep XBS

60 B1 {2}
60 B2 {2}
60 A2 {}
61 A1g {}
61 A1u {2, 8}
61 B1g {2, 2}
61 B1u {2, 8}
61 B2g {2, 2}
61 B2u {2, 8}
61 A2g {}
61 A2u {2, 8}
62 A1g {}
62 A1u {2}
62 B1g {2}
62 B1u {2}
62 B2g {2}
62 B2u {2}
62 A2g {}
62 A2u {2}
63 A1g {}
63 A1u {4}
63 B1g {2, 2}
63 B1u {4}
63 B2g {2, 2}
63 B2u {4}
63 A2g {}
63 A2u {4}
64 A1g {}
64 A1u {2}
64 B1g {2}
64 B1u {2}
64 B2g {2}
64 B2u {2}
64 A2g {}
64 A2u {2}
65 A {}
66 Ag {}
66 Au {4}
67 A1 {}
67 A2 {}
68 A1 {}
68 A2 {}
69 A1 {}

LG Irrep XBS

69 A2 {}
70 A1 {}
70 A2 {}
71 A1g {}
71 A1u {2}
71 A2g {}
71 A2u {2}
72 A1g {}
72 A1u {2}
72 A2g {}
72 A2u {2}
73 A {}
73 B {4}
74 A’ {}
74 A” {3}
75 Ag {}
75 Au {6}
75 Bg {6}
75 Bu {4, 4}
76 A1 {}
76 A2 {}
76 B2 {}
76 B1 {}
77 A1 {}
77 A2 {}
77 B1 {}
77 B2 {}
78 A′

1 {}
78 A′′

1 {3}
78 A′

2 {}
78 A′′

2 {3}
79 A′

1 {}
79 A′′

1 {3}
79 A′

2 {}
79 A′′

2 {3}
80 A1g {}
80 A1u {12}
80 A2g {}
80 A2u {12}
80 B2g {3}
80 B2u {4}
80 B1g {3}
80 B1u {4}



26

b. spinless systems

LG Irrep XBS

1 A {}
2 Ag {}
2 Au {2, 2, 4}
3 A {}
3 B {2, 2, 4}
4 A’ {}
4 A” {}
5 A’ {}
5 A” {}
6 Ag {}
6 Au {2}
6 Bg {2}
6 Bu {2, 2, 2, 2, 4, 4}
7 Ag {}
7 Au {2}
7 Bg {2}
7 Bu {2, 2, 4}
8 A {}
8 B {2}
9 A {}
9 B {}
10 A {}
10 B {}
11 A’ {}
11 A” {2}
12 A’ {}
12 A” {}
13 A’ {}
13 A” {}
14 Ag {}
14 Au {2, 2, 2}
14 Bg {}
14 Bu {2, 2, 2}
15 Ag {}
15 Au {2, 2}
15 Bg {}
15 Bu {2}
16 Ag {}
16 Au {2}
16 Bg {}
16 Bu {2, 2}
17 Ag {}
17 Au {2}

LG Irrep XBS

17 Bg {}
17 Bu {2}
18 Ag {}
18 Au {2, 2}
18 Bg {}
18 Bu {2, 2}
19 A1 {}
19 B3 {2, 2, 2}
19 B2 {2, 2, 2}
19 B1 {}
20 A1 {}
20 B3 {2, 2}
20 B2 {2}
20 B1 {}
21 A1 {}
21 B3 {2}
21 B2 {2}
21 B1 {}
22 A1 {}
22 B3 {2, 2}
22 B2 {2, 2}
22 B1 {}
23 A1 {}
23 A2 {}
23 B2 {2, 2, 2}
23 B1 {2, 2, 2}
24 A1 {}
24 A2 {}
24 B2 {2}
24 B1 {2, 2}
25 A1 {}
25 A2 {}
25 B2 {2}
25 B1 {2}
26 A1 {}
26 A2 {}
26 B2 {2, 2}
26 B1 {2, 2}
27 A1 {}
27 A2 {}
27 B1 {}
27 B2 {2, 2}
28 A1 {}

LG Irrep XBS

28 A2 {2}
28 B1 {}
28 B2 {2}
29 A1 {}
29 A2 {}
29 B1 {}
29 B2 {}
30 A1 {}
30 A2 {}
30 B1 {2}
30 B2 {2}
31 A1 {}
31 A2 {}
31 B1 {}
31 B2 {2}
32 A1 {}
32 A2 {}
32 B1 {}
32 B2 {}
33 A1 {}
33 A2 {}
33 B1 {}
33 B2 {}
34 A1 {}
34 A2 {}
34 B1 {}
34 B2 {}
35 A1 {}
35 A2 {}
35 B1 {}
35 B2 {}
36 A1 {}
36 A2 {}
36 B1 {}
36 B2 {2}
37 Ag {}
37 Au {}
37 B3g {}
37 B3u {2, 2, 2, 2, 2, 2}
37 B2g {}
37 B2u {2, 2, 2, 2, 2, 2}
37 B1g {}
37 B1u {}

LG Irrep XBS

38 Ag {}
38 Au {}
38 B3g {}
38 B3u {2, 2, 2}
38 B2g {2}
38 B2u {2, 2, 2}
38 B1g {}
38 B1u {2}
39 Ag {}
39 Au {}
39 B3g {2}
39 B3u {2, 2}
39 B2g {2}
39 B2u {2, 2}
39 B1g {}
39 B1u {2}
40 Ag {}
40 Au {}
40 B3g {}
40 B3u {2, 2, 2, 2}
40 B2g {}
40 B2u {2, 2}
40 B1g {}
40 B1u {}
41 Ag {}
41 Au {2}
41 B3g {2}
41 B3u {2, 2, 2}
41 B2g {}
41 B2u {2, 2, 2}
41 B1g {}
41 B1u {}
42 Ag {}
42 Au {2}
42 B3g {}
42 B3u {2, 2}
42 B2g {2}
42 B2u {2, 2}
42 B1g {}
42 B1u {2}
43 Ag {}
43 Au {}
43 B3g {}
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LG Irrep XBS

43 B3u {2}
43 B2g {2}
43 B2u {2, 2}
43 B1g {}
43 B1u {2}
44 Ag {}
44 Au {}
44 B3g {}
44 B3u {2, 2}
44 B2g {}
44 B2u {2, 2}
44 B1g {}
44 B1u {}
45 Ag {}
45 Au {2}
45 B3g {2}
45 B3u {2}
45 B2g {}
45 B2u {2, 2}
45 B1g {}
45 B1u {}
46 Ag {}
46 Au {2}
46 B3g {2}
46 B3u {2, 2}
46 B2g {2}
46 B2u {2, 2}
46 B1g {}
46 B1u {}
47 Ag {}
47 Au {}
47 B3g {}
47 B3u {2, 2, 2, 2}
47 B2g {}
47 B2u {2, 2, 2, 2}
47 B1g {}
47 B1u {}
48 Ag {}
48 Au {}
48 B3g {}
48 B3u {2, 2, 2}
48 B2g {}
48 B2u {2, 2, 2}

LG Irrep XBS

48 B1g {}
48 B1u {}
49 A {}
49 B {2, 2}
50 A {}
50 B {2, 2}
51 Ag {}
51 Au {4}
51 Bg {2, 2, 2, 2}
51 Bu {4}
52 Ag {}
52 Au {2}
52 Bg {2, 2}
52 Bu {2}
53 A1 {}
53 B1 {}
53 B2 {}
53 A2 {}
54 A1 {}
54 B1 {2}
54 B2 {}
54 A2 {}
55 A1 {}
55 A2 {}
55 B1 {}
55 B2 {}
56 A1 {}
56 A2 {}
56 B1 {2}
56 B2 {}
57 A1 {}
57 B1 {}
57 B2 {}
57 A2 {}
58 A1 {}
58 B1 {2}
58 B2 {}
58 A2 {}
59 A1 {}
59 B1 {}
59 B2 {}
59 A2 {}
60 A1 {}

LG Irrep XBS

60 B1 {}
60 B2 {2}
60 A2 {}
61 A1g {}
61 A1u {}
61 B1g {}
61 B1u {}
61 B2g {}
61 B2u {}
61 A2g {}
61 A2u {}
62 A1g {}
62 A1u {}
62 B1g {}
62 B1u {}
62 B2g {}
62 B2u {}
62 A2g {}
62 A2u {}
63 A1g {}
63 A1u {}
63 B1g {2, 2}
63 B1u {}
63 B2g {}
63 B2u {}
63 A2g {}
63 A2u {}
64 A1g {}
64 A1u {}
64 B1g {}
64 B1u {}
64 B2g {}
64 B2u {}
64 A2g {}
64 A2u {}
65 A {}
66 Ag {}
66 Au {4}
67 A1 {}
67 A2 {}
68 A1 {}
68 A2 {}
69 A1 {}

LG Irrep XBS

69 A2 {}
70 A1 {}
70 A2 {}
71 A1g {}
71 A1u {2}
71 A2g {}
71 A2u {2}
72 A1g {}
72 A1u {2}
72 A2g {}
72 A2u {2}
73 A {}
73 B {4}
74 A’ {}
74 A” {3}
75 Ag {}
75 Au {6}
75 Bg {6}
75 Bu {4, 4}
76 A1 {}
76 A2 {}
76 B2 {2}
76 B1 {2}
77 A1 {}
77 A2 {}
77 B1 {2}
77 B2 {2}
78 A′

1 {}
78 A′′

1 {}
78 A′

2 {}
78 A′′

2 {}
79 A′

1 {}
79 A′′

1 {}
79 A′

2 {}
79 A′′

2 {}
80 A1g {}
80 A1u {}
80 A2g {}
80 A2u {}
80 B2g {}
80 B2u {2, 2}
80 B1g {}
80 B1u {2, 2}



28

Appendix B: Fundamental space groups for spinful systems

In this section, we introduce topological indices that char-

acterize symmetry indicator groups for several fundamental

symmetry settings. Importantly, they cover various space

groups, i.e., XBS in most symmetry settings can be computed

from these topological indices. For convenience, the band la-

bel Nα[H̃
0
k
, H̃1

k
] := Nα[H̃

0
k
] − Nα[H̃

1
k
] ∈ Z is denoted by

Nα
k

in this section.

There are two remarks on indices that will be defined in the

following. The first one is about expressions of the topologi-

cal indices. In general, an irreducible representation is related

to another irreducible representation by the chiral symmetry.

Correspondingly, the formulas can be written using ‘indepen-

dent’ ones. However, to make indices valid for various sym-

metry settings, we do not simplify their expressions and for-

mulate them using characters of irreducible representations.

The second remark is about the topology indicated by topo-

logical indices. While connections between several indices

and their topologies are revealed, we do not derive such rela-

tions in all symmetry settings.

TABLE I. XBS for spinful systems in fundamental symmetry set-

tings.

Key SG (rep. of {cg}) 1D 2D 3D

P 1̄ (Au) Z2 (Z2)
2 × Z4 (Z2)

3 × (Z4)
3 × Z8

P2 (B) − (Z2)
2 × Z4 (Z2)

2 × Z4

Pm (A′′) Z2 Z1 Z2

P2/m (Bu) − (Z2)
4 × (Z4)

2 (Z2)
6 × (Z4)

3

P2/m (Au) (Z2)
2

Z2 (Z2)
5 × Z4

P4(B) − (Z2)
2 (Z2)

2

P 4̄(B) (Z2)
2 (Z2)

2 (Z2)
4 × (Z4)

2

I 4̄(B) − − (Z2)
2 × (Z4)

3

P4/m (Bu) − Z4 (Z2)
2 × Z4

P4/m (Bg) − (Z2)
4 (Z2)

6

P4/m (Au) (Z2)
4

Z4 (Z2)
7 × Z4 × Z8

P4/mmm (B1u, B2u) − Z2 × Z8 Z2 × (Z4)
2 × Z8

P4/mmm (A1u, A2u) (Z2)
2

Z2 × Z8 (Z2)
4 × Z4 × Z8 × Z16

P 3̄(Au) (Z2)
3

Z4 (Z2)
3 × Z4 × Z8

P 6̄(B) (Z2)
3

Z3 (Z2)
5 × (Z6)

2

P6/m(Bg) − Z6 Z2 × (Z6)
2

P6/m(Au) (Z2)
6

Z6 (Z2)
8 × Z6 × Z12

P63/m(Au) (Z2)
3 − (Z2)

4 × Z12

P6/mmm (A1u, A2u) (Z2)
3

Z12 (Z2)
4 × Z12 × Z24

Pm3̄ − − (Z2)
3 × Z4 × Z8

1. P 1̄ with Au representation

In this subsection, we discuss inversion symmetric systems

in one-, two-, and three-dimensions, where the inversion sym-

metry anticommutes with the chiral symmetry.

a. 1D

For 1D systems, the symmetry indicator group XBS is Z2.

We define the Z2 index by

z2,I ≡ 1

2

∑

k=0,π

(

N+
k −N−

k

)

mod 2, (B1)

where N
+(−)
k represents the Z-band label with the positive

(negative) parity at k = 0 and π. This index is related to the

1D winding number.

b. 2D

We then proceed to 2D systems. The symmetry indicator

group is given by XBS = (Z2)
2 × Z4. The two Z2 factors

originate from 1D systems. The Z4 factor is detected by

z4,I ≡ 1

2

∑

k∈2D TRIMs

(

N+
k −N−

k

)

mod 4, (B2)

where N
+(−)
k represents the Z-band label with the positive

(negative) parity at two-dimensional time-reversal invariant

momenta (2D TRIMs). When z4,I = 1, 3, the system should

have gapless points. This can be understood as follows21. For

Hermitian systems, the product of inversion parities indicates

the Chern number modulo two if the system is fully gapped.

However, the Chern number must be zero in the presence of

the chiral symmetry (class AIII). To these two facts be consis-

tent with each other, the system must possess gapless points.

c. 3D

Finally, we consider 3D systems, and the symmetry indica-

tor group is XBS = (Z2)
3 × (Z4)

3 ×Z8. The three Z2 and Z4

factors originate from 1D and 2D indices. The remaining Z8

factor is characterized by

z8,I ≡ 1

2

∑

k∈3D TRIMs

(

N+
k −N−

k

)

mod 8, (B3)

For systems with odd z8,I , a gapless line encircled by a TRIM

should appear. For z8,I = 2, 6 without any weak index, the

system should have w3d mod 2 = 1, where w3d denotes

the three-dimensional winding number. This can be under-

stood by the following two facts: (i) w3d mod 2 equals the

magnetoelectric polarization; (ii) the magnetoelectric polar-

ization can be computed from the product of inversion parities

at TRIMs. As mentioned in the main text, we can construct

a system with z8,I = 4 that exhibits the non-Hermitian third-

order skin effect.

Note that irreducible representations at TRIMs are often de-

generate in the presence of additional symmetries. For exam-

ple, there are two-dimensional irreducible representations at
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all TRIMs in Pmmm. Then, we substitute the pre-factor 1
4

for 1
2 in Eqs. (B1)-(B3). In the following, when we need to

divide the indices by two, z̃ indicates divided ones.

2. P2 with B representation

The space group P2 is generated by the two-fold rotation

symmetryC2. ForB representation, the chiral symmetry anti-

commutes with the chiral symmetry. In this symmetry setting,

the symmetry indicator group in 3D is the same as that in 2D

due to the existence of compatibility relations at the rotation

axis. Therefore, we discuss only the 2D case here. We define

two Z2 and a Z4 indices by

z2,C2,i=x or y ≡ 1

2

∑

k∈TRIMs at ki = 0

(

N+
k −N−

k

)

mod 2,

(B4)

z4,C2
≡ 1

2

∑

k∈2D TRIMs

(

N+
k −N−

k

)

mod 4,

(B5)

whereN
+(−)
k denote the Z-valued band label with the rotation

eigenvalue +i (−i).

3. Pm with A′′ representation

This space group has the mirror symmetry, which anticom-

mutes with the chiral symmetry. As shown in Table I, for 1D

systems perpendicular to mirror plane, the symmetry indica-

tor group is XBS = Z2. This is because the mirror symmetry

is almost the same as the inversion. Then, we define the index

like Eq. (B1) by

z2,My
≡ 1

2

∑

k=0,π

(

N+
k −N−

k

)

mod 2, (B6)

whereN
+(−)
k represents the Z-valued band label with the mir-

ror eigenvalue +i (−i) at k = 0 and π. For 2D systems in the

mirror plane, XBS is trivial due to the compatibility relations,

which results in the fact that XBS in 3D is the same as that in

1D.

4. P2/m with Bu representation

This space group has the inversion and the two-fold rota-

tion symmetries as generators. For this symmetry setting, the

chiral symmetry commutes with the mirror symmetry My. In

other words, the chiral symmetry does not change the mir-

ror sector, and therefore the one-dimensional winding number

can be defined for each mirror sector. Correspondingly, we

can define topological indices in Eqs. (B1) and (B2) for each

mirror sector. Then, four Z2 and three Z4 factors in XBS are

characterized by

z±2,I,My
≡ 1

2

∑

α=±1

∑

k=0,π

αNα,±
k mod 2, (B7)

z±4,I,My
≡ 1

2

∑

α=±1

∑

k∈2D TRIMs

αNα,±
k mod 4, (B8)

where α represents the parity and Nα,±
k signify Z-band la-

bel with the parity α and the mirror eigenvalue ±i. The two

remaining Z2 parts are detected by z4,I,kx=π and z4,I,kz=π.

Note that, since z4,I,kx=π and z4,I,kz=π are always even be-

cause of the compatibility relations, they become Z2 indices.

5. P2/m with Au representation

a. 1D

As is the case for Bu representation, the chiral symmetry

commute with the rotation symmetry Cy
2 . Again, the one-

dimensional winding number and topological indices can be

defined for each rotation sector. Then, we introduce two Z2

indices by

z±2,I,C2
≡ 1

2

∑

α=±1

∑

k=0,π

αNα,±
k mod 2, (B9)

where Nα,±
k means Z-band label with the parity α and the

rotation eigenvalue ±i.

b. 2D

Unlike the case for Bu, the chiral symmetry anticommute

with the mirror symmetry My. Due to the anticommutation

relation, there exist compatibility relations in the mirror plane.

As a result, the Z2 index in Eq. B1 always vanishes, and also

Z4 index in Eq. B2 should be even. Consequently, the sym-

metry indicator group is reduced to XBS = Z2.

c. 3D

Since the same logic holds for any mirror plane, the Z8

index is also even, which indicates Z8 is demoted to Z4. To-

gether with the above consideration, z±2,I at the rotation axes,

z4,I in the mirror plane, and z8,I fully characterize the sym-

metry indicator group XBS = (Z2)
5 × Z4.

6. P4 with B representation

This space group is generated by the four-fold rotation sym-

metry, which anticommutes with the chiral symmetry. As is
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the case of P2, the symmetry indicator group in 3D is the

same as that in 2D. Again, we discuss only the 2D case here.

µC4
≡ 1√

2

∑

k=(0,0),(π,π)

∑

α=1,3,5,7

ei
α
4
πNα

k , (B10)

z2,C4
≡ 1

2
(Re [µC4

] + Im [µC4
]) mod 2, (B11)

z′2,C4
≡ 1

2

∑

k=(0,0),(π,π)

(

N1
k −N7

k + 3N3
k − 3N5

k

)

mod 2,

(B12)

whereNα
k represents the Z-valued label with the four-fold ro-

tation eigenvalue ei
α
4
π. Note that z′2,C4

appears only in P4.

In other words, z2,C4
can characterize all Z factors in space

groups associated with P4.

7. P 4̄ with B representation

This space group has the four-fold rotoinversion symmetry

S4 as a generator. For B representation, the chiral symmetry

anticommutes with S4.

a. 1D

Let us begin with 1D S4-invariant systems along the kz-

direction. Since (S4)
2 = C2 commutes with the chiral sym-

metry, the one-dimensional winding number can be defined in

each rotation sector. Then, we introduce two Z2 indices

z+2,S4
≡ 1

2

∑

kz=0,π

(

N1
kz

−N5
kz

)

mod 2, (B13)

z−2,S4
≡ 1

2

∑

kz=0,π

(

N3
kz

−N7
kz

)

mod 2. (B14)

whereNα
k represents the Z-valued label with the four-fold ro-

toinversion eigenvalue ei
α
4
π.

b. 2D

Next, we consider 2D cases. Essentially, for 2D systems,

S4 is the same as C4. Then, we define similar indices by

µ2D
S4

≡ 1√
2

∑

k=(0,0),(π,π)

∑

α=1,3,5,7

ei
α
4
πNα

k ,

z2,S4
≡ 1

2

(

Re [µ2D
S4
] + Im [µ2D

S4
]
)

mod 2, (B15)

z′2,S4
≡ 1

2

(

Re [µ2D
S4
]− Im [µ2D

S4
]
)

mod 2. (B16)

Note that, when irreducible representations are degenerate, we

use the prefactor 1
2
√
2

in Eq. (B10) instead of 1√
2

c. 3D

Finally, we discuss 3D systems. The symmetry indicator

group isXBS = (Z2)
4×(Z4)

2. Indeed, all Z2 factors originate

from lower dimensions. The remaining Z4 parts is explained

by

µS4
≡ 1√

2

∑

k∈K4

∑

α=1,3,5,7

ei
α
4
πNα

k ,

z4,S4
≡ 1

2
(Re [µS4

] + Im [µS4
]) mod 4, (B17)

z′4,S4
≡ 1

2
(Re [µS4

]− Im [µS4
]) mod 4, (B18)

where K4 denotes the set of S4-invariant momenta.

8. P4/m with Bg representation

This space group is generated by the inversion I and the

four-fold rotation symmetries C4. For this symmetry setting,

the chiral symmetry commutes with I but anticommutes with

C4. In the mirror plane, we define the topological indices in

Eqs. (B11) and (B12) for each parity

µ±
C4

≡ 1√
2

∑

k=(0,0),(π,π)

∑

α=1,3,5,7

ei
α
4
πNα,±

k , (B19)

z±2,C4
≡ 1

2

(

Re [µ±
C4

] + Im [µ±
C4

]
)

mod 2, (B20)

z′2
±
,C4

≡ 1

2

(

Re [µ±
C4

]− Im [µ±
C4

]
)

mod 2, (B21)

where Nα,β
k denotes the Z-valued label with the four-fold ro-

toinversion eigenvalue ei
α
4
π and the inversion parity β. In

fact, these characterize four Z2 factors in 2D. Furthermore,

two additional Z2 factors exist in 3D systems, which can be

understood by Eqs. (B17) and (B18).

9. P4/m with Bu representation

Here, we discuss another symmetry class in P4/m where

the chiral symmetry anticommutes with both I and C4. Since

XBS in 1D is trivial because of compatibility relations, let us

begin with 2D cases.

a. 2D

In the mirror plane, we define the following index

zm4 ≡ −3

2
N5,+

Γ +
3

2
N3,−

Γ +
1

2
N1,+

Γ − 1

2
N7,−

Γ

− 3

2
N5,+

M +
3

2
N3,−

M +
1

2
N1,+

M

− 1

2
N7,−

M −N2,+
X +N−2,−

X , (B22)
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where Nα,β
k

represents the Z-valued band labels with the ro-

tation eigenvalue ei
πβ
n (n depends on high-symmetry points)

and the inversion parity β at k. In addition, the labels of high-

symmetry points follow Ref. 82.

10. P4/mmm with B1u,2u representation

In addition to symmetries in P4/m, this space group has

additional mirror and rotation symmetries. For B1u,2u repre-

sentations, the chiral symmetry anticommutes with both I and

C4. As shown in Table I, the symmetry indicator group in 1D

is trivial, and therefore let us start with 2D cases.

a. 2D

While XBS = Z4 in P4/m, the symmetry indicator group

is promoted to Z2×Z8. Unlike the case for P4/m, irreducible

representations at high-symmetry points are two-fold degen-

erate due to additional symmetries. Correspondingly, compat-

ibility relations in the mirror plane become trivial. Then, we

define the Z2 index by Eq. (B1) along the kx-direction. The

remaining Z8 factor is characterized by

z8 ≡ zm4 − 2z̃2,C4
. (B23)

This is based on the observation that zm4 = 2z̃2,C4
mod 8 for

any atomic insulator.

b. 3D

For 3D systems, the symmetry indicator group is (Z2)
2 ×

Z4 × Z8. Indeed, the Z2 × Z8 part is explained by the above

indices. The remaining (Z4)
2 factors are characterized by

z̃4,I,kx=0 and z̃8,I .

11. P4/m with Au representation

In this subsection, we consider a different symmetry class

in P4/m, where the chiral symmetry anticommutes with I
but commutes with C4. As is the case for P2/m with Au rep-

resentation, the winding numbers at rotation symmetric lines

are characterized by rotation eigenvalues. Here we define the

following Z2 indices

zβ2,I ≡ 1

2

∑

α=±1

∑

k=0,π

αNα,β
k mod 2, (B24)

where Nα,β
k represents the Z-valued label with the four-fold

rotation eigenvalue ei
β
4
π and the parity α. For the mirror

plane, the formula in Eq. (B22) is a Z4 index. Since the rotoin-

version S4 is the product of I and C4, S4 also anticommutes

with the chiral symmetry. In addition to z8,I in Eq. (B3), we

can the define the index in Eq. (B15). Interestingly, we find

that z8,I is always even and z8,I/2 = Re [µ4,S4
] mod 8, and

then we can define Z8 index by

z′8 ≡ z̃8,I − Re [µ4,S4
] mod 8, (B25)

where

z̃8,I =
1

4

∑

k∈3D TRIMs

(

N+
k −N−

k

)

. (B26)

Together with z4,I/2 for the yz-plane (z4,I is also even), the

above indices explain the symmetry indicator group XBS =
(Z2)

7 × Z4 × Z8.

12. P4/mmm with A1u,2u representation

When the chiral symmetry anticommutes with I but com-

mutes with C4, most of indices are in common with P4/m
with Au representation. However, there exist the following

three differences: (i) Since there are no compatibility rela-

tion at kx- or ky-axes due to the degeneracy originating from

additional symmetries , we can define z2,I and z4,I for the

ky-axis and yz-plane; (ii) zβ2,I for β = 1, 7 (β = 3, 5) are

the same because of the degeneracy originating from the ad-

ditional symmetries; (iii) zm4 and z′8 are promoted to Z8 and

Z16 indices.

13. I 4̄ with B representation

Symmetry operations in this space group are the same as

P 4̄, but primitive lattice vectors in I 4̄ are different from

those in P 4̄. While the symmetry indicator group for P 4̄ is

(Z2)
4 × (Z4)

2, that for I 4̄ is (Z2)
2 × (Z4)

3. It is obvious that

an additional Z4 index needs for this space group. We define

the Z4 index by

ηk ≡ 1

2
√
2

(

Re

[

∑

α=1,3,5,7

ei
α
4
πNα

k

]

+ Im

[

∑

α=1,3,5,7

ei
α
4
πNα

k

])

,

ξk ≡ 1

2
√
2

(

Re

[

∑

α=1,3,5,7

ei
α
4
πNα

k

]

− Im

[

∑

α=1,3,5,7

ei
α
4
πNα

k

])

,

z4,S4,B ≡ ηΓ − ηM − ξP + ξPA, (B27)

where the labels of high-symmetry points follow Ref. 82. Al-

though z±2,S4
are defined at Γ−M and P−PA lines, they span

the only Z2 part. Then, we introduce a new Z2 index

z2,S4,B ≡
√
2Re





∑

k=M,P

∑

α=1,3,5,7

ei
α
4
πNα

k



 . (B28)

14. P 3̄ with Au representation

This space group is generated by the three-fold rotation C3

and the inversion symmetries. For Au representation, the chi-

ral symmetry anticommutes with I but commutes with C3.
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Again, the winding number at the rotation symmetric lines

are well-defined for each rotation sector. Then, we can define

the following two indices

zβ2,I,C3
≡ 1

2

∑

α=±1

∑

k=0,π

αNα,β
k mod 2, (B29)

where Nα,β
k represents Z-band label with the parity α and

the rotation eigenvalue ei
β
3
π. Other factors in XBS can be

understood by z4,I and z8,I .

15. P 6̄ with A′′ representation

This space group is generated by the six-fold rotoinversion

symmetry S6 that anticommutes with the chiral symmetry.

Since C3 = (S6)
2 commutes with the chiral symmetry, we

define three Z2 indices in the same way as the case for P 4̄

z12,S6
≡ 1

2

∑

kz=0,π

(

N1
kz

−N5
kz

)

mod 2, (B30)

z22,S6
≡ 1

2

∑

kz=0,π

(

N3
kz

−N7
kz

)

mod 2, (B31)

z32,S6
≡ 1

2

∑

kz=0,π

(

N3
kz

−N7
kz

)

mod 2, (B32)

where Nα
k represents the Z-valued label with the six-fold ro-

toinversion eigenvalue ei
α
6
π. To characterize XBS, we use the

fact thatXBS = (Z2)
5×(Z6)

2 is isomorphic to (Z2)
7×(Z3)

2.

For 3D systems, we have three C3 symmetric lines, and then

there are nine indices. In fact, seven of them can explain all

Z2 factors in (Z2)
7 × (Z3)

2. The remaining Z3 parts can be

understood by

zm3,kz=0 ≡ −1

2
N5

K +
1

2
N1

K +
3

2
N9

K − 1

2
N5

K′

+
1

2
N1

K′ +
3

2
N9

K′ +N5
Γ −N1

Γ mod 3,

(B33)

zm3,kz=π ≡ −1

2
N5

H +
1

2
N1

H +
3

2
N9

H − 1

2
N5

H′

+
1

2
N1

H′ +
3

2
N9

H′ +N5
A −N1

A mod 3,

(B34)

where the labels of high-symmetry points follow Ref. 82. In-

deed, these formulas are obtained by rewriting the formulas

for mirror Chern numbers83.

16. P6/m with Bg representation

This space group is generated by the inversion and the six-

fold rotation C6 symmetries. For Bg representation, the chi-

ral symmetry commutes with the inversion but anticommutes

withC6. In the mirror plane, we can define topological indices

by

zm6,kz=0 ≡ 3

2
(−N−3,+

Γ +N3,−
Γ ) +

5

2
(N5,+

Γ −N−5,−
Γ )

+
1

2
(N1,+

Γ −N−1,−
Γ ) +N1

K −N−1
K + 3N−3

K

+
3

2
(−N2,+

M +N−2,−
M ) mod 6, (B35)

zm6,kz=π ≡ 3

2
(−N−3,+

Γ +N3,−
Γ ) +

5

2
(N5,+

Γ −N−5,−
Γ )

+
1

2
(N1,+

A −N−1,−
A ) +N1

H −N−1
H + 3N−3

H

+
3

2
(−N2,+

L +N−2,−
L ) mod 6, (B36)

where the labels of high-symmetry points follow Ref. 82.

Here, Nα,β
k

represents the Z-valued band labels with the ro-

tation eigenvalue ei
πβ
n (n depends on high-symmetry points)

and the inversion eigenvalue β at k. One might think that

these can explain two Z6 factors in XBS, but this is untrue. In

fact, they span Z3 × Z6. Since Z6 ≃ Z2 × Z3, the remaining

part is (Z2)
2, which can be understood by zβ2,S6

in Eqs. (B30)-

(B32) due to the presence of S6 = IC6.

17. P6/m with Au representation

Unlike the case for Bg representation, the chiral symmetry

anticommutes with the inversion but commutes with C6 for

Au representation. Then, as is the case for P2/m and P4/m,

the winding numbers are defined for each rotation sector. Ac-

cordingly, z2,I in Eq. (B1) can be defined for each sector

zβ2,I,C6
≡ 1

2

∑

α=±1

∑

k=0,π

αNα,β
k mod 2, (B37)

where Nα,β
k represents the Z-valued label with the six-fold

rotation eigenvalue ei
β
6
π and the parity α. Since there also

exist C2- and C3- symmetric lines, zβ2,S6
and z±2,I,C2

are well-

defined. As is the case for Bg , (zm6,kz=0, z
m
6,kz=π) again spans

Z3 ×Z6. Since Z12 ≃ Z3 ×Z4, we infer that a Z12 index can

be constructed by the Z3 and the Z4 indices. In fact, we can

define the Z12 index by

z12 ≡ 3z̃8,I − 4zm6,kz=0 mod 12. (B38)

These indices explain all factors in XBS.

18. P6/mmm with A1u and A2u representation

In addition to symmetries in P6/m, this space group has

additional mirror and rotation symmetries. For A1u and A2u

representations, the chiral symmetry anticommutes with I but

commutes with C6. Similar to the relation between P4/m
and P4/mmm, there exist the following three differences: (i)
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Since there are no compatibility relation at kx- or ky-axes due

to the degeneracy originating from additional symmetries, we

can define z2,I and z4,I ; (ii) zβ2,I,C6
for β = 1, 11, β = 3, 9,

and β = 5, 7 are the same because of the additional sym-

metries; (iii) XBS in 2D is Z12, not Z6; and (iv) z12 is pro-

moted to the Z24 index. In particular, as for 2D systems, zm6
and z̃4,I are well-defined. However, they hold the relation

2zm6 = 3z̃4,I mod 12 for any atomic insulator. As a result,

we can construct the Z12 index from zm6 and z̃4,I such that

z′12 ≡ 2zm6 − 3z̃4,I mod 12. (B39)

19. P63/m with Au representation

In this space group, we consider the six-fold screw symme-

try S = Tz/2C6, where Tz/2 : (x, y, z) → (x, y, z + 1/2).
Although the Z12 factor in XBS is in common with P6/m,

other parts are affected by the screw symmetry. In the fol-

lowing, we explain the changes. Since S6 = T3z and the

representation satisfies [Uk(C6)]
6 = −1, irreducible rep-

resentations at the six-fold screw line can be expressed by

Uα
k
(S) = ei

α
6
πe−i kz

2 . When we change kz to kz + 2π,

Uα
k+2πez

(S) = Uα+6
k

(S), which implies that irreducible rep-

resentations Uα
k
(S) and Uα+6

k
(S) should appear at the same

time. Indeed, their three-fold rotation eigenvalues are in com-

mon. Then, the Z2 indices in Eq. (B29) are well-defined.

While zβ2,S6
does not change, the same thing happens in

z±2,I,C2
, and therefore z2,I in Eq. (B1) at C2-symmetric line is

the Z2 index. Note that zm6,kz=π is not topological indices due

to the screw symmetry. As a result, the Z6 factor vanishes in

this symmetry setting.

20. Point group Th and Oh

For space groups which have Th and Oh as their point

groups, various indices defined in preceding sections account

for most factors in XBS. Here, we introduce some indices to

detect a few remaining ones.

a. three-fold rotation along (111) direction

These space groups have the three-fold rotation along

(111)-direction. As a result, Z2-valued indices defined in

Eq. (B29) exist for this line, which are denoted by z
(111),β
2,I,C3

.

Note that β = 1, 2 are the same and β = 3 is always even

because of additional symmetries.

b. Face-centered lattice

For face-centered lattices, indices introduced in preceding

sections cannot characterize a Z2 factor. Then, we define

z2,F ≡ 1

2
√
2

∑

α

χα
X(Sx

4 )N
α
X +

1

2
√
2

∑

β=1,3,5,7

χβ
W (Sz

4 )N
β
W ,

(B40)

where X = (1, 0, 0) and W = (1, 0, 12 ). Note that the ro-

toinversion symmetries at X and W are not the same. More

concretely, X and W are invariant under Sx
4 and Sz

4 , respec-

tively.

c. Body-centered lattice

As is the case for face-centered lattices, some factors inXBS

for SG Im3̄m are characterized by the following new indices

z2,B ≡ N6
H +N9

H +N6
P mod 2, (B41)

z′2,B ≡ N5
N +N6

P mod 2, (B42)

where H = (1, 1, 1), N = (12 ,
1
2 , 0), and P = (12 ,

1
2 ,

1
2 ). The

labels of irreducible representations follow Ref. 82.

21. Other space groups

While most symmetry settings can be understood by indices

introduced in the preceding sections, they cannot explain a

few space groups. Here, we introduce a technique to system-

atically construct new indices and derive formulas for these

symmetry settings.

Suppose that we have a complete set of {AI} =

span
Z
{ai}dAI

i=1, which forms a (n× dAI)-dimensional matrix

A = (a1,a2, · · · ,adAI
) . (B43)

We can always find unimodular matrices U and V such that

A = U

(

Σ 0
0 0

)

V −1, (B44)

Σ = diag(s1, s2, · · · sdAI
), (B45)

where si can be positive integers78. Indeed, there exist the

following three facts: (i)A′ = AV =
(

a
′
1,a

′
2, · · · ,a′

dAI

)

is a

new set of the basis vectors of {AI}; (ii) Each column vector

in U is the basis of {BS} (denoted by b
′
i); (iii) the set of si

corresponds to the symmetry indicator group. Furthermore,

from Eq. (B44), we have the following relation

(

Σ 0
0 0

)

= U−1A′. (B46)

When each row vector of U−1 is denoted by (uj)
T , we find

(uj)
T
a
′
i = 0 mod si and (uj)

T
b
′
i = δji. This implies

that each row vector of U−1 results in a topological index.
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Using this fact, we list topological indices for some com-

plicated symmetry settings. In the following, the labels of

high-symmetry points and irreducible representations follow

Ref. 82.

We obtain formulas by applying this strategy to sev-

eral symmetry settings: 127(B1u, B2u), 128(B1u, B2u),
140(B1u, B2u), 210(A2), and 227(A2u).

• SG 127 (B1u, B2u)

z4,SG 127 ≡ −N7
Γ −N8

Z −N8
M +N8

A mod 4, (B47)

z′4,SG 127 ≡ −N7
Γ −N6

Z +N6
M −N8

A mod 4. (B48)

• SG 128 (B1u, B2u)

z4,SG 128 ≡ N7
Γ + 3N5

Z − 4N7
Z

+ 2N6
R −N6

M + 3N8
A mod 4. (B49)

• SG 140 (B1u, B2u)

z4,SG 140 ≡ N6
Γ − 2N7

Γ +N6
X − 3N8

M mod 4, (B50)

z2,SG 140 ≡ −N7
Γ −N8

M mod 2. (B51)

• SG 210 (A2)

z2,SG 210 ≡ N5
L mod 2. (B52)

• SG 227 (A2u)

z2,SG 227 ≡ −2N7
Γ −N4

L −N9
L mod 2, (B53)

z′2,SG 227 ≡ N11
Γ +N7

Γ +N4
W mod 2, (B54)

z′′2,SG 227 ≡ −N7
Γ −N4

L +N6
L −N9

L +N4
W mod 2.

(B55)



35

TABLE II. The list of key space groups and their super groups. The

key space groups are underlined.

G0 Key Indices XBS Space Groups

P 1̄ (Au) z2,I,i, z4,I,i, z8,I

(Z2)
3 × (Z4)

3 × Z8 2(Au), 47(Au, B1u, B2u, B3u),

(Z2)
2 × Z4 × Z8 65(Au, B1u),

Z2 × Z4 × Z8 191(B1u, B2u).
(Z2)

3 × Z8 69(B1u, B2u, B3u, Au), 71(B1u, B2u, B3u, Au).
(Z2)

2 × (Z4)
2 12(Au), 15(Bu)

Z2 × (Z4)
2 15(Au), 131(B2u, B1u)

(Z2)
3 × Z4 11(Au)

(Z2)
2 × Z4

11(Bu), 13(Au), 14(Bu, Au), 49(B2u, B3u), 51(B2u, Au), 55(B1u, Au),
67(B1u, B2u, B3u, Au), 139(B1u, B2u)

Z2 × Z4

48(B1u, B2u, B3u, Au), 50(B1u, B2u, B3u, Au), 52(B1u, B3u, Au),
53(Au), 54(B2u, Au), 56(B1u, B2u, B3u, Au), 57(B3u, Au),

58(B1u, Au), 59(B1u, B2u, B3u, Au), 60(B1u, B3u), 62(B1u, B2u, B3u, Au),
63(B3u, Au), 64(B3u, Au), 68(B1u, B2u, B3u, Au), 70(B1u, B2u, B3u, Au),
72(B1u, B2u, B3u, Au), 73(B1u, B2u, B3u, Au), 74(Au), 132(B1u, B2u)

(Z2)
3 87(Bu)

Z4
52(Au), 60(B2u, Au), 61(B1u, B2u, B3u, Au), 88(Bu), 136(B2u, B1u),

176(Bu), 192(B2u, B1u), 193(B1u), 194(B2u)
(Z2)

2 84(Bu), 85(Bu), 125(B2u, B1u), 129(B2u, B1u)

Z2
86(Bu), 126(B2u, B1u), 130(B2u, B1u), 133(B2u, B1u), 134(B2u, B1u),
135(B2u, B1u), 137(B2u, B1u), 138(B2u, B1u), 141(B1u), 142(B2u, B1u)

P2(B) z2,C2,i, z4,C2

(Z2)
2 × Z4 3(B)

(Z2)
2 28(B1), 91(A2), 95(A2)

Z2
10(Bg), 13(Bg), 17(B2, B3), 18(B2, B3), 21(B2, B3), 28(B2), 30(B1, B2), 32(B1, B2), 34(B1, B2), 35(B1, B2),

37(B1, B2), 51(B1g , B3g), 52(B2g), 53(B1g), 54(B1g , B3g), 55(B2g , B3g), 57(B1g , B2g), 91(B2), 95(B2)
Z4 168(B), 171(B), 172(B)

C2(B) z2,C2
Z2 5(B), 20(B1), 24(B1, B2, B3), 40(B1), 46(B1, B2), 98(B2, A2)

Pm(A′′) z2,My Z2 6(A′′)

P2/m(Bu) z±2,I , z
±

4,I , z4,I,i

(Z2)
6 × (Z4)

3 10(Bu)

(Z2)
3 × (Z4)

2 51(B1u, B3u), 55(B2u, B3u)
(Z2)

4 × Z4 53(B1u)
(Z2)

3 × Z4 53(B2u), 58(B2u, B3u), 66(B2u, B3u)
(Z4)

3 175(Bu)

P2/m(Au) z±2,I , z4,I , z8,I

(Z2)
5 × Z4 10(Au)

(Z2)
3 × Z4 49(Au, B1u)

(Z2)
2 × Z4 53(B3u), 66(Au, B1u)

P2/c(Bu) z±2,I , z2,I , z4,I , z̃8,I
(Z2)

3 × (Z4)
2 13(Bu)

(Z2)
2 × Z4 52(B2u), 54(B1u, B3u), 57(B1u, B2u)

C2/m(Bu)

(Z2)
4 × (Z4)

2 12(Bu)

z±2,I,M , z̃2,I , (Z2)
2 × Z4 63(B1u, B2u), 64(B1u, B2u), 74(B2u, B3u)

z̃4,I , z̃8,I (Z2)
4 × Z4 × Z8 65(B2u, B3u)
(Z2)

2 141(B2u)

P2221(B1) z2,Cx
2
, z4,Cx

2
, z4,Cy

2
(Z2)

3 17(B1)

Imma(B1u)
z±2,I,Mx

, z±2,I,My (Z2)
4 × Z4 74(B1u)

z̃4,I,k3=0, z̃8,I
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P4(B) z2,C4
, z′2,C4

(Z2)
2 75(B)

Z2 89(B1, B2), 90(B1, B2), 99(B1, B2), 100(B1, B2), 103(B1, B2), 104(B1, B2), 207(A2)

P 4̄(B)

(Z2)
4 × (Z4)

2 81(B)

(Z2)
4 85(Bg)

(Z2)
2 × Z4

111(B1, B2), 112(B1, B2), 113(B1, B2), 114(B1, B2), 115(B1, B2),
z4,S4

, z′4,S4
116(B1, B2), 117(B1, B2), 118(B1, B2), 215(A2), 218(A2)

z±2,S4
, z2,S4

, z′2,S4
, (Z2)

2 84(Bg), 86(Bg), 125(B1g , B2g), 126(B1g , B2g), 129(B1g , B2g), 130(B1g , B2g), 222(A2g)

Z2
131(B1g , B2g), 132(B1g , B2g), 133(B1g , B2g), 134(B1g , B2g), 135(B1g , B2g),

136(B1g , B2g), 137(B1g , B2g), 138(B1g , B2g), 223(A2g), 224(A2g)

I 4̄(B)

(Z2)
2 × (Z4)

3 82(B)

(Z2)
4 87(Bg)

z±2,S4
, z2,S4,B, z4,S4

, (Z2)
2 × Z4 119(B1, B2), 120(B1, B2), 121(B2), 122(B2), 216(A2), 217(A2), 219(A2)

Re [µ4,S4
], z4,S4,B Z2 × Z4 88(Bg), 122(B1), 220(A2)

(Z2)
2 139(B2g , B1g), 140(B2g , B1g), 225(A2g), 226(A2g), 229(A2g)

Z2 141(B1g , B2g), 142(B1g , B2g), 227(A2g), 228(A2g), 230(A2g),

P4/m(Bu) zm4 , z4,I , z̃8,I (Z2)
2 × Z4 83(Bu)

P4/m(Bg)
z±2,C4

, z′2
±

,C4
, (Z2)

6 83(Bg)

z4,S4
, z′4,S4

(Z2)
3 123(B1g , B2g), 124(B1g , B2g), 127(B1g , B2g), 128(B1g , B2g), 221(A2g)

P4/m(Au)

(Z2)
7 × Z4 × Z8 83(Au)

zβ2,I , z4,I , (Z2)
3 × Z4 × Z8 127(A1u, A2u)

zm4 , z8,P4/m (Z2)
4 × Z8 124(A1u, A2u)

(Z2)
3 × Z8 128(A1u, A2u)

P42/m(Au)

(Z2)
5 × Z4 84(Au)

z±2,I,C2
, z2,I , (Z2)

3 × Z4 × Z8 131(A1u, A2u)

z4,I , z2,S4
, z̃8 (Z2)

3 × Z8 132(A1u, A2u)
(Z2)

2 × Z4 135(A1u, A2u)
(Z2)

2 × Z8 136(A1u, A2u)

P4/n(Au)
(Z2)

3 × Z4 85(Au)

zβ2,I , z̃4,I , z̃8 (Z2)
2 × Z4 125(A1u, A2u), 129(A1u, A2u)

Z2 × Z4 126(A1u, A2u), 130(A1u, A2u)

P42/n(Au)
z±2,I,C2

, z4,I , (Z2)
3 × Z4 86(Au)

z̃4,S4
, z̃′4,S4

, z̃8 (Z2)
2 × Z4 134(A1u, A2u), 138(A1u, A2u)

Z2 × Z4 133(A1u, A2u), 137(A1u, A2u)

I4/m(Au)

(Z2)
6 ××Z8 87(Au)

zβ2,I , z4,I , (Z2)
4 × Z16 139(A1u, A2u)

z8,P4/m (Z2)
3 × Z8 140(A1u, A2u)

I41/a(Au)
z±2,I,C2

, (Z2)
2 × (Z4)

2 88(Au)

(Z2)
2 × Z4 141(A1u), 142(A1u, A2u)

P4/mmm(B1u) z̃2,I , z8, z̃4,I , z̃8,I (Z2)
2 × Z4 × Z8 123(B1u, B2u)

P4/mmm(A1u) zβ2,I , z4,I , z
m
4 , z16 (Z2)

4 × Z4 × Z8 × Z16 123(A1u, A2u)

P4/mcc(B1u) z̃2,I , z8 Z2 × Z4 × Z8 124(B1u, B2u)
I41/amd(A2u) z±2,I,C2

, z±2,I,Mx
, z4,S4,B , z̃8,I (Z2)

3 × Z4 141(A2u)
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P 3̄ (Au)
zβ2,I,C3

, z4,I , z8,I
(Z2)

3 × Z4 × Z8 147(Au)

(Z2)
2 × Z4 162(A1u), 163(A2u), 164(A1u), 165(A2u).

Z2 × Z4 163(A1u), 165(A1u).

R3̄ (Au)
zβ2,I,C3

, z4,I , z8,I
(Z2)

3 × Z4 × Z8 148(Au)
(Z2)

2 × Z4 166(A1u), 167(A2u).
Z2 × Z4 167(A1u)

P312, P321 (A2) z2,C2
Z2

149(A2), 150(A2), 151(A2), 152(A2), 153(A2),
154(A2), 178(A2), 179(A2), 182(A2).

R321 (A2) z2,C2
Z2 155(A2)

P 3̄1m, P 3̄m1 (A1u) z±2,I , z
β
2,I,C3

, z̃8,I (Z2)
4 × Z4 162(A2u), 164(A2u).

R3̄m1 (A1u) z±2,I , z
β
2,I,C3

, z̃8,I (Z2)
4 × Z4 166(A2u)

P 6̄ zβ2,S6
, zm3,kz=0,π

(Z2)
5 × (Z6)

2 174(A′′)

Z2 × (Z6)
2 187(A′′

1 , A
′′
2 ), 189(A

′′
1 , A

′′
2 )

(Z2)
3 × Z6 188(A′′

2 ), 190(A
′′
2 )

(Z2)
2 × Z6 188(A′′

1 ), 190(A
′′
1 )

Z3 × Z6 191(B1g , B2g)
Z2 × Z6 176(Bg)

Z6 192(B1g , B2g), 193(B1g , B2g), 194(B1g , B2g)

P6/m (Au)
zβ2,I,C6

zβ2,S6
zβ2,I,C2

, zm6,kz=π, z12 (Z2)
8 × Z6 × Z12 175(Au)

(Z2)
4 × Z12 192(A1u, A2u).

P6/m (Bg) zβ2,S6
, zm6,kz=0,π Z2 × (Z6)

2 175(Bg)

P63/m (Au) zβ2,I,C3
, zβ2,S6

, z2,I , z12
(Z2)

4 × Z12 176(Au)

(Z2)
2 × Z12 193(A1u), 194(A1u)

P6/mmm (A1u, A2u) zβ2,I,C6
zβ2,S6

zβ2,I,C2
, z′12, z12 (Z2)

4 × Z12 × Z24 191(A1u, A2u)

P63/mcm, P63/mmc (A2u) z±2,I,M , zβ2,I,C3
zβ2,S6

, z12 (Z2)
3 × Z12 193(A2u), 194(A2u)

P63/mcm(B2u), P63/mmc(B1u) z±2,I,M , z̃8,I Z2 × Z4 193(B2u), 194(B1u)

TABLE III. The list of topological indices for point group Th and Oh.

G0 Indices XBS Space Groups

Pm3̄ z
(1,1,1),β
2,I,C3

, z̃2,I , z̃4,I , z̃8,I

(Z2)
3 × Z4 × Z8 200(Au)

(Z2)
3 × Z4 201(Au)

(Z2)
2 × Z4 205(Au)

(Z2)
2 222(A2u), 224(A2u)

Z2 × Z4 223(A2u)

Fm3̄ z
(111),β
2,I,C3

, z̃2,I , z̃8,I

(Z2)
3 × Z8 202(Au)

(Z2)
3 × Z4 203(Au)

(Z2)
2 × Z4 225(A2u)

Z2 × Z4 226(A2u)
(Z2)

2 228(A2u)

Im3̄ z
(111),β
2,I,C3

, z̃2,I , z̃8,I

(Z2)
3 × Z8 204(Au)

(Z2)
3 × Z4 206(Au)

(Z2)
2 × Z4 229(A2u)

(Z2)
2 230(A2u)

Pm3̄m(A1u) zβ2,C4
, z

(111),β
2,I,C3

, zm8 , z16 (Z2)
4 × Z8 × Z16 221(A1u)

Pm3̄m(A2u) z
(111),β
2,I,C3

, z8, z̃8,I Z2 × Z4 × Z8 221(A2u)

Pn3̄n zβ2,C4
, z

(111),β
2,I,C3

, z̃8,I (Z2)
2 × Z4 222(A1u)

Pn3̄m,Pm3̄n
zβ2,C2

, z
(111),β
2,I,C3

, z̃8,I
(Z2)

3 × Z8 223(A1u)
(Z2)

3 × Z4 224(A1u)

Fm3̄m zβ2,C4
, z

(111),β
2,I,C3

, z2,F , z16 (Z2)
4 × Z16 225(A1u)

Fm3̄c zβ2,C4
, z

(111),β
2,I,C3

, z2,F , z4,S4
, z̃8,I (Z2)

3 × Z8 226(A1u)

Fd3̄m zβ2,C2
, z

(111),β
2,I,C3

, z4,S4
, z̃8,I

(Z2)
2 × Z4 227(A1u)

Fd3̄c zβ2,C2
, z

(111),β
2,I,C3

, z4,S4
, z̃8,I (Z2)

2 × Z4 228(A1u)

Im3̄m zβ2,C4
, z

(111),β
2,I,C3

, z2,B , z′2,Bz16 (Z2)
4 × Z16 229(A1u)

Ia3̄d z
(111),β
2,I,C3

, z̃4,S4
, z̃8,I (Z2)

2 × Z4 230(A1u)


