aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Inhomogeneous time-reversal symmetry breaking in math
xmlns="http://www.w3.0rg/1998/Math/MathML">mrow>ms
ub>mi>Sr/Imi>mn>2/mn>/msub>msub>mi>RuO/mi>mn

>4/mn>/msub>/mrow>/math>
Roland Willa, Matthias Hecker, Rafael M. Fernandes, and Jorg Schmalian
Phys. Rev. B 104, 024511 — Published 27 July 2021
DOI: 10.1103/PhysRevB.104.024511


https://dx.doi.org/10.1103/PhysRevB.104.024511
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We show that the observed time-reversal symmetry breaking (TRSB) of the superconducting
state in SroRuO4 can be understood as originating from inhomogeneous strain fields near edge
dislocations of the crystal. Specifically, we argue that, without strain inhomogeneities, SroRuQy is a
single-component, time-reversal symmetric superconductor, likely with d,2_,2 symmetry. However,
due to the strong strain inhomogeneities generated by dislocations, a slowly-decaying sub-leading
pairing state contributes to the condensate in significant portions of the sample. As it phase winds
around the dislocation, time-reversal symmetry is locally broken. Global phase locking and TRSB
occur at a sharp Ising transition that is not accompanied by a change of the single-particle gap
and yields a very small heat capacity anomaly. Our model thus explains the puzzling absence of
a measurable heat capacity anomaly at the TRSB transition in strained samples, and the dilute
nature of the time-reversal symmetry broken state probed by muon spin rotation experiments. We
propose that plastic deformations of the material may be used to manipulate the onset of broken

time-reversal symmetry.

I. INTRODUCTION

Establishing the symmetry of the Cooper pair wave
function is the pivotal step to understand a supercon-
ductor. It not only determines the macroscopic phe-
nomenology, but it also narrows down the microscopic
mechanism of the pairing state. Arguably the strongest
evidence that cuprate-based high-temperature supercon-
ductors are governed by an electronic mechanism is the
observation of the d,2_,2» symmetry of the pair wave func-
tion [1, 2]. SroRuOy is a layered perovskite supercon-
ductor that is iso-structural to LapCuOy [3]. Given the
crossover from incoherent to coherent transport as func-
tion of temperature, SroRuO,4 is—just like the cuprates—
governed by strong electronic correlations [4]. However,
early on it was advocated that the more appropriate
analogue for the origin and symmetry of the pairing
state might be *He [5, 6]. Indeed, in distinction to the
cuprates, broken time-reversal symmetry below T, was
observed in muon spin relaxation [7, 8] and polar Kerr
effect [9] measurements, reminiscent of the p, + ip, pair-
ing state of the A-phase of 3He.

Recently, several experiments have forced the com-
munity to reexamine widely accepted beliefs about this
fascinating material. NMR measurements revealed that
SroRuQy is in fact a singlet superconductor [10-12]. Ap-
plying uniaxial strain leads to a separate onset of super-
conductivity at T, and of time-reversal symmetry break-
ing (TRSB) at Trgep [8]. Combined with the observed
jump of certain elastic constants across T, [13, 14], these
observations have led to the proposal that SroRuQOy is a
two-component singlet superconductor, with Trpes sig-
nalling the condensation of the second component [15—
20]. Meanwhile, there is no indication of a heat capacity
anomaly at Trypsp [21], in contrast to the sharp jump seen
at T.. More generally, there is no experimental evidence
that time-reversal symmetry breaking is a bulk effect—
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Figure 1: (a) Edge dislocation in SrpRuO4 inducing local
breaking of time-reversal symmetry due to inhomogeneous
strain. Near the dislocation, large strain fields mix a pri-
mary d,2_,2 pairing state with other sub-leading symmetry
channels, e.g. a g,,(»2_,2) Pairing state [16]. As aresult, ddg
pairing emerges on opposite sides of the dislocation, forcing
the relative phase () to wind in between, thus breaking
time-reversal symmetry locally. (b) Time-reversal symmetry
breaking appears in the bulk system as a stand-alone phase
transition where the local phase windings are locked through
the long-range decay of strain fields that couple dislocations.

in fact, muon spin rotation (uSR) experiments find vari-
ations of the effect for distinct samples and signatures
consistent with diluted magnetic moments [8]. This calls
into question the widely accepted view that SroRuQOy4 is
a multi-component superconductor.

In this paper, we argue that the pairing states of



SroRuOy4 and the cuprate superconductors display signif-
icantly more parallels than previously thought. Specif-
ically, we argue that SroRuO, without strain inhomo-
geneities is a single-component, time-reversal symmet-
ric superconductor with a d,2_,» pairing state. This is
consistent with recent quasiparticle interference measure-
ments [22] that strongly favor such a pairing state, de-
spite the onset of TRSB. The recently discussed phase
diagram of strained SroRuQ,, where superconductivity
occurs in the vicinity of a state with magnetic order,
likely a spin-density wave, [8] is also suspiciously simi-
lar to the generic cuprate phase diagram with a state of
antiferromagnetic order vanishing near superconductiv-
ity.

In our theory, time-reversal symmetry breaking of
SroRuO4 is a consequence of strong strain inhomo-
geneities that locally break the crystalline symmetry and,
due to the large mechanical stresses, condense a sub-
leading pairing state. We analyze the nucleation of the
corresponding pairing wave-function and its non-trivial
phase windings near edge dislocations of the crystal. In
particular, we solve for the pairing state near a single
edge dislocation and proceed with a coarse-grained model
of many such dislocations. The first part of the theory
demonstrates that inhomogeneous strain induces local
phase windings at a temperature below T, see Fig. 1(a),
the second shows the emergence of global phase locking.
This yields a sharp phase transition where time-reversal
symmetry is globally broken, see Fig. 1(b), albeit with
a weak heat-capacity anomaly. It hence explains the ab-
sence of a calorimetric signature at Trrqp in strained sam-
ples [21], which is strong evidence against any scenario
where breaking of time-reversal symmetry is associated
with the opening of a quasiparticle pairing gap.

Despite the similar pairing state, an important differ-
ence between SroRuQy4 and the cuprates is that at least
one other pairing state must be sufficiently close in energy
to contribute to the condensate near strong local strain
inhomogeneities. The idea that a second competing su-
perconducting instability is likely present in this mate-
rial was proposed before both on phenomenological and
microscopic grounds [16-19, 23]. In distinction to these
investigations, the sub-leading instability of our theory
does not need to be fine-tuned to have approximately
the same T, value as that of the leading d-wave insta-
bility. Moreover, because the dislocation induces strain
in all symmetry channels, TRSB occurs independently of
the sub-leading state’s symmetry—s-wave or g-wave. Fi-
nally, in our scenario, TRSB does not correspond to the
homogeneous condensation of the second pairing state,
but to a collective phenomenon in which the phase wind-
ings of the sub-leading pairing wave-function induced
near a dislocation phase-lock globally. A direct conse-
quence of the assumption of competing superconducting
instabilities is that, in a clean sample, the sub-leading
pairing state should lead to a Bardasis-Schrieffer exci-
tation [24] in the electronic Raman spectrum. Finally,
strain engineering of SroRuQy, e.g. via plastically defor-

mation of the sample, which is known to impact dislo-
cations in other perovskites [59], may be used to create
and manipulate time-reversal symmetry broken super-
conducting states.

II. RESULTS

A. Overview of the experimental constraints on
the pairing state

Before we present our theory we summarize some of the
relevant experimental observations and their puzzling im-
plications that motivated our proposal. Excluding acci-
dental degeneracies, homogeneous TRSB at T, may only
occur for a superconducting order parameter that has
at least two components, i.e., transforms according to a
two- or higher-dimensional irreducible representation of
the symmetry group [25]. For SroRuOy, with Dy, point
group, this leaves only two options: FE, triplet pairing
that transforms like p, +ip, or the E; singlet pairing of
the type d,,£id,.. The most recent NMR measurements
strongly favor singlet pairing [10-12]. Furthermore, uSR
experiments under uniaxial stress report a clear splitting
between the superconducting transition temperature T,
and the onset temperature for broken time-reversal sym-
metry, Trrss < Te [8]. For such a two-component order
parameter, uniaxial stress should indeed lift the degen-
eracy. In this picture, the strain-favored component first
condenses to a single-component state at T, while the
strain-disfavored component mixes-in with relative phase
+7/2 at Trrss. Numerous theories for SroRuO,4 consider
either p, & ip, triplet pairing [5, 6, 26-29] or, given the
recent NMR results of Refs. [10-12|, d,. =+ id,. singlet
pairing [15, 20, 30].

There is however one very robust thermodynamic ar-
gument against either of these mean-field scenarios (see
also appendix A): recent heat-capacity measurements in
strained samples [21] see no jump at Trpss and a large
discontinuity at T,. Within mean-field theory, the ratio
of the heat-capacity jumps at T, and T ysp are generally
related to the slopes dT./dep,, and dTrgss/dep,,, see
Ref. [8]. If the magnitudes of the slopes are assumed to be
approximately equal for small strain, the heat-capacity
jumps must essentially be the same. In the more re-
alistic case, as determined by the experimental strain-
temperature phase diagram, where |dTipss/dep,,| <
dT./dep,,, the jump at the lower transition must even
be the largest one. This is in sharp contrast to the mea-
surements of Ref. [21], which reports no anomaly at the
lower transition temperature, estimating an upper bound
for the second discontinuity at Trrsg of less that 5% of the
discontinuity AC(T.) at T.. This finding provides strong
thermodynamic evidence against a BCS-type transition
of either F, or E, symmetry. More generally, the ab-
sence of a heat-capacity jump at Trrsp argues against
any scenario where the opening of a pairing gap affects
the entropy of electronic quasiparticles. In addition, the



quadratic dependence of T, with strain [31, 32] and the
absence of a jump in the elastic constant in the By, sym-
metry channel [13] constitute additional evidence against
a two-component order parameter with E, or £, symme-
try. For further discussions about the puzzles related to
the chiral E, or E, pairing states, see Refs. [16, 33-35].

Given this strong evidence against a symmetry-
protected, two-component order parameter, the notion of
an accidental (near)-degeneracy of two single-component
order parameters seems a very compelling approach [16—
19, 23]. This is rooted in significant microscopic evi-
dence that electronic pairing mechanisms give rise to sev-
eral competing superconducting states [17, 23, 36, 37].
A range of arguments is brought forward in Ref. [16]
supporting the degeneracy between v¢g = d,>_,» and
g = Guy(a2—y2) Pairing. This state is further supported
by the observed jump of the elastic constant in the Ba,
symmetry channel [13, 14], see also Ref. [38], and by the
report of vertical line nodes [39]. Other candidates in-
clude the near degeneracy between ¢y = d,2_,» and a
nodal s-wave state 1 [17] or the degeneracy between
singlet and triplet states in a model that focuses on the
quasi one-dimensional parts of the electronic structure
[19]. Notice, an implication of the small heat-capacity
signature at the lower transition is that the amplitude
of this second component must be exceedingly small; see
appendix A

That the primary pairing state is indeed unconven-
tional is most plainly demonstrated by the system’s
strong sensitivity to non-magnetic disorder [40, 41]. It
is further supported by thermal conductivity measure-
ments [39], which report vertical nodal lines, and by
the recent quasiparticle interference measurements of
Ref. [22]. It is also in line with numerous microscopic
theories for unconventional pairing in this compound
[19, 22, 36, 37, 42—44]. Our approach—partially inspired
by Ref. [16]—relies on the existence of a secondary order
parameter that is reasonably close in energy and that ad-
mixes to the primary phase in the presence of inhomoge-
neous strain. However, in distinction to Ref. [16], we nei-
ther require an almost perfect degeneracy of both states
for unstrained homogeneous samples, nor do we expect a
second homogeneous mean-field like transition anywhere
below the onset of superconductivity at T,.. Instead, we
argue that the breaking of time-reversal symmetry is ex-
clusively a consequence of strain inhomogeneities in the
material.

The presence of inhomogeneous strain fields was clearly
established in scanning SQUID microscopy measure-
ments on SroRuQy single crystals [32]. The strong cou-
pling of edge dislocations to superconductivity was re-
vealed in Ref. [45], where the local superconducting tran-
sition temperature in the vicinity of a lattice disloca-
tion can reach almost twice the value of the bulk. Fi-
nally, we note that there is really no evidence at this
point that the TRSB transition in SroRuQ, is a mean-
field homogeneous phase transition of the bulk system.
This observation of TRSB in the unstrained or weakly

strained sample—which we aim at explaining here—is
qualitatively distinct from the appearance of a bulk spin-
density wave order under large uniaxial stress (~ 1GPa),
i.e., when the system is driven through a Van Hove sin-
gularity. At low stresses, the uSR signal shows a broad
distribution of local magnetic moments, somewhat simi-
lar to what is often observed in spin glasses [7, 8]. In fact,
the authors of Ref. [8] explicitly state that the internal
field is thought to arise at edges, defects, and domain
walls. In addition, the splitting of T, — Trrss determined
in Ref. [8] varies in magnitude and sign between different
samples. These observations guided us to investigate the
role of inhomogeneous strain fields. We will first analyze
the behavior in the vicinity of a single edge dislocation.
In a second step we will formulate an effective model to
describe the case of many dislocations.

B. Time-reversal symmetry breaking at a single
dislocation

In what follows, we consider a Ginzburg-Landau theory
for the superconducting order parameter ¢ = (¢q, 1),
where the two components belong to different one-
dimensional irreducible representations, i.e. they do not
transform into each other under a crystalline symmetry.
As discussed, we have in mind a primary order in the
dg2_,2 channel. For a homogeneous system this order
parameter alone would be sufficient; the secondary com-
ponent only becomes important once we include strain
inhomogeneities. Following Ref. [16], this second compo-
nent is assumed to be g, (,2_,2). We later discuss how
our results change for different sub-leading pairing states,
such as s-wave.

In an otherwise clean system, such as superconduct-
ing SroRuQy, inhomogeneous strain is most prominently
induced by dislocations, i.e. a linear crystallographic
defect, as shown in Fig. 1. To study the impact of
dislocation-induced strain on superconductivity we con-
sider the Ginzburg-Landau free-energy density

= fo+ faisls (1)

where the dislocation-free contribution f reads

fo = 5t rumo — ST ) + S (W 7o)? + = (017

+ W)+ SO + faaa: (2)

Here, ro = T — Tj is the effective temperature, with Ty
setting a transition temperature scale. The parameters
uy, v, and w are associated with the different symmetry-
allowed quartic terms. The conditions 0 < w? < uju_
ensure the stability of the functional. The Pauli matrices
7; act in the space of the two-component order parameter
1. Within a mean-field approach, the system described
by Eq. (2) develops a uniform d-wave state below T, =
To + 0T, where it picks a global U(1) phase ®. Owing to
the invariance of the free energy under the transformation
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Figure 2: Monte-Carlo simulation to minimize the Ginzburg-Landau free energy, Eq. (1), for the two order parameters in the
presence of a dislocation. (a) Strain-induced onset of the imaginary part of the order parameter 14 at four locations (see inset)
around a dislocation. Because 14 is already present at T' < T, this onset locally breaks time-reversal symmetry at Trrsp. Note
that both these temperatures are much larger than the temperature 7= at which the homogeneous g-wave order parameter
would onset. (b)-(c) Order parameter distribution near the dislocation for fixed temperature [red arrow in (a)] and for A\, = 8

and Ao = 5 respectively, see Eq. (7).

ta — q and ¢y — Py, the relative phase ¢ of the gap
function

U = e"®(|tha| + " |1y)), (3)

becomes a Zo Ising degree of freedom that can undergo
its own transition. In fact, a finite expectation value of
the pseudospin

o = sign(sin @), (4)

marks the onset of the time-reversal symmetry broken
state. The condensation of the corresponding degree of
freedom plays an important role in our subsequent anal-
ysis, albeit not for a homogeneous order parameter.

A uniform g-wave component v, would emerge be-

low T= = Ty — 6T Zfig, with, for v > 0, a phase
© = +m/2 relative to 14. In the fine-tuned system where
0T = 0, analyzed in Ref. [16], both order parameters de-
velop at the same temperature. In this work we consider
0T ~ T, sufficiently large such that the homogeneous,
perfect crystal only displays one phase transition with or-
der parameter 4. Still, the expansion Eq. (2) implicitly
assumes that the sub-leading channel 7, is much closer to
condensation than any other pairing channel. We include
the gradient terms

furaa = (1002 + 10,912) + 1001, (5)

where | > r reflects the electronic anisotropy of the
material. In principle, there are additional symmetry-
allowed gradient terms that mix the two components but
that will not qualitatively alter the findings of our anal-
ysis.

We now analyze the effect of a single edge dislocation
on the pairing state described by Eq. (2). Edge dislo-
cations occur even in otherwise exceptionally clean ma-
terials and lead to strong local strain fields, yielding as-
sociated stress values of several GPa [46]. These strain

fields change the local energetics of the superconductor
and locally break the tetragonal lattice symmetry, mixing
different pairing channels. The strain field in the vicin-
ity of an edge dislocation is given in standard textbooks
[47]. It is characterized by the Burgers vector b = bb and
the unit vector  tangential to the dislocation line. The
strain tensor €,3=(0nup+ 0puy)/2 is evaluated from the
displacement field w. For an edge dislocation, the latter
is given by

we2 [9+é sm(zo)} + 22214 cos2(8)+ Blog(p)] (6)
27 2 27
where p and 6 are the polar coordinates in the plane per-
pendicular to the dislocation and the parameters A and
B can be expressed in terms of elastic constants [417].
While the electronic system is very anisotropic, the elas-
tic deformations induced by a dislocation are expected
to be similar to those in an isotropic elastic system. The
key implications of Eq. (6) for the strain tensor e,p are
that its magnitude decays like 1/p, while the sign of the
tensor elements depends on the orientation of b and £,
similarly to the case of an electric field generated by a
dipole. Quite generally then, one finds tension (eq43 > 0)
on one side of the dislocation and compression (eq3 < 0)
on the other side, following a typical dipolar angular de-
pendence, see Ref. [47]. Based on the results of Ref. [45],
we consider a Burgers vector b = b2, see Fig. 1. Dis-
locations form loops or end at the sample surfaces. In
what follows we consider a segment that can be consid-
ered locally as a straight dislocation line. In our specific
analysis, we opt for a tangent £ = (& + §)/v/2 along
the crystallographic [110] direction. Except for £ = &
(or §)—in which case €, vanishes—any generic direc-
tion of £ yields a similar behavior. Transmission electron
microscopy images of SroRuOy4 reveal that dislocations
do not follow these high-symmetry axes and substantiate
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Figure 3: Amplitude (circle size) and phase (color) of the
strain-induced g-wave component in proximity to a dislo-
cation. Here we consider A, to be the dominant strain-
superconductivity coupling, as shown in Fig. 2(b). Inhomo-
geneous TRSB occurs when the phase winding (right, middle
and bottom) is energetically favored over the vanishing of the
g-wave component. Away from the dislocation the magnitude
of the g-component is small and a direct sign-change is al-
ways preferred (right, top, cut at z = 25b). Both degenerate
solutions—distinguished by the pseudospin o, see Eq. (4), and
reflecting the Ising symmetry of the TRSB order—are shown.

our choice [45].
The coupling between the dislocation and the super-
conducting order parameter can be cast in the form

fan=y 3 AW, ()

a=0,z,z

Hereby €%(r) denotes the projection of the spatial vari-
ation of the strain field to distinct symmetry sectors
(o = 0,2z,2) and A\, are the associated coupling con-
stants. The A, strain components € and ¢* are lin-
ear combinations of €y, + €,y and e€,.. As such, they
locally change the superconducting transition tempera-
ture and the degree of degeneracy between the d- and g-
wave components. The experiments of Ref. [45] demon-
strated that a large coupling of this kind is present in
SroRuQy4. In our case, the component €* corresponds to
a Byg strain, €¥ = €,,, which breaks the tetragonal lattice
symmetry near the dislocation to a degree that both or-
der parameters belong to the same irreducible representa-
tion and, hence, emerge simultaneously. The correspon-
dence €7 <+ €, is dictated by the product representation
Byg = B1g @ Aag of the order parameters, see Eq. (7).
Given the low symmetry of the dislocation-induced strain
for a generic orientation of £ one expects that all strain
components are finite. The pronounced strain depen-
dence of the bulk superconducting transition [8, 31, 32]
and the near doubling of the local onset of supercon-
ductivity near dislocations [45] are evidence for strong
coupling constants A,. It is instructive to investigate
the mechanism of local TRSB for pure strain couplings
X Ay. For either Ay or A, the breaking of time-reversal

symmetry is dictated by the quartic term —v(¢7,1)2/8
in Eq. (2). This implies that the strain-induced g-wave
component develops with a phase /2 relative to the
leading order. In distinction, the coupling o< A, mixes the
two order parameters in a way that on opposite sides of
the dislocation we find d+ g and d— g pairing states, since
the strain changes from tensile to compressive as one tra-
verses the dislocation. Asymptotically the g-wave com-
ponent decays algebraically as 1)4(r) o< €*(7)1q. To con-
nect the d4+g and d—g regions, the g-wave component can
either vanish or establish a local time-reversal symme-
try broken state d + e*#(") g where the phase ¢ gradually
winds from 0 to 7. The system opts for the second possi-
bility when the strain term £\, cos ¢ dominates over the
gradient terms in Eq. (5). The mechanism is reminiscent,
albeit qualitatively different, from other cases discussed
in the literature where time-reversal symmetry breaking
superconductivity takes place at twin boundaries of the
crystal [48-50]. In distinction to Eq. (7), TRSB due to
crystalline deformations through higher order gradient
couplings (9e%) (1T 7,01) was discussed in Ref. [51].
Independent of the strain coupling, the onset of a non-
trivial phase winding takes place at a well-defined tem-
perature T%. .. and is spatially localized around the dis-
location core. Indeed, the problem of determining the
onset of phase-winding near a dislocation can be recast
as a problem of finding the condition under which a
bound state emerges in a Schrédinger-type problem [52];
see appendix B. The onset temperature of local TRSB
is then larger than the temperature where a homoge-
nous v, component would appear, T ., > 7. Im-
portantly, f + fqis1 is still invariant under the trans-
formation 14 — tq and ¢, — 1y and hence, the Zs
Ising degree of freedom remains intact. Thus, at T,
the system locally picks one of two degenerate solutions,
solely distinguished by the Ising pseudospin ¢ = +1, see
Eq. (4). A large system with many dislocations under-
goes a TRSB transition at Trrss once it locks all its Ising
pseudospins o; in a ferromagnetically ordered state and
globally breaks the Zy symmetry. This point will be fur-
ther explored in the next section, where we will show that
Trrse S Tigse-
We have solved the coupled non-linear equations
0f/0a = 0f /0y = 0 for the total free energy Eq. (1)
via a stochastic annealing approach. All numerical re-
sults are obtained from a Monte-Carlo simulation of a
discretized system with 100x100 lattice sites (covering an
area 1O3§ﬁ) with uy =150.5, v=1, w=0.5, K Efﬁ =10,
ki =2. Asaresult T, =Ty + 6T and TS =Ty — 6T/2
(while Ty remains arbitrary, we used 07 =1). A real-
istic description of the strain fields is achieved with the
simple expression e*(r) = £%(p,0) = bcos(0)/p. Ow-
ing to the scale invariance of this expression, the abso-
lute coupling strength to the lattice takes the form A,b.
To simplify the discussion we fix b = ¢/ V10 in the nu-
merical procedure. The spatial distribution of the or-
der parameters near the dislocation is shown in Fig. 2
for the limiting cases where the strain-superconductivity
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Figure 4: (a) Evolution of Tfrsp upon varying the inter-
action parameters Ao, A., and \;. Recall that T. (T,) is
the temperature at which a homogeneous ¥4 (14) compo-
nent sets in, and 7 < T~ results in a uniform time-reversal
symmetry broken state. The analytic results (grey curve)
indicate that Trrsg(Xo,») deviates quadratically away from
TS. Meanwhile, Tirsp(Az) deviates from T~ only above
a threshold value. (b) Phase diagram as function of ho-
mogeneous By strain and temperature. It is evaluated for
Ae = 8.75 and for T.(0) = Trrsp(0). The analytic relation
T.(€) — Te(0) = (6T% 4 €2)*/? is shown in black.

coupling is purely determined by )\, [Fig. 2(a,b)| and by
Ao [Fig. 2(c)], respectively. Fig. 3 illustrates both op-
tions of connecting the d £+ g regions: near (far from)
the dislocation the connection occurs via phase winding
(vanishing) of ¢4. Furthermore, it also shows the two de-
generate solutions ¢ = +1 for winding the phase between
the d 4+ g and d — g regions.

The dependence of T} .. on the magnitude of the cou-
pling constants A\, and g is shown in Fig. 4(a). For suffi-
ciently large strain couplings one can induce local TRSB
pairing above the bulk temperature, a consequence of the
fact that pairing can be boosted locally. In Fig. 4(b) we
analyze the change of the bulk transition temperature
T, and of the local TRSB onset temperature Ty, as a
function of the in-plane strain ep, , as modeled by an
additional term fp, = —eQBIQwT(TO + 7)Y /4. Fig. 4 was
obtained for the specific coupling strength A, =8.75 after
fine-tuning T, ~ T}, at zero applied strain. The su-
perconducting transition temperature changes quadrat-

ically with strain, as is required for a single-component
order parameter. T, . on the other hand is weakly af-
fected by strain values that are much smaller than the lo-
cal, dislocation-induced strain. Even the largest applied
strain field in modern experiments amounts to stress val-
ues that are an order of magnitude smaller than typi-
cal edge-dislocation stresses [46]. This may explain why
the experiments in Ref. [8] did not observe a significant
change for the TRSB onset temperature with applied
strain along the [100] direction.

It is also interesting to discuss what happens if strain
is applied along the [110] direction (i.e. Byy strain). For
our scenario of inhomogeneous local TRSB at T7,...,
the phase diagram of Fig. 4(b) would remain essentially
unchanged. However, for the scenario of homogeneous
TRSB taking place at T.=, significant changes are ex-
pected. In particular, because By, strain couples the 14
and 1, order parameters bi-linearly, one would generally
expect a stronger, linear enhancement of T, and of the
separation between T, and the TRSB transition temper-
ature with increasing By, strain.

To discuss what happens in the presence of an external
magnetic field H, along the z-direction, we note that it
transforms according to the As, irreducible representa-
tion and that it is odd under time reversal. Consequently,
there is an additional term in fq;is

fdisl — fdisl - HszEy(r)¢T(r)Ty¢(T)/2v (8)

where €¥ = €;2_,2 is the projection of the strain field
onto the B;, channel. This coupling is crucial to explain
the finite Kerr signal observed in Ref. [9], as it allows one
to train different regions of broken time-reversal symme-
try with a magnetic field. The condition of a broken
vertical mirror symmetry to achieve a finite Kerr signal
is naturally fulfilled near the dislocation.

Let us finally discuss what would happen for differ-
ent combinations of single-component order parameters.
Consider the case ¥ = (¢4, 1)s) with a second component
transforming as Aig, i.e. s-wave. Then, the symmetry-
mixing strain in Eq. (7) is given by €” = €,2_,» since
Big = Biy ® A1y. Other than that, our analysis would
be largely unchanged. On the other hand if one consid-
ered the case of d,2_,2 and d, states, no strain mixing
term €” is allowed, because Az, =DB14 ® Bag and there is
no Asg strain in the Dy point group. The same is true
for a combination of s-wave with g-wave pairing. Hence,
the presented scenario applies to combinations of d with
either g- or s-wave states. The time-reversal symmetry-
broken state of all combinations of single-component or-
der parameters can be trained with a magnetic field H,,
since the strain fields induced by the dislocation always
contain a component that couples H, with the two com-
ponents of .

Thus far, we established the occurrence of phase wind-
ing near a single dislocation and determined the on-
set temperature scale T, for this behavior. The lo-
cal breaking of time-reversal symmetry—marked by a
non-vanishing [t,|sin(¢)—takes place in a finite region
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Figure 5: Mapping of the physical system to an effective
coarse-grained model. Panel (a) shows the Ising domain walls
associated with the Ising TRSB order parameter of Eq. 4,
which proliferate along a dislocation line according to the 1D
Ising model. Panel (b) illustrates the coupling between mul-
tiple dislocations, which can form open lines connecting the
surfaces of the sample of closed loops. As a result, as shown
in panel (c), the critical behavior of the model is the same as
that of an anisotropic 2D Ising model with exchange param-
eters J and J/n, with n > 1.

around the core of the dislocation. In the next section we
allow for the Ising variable ¢ to vary in space along the
dislocation line and between different edge dislocations.

C. Collective excitations and global phase
transition for many dislocations

In this section we analyze the case of many coupled
dislocations. We find that this leads to a sharp TRSB
phase transition in the Ising universality class at a tem-
perature Trrsp. Given the underlying Ising symmetry, it
is however possible that the phase variable undergoes a
thermally excited kink ¢ — 27n — ¢ along the dislocation
line. In terms of the Ising variable o, see Eq. (4), the kink
corresponds to a domain wall, as illustrated in Fig. 5(a).
In a coarse-grained approach, the statistical mechanics
of a single dislocation maps to a one-dimensional Ising
chain

N
Hy=-JY 0i0i41, 9)
5

where the dislocation is divided along its length L in
N = L /¢ segments of typical length ¢. Each segment is

associated with a local Ising spin ¢; and a binding energy
per unit length J. The characteristic values

0~ (k)2 /Aab, (10)
and J ~ T, follow from the aforementioned solutions
of the Schrédinger equations, see appendix B. For the
one-dimensional Ising model it holds that (o) = 0 at any
finite temperature. The density of kinks per unit length,
Niink ~ —¢~log[tanh(2J/T)], is exponentially small at
low T'. Shorter dislocation loops, with N < €27/ have
negligible probability for kinks and are essentially or-
dered. However, averaging over many uncoupled loops
gives rise to a vanishing global order parameter (o).

To account for the coupling between distinct disloca-
tions, we note that the magnitude of local TRSB de-
cays exponentially as e /! in the direction transverse
to the dislocation. Then, two dislocation segments at a
distance p will interact via the exponentially small cou-
pling J'(p) = Je */*. From an analysis of the gradi-
ent terms of the Ginzburg-Landau expansion follows that
the sign of this interaction is ferromagnetic. The many-
dislocation problem is therefore governed by the coarse-
grained Hamiltonian

H=Y"H"+ > > J(pij)oo. (11

m,m’ i,j

The superscripts m, m’ label the dislocation, and p; ; de-
notes the distance between the segments ¢ (of dislocation
m) and j (of dislocation m’).

Owing to the exponential dependence of the coupling
J'(p), one can further map the problem to an anisotropic
Ising model with coupling constant J in one direction and
a single coupling constant J/7 in the orthogonal direc-
tions. Here n = e?/¢ with p the typical value for the
shortest distance of two neighboring dislocations. This
is shown in panels (b) and (c) of Fig. 5. The anisotropic
Ising model develops a finite order parameter (o) below
the transition temperature

Trrse ~ J/ In(n) ~ (€/p)Tigse- (12)

This result follows regardless of whether the coupling via
J’ leads to a two- or three-dimensional network of dislo-
cations. It is a consequence of the one-dimensional Ising
model being at its lower critical dimension. The above
expression implicitly assumes a weak coupling between
nearby dislocations, i.e. £ < p. In that case the transition
temperature Trysp is smaller than, but potentially com-
parable to, the local ordering temperature 17 .... While
the ordering of single dislocations is hindered by kinks
along the loop, the weak dislocation-dislocation coupling
locks the global Ising variable and leads to a global sym-
metry breaking.

The heat-capacity anomaly associated with the lift-
ing of the Zs symmetry is much smaller in magnitude
than the one due to the opening of the single particle



1.5}
D 1d Ising model

D anisotropic Ising model |
heat capacity

transfer
0.5 ’

0 Trpsp/J 1

T/J 15

Figure 6: Entropy change C(T)/T per Ising pseudospin (in
units of k5/J) of the anisotropic Ising model with J'/J = 0
(red) and 0.01 (blue). This illustrates our approach to es-
timate the total weight of the heat-capacity anomaly at the
transition for finite J’ from the transferred calorimetric weight
in CIsing,d:l/T-

gap at the bulk superconducting transition temperature
T.. To show this, we estimate the change of the elec-
tronic specific heat at the superconducting transition as
AC(T.) ~ Sa(T.) ~ T./€er, with S the electronic contri-
bution to the entropy and €, the Fermi energy [the Boltz-
mann constant k, is set to unity|. In contrast, the heat
capacity per Ising spin of an anisotropic two-dimensional
Ising model follows from Onsager’s solution and is shown
in Fig. 6. The extent of the calorimetric anomaly at
Trrsp [blue shaded area in Fig. 6] corresponds to the
heat-capacity transfer [dark red area in Fig. 6]. To esti-
mate the magnitude of this effect, we use the approximate
form

TTrRSB Cho (T’
6S1nss A / 715“%1{71( )dT’, (13)
0

with the heat capacity of the one-dimensional Ising model

ac J?

20 T2[cosh(J/T))? (14)

CISing,d:l =

The expression in Eq. (13) accounts for the total red area
in Fig. 6. Here a and c are the in-plane and out-of-plane
lattice constants. The small prefactor a?c/(p%¢) accounts
for the number of Ising pseudospins per unit cell and is
needed to compare with the electronic contribution. Us-
ing Eq. (10) and the dimensionless coupling Ao, = Ao /T
we find £ = (a/\o)(€-/T.)? and obtain the ratio

0Srrss 1
Sel(Tc)

aclogn <ya/T.\3 o,
ac ~azd (7) 27/t (15
Sel(Te) p* n? p\€r (15)

As anticipated, the entropy associated with the collective
phase locking, and thus to the TRSB transition, is—in
addition to the two small prefactors (T,./e)? and (a/p)—
exponentially suppressed.

Our conclusion of a global Ising transition at Trrsp can
also be reached by considering disorder that is caused

by dislocations at random positions and with random
Burgers-vector orientations [60]. From Eq. (7) follows
that dislocation strain acts like a uniaxial random field
that couples to cos[p(r)], with the relative phase p(r),
see Eq. (3). The corresponding XY -model with random
uniaxial field is a well-studied problem in the statistical
mechanics of disordered systems, with several rigorous re-
sults [61-67]. Tt undergoes an Ising transition with order
parameter {(cos[p(r])) # 0, fully consistent with our anal-
ysis. This demonstrates that our conclusions concerning
the nature of the transition as clean Ising transition are
robust despite the random nature of the dislocation prob-
lem.

III. DISCUSSION

In this paper we proposed an alternative origin for the
observed breaking of time-reversal symmetry in SroRuQOy4
due to inhomogeneous strain fields that locally couple
a single-component primary order parameter to a sub-
leading pairing state. While the material without strain
inhomogeneities would only display the primary order,
which is likely of d,2_,» symmetry, strong strain fields
mix these symmetry-distinct pairing states. A promis-
ing candidate for such strain inhomogeneities are those
originated near edge dislocations as shown in Fig. 1.
Local stress values near such dislocations are easily in
the regime of several GPa, leading to a strong order-
parameter mixing. Compressive and tensile strain on op-
posite sides of the dislocation are then shown to lead
to local TRSB via phase-winding of the induced pairing
wave-function. The main appeal and ultimate motivation
for this proposal is the absence of a mean-field behavior
of the heat capacity at Trrss under homogeneous strain,
while such behavior occurs at T,. A scenario which at-
tributes TRSB to the opening of an additional pairing
gap would directly affect the entropy of electronic quasi-
particles. The fact that no heat-capacity jump is exper-
imentally detected at Trrsp iS a strong evidence against
any such scenario.

There are certain similarities, but also important
differences between our theory and the description of
Ref. [16] advocating an accidental degeneracy of homoge-
neous d- and g-wave pairing. In both cases two symmetry
distinct states are relevant and time-reversal symmetry
breaking is a consequence of the relative phase between
these two states. In both descriptions one has to fine-tune
Trrss &~ T, for unstrained samples. There are, however,
significant distinctions. First, in our approach it is in
principle possible to observe time-reversal symmetry bro-
ken states via local probes even above T,.. This effect is
a consequence of the local enhancement of pairing near
dislocations, as reported by experiments [45]. Second,
our findings suggest that TRSB may be engineered by
controlling the dislocation density during sample prepa-
ration, which in principle allows for a clearer separation
between T, and Trrsp. Evidence for a sample-dependence



of Trrep, and even of Trpsp > T, was reported in Ref. [8].
Third, we do not expect a strong heat-capacity anomaly
at Trrsg. In our description, time-reversal symmetry
breaking is a phase locking process where comparatively
few degrees of freedom are involved and no gap-opening
of single particle states occurs. As a result, the transi-
tion leaves weak signatures in the heat-capacity signal
and hence, naturally explains the absent heat-capacity
anomaly at Trrep found in strained samples [21]. In the
case of a homogeneous d+ig state [16] one would expect a
jump in the heat capacity at the second bulk transition.
Finally, a prediction that may be used to falsify our the-
ory in future experiments is the change of the transition
temperature T, with uniaxial strain e B, and €B,,- We
expect that T, changes quadratically with strain for both
symmetries, while Ref. [16] clearly predicts a quadratic
variation with ep,, but a linear change with €p,,. An
investigation of T, (ep,,) should be able to discriminate
between the two scenarios. Ai, strain renormalizes all
terms in the Ginzburg-Landau expansion. No symmetry-
arguments can therefore explain the apparent coincidence
of Trrse and T, under hydrostatic pressure [53].

An important observation that concerns the pairing
state of SroRuQy is the discontinuity of the elastic con-
stant Cgg at the superconducting transition temperature
[13, 14], see also Ref. [38]. Elastic constants associated
with strain that transforms trivially, i.e. according to
Ayg, are expected to be discontinuous at any supercon-
ducting transition [54]. However, elastic constants like
Ces or C11 — Cig, corresponding to By, or B, strain,
respectively, are continuous for a single-component or-
der parameter. A jump of these elastic constants then
clearly signals a multi-component order parameter [55].
Nevertheless, they should not be taken as irrevocable ev-
idence for a homogeneous two-component order param-
eter. Given the slowly decaying dislocation-induced g-
wave component, the system is according to our theory
essentially a two-component order parameter for large
parts of the sample. Our analysis of single dislocations
shows clearly that the regions of the sample with local
d=+g pairing, that should affect the elastic constant jump,
are much larger than the regions near the core of the dis-
location, where time reversal symmetry is broken. This
gives rise to a discontinuity of Clsg while C7; — C12 should
be continuous or at best have a much smaller jump con-

sistent with Refs. [13, 14, 38]. Quantitatively, the scat-
tering of elastic waves off dislocations is strong [56, 57]
and gives rise to corrections of the elastic constants of
the order of 1072 [58]. These effects are much larger
than the largest observed relative magnitudes of the dis-
continuities of Ref [13], which are of the order of 10~%.
Finally, the size of the reported jump of Cgg in differ-
ent measurements (compare Refs. [13] and [14]) varies
significantly, by about two orders of magnitude. While
this may partially be due to the different experimental
techniques used, sample-to-sample variations of the ef-
fect follow very naturally within our theory.

Our proposed scenario for the origin of TRSB in
SraRuOy4 could also be tested by experiments in plas-
tically deformed samples. In contrast to elastic strain,
plastic strain is known to create, move, and combine
dislocations. It was recently observed that the transi-
tion temperature of another superconducting perovskite,
SrTiOg, increased substantially upon application of plas-
tic strain, a behavior attributed to the formation of self-
organized dislocation structures [59]. In SroRuOy, an
enhancement of the dislocation density by plastic strain
would likely result in a larger TRSB signal. Even if the
dominant effect of plastic deformation is to combine and
merge the existing dislocations, one would still expect a
significant change of the TRSB signal. Manipulating this
unconventional superconductor via plastic deformation
may therefore be utilized to strain engineer the degree of
time-reversal symmetry breaking in the sample.
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Appendix A: Heat capacity of two degenerate
superconductors

The primary motivation for our analysis was the ab-
sence of a signature in the heat capacity at the time-
reversal symmetry breaking transition of strained sam-
ples [21], where puSR experiments find that T, and Trrep
are distinct transitions [8]. In this appendix we briefly
summarize the heat-capacity anomalies for homogeneous
two-component order parameters. We use the Ginzburg-
Landau expansion of Eq. (2). For §T = 0 one should
distinguish between an order parameter that belongs to
a two-dimensional irreducible representation, such as E,
or E,, and two accidentally degenerate oder parameters
that each belong to one-dimensional irreducible represen-
tations. From the perspective of the heat capacity, the
former is a special case of the latter where the quartic
coupling constant w in Eq. (2) vanishes.

For degenerate order parameters holds ¢7° = 0, and
T. = Ty. The discontinuity of the heat capacity is

To upu_ — w?

Let us now analyze finite 0T, i.e. the degeneracy is lifted.
The upper transition temperature is T, = Ty + T with



heat-capacity jump
ACvl (Tc) _ 1

= . A2

1. Uy + u_ + 2w (A2)

The lower transition temperature is T, = Ty — Zti;ﬁ oT
and the corresponding heat capacity jump is

ACH(TS)  (u— +w)? AC(Te) A3

TS w_uy—w? T, (A3)

Let us first focus on the case when 07T lifts the degeneracy
of a two-dimensional irreducible representation. In this
situation it holds w = 0. It then follows that the ratio of
the heat capacities at the two transitions equals the ratio
of the slopes of the transition temperatures

ACHTS) _u- _ g5 (A4)
ACH(T,
am i

If both temperatures split evenly, the heat-capacity
jumps at the two transitions have to be the same. If the
upper transition departs more rapidly away from Top—
which seems to be the case for SroRuO4—then the lower
heat-capacity jump should be the larger one. This is in
sharp disagreement with experiments of Ref. [21]. More
freedom is left if two symmetry-distinct order parame-
ters are degenerate by accident and w # 0 is allowed.
Now a negligible second calorimetric jump is possible if
w = —u_. However, this condition implies that the sec-
ond component, i.e. the g-wave order parameter, devel-
ops negligible amplitude, i.e. superconductivity prefers
to order with 14 finite but ¢, ~ 0.

Appendix B: Schrédinger bound-state problem

To illustrate the mapping of the local TRSB to the
appearance of a bound-state in a Schrédinger-type prob-
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lem we focus on the case with pure Ay coupling. We
further assume that the system has developed a bulk d-
wave component ¥, (we assume 1y to be real). Note,
this assumption is made to simplify the following ana-
lytic reasoning and thereby limits its applicability to the
case T* < T,. In general however, local TRSB can oc-
cur even above the bulk superconducting transition, i.e.
T* > T, see Fig. 4(a). The Ginzburg-Landau equation
for the imaginary part ¢, ; = Im[¢)y] now reads

KV?1g; = (ro + 6T + Moe®) g + [(ug +u_)/2] S,i
(B1)

For simplicity we chose £ = k| = x1. The parame-
ter k relates to the superconducting coherence length
¢ ~ (ex/To)a via £ ~ &T.. The cubic term in v,
may be neglected when identifying the transition tem-
perature; this term is relevant to normalizing the bound-
state wave-function. The problem can then be cast in
the form of a Schrédinger equation

HY = EV (B2)
with H = —=V2+V(r), V(r) = M\e®/k, and E = —(ro +
0T)/k. As strain decays with a power-law b/r away from
the dislocation, the potential is of Coulomb-type, i.e.
V(r) = (¢/r)cos(f), with a characteristic length-scale
0> = k/bXg. For k| # k1, k should be replaced by the
geometric average (/iH/i L)l/ 2 as done in the expression
for ¢ given in Eq. (10). The above Schrodinger prob-
lem has a well-defined ground-state energy Ej,, where a
bound-state is realized. As temperature is lowered, the
effective energy F increases until reaching Fy. This de-
fines T =T,

TRSB*



