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Spin-orbit coupling in two-dimensional systems is usually characterized by Rashba and Dressel-
haus spin-orbit coupling (SOC) linear in the wave vector. However, there is a growing class of
materials which instead support dominant SOC cubic in the wave vector (¢SOC), while their super-
conducting properties remain unexplored. By focusing on Josephson junctions in Zeeman field with
superconductors separated by a normal cSOC region, we reveal a strongly anharmonic current-phase
relation and complex spin structure. An experimental cSOC tunability enables both tunable anoma-
lous phase shift and supercurrent, which flows even at the zero-phase difference in the junction. A
fingerprint of ¢cSOC in Josephson junctions is the f-wave spin-triplet superconducting correlations,
important for superconducting spintronics and supporting Majorana bound states.

Spin-orbit coupling (SOC) and its symmetry break-
ing provide versatile opportunities for materials design
and brining relativistic phenomena to the fore of the con-
densed matter physics [1-6]. While for decades SOC was
primarily studied to elucidate and manipulate normal-
state properties, including applications in spintronics and
quantum computing [7-15], there is a growing interest to
examine its role on superconductivity [16-21].

Through the coexistence of SOC and Zeeman field,
a conventional spin-singlet superconductivity can ac-
quire spin-dependent long-range proximity effects [20, 23,
24, 96] as well as support topological superconductiv-
ity and host Majorana bound states, a building block
for fault-tolerant quantum computing [25-27]. In both
cases, Josephson junctions (JJs) provide a desirable plat-
form to acquire spin-triplet superconductivity through
proximity effects [28-38]. In contrast, even seemingly
well-established intrinsic spin-triplet superconductivity
in SraRuOy4 [39] is now increasingly debated [40, 41].

Extensive normal-state studies of SOC in zinc-blende
heterostructures usually distinguishing the resulting
spin-orbit fields due to broken bulk inversion symme-
try, Dresselhaus SOC, and surface inversion asymmetry,
Rashba SOC, and focus on their dominant linear depen-
dence in the wave vector, k [10, 15]. In this linear regime,
with a matching strengths of these SOC it is possible to
strongly suppress the spin relaxation [42] and realize a
persistent spin helix (PSH) [43, 44] with a controllable
spin precession over long distances [45-47].

While typically k-cubic SOC contributions (¢SOC) in
heterostructures are neglected or considered just detri-
mental perturbations, for example, limiting the stabil-
ity of PSH [45-47], a more complex picture is emerging.
Materials advances suggest that such ¢SOC, shown in
Fig. 1(a), not only has to be included, but may also dom-
inate the normal-state properties [48-57]. However, the
role of ¢SOC in superconducting heterostructures is un-
explored. It is unclear if cSOC is detrimental or desirable
to key phenomena such as Josephson effect, spin-triplet
superconductivity, or Majorana bounds states.

To address this situation and motivate further ¢cSOC
studies of superconducting properties, we consider JJs
depicted in Fig. 1(b), where s-wave superconductors (S)
are separated by a normal region with ¢SOC which is
consistent with the two-dimensional (2D) electron or
hole gas, confined along the z-axis [48, 53]. While
the commonly-expected current-phase relation (CPR) is
I(p) = I.sin(p + o) [19, 58], where I, is the JJ criti-
cal current and ¢( the anomalous phase (pg # 0,7), we
reveal that CPR can be strongly anharmonic and host
Majorana bound states. Instead of the p-wave supercon-
ducting correlations for linear SOC, their f-wave sym-

(a)

- M’”///M/H///M/H///M
* (At /oot 1 St S

‘\ K
- AN e
%/7”

,
“y
\

V2ot ot f

x(Sy)

Ve s, Syttt it 1
X k ’/ pr AP e PP P AA AL Z i PP P A AT
— ~ (\ =k [ TP P o PSS PP A PP P
”/,/7'[@ 11441/ St a4 11 1t P
M ) X(Sx)
FIG. 1. (a) Spin-orbit fields in k-space for Rashba cubic
spin-orbit coupling (cSOC) (a. = —1), Dresselhaus ¢SOC
(B = —1, middle), and both (e = B. = —1, bottom).

(b) Schematic of the Josephson junction. The middle re-
gion hosts ¢SOC and an effective Zeeman field, h, between
the two s-wave superconductors (S). (¢) Spin textures in the
¢SOC region resulting from the normal-incident electrons with
in-plane spin orientations [see Fig. 1(b)] when S is at normal-
state, the upper (lower) panel a. =1, 8. =0 (ac = B = 1).
The in-plane spin orientations of the incident electrons ¢ are
from 0 (bottom row) to m/2 (top row).



metry is the fingerprint of ¢cSOC.

To study ¢SOC, we consider an effective Hamiltonian
H = 3 [dp ! (p)H(p)¥(p), where H(p) = p*/2m* +
o -h+ Hesoc(p), with momentum, p = (pa, py,0) [see
Fig. 1(b)], effective mass, m*, Pauli matrices, o, effective
Zeeman field, h, realized from an externally applied mag-
netic field or through magnetic proximity effect [6, 59],

and ¢SOC term [48, 49, 53, 54] Hesoc(p) = 555 (p® 04 —
ﬂc

pro_) — 45 (P2 pyos +pip_o_), expressed using cSOC
strengths o, and S, for Rashba and Dresselhaus terms,
where p+ = p, £ipy, and 04 = 0, £i0,. The field op-
erator in spin space is given by ¢(p) = [v¥+(p), ¥, (P)]7,
with 1, | spin projections.

To describe S regions in Fig. 1(b), we use an s-
wave BCS model with a two-electron amplitude in
spin-Nambu space A(z/#z/;l) + H.c., given by the ef-
fective Hamiltonian in particle-hole space H(p) =
( H(p) — i A

At —Hi(-p)+pl
cal potential and Aisa2x?2 gap matrix in spin space.
The field operators in the rotated particle-hole and spin
basis are 1) = (4,7, ¢I’ —ql)i)T.

To calculate the charge current, we use its quantum
definition where no charge sink or source is present.
Therefore, the time variation of charge density van-

ishes, O;p. = 0= lim > [0l _(t')YHororr (T)grr (r) —
r—r’

oro’'T!

w];T(r’)HZW/T/(r’)wU/T/(r)]. Horor is the component
form of H, with spin (particle-hole) label o (7), and
and r = (z,y,0). From the current conservation, the

charge current density is, J = fdr{q/ﬁ(r)ﬁ(r)z/;(r) -
@T(r)g(r)ﬁ(r)}, where H(r) is obtained by substitut-
ing p = —ih(9;,0y,0). The arrow directions indi-
cate the specific wavefunctions that the H operates
on. By an exact diagonalization of H, we obtain
spinor wavefunctions ¢>™™(p) within the left (z < 0)
and right (z > d) S region and the middle normal region
(0 < x < d) in Fig. 1(b). The wavefunctions and general-

ized velocity operators v4"™ are continuous at the junc-

tiOIlS, i'e', qﬁl:’&mu:Oa ,([Jm:l;qw:dv ’Ulqul:v;;nllﬁqw:Oa
and v"Y™=vl1Y"|,—q. The spinor wavefunctions are
given in the Supplmental Material [60].

), where p is the chemi-

The complexity of H precludes simple solutions and
we evaluate the wavefunctions and supercurrent numer-
ically. To reduce the edge effects, we consider Fig. 1(b)
geometry with W/d > 1 [61]. This approach has been
successfully used to study supercurrent in junctions with
PSH, Weyl semimetals, phosphorene, and twisted bilayer
graphene [62-68]. The calculated supercurrent is normal-
ized by Iy = 2|eA|/h, where e is the electron charge, and
A the energy gap in S. The energies are normalized by
A, lengths by & = h/v2m*A, ¢SOC strengths by AEZ.
The junction length is set at d = 0.3&s.

To investigate the role of ¢SOC on the ground-state
Josephson energy, Fqg, and the CPR obtained from the

supercurrent I(y) x 0FEgs/0p, we first consider a sim-
ple situation with only Rashba ¢SOC (a. # 0, 8. = 0)
and effective Zeeman field h, (h, = h, = 0). The evo-
lution of Egg with |h,|, where its minima are denoted
by dots in Fig. 2(a), shows a continuous transition from
¢ = 0 to 7 state (blue to green dot). For ¢¢ # 0, Egs
minima come in pairs at +¢g [69]. The corresponding
CPR reveals in Fig. 2(b) a competition between the stan-
dard, sin¢, and the next harmonic, sin 2y, resulting in
I(—p) = —I(¢). There is no spontaneous current ex-
pected in a Josephson junction with SOC, I(¢ = 0) =0,
but only I, reversal with h,. Such a scenario of a continu-
ous and symmetric 0-7 transition is well studied without
SOC in S/ferromagnet/S JJs due to the changes in the
effective magnetization or a thickness of the magnetic re-
gion [70-77].

While our previous results suggest no direct cSOC in-
fluence on CPR, a simple in-plane rotation of h, h, = 0,
hy # 0, drastically changes this behavior. This is shown
in Figs. 3(b) where, at fixed |hy| = 2.4A, we see a pecu-
liar influence of a finite Rashba ¢SOC which is responsi-
ble for the anomalous Josephson effect with spontaneous
current, I(p = 0) # 0, and strong anharmonic CPR that
cannot be described by I(¢) = I.sin(y + ¢g). Unlike in
Fig. 3(a), a relative sign between «, and h alters the CPR
and Josephson energy, where the ground states ¢g appear
at single points [green, red dots in Fig. 3(a)], consistent
with g oc achy.

If instead of p = A, we consider a regime p > A, the
evolution of Josephson energy from Fig. 2(a) changes.
While 0-7 transitions with |h,| remain, there are no
longer global minima with ¢ # 0, 7 and the CPR reveals
a stronger anharmonicity. In contrast, for pu > A, the
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FIG. 2. (a) Josephson energy and (b) associated supercurrent
evolution with the superconducting phase difference ¢. Zee-
man field values, h,, are chosen near a 0-7 transition. The
other parameters are ac = +0.1 and S =0, p = A, hy = 0.
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FIG. 3. (a) Josephson energy and (b) related supercurrent
evolution with the superconducting phase difference ¢ Zee-
man field, hy, at a fixed magnitude and varying Rashba ¢cSOC
strength a. are considered. The other parameters are 5. = 0,
w=2A, hy =0. (c) Three fits to the green curve in (b) using
the generalized CPR from Eq. (1) with N = 1,2, 3 harmonics.

anomalous Josephson effect from Fig. 3 remains robust
and similar ¢g states are accessible (see Ref. [60]).

Simple harmonics used to describe anharmonic CPR in
high-temperature superconductors [78, 79] here are not
very suitable. By generalizing a short-junction limit for
CPR [77, 78, 80], we identify a much more compact form
where only a small number of terms gives an accurate
description. To recognize the importance of SOC and
two nondegenerate spin channels, o, we write

N
) =Y

n=1o0=% \/]- -7 sin® (n(po/2 + 90877,/2)

17 sin(ny + ¢5,,)

(1)

where 77 is the normal region transparency for spin chan-
nel 0. With only few lowest terms in this expansion
(N =1,2,3), shown in Fig. 3(c) with the corresponding
errors, it is possible to very accurately describe strong
CPR anharmonicities for anomalous Josephson effect.
To achieve the relative error from N = 3 expansion in
Eq. (1), in a standard {sin, cos} expansion, with the cor-
responding phase shifts as extra fitting parameters, re-

quires N > 20 [60].

Key insights into the CPR and an explicit functional
dependence for the ¢y state is obtained by a system-
atic I(y) symmetry analysis with respect to the ¢SOC
(e, Be) and Zeeman field or, equivalently, magnetization
(hz,y,-) parameters [60]. We find that h. plays no role
in inducing the ¢ state, it only produces I(y) reversals,
explaining our focus on h, = 0 [Figs. 2 and 3].

These properties are expressed as an effective phase
shift to the a sinusoidal CPR, sin(p+ o), extracted from
Eq. (1). We again distinguish small- and large-y regime
(b = A vs. p = 10A). In the first case, for the JJ
geometry from Fig. 1, we obtain

0 0Ty (02 + T4 52 ) hafbe + T (02 = 262 By, (2)

where the parameters I'y 5., are introduced through
their relations, I's > T, Iy < 1, Ty > 1, T'y(hy, =0) =
Fy(hy =0)=1,Ty(hy #0) <1, Tz(hy #0) < 1. These
relations are modified as g and h change. For p > A,
the functional dependence for the ¢, state is simplified

Po o (ai — F1ﬁf)hwﬁc + (ag — Fzﬂf)hy% (3)

where I'; > I'y and I'y o > 1. Therefore, ¢ state occurs
when h shifts p L to I(p) and thus alters the SOC [60].
Taken together, these results reveal that ¢SOC in JJ
supports a large tunability of the Josephson energy, an-
harmonic CPR, and the anomalous phase, key to many
applications, from post-CMOS logic, superconducting
spintronics, quiet qubits, and topological quantum com-
puting. Realizing 7 states in JJs is desirable for im-
proving rapid single flux quantum (RSFQ) logic, with
operation > 100 GHz [81, 82] and enhancing coherence
by decoupling superconducting qubits from the environ-
ment [83]. However, common approaches for 7 states
using JJs combining s- and d-wave superconductors or
JJs with ferromagnetic regions [78, 79] pose various
limitations. Instead, extensively studied gate-tunable
SOC [10, 38, 45, 53, 54, 84], could allow not only a fast
transformation between 0 and 7 states in JJs with ¢cSOC,
but also an arbitrary ¢ state to tailor desirable CPR.
An insight to the phase evolution and circuit operation
of JJs with ¢SOC is provided by generalizing the classi-
cal model of resistively and capacitively shunted junc-
tion (RSCJ) [85]. The total current, i, is the sum of
the displacement current across the capacitance, C', nor-
mal current characterized by the resistance, R, and I(y),

%0%4— z(fr‘}% ‘Z—f+](g0) = i, where ¢q is the magnetic flux
quantum and I(p) yields a generally anharmonic CPR,
as shown from Eq. (1), which can support 0, 7, and turn-
able g states. As we have seen from Figs. 2 and 3, this
CPR tunability is accompanied by the changes in Joseph-
son energy, which in turn is responsible for the changes in
effective values of C, R, and the nonlinear Josephson in-
ductance. This JJ tunability complements using voltage

or flux control [86, 87].




In JJs with ferromagnetic regions, I, is the tunable I,
by changing the underlying magnetic state [32, 88, 89]. In
JJs with ¢SOC, tuning I. could be realized through gate
control by changing the relative strengths of o, and S,
even at zero Zeeman field. This is shown in Fig. 4 by cal-
culating Max[I(¢)] with ¢ € [0, 27]. In the low-u regime,
the maximum I, occurs at slightly curved region near the
symmetry lines |a.| = |B.|. For the high-u regime, the re-
gion of maximum I, evolves into inclined symmetry lines,
lae] = A|Be], A < 1. Similar to linear SOC, in the dif-
fusive regime for ¢SOC, one expects that the minimum
in I, occurs near these symmetry lines because of the
presence of long-range spin-triplet supercurrent [63, 90].

We expect that a hallmark of JJs with ¢cSOC goes be-
yond CPR and will also influence the spin structure and
symmetry properties of superconducting proximity ef-
fects. Linear SOC is responsible for mixed singlet-triplet
superconducting pairing [16], while with Zeeman or ex-
change field it is possible to favor spin-triplet proximity
effects which can become long-range [20, 33] or host Ma-
jorna bound states [25, 26]. To explore the proximity
effects in the ¢SOC region, we calculate superconducting
pair correlations using the Matsubara representation for
the anomalous Green function, F(7;r,1r") [92],

Foo (7—; r, I‘/) = +<TT¢S (T7 r)wﬁ (0’ I'/)>(—Z'O'§IS,>, (4)

where s, s’, s1 are spin indices, the summation is implied
over s1, T is the imaginary time, 1, is the field operator,
and T denotes time ordering of operators [60].

For a translationally invariant SOC region, spin-triplet
correlations in Fig. 5, obtained from Eq. (4), provide a
striking difference between linear and cubic SOC. Unlike
the p-wave symmetry for linear Rashba SOC [Figs. 5(a),
5(b)], we see that the f-wave symmetry is the fingerprint
for ¢SOC, retained with only a. # 0 [Figs. 5(c), 5(d)]
or both ap, 8. # 0 [Figs. 5(e), 5(f)]. Remarkably, unlike
the commonly-sought p-wave symmetry, we confirm that
with a suitable orientation of the Zeeman field ¢cSOC also
supports Majorana flat bands [60].

While we are not aware of any Josephson effect ex-
periments in 2D systems dominated by ¢SOC, our stud-

FIG. 4. Normalized critical supercurrent as a function of
c¢SOC strength a. and fc for (a) 4 = A and (b) p = 10A.
The Zeeman field is set to zero.
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FIG. 5. Real and imaginary parts of equal-spin supercon-
ducting correlations in the k-space, & = h/v2m*A is the
characteristic length. (a), (b) Linear Rashba, a = 1. (c), (d)
¢SOC, a. =1, B. = 0. (e), (f) ¢SOC, a. = B = 1. The other
parameters are the same for all panels.

ied parameters are within the range of already re-
ported measurements. Choosing m* of an electron mass,
and A = 0.2meV, which is similar for both Al and
proximity-induced superconductivity [38, 93], the char-
acteristic length becomes {5 ~ 14nm. The resulting
cSOC strength from Fig. 3(b) with a A& ~ 50 eVA3
is compatible with the values in 2D electron and hole
gases [55, 56]. The Zeeman splitting 2.4 x 0.2meV is
available by applying magnetic field in large g-factor ma-
terials [10], or from magnetic proximity effects, measured
in 2D systems to reach up to ~ 20 meV [6]. Even though
we have mostly focussed on the tunable Rashba SOC, the
Dresselhaus SOC can also be gate tunable [45, 94], offer-
ing a further control of the anomalous Josephson effect.

Our results reveal that the ¢SOC in JJs provides ver-
satile opportunities to design superconducting response
and test its unexplored manifestations. The anomalous
Josephson effect could serve as a sensitive probe to quan-
tify ¢SOC. While identifying the relevant form of SOC
is a challenge even in the normal state [10, 12], in the
superconducting state already a modest SOC can give
a strong anisotropy in the transport properties [24, 95—
97] and enable extracting the resulting SOC. Identify-
ing SOC, either intrinsic, or generated through magnetic
textures, remains important for understanding which sys-
tems could host Majorana bound states [37, 98-111].

With the advances in gate-tunable structures and novel
materials systems [38, 53-56, 93, 112], the functional de-
pendence of the anomalous phase ¢y and the f-wave su-
perconducting correlations could also enable decoupling
of the linear and cubic SOC contributions [60]. For the
feasibility of such decoupling, it would be useful to con-
sider methods employed in the studies of the nonlinear
Meissner effect [113-120]. Even small corrections to the
supercurrent from the magnetic anisotropy of the non-
linear Meissner response offer a sensitive probe to distin-
guish different paring-state symmetries.
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