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Two new recently proposed classes of topological phases, namely fractons and higher order topo-
logical insulators (HOTIs), share at least superficial similarities. The wide variety of proposals for
these phases calls for a universal field theory description that captures their key characteristic physi-
cal phenomena. In this work, we construct topological multipolar response theories that capture the
essential features of some classes of fractons having subsystem symmetries and higher order topo-
logical insulators. Remarkably, we find that despite their distinct symmetry structure, some classes
of fractons and HOTIs can be connected through their essentially identical topological response
theories. More precisely, we propose a topological quadrupole response theory that describes both
a 2D symmetry protected fracton phase and a related bosonic quadrupolar HOTI with strong inter-
actions. Such a topological quadrupole term encapsulates the protected corner charge modes and,
for the HOTI, also determines an anomalous edge with fractional dipole moment. In 3D we propose
a dipolar Chern-Simons theory with a quantized coefficient as a description of the response of both
second order HOTIs harboring chiral hinge currents, and of a related fracton phase. This theory
correctly predicts chiral currents on the hinges and anomalous dipole currents on the surfaces. We
generalize these results to higher dimensions to reveal a family of multipolar Chern-Simons terms
and related O-term actions that can be reached via dimensional reduction or extension from the
Chern-Simons theories.
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I. INTRODUCTION

A decade of intense effort has resulted in a thor-
ough classification and characterization of symmetry pro-
tected topological materials. For a refined classifica-
tion of topological insulators and superconductors, along
with their bosonic analogs, the concept of symmetry
protection has been extended to include spatial sym-
metries' 4. In addition to protected gapless boundary
modes, some topological crystalline phases admit gapped
edges or surfaces separated by gapless corners or hinges.
Exemplifying a much richer bulk-boundary correspon-
dence, insulators of this type are now termed higher-
order topological insulators (HOTIs)'5 19, Realizations
of quadrupole HOTTIs have appeared in a variety of meta-
material contexts?? 22, and there is tantalizing evidence
for the existence of a 3D HOTI with hinge states in bis-
muth as well'”.

While the classification and characterization of
strongly interacting higher order topological phases (or
topological crystalline phases, broadly defined) has been
widely-explored!!:14:23-31 " the connection between HO-
T1Ts and topological response phenomena is still nebulous.
In the prominent examples of topological insulators, the
2D Chern-Simons response predicts a quantized Hall con-
ductivity in T-breaking insulators, while 3D T-invariant
TIs can exhibit quantized axion electrodynamics3?33,
e.g., a topological magnetoelectric effect. These topo-
logical response coefficients are quantized signatures of
the symmetry protected topology, and are thus robust to
any perturbations as long as symmetry is preserved and
there are no phase transitions. Thus, quantized topolog-
ical response coefficients can be treated as smoking-gun
experimental characteristics of TIs.

Remarkably, the topological field theory descriptions
of TIs in various dimensions, and in various symmetry
classes, are connected through a beautiful dimensional
hierarchy, e.g., the boundary of a 3D TT with axion elec-
trodynamics contains a 2D Chern-Simons theory at level
1/2, suggesting the (previously-known) existence a sin-
gle Dirac cone at the boundary3. Meanwhile, the 2D
Chern-Simons response on a thin torus can be viewed as
the charge polarization response of a 1D TI33, and the
Laughlin gauge argument3* for the 2D Hall current maps
onto Thouless charge pumping®® in the 1D system. It
remains unclear to what extent such a dimensional hier-
archy can be generalized to HOTIs and their interacting
descendants.

In this work, we address these open issues by intro-
ducing a set of topological multipole field theories that
can be viewed as the higher order generalization of the
topological electromagnetic response in TIs. Parallel to

the relationship between the 1D charge polarization and
2D Chern-Simons theory, the HOTIs we consider exhibit
a topological 2D quadrupolar response (polarization of
dipoles) term®6 3% and a 3D dipolar Chern-Simons term
that can be interpreted as the topological response of
a chiral hinge insulator. These topological dipole re-
sponses exactly match the microscopic phenomenology of
the protected gapless modes at the corner/hinge, which
exemplify the underlying bulk-boundary correspondence
in 2D and 3D HOTIs respectively. Additionally, despite
the fact that the edge/surface of a HOTI is gappable, our
field theory implies that such gapped boundary regions
are still anomalous in certain symmetry classes. Finally,
we complete the analogy by briefly considering an anal-
ogy to a 4D axion dipole electrodynamics.

To be more explicit, our 2D quadrupole response the-
ory for HOTIs describes fractionalized dipoles on the
edges that are anomalous under certain symmetry condi-
tions (comparable to fractional charge at the ends of a 1D
system). Such an anomalous edge carrying a fractional
dipole moment is linked to the existence of protected cor-
ner modes (or fractional corner charges depending on the
symmetry), both of which are characteristic signatures of
the 2D HOTI, and can persist in the presence of arbitrar-
ily strong interactions.

Likewise, the dipolar Chern-Simons term in 3D pre-
dicts a current anomaly on the hinges of a sample, which
exactly matches the phenomenology of the chiral hinge
currents on a 3D 2nd order HOTI with C47 symmetry.
The dipolar Chern-Simons response theory produces a
transverse charge current (J,) in response to some config-
urations of electric field gradients (0, E, + 0y Ey), as well
as dipole currents (JY,J;) in the presence of an electric
field (E,). We prove that the level of the dipole Chern-
Simons theory is quantized, thus we expect the coeffi-
cient to be robust even in the presence of strong interac-
tions. Indeed, just as the 2D Hall conductance is dimen-
sionless, so is the 3D dipolar Chern-Simons coefficient,
having units of e2/h. Aside from the transverse current
response, our dipolar Chern-Simons term also predicts
that a 3D HOTTI will have a bulk magnetic quadrupole
moment in an electrostatic potential3*4!. The magnetic
quadrupole moment manifests in the bound, circulating
hinge currents, and can be probed by placing the system
in a magnetic field gradient.

Interestingly, we can also make a connection between
our 2D quadrupole response and our 3D dipolar Chern-
Simons response. In a thin-annulus limit, the 3D dipolar
Chern-Simons response dimensionally reduces to the 2D
charge quadrupole response, and the anomalous hinge
currents when a flux is threaded through the periodic
direction correspond to a shift of the 2D quadrupole mo-
ment, i.e., a they are the result of an effective dipole
current. Such a dimensional reduction structure stem-
ming from the dipolar Chern-Simons theory sheds light
on the connection between the 2D quadrupole insulator
and the 3D HOTTI with chiral hinge currents, that has

already been understood in free fermion systems!'S.



In order to propose our topological response theories
we make a connection between HOTIs and parallel re-
search in fracton phases. Recently, distinct long-range
entangled states, transcending the conventional TQFT
paradigm, and termed fracton phases, have been discov-
ered and intensively studied via exactly solvable mod-
els, including quantum stabilizer codes and higher rank
gauge theories?*?°°. Earlier literature shows that topo-
logical fracton order shares many features of conventional
topological order, including long-range entangled ground
states, and non-trivial braiding statistics. At the same
time, fracton phases have a subextensive ground-state
degeneracy depending on the system size and lattice
topology, which is beyond the paradigm of topological
quantum field theory. Fracton phases have quasiparticles
with restricted mobility such that they move only within
lower-dimensional manifolds*?52:54:56-69  The subdimen-
sional nature of fracton excitations is a consequence of
subsystem conservation laws whose associated charges
are conserved on a sub-manifold such as planes, lines,
or fractals. Such strongly constrained motion gives rise
to unconventional features including glassiness and sub-
diffusive dynamics*6:70,

The most salient, unifying property in fracton phases
is the immobility of individual charged particles. This
immobility results from requiring that the charge be con-
served in some set of subsystems, such as lines, fractals,
or planes, rather than in the system as a whole. Con-
sequently, charge motion is frozen in fracton models (at
least in some directions), and there is no charge conduc-
tivity. Instead, for phases with U(1) subsystem symme-
tries the leading order transport responses are necessar-
ily dipolar. Similarly, in a HOTI, the topological charge
response in such insulators is absent — even though the
charge is not immobile. Instead, there appears to be
a topological dipole response which describes the phe-
nomenology associated to gapped boundaries, and gap-
less corner or hinge modes. Since the dipole response is
most natural in a fracton phase, we propose a response
theory for 2D systems with U(1) subsystem symmetry,
and then connect the resulting theory to HOTIs when
the subsystem symmetry is broken down to a global U(1)
symmetry. In this sense, the HOTI can be regarded as
a trivial charge insulator but a topological dipole insula-
tor. We further show that a similar framework leads to a
topological dipolar response theory of the 3D HOTT with
chiral hinge modes.

The remainder of the paper is structured as follows.
In Section II, we discuss subsystem protected SPTs with
a quantized quadrupolar response and relate them to
bosonic 2D quadrupolar HOTIs. The quantized bulk
quadrupole moment engenders a protected corner mode
and a fractional edge dipole which is anomalous under
Cy x T. In particular, we propose that the quadrupolar
HOTI-type phenomenon can exist in subsystem symmet-
ric fracton systems where the corner mode is protected
by subsystem U(1) symmetry. The resultant field theory
contains a topological quadrupole moment 6-term con-

structed from a higher rank gauge field. In Section III,
we propose a dipolar Chern-Simons theory for 3D HO-
TIs with gapless chiral hinge currents and compare it
with a related fracton theory described by a rank-2 tensor
gauge theory. Several experimental signatures including
a transverse topological dipole and current response and
bulk magnetic quadrupole moment can be explicitly ob-
tained from this dipolar Chern-Simons term. In section
IV, we study the generalization and extensions of the
aforementioned topological multipole responses includ-
ing topological octupolarization and multipolar Chern-
Simons and axion electrodynamics in higher dimensions.
We also have several appendices containing some of the
detailed calculations.

II. 2D QUADRUPOLAR RESPONSE

In this section, we introduce two classes of 2D gapped
bosonic models that each host protected corner modes.
The first class can be interpreted as a subsystem sym-
metry protected HOTI®*71"73 This phase has gapless
corner modes that are protected by the combination of
U(1) subsystem symmetry, and time-reversal (7). The
second class we study was introduced in Refs. 24 and
74 and describes a crystalline bosonic HOTI protected
by U(1) x T x C4 symmetry, where here U(1) is global
boson charge conservation, and Cy is a discrete rotation
symmetry. We will show that, despite the difference in
symmetry protection, both classes support gapless cor-
ner modes. Furthermore, they both give rise to a 2D

charge response with a quantized quadrupole moment
Gy 15307

A. Subsystem symmetry protected fracton phase
with corner modes

The most well-studied higher order topological phases
require spatial symmetries such as spatial rotations or
reflections for protection. Without spatial symmetry
one can typically hybridize and remove the spatially
separated corner(hinge) modes through an edge(surface)
phase transition without the bulk gap closing. In this
subsection, we introduce a new type of interacting higher
order topological phase that does not require spatial sym-
metry, but instead relies on subsystem symmetry for pro-
tection (see more discussion of this model in Ref. 75).

In D spatial dimensions, a subsystem symmetry con-
sists of independent symmetry operations acting on a
set of d-dimensional subsystems with 0 < d < D. In
D = 2, the subsystems in question can be lines (d = 1)
or fractals?*53 717376 Here we will be interested in linear
subsystems consisting of all lines parallel to the & and ¢
axes on a square lattice. The corresponding d = 1 subsys-
tem symmetry is associated with a quantum number that
is conserved separately on each line, leading to interest-
ing new possibilities for both symmetry-breaking”® and



symmetry-protected topological” "*7%77 phases. Typi-
cally subsystem symmetry protected topological phases
contain gapless degrees of freedom along the edges of a
2D lattice. However, here we describe a model for a
new type of subsystem SPT, which has protected gap-
less modes only at the corners of the 2D square lattice.
Though both types of subsystem SPTs have connections
to HOTI phases”, the example we present here is il-
luminating because it allows for a direct field-theoretic
connection between subsystem SPT’s and HOTIs having
U(1) and 7 symmetries.

The specific model we will consider is essentially a 2D
generalization of the 1D AKLT chain”® — or more accu-
rately, a generalization of a dimerized spin-1/2 chain. In
a 1D chain of this type, neighboring spins are entangled
between unit cells such that, in the ground state, each
boundary has an effective free spin-1/2. Since quadratic
spin interactions are incompatible with 1D subsystem
symmetry in a 2D system, we instead use quartet in-
teractions that entangle spin-1/2’s between four differ-
ent corners of a square plaquette. We will see that, in
the ground state, each corner of the lattice contains an
odd number of free spin-1/2 degrees of freedom that are
decoupled from the bulk. This leads to a higher-order
topological phase whose gapless corner modes are pro-
tected by a combination of U(1) subsystem, and global
time reversal, symmetries.

More precisely, consider spins arranged on a square
lattice as shown in Fig. 1. There are four spins (red dots)
per unit cell (shaded island), and each spin independently
interacts with one of the four plaquette clusters adjacent
to the site via a ring-exchange coupling,

_ + — + —
HQ - Z (SR,l R+em,3SR+ew+ey,4 R+ey,2 + hC) )
R
(1)

where ST = ¢% + io¥, R labels each unit cell, €z, €y
represent unit distances between cells in the x and y di-
rections, and 1,2, 3,4 are the degrees of freedom in each
cell as labeled in Fig. 1. This Hamiltonian has a global
time-reversal symmetry T that flips each spin, and a sub-
system U(1) symmetry for in-plane spin rotations in each
row or column

T = Kid¥,
U1y [ €5 (2)

JjETrow

The subsystem U(1) symmetry acts only on the four spins
inside each unit cell in each row or column, and rotates
the spin around the S, axis. Hence, subsystem U(1) sym-
metry preserves the total S, charge along any row or col-
umn, and forbids any spin-bilinear coupling between unit
cells. Furthermore, the global 7 symmetry forbids terms
in the Hamiltonian that polarize the spins, and would be
spontaneously broken in the presence of magnetic order.

To gain intuition for this model, we can interpret the
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FIG. 1. There are four bosons/spins (red dots) in each unit
cell (shaded island), and each of them participates in one pla-
quette ring-exchange term. Each ring-exchange term involves
four bosons living at the four corners of the plaquette inter-
acting at the quartic level. Bosons at the edges can also be
gapped using quadratic terms, but only within the unit cell.
A single boson zero mode (alternatively free spin-1/2) sur-
vives on each of the corners and is protected by 7 and U(1)
subsystem symmetry.

Pauli spin operators in terms of hardcore bosons:
o +ioY =al, 0% —iocY =a,0" =ala—1/2. (3)

Each hardcore boson has a restricted filling afa = 0,1,
and the states |0) and |1) = a'|0) carry a U(1) charge of
—1/2 and 1/2, respectively. The boson creation operator
a' creates an S, = 1 magnon excitation by changing
S, — 5,4+ 1. The Hamiltonian in Eq. 1 can be translated
into the hardcore boson language as,

_ T T
HQ - Z (aR,laR-‘rem,3aR+em+ey74aR+ey,2 + hC) .
R
(4)

In this language, the subsystem U(1) symmetry becomes
a phase rotation for the bosons on specific rows/columuns,

Us“*(1) : aj — eaj, j € row. (5)

Additionally, 7 acts as a particle-hole symmetry for the
hardcore bosons,

T 1) = 10),10) = —[1) (6)
a— —a',a — —a. (7)

We now investigate the properties of the ground state
of (4). This Hamiltonian generates a boson ring-exchange
interaction among 4 of the hardcore bosons around each
plaquette, as shown in in Fig. 1. The interaction term
projects the four bosons around the plaquette to a max-
imally entangled state [01121504) + |1;020314). Since
terms on different plaquettes involve different boson fla-
vors at each site, all plaquette operators commute and
can be simultaneously minimized. Thus the system is
gapped with periodic boundary conditions, with a unique
ground state given by

|Wo) = H (101121304) p 4 |11020314) p) , (8)
P



where the subscript P labels plaquettes on the square
lattice which are coupled by the ring exchange terms in
Eq. 4.

It is straightforward to see that |¥g) preserves both
subsystem U(1) and 7. First, in each configuration that
makes up ground state, the net charge along any row or
column of the square lattice is exactly zero. In fact, the
dipole moment of each plaquette in this ground state is
also exactly zero. Second, since 7 interchanges the states
|1) and |0), and introduces a minus sign, the ground state
of each plaquette is invariant under 7 since there are an
even number of empty states that are flipped to filled
states. Thus the 7 symmetry (i.e., the particle-hole sym-
metry for the bosons) is manifest.

The quasiparticle excitations above this gapped
ground state are fractonic in the sense that they exhibit
restricted mobility. Since the U(1) charge is preserved on
each row and column, an isolated charge is immobile as
long as the subsystem symmetry is preserved. Addition-
ally, while dipoles can move, they are restricted to move
only in the direction transverse to their dipole moment.
In contrast, quadrupolar excitations can be fully mobile
in 2D.

Now we can explore the properties of the edges and
corners of the ground state |¥g). If we have an edge
termination as shown in Fig. 1, we find that each edge
contains two dangling spins (or hardcore bosons) per unit
cell. The two spins in the same unit cell can be paired
into a |01) — |10) state while preserving subsystem U(1)
and 7. Interestingly, pairing spins between different unit
cells with bilinear spin couplings along the edge is for-
bidden by subsystem symmetry.

At the corner unit cell, there are three dangling spins.
Two of the spins can be gapped into a symmetric bi-
linear state |01) — |10), which leaves one spin-1/2 as a
zero mode with two-fold degeneracy. This corner spin-
1/2 is protected by subsystem U(1) and global 7 symme-
try, and is robust under any symmetry allowed pertur-
bation. One typical way to gap out the corner mode is
to hybridize two corner spin-1/2’s on neighboring corners
via an edge phase transition (while preserving the bulk
gap)?*. However, since total spin S, on each row/column
is conserved, such corner spin hybridization violates the
subsystem U(1) symmetry. Thus, unlike HOTIs, whose
corner modes require some spatial symmetry to be pro-
tected, the subsystem-SPT model in Eq. 4 only requires
subsystem U(1) and global T symmetry. However, as
subsystem symmetry implements a spatially dependent
U(1) transformation with charge conservation on sub-
manifolds, it is not exactly an internal symmetry. In-
stead the U(1) charge conservation is intertwined with
the spatial degrees of freedom. We note that because of
the fracton-like nature of its excitations, our subsystem
protected HOTT can be viewed as a symmetry enriched
fracton model with protected corner modes.

Now let us consider how the topology is destablized if
we remove symmetry. If we allow for 7-breaking then we
can just polarize the corner spin to remove the degener-

acy. On the other hand, if we break the subsystem U(1)
down to a global U(1) symmetry, one can merge the two
corner modes along the edge and hybridize them via an
edge transition. We could prevent this if we required a
spatial symmetry, e.g., a Cy rotation symmetry. Having
Cy4 symmetry, the system would have four identical quad-
rants, each containing an odd number of spin-1/2s on the
boundary (which includes the corner). As each equiva-
lent quadrant contains an odd number of spin-1/2’s, it is
impossible to have a unique 7 invariant ground state due
to Kramers’ degeneracy. Here the rotational symmetry
ensures that the unpaired spin-1/2’s are separated by a
distance on the order of the linear system size, and hence
cannot be coupled by any local interaction. Thus, we
find that if we demote the U(1) subsystem symmetry to
a conventional global symmetry, we can retain protected
modes if we require C4 symmetry. This would give rise
to a bosonic HOTI with Cy x 7 x U(1) symmetry as dis-
cussed Refs. 24 and 79. We will describe this second type
of HOTT in more detail in Sec. II C, but for now we move
on to the topological response properties for our model
with subsystem symmetry.

B. Topological Quadrupolar Response to External
Higher Rank Fields

The robustness of the corner zero modes, and the
symmetry protected topological phase in general, can
be made apparent using a low-energy effective response
theory exhibiting quantized quadrupole moment density
(which we denote quadrupolarization). Since the hard-
core boson model in Eq. 4 has subsystem U(1) symme-
try, we can introduce a higher rank (rank 2) background
gauge field A, that minimally couples to the ring ex-
change term?4:°6:65,69.

Hg =
i i Asy (R
- Z {aR,laR-l-ewAaR-l-ez—i-ey,30’R+ey,2el vB) 4 heel.
R
9)

We denote A,, as the gauge field living in the center
of each plaquette that couples with the dipole current
Joy(R) = (ia}i,laR-‘r(’m,4a;+em+ey,3aR+ey,2 + h.c). The
dipole current is exactly the ring-exchange term on the
plaquette, and can be viewed as a dipole oriented along
x hopping along y, or vice versa. We also introduce a
time component Ay of the gauge field, that couples with
the total charge density p = 0% +1/2. These gauge fields
transform under gauge transformations « as

Agy = Agy + 0.0,
Ag — Ap + Orar. (10)

There is a single gauge-invariant combination of these
fields,

By = 020, A0 — 0y Ay (11)



In the gapped subsystem symmetry protected phase we
expect to find a generalization of the Goldstone-Wilczek
(polarization)®%:8! response that is found in 1D SPTs
with protected end modes. The 1D polarization response
is characterized by

0

0
EP == % (813140 - 8tAx) = %

Eg, (12)

where the polarization is P = %. Because 6 is periodic
modulo 27, a term of the form (12) is allowed even in the
presence of spatial or internal symmetries under which
the electric field is odd, such as reflection or particle-
hole symmetry. In the presence of such symmetries 6 is
quantized, and can take only the values 8 = 0, 7. A non-
trivial 1D symmetry protected topological phase can be
characterized by a background 6 = 7 configuration, and
thus has a quantized polarization P = 1/2.

Our rank-2 gauge theory in 2D admits a generaliza-
tion of this topological response theory, described by the
quadrupolarization 6-term,

0 0
= 5000, A0 — OiAs) = 5oy (13)

Lq
As we will show at the end of this subsection, 6 is defined

modulo 27. Hence even though the electric field E,, =
0,0y Ag — 04 Ay is odd under T symmetry

T:A)— _A07Azy — _Azya (x,yj) - ($7y,t)

(which here acts as a PH symmetry), such a term is
symmetry-allowed provided that 6 = 0,7. Hence, the
action (13) describes the response of a subsystem-SPT,
with a coefficient 6 that is quantized in the presence of
T symmetry.

We now consider the nature of the charge response
described by (13). The action describes the following
charge and dipole current response:

1
jo = — 00,0 14
Jo o Yy (14)
1
oy = =040, 15
J Yy s t ( )
where jg is the charge density response %, and jg, is a

dipole current response % ( z-dipoles carried in the y-
direction or equivalently y-dipoles carried in the x direc-
tion). By comparing these equations with the expected
properties of a quadrupole moment g3, we can iden-
tify the bulk quadrupole moment to be g, = %. Similar
to the dipole moment of the 1D topological insulator, we
find that in the rank-2 case, ¢,y is quantized in the pres-
ence of time-reversal symmetry. Interestingly, no matter
what the space-time dependence of 6 is, our response
theory does not predict any bulk charge currents, i.e., no
response terms for j;, and thus no changes in the bulk po-
larization. The action (13) does predict fractional charge
on corners at the intersection between edges with normal

vectors & and g. At such a corner, which we can heuristi-
cally model as a product of step functions in the 6 field,
we have jo = Gxﬁy% = £L26(x — 20)5(y — yo), where
(z0,yo) is the position of the corner. For § = =, this
indicates the presence of a half-charge localized to the
corner. In the spin language, the corner response with
half the charge of local bulk excitations corresponds to
an unpaired spin-1/2 zero mode. The 7 symmetry, hav-
ing effectively 72 = —1 for the corner spin, ensures the
Kramers’ spin degeneracy at the corner cannot be lifted
by a Zeeman field. These results all match the expected
phenomena from the microscopic model.

Finally, since j;, is a dipole current (i.e., it is the
current that minimally couples to the gauge field A, ),
Eq. 13 indicates that adiabatically changing 6 in a cy-
cle from 0 to 27 as a function of time creates a bulk
dipole current. This process has the net effect of pump-
ing a dipole between two parallel boundaries, i.e., an
z-oriented dipole in between two y-boundaries or vice-
versa. This is the dipole analog!® of Thouless’ adia-
batic charge pumping3®; indeed, the charge pumping ef-
fect is captured by the original Goldstone-Wilczek re-
sponse. From conventional electromagnetic arguments, a
dipole current is connected to a change in the quadrupole
moment3®, just as we find here, and it confirms our iden-
tification of the quadrupole moment as g, = %.

We can also argue that this response is quadrupolar by
carefully keeping track of the boundary responses arising
from Eq. 13 assuming that # can depend on position. By
taking the action Sgq = f deLQ we can carefully inte-
grate the first term by parts until Ay is not acted upon
by any derivatives. Assuming the possibility of bound-
aries we find that taking the functional derivative of the
action to obtain the charge density yields a set of terms

.(2D 1
.(1D 1 + 0

(D) _ Olay
]0 - 271_ ) (16)
where the notation |, indicates evaluation on edges per-
pendicular to z;, and |, , indicates evaluation on the cor-
ners. We note that the superscript on the charge densi-
ties represents the dimension, and thus the units, i.e., 2D
indicates charge per area, 1D is charge per length, and
0D is just charge. Let us consider a semi-infinite cor-
ner geometry where one edge normal to  and one edge
normal to ¢ intersect at a corner. If we take a configura-
tion where 6 is uniform in the bulk then the first line in
Eq. 16 vanishes. The third line represents a direct con-
tribution to the corner charge, and there are then two
edge contributions on the second which we can interpret
as arising from edge polarizations using the definitions
;_edge = % = P_,i’_edge. Thus we can use the definition
of the quadrupole moment'® to find

" 0
Azy = nyedge + Pg—edge - Qcorner = %’ (17)



as claimed.

Now let us return to the issue of the periodicity of
modulo 27. First, we can give a physical argument by
observing that changing 6 by 27 does not change the
low energy topological properties of our response theory.
Specifically, taking 8 — 6 + 27 corresponds to adding an
integer S, charge to the corner, which forms a represen-
tation under T that does not support Kramers’ degen-
eracy. Such a representation can always be gapped out
while preserving symmetry, so we expect that shifting 6
by 27 does not change the nature of our subsystem-SPT.

To see how the periodicity of § arises at the field theo-
retic level, we first review the analogous situation in 1D.
If 0 is a constant in spacetime, the 1D Goldstone-Wilczek
action (12) is a total derivative, so naively one expects the
action to be 0 with periodic boundary conditions (PBCs)
in spacetime. However, in a compact U(1) gauge theory
the gauge fields need not be strictly single-valued under
PBC’s; rather, A, (t) and A,(t+T) (where T is the peri-
odicity of the system in the time direction) may differ by
27n/L, for integer n. This amounts to allowing a large
gauge transformation (LGT) to occur at some point in
time. The LGT changes [ A,dz by 2, and is thus a 27
flux insertion that leaves all physical quantities single-
valued in time. However, in the presence of such large
gauge transformations, the integral of the electric field
need not be zero; rather, we have

0 L, T
— dx/ dtE, = On. (18)
2T 0 0

Thus shifting 6 by 27 shifts the action by 27, at most,
and this does not change the partition function of our
theory.

A similar argument holds for our 2D response theory.
Since subsystem symmetry ensures that the charge is
conserved on each line, then LGTs for the rank-2 gauge
field can change the line integral of A,, along a specific
row or column of plaquettes, e.g.,

/Awy(xvy)dx =210 (yi),
or /Axy(x,y)dy =276 (x;). (19)

Again, if such a LGT occurs at some point in time, the
spacetime integral of the higher-rank electric field is not
zero; rather it is quantized in integer multiples of 2,
such that

T
i/dacdy/ dt(0,0yAg — 0y Azy) = On. (20)
2 0

Thus, shifting 6 by 27 does not affect the path integral,
and as such we have § = 0 + 2r. In Appendix A we
provide more discussion of this ambiguity/periodicity.
Analogous to the 1D TI, the periodicity of 6 implies
that in the presence of 7 symmetry (under which E, is
odd), 0 is quantized and must take one of the two values

0, 7. Hence the associated quadrupole moment g, = %

is quantized. We have argued above that the non-trivial
SSPT phase has § = m, while the trivial subsystem-
symmetric insulator has § = 0. Since the combination
of U(1) subsystem and 7 symmetry ensures that 6 can-
not change continuously, the existence of a term Eq. 13 in
the response thus describes a many-body property that
cannot change without a phase transition in the presence
of these symmetries. Our response theory thus charac-
terizes features of the boson SSPT HOTI phase that are
robust to symmetric perturbations of the Hamiltonian in
Eq. 4 away from the exactly solvable limit.

C. Breakdown to global U(1) symmetry

So far we have discussed an unconventional SSPT
HOTT phase with a quadrupolar response. Now we will
explore how this model is connected to a more con-
ventional quadrupole-like model, which is essentially a
bosonic version of the original quadrupole model from
Ref. 15. Our starting point will be the Hamiltonian of
Eq. 4, which was introduced in Refs. 24 and 79 as a model
for a bosonic HOTI protected by Cy X T x U(1)global
symmetry. Since the exactly solvable Hamiltonian (4)
is fine-tuned to a point with subsystem symmetry, we
must understand the effect of perturbations that break
the subsystem symmetry to a global one, while preserv-
ing 7. As noted above, to ensure that the gapless corner
modes are robust, we will also require C4 rotation sym-
metry. Thus, for example, we now allow spin bilinear
interactions to Eq. 4 that break subsystem U(1), but
still maintain Cy x T x U(1). We will find that allowing
such terms preserves the quantized quadrupole moment
and gapless corner modes —but that the physical content
of the two models differs in some subtle, but interesting,
ways.

A quadratic Hamiltonian with the correct symmetries
is given by:

_ i i
Hqg. =k E (aR,laRJrem,B 1T AR 20R e, 4
R

il i
AR 10R e, 4 T OR 20R e, 4 T h-C) . (21)

This Hamiltonian is a bosonic version of the quadrupole
band insulator described in Ref. 15, with global (but
not subsystem) U(1) symmetry, as well as Cy and T. If
we add a small Hg, to the Hamiltonian (4), and pre-
serve both T and Cj rotations, the gapless corner modes
remain robust, since the combination of 7 and Cy sym-
metries prevents a boundary phase transition, and the
bulk remains gapped. The resulting phase is a HOTI,
which is closely related to the subsystem SPT described
in the previous section. Indeed, it was shown in Ref. 82
that one can tune the parameter x until the system is
well-described by the quadratic Hamiltonian Hg, with-
out closing the bulk gap and while preserving the sym-
metries; thus Hg, can be used as our basic model for



the HOTT phase. We note that since the model preserves
Cy symmetry the bulk dipole moment of the system re-
mains quantized throughout this process, and since it
starts with a vanishing value the polarization remains
vanishing.

We will now leverage the relationship between Hg.
and Hg to derive a topological response theory describ-
ing the phase realized by Hg.. We know that this model
has a quantized bulk quadrupole moment ¢,, = 1/2, and
symmetry-protected gapless corner modes?*™, but once
the subsystem symmetry is explicitly or spontaneously
broken, the tensor gauge field A, in Eq. 13 no longer
exists. Thus, in order to describe a response theory, we
must couple the hardcore bosons with a rank-1 vector
U(1) gauge field A,. To understand how to do this, it
is useful first to ask how a rank-1 gauge field couples to
dipole currents of the type that occur in our subsystem
symmetric model. Such dipolar currents do not couple
to the gauge field itself, but rather to its gradients: for
example, a current of dipoles with dipole moment af (a
being the lattice constant) moving parallel to the y-axis
couples to 6,4, = Ay(z + a,y) — Ay(z,y), and simi-
larly for agy dipole moving parallel to the z-axis which
will couple to d,A,. Thus, we could in principle replace
the rank-2 gauge field A, in the subsystem symmetric
Hamiltonian (9) with a linear combination of §, A, and
0yAz. In the absence of magnetic fields all such combi-
nations are equivalent, since on each lattice plaquette

5, A, =06,A, + B. (22)

Moreover, the dipole currents allowed by subsystem sym-
metry do not couple to magnetic fields, since processes
in which a single charge hops around a plaquette are
prohibited. Thus, we expect a response theory describ-
ing subsystem symmetric systems to be compatible with
taking B = 0. We use this liberty to choose a combina-
tion of gauge field gradients that preserves C; symmetry,
ie.,

Agy = 3(0: A, +0,A,), (23)
where

Cy: (2,y) = (—y,2); (Aosty) - (_AyaAm)~ (24)

Interestingly, making the substitution (23) into Lg, we
recover the standard coupling of the quadrupole moment
to a gradient of the electric field as proposed by Refs.36:37
to describe the quadrupole response of higher-order in-
sulators:

0
Lo = %(araon — 0 (0 Ay + 0yA,)/2)

0
E(azEy + 8yEz)a (25>
where we have identified g, = %. Since Lo, is odd un-
der C4 rotations, requiring this symmetry will restrict 0
to take on the values 0,7, as before, provided that we

can show that 6 is periodic modulo 27. Such periodic-
ity in this case is more subtle than for the higher rank
theory since, unlike A, we expect the electric fields E,
and E, to be single-valued, such that for a closed system
Ik d*zLg. = 0, rather than an arbitrary integer. How-
ever, for neutral, unpolarized systems, we argue in Ap-
pendix A that 6 is periodic modulo 27 in this case as
well. Thus, we identify the non-trivial HOTT phase with
the response for § = m, and the trivial one with 8 = 0.

We note that since Lg. is also odd under 7 symmetry
(which acts as PH symmetry for hardcore boson), this
symmetry is also sufficient to restrict 6 to the values 0, 7,
and therefore to quantize the quadrupole moment. Thus
one might naively conclude that the HOTI requires either
T or Cy rotations for stability. However, it is easy to see
that this cannot be the case: On one hand, in the absence
of Cy symmetry, we can add 1D SPT chains only on, say,
the two parallel z-boundaries. This adds a second free
spin-1/2 degree of freedom to each corner, which can hy-
bridize with the existing corner-bound spin-1/2, leading
to fully gapped corner modes. On the other hand, in
the absence of T symmetry, the degeneracy of the free
spin-1/2 mode at the boundary can be lifted by an exter-
nal Zeeman field. In the hadrcore boson language, this
Zeeman field is akin to a background chemical potential
that breaks the PH symmetry. Thus, both T and C4
symmetry are essential to protecting the corner modes
and HOTI phase. This is consistent with the situation
for non-interacting quadrupole HOTTs where it is known
that a quantized quadrupole moment by itself does not
require corner zero modes'®. We will return to this point
shortly.

Let us take a moment to consider other possible topo-
logical response terms that are compatible with the phys-
ical constraints and symmetries. First, in order for a
system to exhibit a well-defined quadrupole moment, its
net dipole moment must vanish — meaning that we must
consider response theories describing a system at en-
ergy scales below its charge gap. In other words, our
response must describe dipole currents, and have van-
ishing bulk polarization, i.e., our response Lagrangian
should not have any terms proportional to the (rank 1)
electric field, and instead should at most have terms pro-
portional to derivatives of the electric fields. Of the pos-
sible leading-order terms of this type, two are odd un-
der Cy4 rotations (and thus may exhibit quantized coef-
ficients): Eq. 25 which we are already considering, and
Lo = 2(0,E, — 9yE,). The latter term can be ob-
tained by rotating Lg. by 45 degrees and represents a
quadrupole component g;2_,2. Since we are considering
response theories motivated by lattice models with dis-
crete rotation symmetry, it is unlikely that both L. and
L+« would appear as response terms in the same lattice
action since a 45 degree rotation is not an allowed lat-
tice rotation symmetry. The remaining possible actions
at this order are either fixed to be 0 once we require the
total charge, dipole, and magnetic field to be zero, or do
not exhibit quantized coefficients.



Let us now review the phenomena associated with the
HOTI response Lo, at 8 = w. As in the subsystem sym-
metric case, at the edges of the HOTI the value of 6
jumps from 7 to 0, and for a corner located at (zq,yo)
we have 5-9,0,0 = (£1/2)0(z — 0)d(y — yo), indicating
a half U(1) charge, or a free spin-1/2. In addition to the
corner charge, and unlike Lq, this response can exhibit
charge currents whenever 9;0;0 # 0 (derived from the
variation of the response action with respect to 4;), and
bound polarization density whenever 9;6 # 0 (derived
from the variation of the response action with respect to
E;). These two properties are also consistent with the
interpretation of 4 as a 2D quadrupole moment3?. Thus,
this response has richer features than the SSPT case be-
cause the conservation laws are much less constraining.

It is interesting to contrast the response theory (25)
with that of just a trivial 2D bulk system with 1D SPTs
glued on the system’s boundary. Indeed, on a system
with open boundaries, [ d3z L, is a pure boundary term
itself and can be decomposed into a Cy symmetric com-
bination of 1D topological polarization 6 terms localized
on the four edges:

0
/dgxﬂ(&cEy + 0y Ey)

0 0
= /dydt |:477Ey|m_0 — 47TEy:E_L:|
0 0

When the 6 = m, the globally Cy symmetric edge polar-
ization terms at each of the four boundaries carry a dipole
moment with magnitude 1/4 (c.f. Eq. 12). In contrast,
any 7T - invariant 1D system we add to the boundary will
have the response fdtdzedge(’g—fEedge, where 61p takes
the discrete values 0, 7. Hence, despite the fact that our
response theory describes the same type of boundary po-
larization response that a 1D SPT would generate when
added to the edge, the action in Eq. 26 is incompatible
with U(1) and 7 symmetry in a purely 1D system, and
the fractional edge dipole moment implied by Eq. 26 can
exist only at the boundary of a non-trivial bulk SPT, e.g.,
our HOTT phase. Indeed, adding non-trivial SPT chains
on the four edges in a Cy invariant way is equivalent to
shifting the bulk value of § by 27, and hence does not
change the phase. Correspondingly, the additional pair
of zero modes added at each corner in this process can
be gapped out locally in a symmetry preserving manner.

We can also revisit the topological symmetry protec-
tion by using our response theory to understand why
both 7 and C4 symmetry are necessary to protect gapless
corner modes. First, we observe that in the absence of
T symmetry, the polarization of any 1D SPTs added to
the edges are no longer required to be quantized. Hence,
since the amount of 1D polarization that can be added
to the edge can take any value, the 1/4 polarization on
the edge induced according to L. is no longer anoma-
lous since it can be removed by a suitable choice of 1D

system. It follows that if 7 is broken at the edges of our
system, we may get rid of the Peqge = 1/4 polarization
response by decorating the boundary of our system with
T-broken 1D systems in a Cy-invariant way; hence nei-
ther the boundary polarization nor the corner modes are
robust in this case.

Conversely, suppose that we do not require Cy symme-
try, but only reflection (R;, Ry) and 7 symmetries. We
mentioned above that one can remove the corner modes
in this case by adding 1D SPT chains along, say, the two
z-boundaries, in a reflection symmetric manner, so that
the additional end modes of the SPT chains can hybridize
and gap out the corner modes. From the response theory
perspective, the removal of the edge polarization in one
direction is equivalent to modifying the bulk action to
obtain:

0
L :%(@Ey + (1 =)0y E,), (27)

where ¢ € [0, 1]. Regardless of the value of &, one can still
apply the arguments in App. A to show that 6 is eqiu-
valent mod 27. In combination with the refection sym-
metries R, R,, this requires § = 0,7. Symmetry thus
allows us to add terms to our starting action to obtain an
action with, e.g., an edge polarization of Py ¢qqe = 1/2,

1
L= §Ey|m:0,L (28)

when £ = 1. Since this boundary response can be pro-
duced by a purely 1D system, the quadrupole term in
Eq. 27 does not describe an anomalous boundary polar-
ization in the presence of reflection symmetry. Thus, our
response theory shows that, just as for free fermions?®, in
interacting bosonic systems a quantized quadrupole mo-
ment alone does not necessarily predict a bulk HOTI with
protected corner modes. Rather, a HOTI occurs when
the quantized quadrupole moment requires a boundary
theory that is anomalous under one or more symmetries,
guaranteeing protected gapless corner modes.

In summary, the quadrupole responses described
in Egs. (13) and (25) illustrate the parallels be-
tween subsystem-symmetry protected and HOTT phases.
Though their different symmetries ensure that these are
distinct phases of matter, many key features of the asso-
ciated topological response are closely analogous. Es-
sentially, this is because both describe a topological
dipole response with quantized quadrupolarization. In
the SSPT phase, this is the only possibility, since sub-
system symmetry does not allow for mobile charges. For
the HOTI, a more conventional charge response is al-
lowed by symmetry; however, to obtain a well-defined
quadrupole moment we must assume a large bulk charge
gap, and symmetries that quantize the polarization such
that the bulk dipole moment is exactly zero. This, in
turn, leads to a low-energy response best described in
terms of dipole phenomena; we find that the same type
of topological dipole response associated with the SSPT
uniquely characterizes the corresponding possible HOTI



phases in the presence of U(1),7, and Cy symmetries.
In addition, unlike the SSPT phase the HOTI boundary
displays fractional 1D polarization P.qg. = 1/4 that can
never be manifested in a pure 1D system with 7 sym-
metry. Such an ‘anomalous edge dipole,” despite arising
from a gapped edge, must be accompanied by a non-
trivial 2D bulk quadrupole insulator with g,, = 1/2.
The relation between the bulk quadrupolarization and
‘anomalous edge dipole’ captures the intrinsic nature of
the HOTTI response and exemplifies a bulk-edge corre-
spondence. Finally, we note that despite these differences
both phases have a Zs classification sense two copies of
each will exhibit integer corner quadrupole moments.

We will see in Sec. IV that a similar approach can
be applied to other higher order topological phases in
various dimensions. However, before we move to 3D we
will spend the next two subsections discussing additional
descriptions of the fracton SSPT and HOTT phases that
provide alternative perspectives of our models and topo-
logical responses.

D. Parton construction perspective

Our previous discussion has shown a clear relationship
between SSPT HOTTI and conventional HOTT quadrupole
phases that is established by breaking the subsystem
symmetry down to a global symmetry. Importantly the
bosonic HOTI inherits key topological features includ-
ing protected corner modes and a quadrupolar response.
We also showed how this response can be reduced to a
boundary response theory exhibiting a fractional polar-
ization of 1/4 that is incompatible with 7 symmetry in
a purely 1D system. This anomalous boundary response
characterizes the HOTI phase, and in this subsection we
will give an interpretation of this anomalous edge polar-
ization in terms of partons.

We begin with the SSPT HOTI and decompose the
hardcore boson into two partons as a = hv. The fields
h,v are quasi-one-dimensional, horizontal and vertical
bosons that only couple along the x or y directions re-
spectively. Both partons carry half of the U(1) charge
of the boson, and are oppositely charged under an aux-
iliary U(1) gauge field b, which emerges since taking
v — ey, h = e"h does not change the physical boson
operator. Substituting ¢ = hv into our ring exchange
model, we obtain four h and four v partons per unit cell,
and the ring exchange term becomes an eight-parton clus-
ter interaction around a plaquette.

We choose a mean field ansatz by taking (v;vRJrex) =

(hTRhR+ey> = t. The ring exchange term becomes,

H=4¢ Z (U£71WR+6273 + ’1)1];’2’UR+61,4
R
+h{:{71hR+ey’4 + h]jl-:{’QhRJ,-e:,/,‘L + h-c) . (29)

This mean-field Hamiltonian describes a pair of decou-
pled 1D SPT chains running through each unit cell along
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the = (y)-direction for the v (h) boson, as illustrated in
Fig. 2. At the mean-field level v (h) bosons are mobile
only along the x (y)-direction, and thus couple only with
bz (by). Hence, our mean-field ansatz breaks subsystem
symmetry, since the parton charge of v (h) is only con-
served on each row (column) (i.e., it couples to the a
conventional rank-1 gauge field in one direction). How-
ever, once we project onto the physical Hilbert space,
where the number of v and h partons on each site must
be equal, the physical boson charge is conserved in all
rows and columns, and we expect subsystem symmetry
to be restored.

Now let us consider the system with open boundaries
as in Fig. 2. On each edge unit cell there are four v
partons and four h partons. On vertical edges, two out
of the four v partons are paired to partons on adjacent
boundary sites by the original Hamiltonian (29), forming
a single vertical 1D SPT chain of the v partons. Simi-
larly two of the four h partons are coupled to adjacent
bulk sites, forming a pair of horizontal 1D SPT chains of
h partons. Away from the corner, the remaining pair of
v and h partons may be paired up in an on-site fashion
without violating subsystem symmetry.Similar consider-
ations apply to the horizontal edges, with the roles of
v and h interchanged. Thus at the corners, where the
vertical and horizontal edges meet, both parton species
contribute only one unpaired zero mode.

o ® o o o9 P ° o °
oo ® 9, o0 oo o ox——700
o ¢ & % o o o N
o e o 0 o 0 o ° ¢
o0 o o ) o0 o o )
o0 o o o0 ° ° o °

FIG. 2. Parton state for h(blue/left) and v(green/right)

bosons. The full system has these two layers superimposed.
Each parton resides in a 1D SPT chain. On the boundary
rows, the dangling spins are paired within the site so there is
only one non-trivial SPT chain per edge. Both parton types
contribute a single protected corner mode on each corner that
eventually projects to a physical boson corner mode a = hv.

At mean-field level, therefore, our system has the fol-
lowing response theory that encodes the non-trivial edge
polarization in terms of the auxiliary gauge field b, and



the external U(1) gauge field A:

by
Epa = %(8x(b0 + AO/Q) - at(ba: + Am/2))y20

(0o + Aof2) — (bs + Au)2)),1

2T
+ %((%(—bo + A0/2) — 0(—by + Ay/2)) 20
_ %};((%(_bo + Ao/2) — O0¢(—by + Ay/2))m:L, (30)

where we require 0, = 0, to ensure Cy symmetry. Equiv-
alently, in bulk form:

Lpo = 520,(0: 00 + Ao/2) — Ou(bs + A./2)
50,0, (~bo + A/2) ~ (b, + Ay/2). (31)

Here 65,60, = 7 in the bulk and are zero elsewhere. The
first two lines of Eq. (30) denote the charge polarization
of the v parton on the two z-boundaries, and the last two
lines denote the charge polarization of the h parton on
the y-boundaries. Since v, h carry £1 gauge charge for
b, and half a U(1) charge for A, this description provides
a simple interpretation of the 1/4 polarization on the
edge of the SSPT HOTI phase. Namely, focusing on the
electromagnetic response to A,,, we have a usual 1D SPT
phase on the edge, but it is made of half-charged partons.
Thus the usual electromagnetic boundary polarization of
1/2, combined with the half-charge of each parton, leads
to a net polarization of 1/4. Additionally, at the corners
01, 6, each contribute a charge of 1/4, yielding a physical
charge of 1/2 on each corner, as expected.

Going beyond mean field, we expect that including dy-
namics of the compact U(1) gauge field b (i.e., adding an

( ff,’))z) will lead to confinement due to instanton prolif-
eration in 2+1-D. Furthermore, since in the microscopic
model we know that the edges are gapped, and in general
141D gauge theories do not have a gapless propagating
excitation, we do not expect this conclusion to be modi-
fied in the presence of boundaries. In this event, the two
partons v, h can appear only as the bound state a = hwv.
Correspondingly, the two charge 1/4 corner modes from
v and h individually are projected to a single charge-1/2
corner mode of a.
Since Cy symmetry guarantees

0, =60,=0, (32)

the effective electromagnetic response is:
0
L= ﬂ(ﬁy&;Ao — O (0, Ay + 0, A,)/2). (33)

Since confinement effectively imposes subsystem charge
conservation, there is no vector gauge field, and we can
make the replacement (0,4, + 0yA;)/2 = Ay, which
exactly reproduces the quadrupole response from Eq. 13.
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E. Generating bosonic HOTI via fermionic
topological quadrupole insulator

To complete our discussion of bosonic quadrupo-
lar response theories in 2D, we show how the
strongly interacting bosonic HOTI with quantized
quadrupole moment?*™ is connected to the non-
interacting fermionic topological quadrupole insulator
from Refs. 15 and 16. More precisely, we will show how
the bosonic HOTI Hamiltonian (21) arises by coupling a
pair of fermionic topological quadrupole insulators to a
layer of local bosonic degrees of freedom.

Let us begin with a bilayer of the topological
quadrupole insulator model proposed in Ref.'?:16, Each
layer is a square lattice and consists of four spinless
fermion orbitals per unit cell as shown in Fig. 3. The
tight binding lattice model for the quadrupole insulator
has dimerized couplings in the z and y directions with an
intra-cell coupling =, and an inter-cell coupling A\, where
we take |A| > |v| to put each layer in a HOTT phase.
Another key feature of the model is a 7m-flux in every
inter- and intra-cell plaquette. In Fig. 3 we have shown
a gauge choice were the dotted line represents a relative
minus sign compared to the other hopping terms. This
model has mirror symmetries M, M,, and Cy symme-
tries up to a gauge transformation.

* o —9o o —9 9
15/ 1 |
9o —9¢ o —o
| i I I
I I I
=p 3= 4
¢ ? b
| | |
o — ¢ —* ¢
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FIG. 3. 2D Topological quadrupole insulator with four spin-
less fermion orbitals per-unit cell. Each intra- and inter-cell
plaquette contains a 7 flux. The fermion only hops along the
blue bonds within each plaquette. The dotted lines represent
hopping terms with a relative minus sign compared to the
solid lines. The edges resemble gapped SSH chains and the
corners carry a fermion zero mode.

Let us take the fermions in the first (second) layers to
have spin up (spin down) respectively; we denote the cor-
responding fermion operators as f; ( ff) Apart from the
usual EM charge that couples to A, the bilayer system
contains an additional U(1) symmetry associated with
conservation of S%; the corresponding charge is the dif-
ference in fermion number of the up and down spins.
We will associate a spin- U(1) gauge field A® with this
second U(1) symmetry. Provided both layers are identi-
cal, the bilayer system is also invariant under the usual
time-reversal transformation that interchanges spin-up



and spin-down fermions having 72 = —1, as well as un-
der a second anti-unitary symmetry that acts trivially
on the spins. Though the topological quadrupole insula-
tor has a Zs classification, with this additional interlayer
U(1) symmetry, the interlayer coupling between two cor-
ner modes either breaks U(1) or 7 symmetry.

Next, we couple the bilayer of fermions with a layer
of external Kondo spin degrees of freedom arranged on
a square lattice. We choose a setup like that illustrated
in Fig. 1 with four spins per unit cell, but without any
inter-spin coupling. The four onsite spins are labeled as
1,2,3,4 in the same way as the fermion labeling in Fig. 3.
If we express the spin operators in terms of hardcore
bosons af, then the we can represent the coupling be-
tween these Kondo spins and the itinerant electrons via
the interaction:

g(ff 1 fraal + Lo froal + £l fraal + £ fraal + heo),
(34)

in each unit cell. Since a' is electrically neutral, but raises
S% by 1, this induces an effective tunneling between the
two quadrupole insulator layers that conserves S?.

If we assume ¢ is small and implement a perturba-
tive expansion from a topological quadrupole insulator
Hamiltonian with v = 0 (which represents the HOTI
state with zero-correlation length), the effective interac-
tion between Kondo spins is,

2 i t
H=g Z(QR,laR+ez,3 1 AR 20R1e, 4
R

+ a;,laR+ey,4 + a’;{,2aR+ey,4 + h.c). (35)

This exactly reproduces the bosonic HOTI model in
Eq. 21 which has a topological phase protected by U(1) x
T x C4 symmetry, where here U(1) is conservation of SZ.
Based on our previous discussions, this system will ex-
hibit a quadrupolarization response

1
L, = i(axayAg — 0 (0: Ay + 0,A3)/2). (36)

III. 3D HOTI WITH HINGE MODES: A
DIPOLAR CHERN-SIMONS THEORY

In this section we extend the scope of our concept of
a topological dipole response to 3D HOTIs with gap-
less hinge modes. The first 2nd-order TI in 3D with
protected, gapless hinge states was proposed in non-
interacting, fermionic band theory'619 and was later ex-
tended to strongly interacting bosons and fermions243C.
While the phenomenological understanding and mathe-
matical classification of HOTIs in 3D is rather complete,
a topological field theory description, and the associated
quantized response properties, is less explored?*. In first
order topological phases, such topological response the-
ories have provided a wealth of new theoretical avenues
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for discovery. Notably, in many cases our theoretical un-
derstanding of these phases can be connected with their
characteristic experimental signatures through a topo-
logical field theory, from which both bulk topology and
the experimentally relevant topological responses can be
derived. Among the most striking examples are those
where the bulk topology leads to quantized observable
properties, such as a quantized bulk or surface Hall con-
ductance. In this Section, our aim is to develop a topolog-
ical response theory describing for 3D, 2nd-order HOTIs
that are protected by C] symmetry (i.e., the product of
Cyand T).

Specifically, we describe a topological field theory that
can be viewed as a Chern-Simons-like topological re-
sponse of dipoles; we therefore refer to it as a dipolar
Chern-Simons theory. Similar to the situation in 2D
discussed above for the quadrupolarization response, the
HOTT response can be viewed as emerging from the topo-
logical response of a particular higher-rank gauge theory,
upon relaxing subsystem symmetry to global charge con-
servation, thus extending the close relationship between
HOTT phases and subsystem symmetric systems to three
dimensions. In Section IV B we show that our theory
is one member of a hierarchy of topological multipole
responses, of which the conventional 2D Chern-Simons
response for a Chern insulator is the lowest member.
To this end we provide a family of multipole Chern-
Simons terms, one for each spatial dimension, that de-
scribe transport of charge and multipole moments.

Our dipolar Chern-Simons theory predicts a number
of experimentally measurable responses that are char-
acteristic of a second order 3D HOTI. In analogy with
2D Chern-Simons theory, our 3D dipolar Chern Simons
theory predicts a current anomaly, but this time at the
hinges. It also predicts transverse charge and dipole cur-
rents in the presence of electric field gradients and uni-
form electric fields respectively. Finally, it predicts a
magnetic-quadrupole response to an applied scalar po-
tential. While the derivation of our 3D dipolar Chern
Simons theory is proposed at a field theory level, its phys-
ical consequences, including the quantized dipole cur-
rent response, can be sharply demonstrated at a micro-
scopic level in terms of the transport generated by the
low-energy modes of a free-fermion 3D, 2nd-order HOTI.
Thus our response theory provides a set of straightfor-
ward experimental signatures to verify and measure the
salient features of the 2nd order HOTI. Our discussion
also highlights the relation between the 3D chiral hinge
HOTT and the 2D quadrupole insulator via a dimensional
reduction and charge pumping process'®. More generally,
these arguments can be extended to higher dimensions,
and thus can be used to predict the topological responses
of higher dimensional HOTIs and to connect to a mul-
tipolar version of axion electrodynamics that we breifly
discuss below in Section IV B.



A. Review of 2D Chern-Simons response

To set the stage for the hierarchy of Chern-Simons re-
sponses, let us begin with the first-order Chern-Simons
term that describes the quantum Hall response of a Chern
insulator. In 2D Chern insulators, the Chern-Simons
response theory reveals both the nontrivial topological
structure in the bulk, and the corresponding gapless edge.
The Chern-Simons response theory is also at the crux of
a variety of important topological phenomena, not just
in 2D, but also 1D and 3D as diagrammed in Fig. 4.

2D TI: Topological charge insulator

[+ Hall conductance -+ Current anomaly onw
theory
-+ Flux traps chargeJ -+ Gapless edge J

L Chemical potential W L Global flux > dipole J

- Magnetic moment moment

Dimension reduction Dimension reduction

- Monopoles carry charge

-+ 3D Magnetoelectric effect
<+ Charge polarization

L -+ Theta term in 1D ‘

FIG. 4. Summary of 2D Chern-Simons response and related
effects in 1D and 3D.

HOTI: Topological Dipole insulator

/+ Current anomaly on J

(+ Transverse dlpole

\conductance } w { H|nge finge )
Simons theory

-+ Transverse charge EI— Gapless hlnge )

[conductance in oE /

(Chemlcal potential ( Global flux > W
\9 Magnetic quadrupole L quadrupole moment )

Dimension reduction Dimension reduction

-+ HOTI theta term in 2D
-+ Quadrupole moment
\

(—{- Dipolar axion term ?

\

FIG. 5. Summary of 3D dipole Chern-Simons response and
related effects in 2D and 4D.

The 2D Chern-Simons response to a background elec-
tromagnetic field is given by

K
‘Ccs = EequA,uauApa (37)

where K is an integer (as we will confirm below). Let
us discuss some of the consequences of the Chern-Simons
response that we will find analogies for in the dipole ver-
sion. First and foremost, the Chern-Simons term indi-
cates a charge Hall response where a current is generated
transverse to an applied electric field (see Fig. 7a),

K
j' = 5. (38)
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Furthermore, it is well-known that the Chern-Simons
term lacks gauge invariance for a system with bound-
ary and requires a chiral charge mode circulating along
the edge to restore invariance (see Appendices B,C). In
addition, if we change the background scalar potential
AAg = U, a finite change in magnetic dipole moment is
induced according to (see Fig. 7c):

K
AM = o U, (39)
where the magnetization M is calculated by varying L.s
with respect to the magnetic field B. Such a magnetic
dipole moment is exemplified through the (bound) chiral
edge current circulating along the boundary. The latter
effect can also be connected to the Streda formula®?

K

=—2B

P o

dp K

0B 2rn’

Next, let us make a connection between the Chern-

Simons response and electric polarization. By expanding
out all of the terms, we can write

K

Leos = e (AzE, — AyE, + AyB). (41)

(40)

If we take variations with respect to the electric fields we
find the polarization

i Ky

P = 5 ¢ A;. (42)
While these equations are not gauge invariant, we can
identify some physical predictions. First, if we take a
time-derivative of P? then we recover the expression for
the Hall current in Eq. 38, and if we take the spatial
divergence of P; we should find a bound charge density,

and indeed we recover Eq. 40.
Furthermore, we can consider a 2D Chern insulator on
a torus and insert a flux ¢, = 27 into a cycle of the
torus. In terms of the gauge fields, the flux insertion is
described by a shift of the gauge field A, — A, +27/L,,.
Thus after such a process, the bulk action is changed by

5[/ dadydtL.s) = K/dxthm, (43)

which represents a shift of the z-component of the 2D
charge polarization on the torus by K/L, (since the
dipole couples to the electric field in the action). If the
Chern insulator contains a unique gapped ground state
on the torus, then the large gauge transformation does
not change the ground state manifold, so the shift of the
polarization K can only be an integer multiple of 1/L,,.
This establishes the level quantization of the Hall conduc-
tivity, and provides a robust signature for experimental
probes.

As a comparison, we could perform this experiment on
a thin cylinder. The effect would be to create a dipole



moment of KL, (hence a polarization P* = K/L,) on
the cylinder, that will lead to a bound charge of +K on
each end of the cylinder (see Fig. 7b). If we only insert 7-
flux (or an odd-multiple of 7) and shrink the radius of the
cylinder in a dimensional reduction procedure, then this
system can represent a 1D polarized SPT if we require ad-
ditional symmetries to fix the quantization of the polar-
ization in the z-direction??. This will produce charges of
+K/2 on the boundaries as expected for a 1D SPT. This
effect is manifest in the Chern-Simons response, which
precisely reduces to the 1D 6 term L£p where the Wilson
loop of the vector potential in the compactified direction
plays the role of @ after the dimensional reduction®® (see
Appendix B).

Finally, one can make other connections between the
Chern-Simons response and 3D and 1D phenomena. Be-
yond the dimensional reduction mentioned above, we
can associate the Chern-Simons response to the 3D
axion response from a dimensional extension point of
view. Indeed, the 2D Chern-Simons term appears at
the boundary of a 3D topological insulator with axion
electrodynamics®®. The interesting feature is that the
level of the surface Chern-Simons theory is half that of
which can be generated in an ordinary Chern insulator
in 2D. Additionally, starting from 1D we can also imag-
ine a dimensional extension where we take a 1D polar-
ized topological insulator and generate an analogy to the
Chern Simons response via an adiabatic charge pumping
process®*, which makes an additional dimensional exten-
sion connection from 1D to 2D. We will discuss analogies
to some of these properties in the rest of this section and
in Section IV B.

B. 3D Rank-2 Dipolar Chern-Simons response

We will now proceed to formulate a dipolar Chern-
Simons term and describing the analogous features to
many of the 2D Chern-Simons response phenomena men-
tioned above. We expect this response theory to describe
a 2"%-order HOTI in 3D that harbors chiral modes along
the hinges parallel to, say, the z-direction. The HOTI
we will consider is protected by U(1) x C] symmetry,
where U(1) is global charge conservation, and C] sym-
metry is the combination of a 7/2 rotation around the
z-axis, together with a time-reversal transformation 7.
A free-fermion version of such a HOTI can be generated
starting from a strong, T-invariant TI in 3D, and then
breaking 7~ while keeping C] . The resulting system will
generically have gapped surface states on the side-facing
xz- and yz-planes. To preserve the symmetry, these sur-
faces are gapped by a time-reversal breaking mass that is
odd under Cy4. Such a pattern implies that the magnetic
mass switches sign on neighboring surfaces, hence gen-
erating 7-breaking mass domain walls on the z-hinges
between different side faces. These domain walls natu-
rally bind 1D chiral modes (see Fig. 6). The top and
bottom surfaces (xy-planes) can remain gapless, but at
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FIG. 6. Surface T breaking patterns on a free-fermion chiral
hinge insulator. We show an example where the red-shaded
area is T-invariant and Cy-invariant, and thus it harbors at
gapless surface Dirac cone. The solid green lines indicate a
chiral charge mode with a single quantum of conductance,
the dashed lines effectively have half of a conductance quan-
tum. Different choices for the top surface termination that
are consistent with C47-symmetry yield the same topological
response.

the very least, they must be able to compensate the chi-
ral hinge currents that flow between the top and bottom
surfaces. We will now develop a response theory that
describes these phenomena.

To establish a topological response theory for this type
of 3D HOTI, we adopt a phenomenological approach and
propose a dipolar Chern-Simons theory. Instead of de-
riving a Chern-Simons response through the diagram-
matic calculations of a microscopic model, we propose
a response theory based on a connection between the 3D
SSPT (or alternatively HOTI) and the 2D quadrupolar
SSPT (or HOTI). We expect that such an approach will
be successful since topological properties are essentially
insensitive to details, and indeed we show that the result-
ing theory phenomenologically matches the microscopic
behavior of the 3D, 2nd order phases of interest. We il-
lustrate a variety of consequences of our response theory
that are summarized in Fig. 5 and Fig. 7d,e,f,g, and
show how it fits into a natural dimensional hierarchy in
Section IV.

We begin by taking the same route to the HOTI that
we did for the 2D case, i.e., we first look into a higher
rank gauge theory response in a 3D subsystem symmetric
system, and then consider breaking the subsystem sym-
metry down to a global symmetry. Let us consider a nat-
ural 3D generalization of our 2D SSPT to obtain a mixed-
rank theory with A, associated with ring-exchange (i.e.,
dipole hopping) terms in the zy planes, and A, associated



with charge hopping in the z-direction. This describes a
system in which charge is conserved in each xz- and yz-
plane, but not in each xy plane. Consequently, a charge
can hop only along the z-axis, while an z(y)-dipole can
hop along the y(z)-direction.

For such a theory, we can write down a Chern-Simons-
like response to the mixed-rank gauge fields,

L="L[A.Epy + ApyE. — AyB
A, = A, + 0.a,Ay = Ay + 0z,
Apy = Agy + 0,040,
T:Ag— Ag, A, Ay = —A,, —Ayy,
Cy:Ap, A, — Ag, Az, Ay — —Ayy (44)

where B is a gauge-invariant operator involving only spa-
tial derivatives of the gauge field,

B = 0,0,A, — 0. Aqy. (45)

Such a Chern-Simons coupling breaks C4 and T symme-
try, but keeps the product C47 invariant. Despite not
deriving this action from a microscopic model, we claim
that this is the only set of terms that is gauge invariant
in the bulk and, like the usual Chern-Simons term, is
bilinear in the gauge fields Ao, A;y, A, and the physical
fields Ey, E., and B. As such, it is the most relevant
physical term that we can write down for this theory.

Interestingly, when the gauge fields are non-singular
this term can be reduced to a total derivative in space-
time. The theory thus describes a boundary response,
and does not affect the bulk action (see Appendix E for
a general discussion of why this must be the case). This
is in sharp contrast to both the usual 2D Chern-Simons
term, and also to the fracton Chern-Simons and BF theo-
ries of Refs. 59 and 85, which do describe a bulk response
and nontrivial braiding statistics. It should also be con-
trasted with a conventional f-term in 3D which is a total
derivative, but is also fully gauge invariant.

Specifically, Eq. 44 can be reduced to boundary actions
on the t,x,y, z, and boundaries, and the xzy-hinges:

e L B s W P
Lo= - [A:0, Aolums, — A0, Aok,
£y = A0 Aolyms — A0 Aoly—o],
L, = i[Akoyb:L — ApAzy|.—o]

1
Loy = —E[AoAzl(w:L,y:L) + Ao Azl (2=0,y=0)
- AOAz|(:1::O,y:L) - A0A2|(x:L,y:0)]' (46)
The responses in Eq. 46 do not appear manifestly gauge

invariant, and instead can be summarized through a set
of anomalous conservation laws on the surfaces and ver-

15
tical hinges:
(ot 2 1
8tj((,x )40 ]i +) = :tﬂé‘yEz
1
0" + 7 = £ 0, E.
47

t(z5) | owayi(et) _ o L

aZJgti) + 5x8ng(cti) — j:iB
Y 47
1
ot (zy) 577 (@y) — —-—FE, 47
Jo T, Ar (47)

where the superscript on the currents represents the sur-
face on which the current is localized, and the + indicates
the direction of the normal vector on that surface (for the
hinge term we have chosen to list only the response for
the hinge at (x = L,y = L) to avoid clutter, and the
other hinges can be obtained by adding a — sign for each
90-degree rotation). From the form of these equations we
see that there is an anomalous dipole current on the top
and bottom surfaces in the presence of a rank 2 electric
field, an anomalous current in the z-direction on the side
surfaces in the presence of an electric field gradient, and a
conventional chiral anomaly-like response on the hinges.
In fact, the anomalies in Eq. (47) are not the full
story: the action (44) is gauge invariant only up to
boundary terms. Thus to recover a fully gauge invari-
ant theory, we must add boundary degrees of freedom
that couple to gauge fields in such a way as to re-
store gauge invariance. This is equivalent to letting Ag
be a Lagrange multiplier imposing the constraint that
B = (0,0,A, — 0.A4y,) = 0. One possible solution for
this constraint is A, = 0.¢, Azy = 0,0y¢. Plugging these
forms into the dipolar Chern-Simons action we find

7

1
= /d%[@m(ay(')qu@t(b) + 0,(0:0,00,0)

This will lead to a hinge action at (z,y) = (L, L) of the
form

1
Spl) = e / dzdtd,$d. ¢ (49)

which is exactly the form for a chiral mode on the hinge.
Thus, we see that the full anomalous current on the hinge
itself is contributed partly by the Chern-Simons response,
and partly by the consistent anomaly of the hinge degrees
of freedom yielding a total (covariant) hinge anomaly

1
0™ + 073 =~ E. (50)

that alternates around the four hinges in a C,7T-
symmetric pattern.



Interestingly, this action also generates terms on the
surfaces. For example, on a z-surface we find

1
z=L __
e / dadydtd, 8,0, ¢. (51)

We show in Appendix C that such a bosonic theory has
a consistent anomaly given by exactly the form of the
z-surface anomaly in Eq. 47 bringing the full (covariant)
anomalous current response to

z T Ay (2 1
945 + or o) = —5-Fay. (52)

Similarly, the other anomalous conservation laws are
modified by the consistent anomalies of the boundary
degrees of freedom such that they all have a coefficient
of %

To provide further intuition about this response ac-
tion, let us now connect this response to a dimensionally
reduced response action. We can perform dimensional
reduction on Eq. 46 by compactifying the z-direction
and threading m-flux through the compact direction by
taking A, = w/L,. The n-flux is necessary so that the
dimensionally reduced system represents the non-trivial
lower dimensional phase®3. As we take L, — 0 all fields
get projected onto the modes with no variation in z. In
this limit we find

1
S = - /d“x(AZEmy — Ayy0rA; — Ap0,0,A.)

= % /dmdydt[@x(ﬁayflo) + 0,(00,Ap)
— 0,0y(A00) — Or(Asy0)], (53)

where in the last line we defined 6(x,y,t) =
JdzA.(z,y,1).

The ordinary 2D Chern-Simons action dimensionally
reduces to the f-term encoding charge polarization? (see
App. B), so let us compare this compactified dipole

Chern-Simons action with the quadrupole response
1
So = ?/dxdydt 00,0y A0 — OpAgy).
m

We can rewrite this as
1
Sa = 55 [ dedydt(o.(69,40) + 3,(60, Ad) - 0,0, (040
T
— 0y(0Azy) + Ap0,0,0 + Agy0,b] (54)

where we have carefully separated bulk (last two terms)
and boundary (first four terms) pieces. In comparison,
we find that there are two ways in which this response
does not seem to match the compactified dipolar Chern-
Simons term: (i) there are two terms that depend on
derivatives of 6, and (ii) the overall coefficient of Sg is
twice as big. For (i), since the associated SPT is de-
scribed by a constant value of 8 in the bulk, and we have
carefully treated all of the boundary response terms, then
we can drop the terms depending on derivatives of 6 and
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treat the response as a purely boundary effect. Thus,
Sq and the dimensionally reduced dipolar Chern-Simons
have the same form up to a factor of two. This sec-
ond discrepancy is illusory, but subtle, and arises because
we are trying to obtain a lower dimensional response ac-
tion by dimensionally reducing the boundary response of
a Chern-Simons response theory. We show in App. B
that dimensionally reducing the boundary currents of a
Chern-Simons response will always produce a lower di-
mensional response that is too small by a factor of two
because it does not include the consistent anomaly of
the degrees of freedom on the boundary (as we discussed
above). To recap, the underlying issue is that the bound-
ary response derived from Chern-Simons is only part
of the story, and boundary degrees of freedom provide
an additional contribution (the consistent anomaly) that
combines with the Chern-Simons piece to exactly com-
pensate for the missing factor of two (i.e., the combined
form generates the covariant anomaly). Thus, our dipo-
lar Chern-Simons theory, when dimensionally reduced,
should represent a lower-dimensional quadrupole SPT re-
sponse theory with, e.g., charges of +1/2 on the corners
of a sample as expected from Sg when the anomalies
from the boundary degrees of freedom are accounted for
(see Appendix C).

C. 3D HOTI (Rank-1) Dipolar Chern-Simons
Response

As in the 2-dimensional case discussed above, we can
connect our SSPT response theory to a related HOTI
response by breaking the subsystem symmetry down to
a global symmetry. Breaking subsystem symmetry de-
motes the rank-2 gauge field A, to the rank-1 combina-
tion 1(8, A, + 0, A,). Here, in order to study the HOTI
version of this response we can make this same substitu-
tion to find the action:

Sice = [ ' [A0. B, +0,Ex) + (0, + 0,4, )E.
U

which we call the HOTI dipolar Chern-Simons response.
Let us now evaluate the symmetry properties of this
term. The C] symmetry acts on the gauge field as,

T:t— —t,AO — Ao,Ai — —Ai7
Ca: (z,y) = (y,—x), (Az, Ay, Az) = (A4, Az, As).
(56)

Hence the dipolar Chern-Simons term in Eq. 55 is in-
variant under CJ]. It is also invariant under charge-
conjugation (C: A, — —A,) and C, rotation symmetry
around the z axis. Additionally it is odd under Cy, T,
reflection of the z-coordinate, and full coordinate inver-
sion, so these last four symmetries must be broken for
the response to be activated.



We will explore this 3D response further below where
we find that the physical consequences of the response
theory are anomalous dipole and charge currents in re-
sponse to electric fields and electric field gradients re-
spectively, and additionally a potential-induced magnetic
quadrupole moment. We will see below that these fea-
tures result from the C]-symmetric pattern of chiral
hinge currents. Thus, we will demonstrate that our effec-
tive response theory generates the characteristic response
properties of a class of 3D chiral hinge insulators.

To gain some initial intuition about this response we
can again perform dimensional reduction by compactify-
ing the z-direction and defining 6 = [ dzA.(z,y,t). After
doing so, this theory exactly reproduces the quadrupole
moment response in Eq. 25 up to the same caveats men-
tioned above for the SSPT version (i.e., that we take 6
to be constant in the bulk of our sample, and account for
the consistent anomaly contributions arising from bound-
ary degrees of freedom to correct for a factor of two).
The connection between the 3D dipolar Chern-Simons
response and the 2D quadrupole response turns out to be
essential for the level quantization of the dipolar Chern-
Simons theory, as we will return to in Section IIID.

Finally, before we move on to a more detailed discus-
sion, we would like to comment on another field theory
description of HOTIs with C] symmetry. In Ref. 24, a
description of interacting HOTIs was introduced in terms
of a non-linear ¢ model with Wess-Zumino-Witten terms.
In particular, for the HOTT protected by C] symmetry,
such a theory can be reduced to an axion electrodynamic
response with a spatially dependent 6 term (such a the-
ory was first introduced in the context of non-interacting
fermionic HOTIs in Ref. 17):

O(F) ywpo
Lo = 155" 70, A,0pAs (57)

Here 6(7) is spatial-dependent, and transforms under CJ
as,

C :0(z,y,2) = —0(y, —, 2). (58)

Subsequently, 27 vortex lines of () mark the locations
of hinges and produce a current anomaly®® that is com-
pensated by chiral hinge modes. Despite the distinct
forms of the two field theory descriptions, i.e., the dipo-
lar Chern-Simons in Eq. 55, and the axion electrody-
namic response in Eq. 57, they predict similar underly-
ing physics generated by chiral hinge modes. However,
as 6(7) is a function of space, and its vortex structure is
essentially added by hand (under the appropriate sym-
metry constraints), it can be affected by microscopic in-
teractions. On the other hand, the dipolar Chern-Simons
response has a constant, quantized (as we show below)
coefficient and is not sensitive to such continuous defor-
mations.
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1. Surface and Hinge Responses

Let us now begin our detailed analysis of the physi-
cal phenomena associated to the dipolar Chern-Simons
response. The dipolar Chern-Simons theory is a total
derivative on a closed manifold. As a result, it does not
change the bulk constituent relations, but it does affect
the boundary physics, and yields an interesting bulk-
boundary correspondence as we indicated in the SSPT
case above. To simplify our discussion let us assume the
time direction is periodic so we can ignore total deriva-
tives in the time direction. Then, one can decompose the
theory into pieces that live on the spatial boundaries,

For side surfaces normal to the x and y-directions, the
dipolar Chern-Simons term will generate:

1
S_,L. = Z /ddedt [AzayAOLL':L - AzayAO|I:0]
i

1
Sy =

- / dudzdt [A,0, Ag|y—r, — A0, Agly—o] . (60)
IS

As we will show below, these terms imply that the side
surfaces exhibit dipole currents transverse to an applied
electric field, in addition to a charge response to a non-
uniform electric field. The action &, appears at the
intersection of surfaces normal to z and y, i.e., at hinges
parallel to the z direction. On the hinges this action

yields
1
Szy = _E/dZdt[AzAORI,y):(L,L) + AzA0|(:c,y):(0,O)
— AL Aol (@y)=(0,2) — Az A0l (@p)=(L.0)]- (61)

This action predicts exactly the type of current anomaly
that one finds at the boundary of a system described by a
2D Chern-Simons theory, and thus indicates the presence
of chiral hinge modes.

For top and bottom surfaces normal to the z-direction
we have the action

1
S.= o [ dedydt (40 (9,4, + 0.4, .-
Y8

—Ap (OyAs + 0544) |2=0] - (62)

These terms represent the absorption/emission of the chi-
ral currents that flow along the z-hinges and then split
when they hit the top and bottom surfaces. We will re-
turn to this issue in more detail below. Interestingly,
unlike the SSPT case we can integrate the terms in S,
by parts to put them in the same form as S;,S,. This
generates hinge actions on zz and yz hinges:

1
sz = g /dydt[AyAO‘(x,z):(L,L) + AyA0|(x,z):(0,0)

— Ay Aol(z,2)=(0,2) — Az A0l (z,2)=(L,0)]5
1
Sy = g/dmdt[AxA()'(y,z):(L,L) + Az Aol(y,2)=(0,0)
- A:z:AO|(y,z):(O,L) - A1A0|(y,z):(L,O)]~ (63)
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FIG. 7. Illustration of Chern-Simons response phenomena for a 2D Chern insulator and a chiral hinge insulator. In subfigures
(a),(c),(e),(f),(g) the shaded red regions indicate the application of a scalar potential Ag. For the Chern insulator in (a),(b),(c)
the first two subfigures have periodic boundary conditions in y and open in z while (c¢) is open in both. (a) is charge (Hall)
current transverse to an applied electric field, (b) is the generation of dipole moment when flux is threaded in the periodic
y-direction, and (c) is the change in magnetic moment when the scalar potential is changed indicated by the bound chiral
currents. For the hinge Chern insulator subfigures (d),(e),(f) are periodic in z and open in z and y while (g) is open in all
three directions. (d) generation of quadrupole moment as flux is threaded in periodic z-direction (e) J. current transverse to an
electric field gradient (9, Ey 4 0y E,) (f) dipole current transverse to an applied electric field (g) change in magnetic quadrupole
as scalar potential is changed as indicated by the two pairs of circulating dipole currents.

These also appear to have a chiral anomaly, but with
half the size of the vertical hinges. As we will see below,
this has to do with the two-in-one-out chiral current flow
on the hinges of an open cube sample where the side sur-
faces meet the top and bottom surfaces. Equivalently the
hinge contribution can appear because in the rank-1 case
the z-oriented dipoles are not equivalent to y-oriented
dipoles, as would be the case for rank-2 case, and the
conversion between the two inequivalent dipoles, which
is necessary to satisfy CyT symmetry, generates currents
localized between the side and top surfaces.

2. Anomalous Quadrupole Moment

In this section we will show that the anomalous con-
servation laws on the side surfaces are a manifestation of
a bulk quadrupolarization g,, that is anomalous. Since
anomalous does not necessarily have a unique meaning in
this context, let us clarify that we are calling it anomalous
in the following sense: a monopole of chiral currents, i.e.,
a single chiral current, has an anomalous current, and in
particular p ~ A,. For a dipole of chiral currents, as one
would find at the edges of a Chern insulator, one finds
anomalous dipole currents P, ~ A,. Finally, in our case,
where we have a quadrupole of chiral currents and we
might expect to find ¢,y ~ A, which is exactly what we
will now show.

Let us start from Eq. 60 to analyze this result in more

detail. Similar to the 2D Chern-Simons action discussed
above, we can calculate two related responses by taking
variations with respect to the fields A, Ay (to find cur-
rent, charge) or the gradients 9;A4,,9;Ag (to find dipole
currents and densities). From this data we show in Ap-
pendix D how we can derive the following set of anoma-
lous conservation laws for the charge currents:

1

956" + 075" = £ 0, B,
2
1

8tjéy:t) + 8Z]£yi) = i?axEZ
T

atjémy) + 8zj£acy) - _ﬂEZ’ (64)

where again we have only included the result in the last
equation for the hinge at (x,y) = (L, L). For the dipole
currents we find

Y + 7P 3 L,
2

x N 1
0o + 07T = 5 B )

Now let us try to interpret these equations in a sim-
ple square-cylinder geometry where the z-direction is
periodic and the z and y-directions are open (see Fig.
7d). Consider the application of a uniform electric field



E, =—-0;A,. We find the equations
z 1
Oy p ) = Fo- 00y A
1
0,0V = F - 0,0, A,
2w

1
Oy pt™y) = 5O A-. (66)

From these equations we can determine an interesting re-
lationship. Let us focus on the surfaces x = L and y = L
that intersect at the hinge where (z,y) = (L, L). From
the first equation we find that the anomalous surface
charge density is just arising from a spatial variation of a

surface polarization defined through p = —9, P? 5 Where
PY = ‘24—; |z=r (up to a non-anomalous constant of inte-

gration). From the second equation we find an analogous
result with a surface polarization Py, , = £2|,_1 on the
y-surface. Finally, we find that the corner charge density
right at the hinge is peorner = %. Now we can use the
formula from Ref. 15 for the definition of the quadrupole
moment density

=P . +P . — _ 4 (67)

Qey = surf surf Pcorner = o .

This result is remarkable as it establishes that, in analogy
to the 2D Chern-Simons term (see Eq. 42), where thread-
ing a flux quantum generates a polarization (manifest
through opposite integer charges on the opposing bound-
aries of a cylinder), here the flux quantum threading
generates a quadrupole moment ¢, (manifest through
alternating integer charges localized on the hinges). In-
deed this is exactly what one would expect in a chi-
ral hinge insulator since some free-fermion, microscopic
models of the 3D chiral hinge insulator can be viewed
as 2D quadrupole insulators undergoing an adiabatic,
topological pumping process as a function of k., where
¢zy changes by an integer during the process'® (N.B.
k, — k, + A, in minimal coupling). Furthermore, we
will argue that this response can be used to prove the
quantization of the dipolar Chern-Simons coefficient in
Section ITID.

3. Transverse charge current in response to electric field
gradient

In a related effect we can also see that there is a trans-
verse charge current response if we impose a non-uniform
electric field that induces a potential imbalance between
the four z-hinges (see Fig. 7e). Let us assume all of the
fields are static, and we apply an electrostatic potential
Ap(z,y). From our response equations, on the zz-surfaces

we find
1
Jely=r = 5040
. 1
Jz|y:L - /dm ]z|y:L - %(Aolz:L,y:L - A0|at:0,y:L)7
(68)
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and similarly

1

Jo|y=0 = —%(Ao\sz,yzo — Ao|z=0,y=0), (69)

where j; are surface current densities and .J; are the total
current. Likewise, the response on the yz boundaries has
a similar form,

1
']z|7;:L - %(AOLL':L,y:L - AO|7;:L,y:O)a
1
Jz|x=0 = _ﬂ(AOhc:O,y:L - A0|x=0,y=0)- (70)

Finally we can take into account the current coming di-
rectly from the hinges

1
Jz|:r:L,y:L = _%AOH:L,y:L
1
Jz|x:0,y:L = %AOLv:O,y:L
1
Jz|a::L,y:O = §A0|z:L,y:O
1
Jz‘a::O,y:O = _§A0|z:(),y:0-

(71)

Now we can add up all the contributions and we find
that the total current in the z-direction is given by

1

J, = %(AOM:L,y:L - A0|m:07y:L
— A0|x=L,y=0 + A0|w=0,y=0)
1
= —A,A,Ap. 72
2m veo 2)

Thus, by applying an electric field gradient (0, Ey+0, E,)
a transverse charge current is generated in the z-direction

Iy~ —(0:Ey + Oy Ey).

1
s
If we apply a non-uniform potential as illustrated in
Fig. 7e, that, for example, takes a value of a on the
(x = L,y = L) hinge, and is vanishing on the other three
hinges we find

«
= —.
2T

Now consider the same setup but with fully open
boundary conditions. To realize this potential we
can take Aglg=r = oy/L,Aoly=1 = ax/L,A¢|.=r =
Agl.=0 = ary/L? on the surfaces. We have already cal-
culated the the full current flowing in the z-direction so
we just need to know the responses on the top and bot-
tom surfaces. Starting from Eq. 62 we can derive (see
Appendix D) the anomalous conservation laws:

(73)

(2 1

o) = Fn OaBy + 0y Ey)
T,z 1

aujﬂ,( +) — iEEy

1
(2 4) _
orju )_ﬁ:EEx, (74)



where the signs are correlated with the surface normal
being +2Z respectively. We note that these anomalies have
a coefficient which is half that of the side surfaces; we will
comment on this further below.

For our field configuration we can calculate j, = — 127~
and j, = — ;=45 from the anomalous responses on the top
surface. Then we can take the divergence of the surface
currents 0,j, + 0yjy = —5~1=- Thus, if we integrate this
over the top surface we find that the total charge en-
tering/exiting the surface is 0;Q|.—r = 5=. If we repeat
the calculation for z = 0 we find 0;Q|.—r = — 5~ which
matches the total current flow from the side surfaces.
Thus, for the entire system the total charge is conserved,
and in the presence of a non-uniform electric field, charge
flows between the top and bottom surfaces along the side

surfaces and hinges.

For another helpful illustration let us revisit the free
fermion HOTI which harbors chiral hinge currents. A
typical zy surface state is illustrated in Fig. 6, where the
top xy surface contains a gapless Dirac cone. The four
side faces have a sign-alternating, 7-breaking mass that
gaps out the Dirac cones on the side faces. This config-
uration has domain walls at the hinges that bind gapless
chiral fermion modes. Due to the gapless nature of the
top surface, there are no generic, localized chiral fermion
modes on the hinges parallel to the x or y directions.
However, Ref. 87 showed that for this configuration of
surface masses the gapless Dirac cone on the top surface
just acts as a “wide” domain wall, and half of the chiral
current itself will still be localized at each of the hinges
parallel to the x and y-directions. When the chiral mode
traveling along the z hinge impinges on the top or bottom
surface, the current it carries splits in half to flow evenly
along the x and y-hinges. Thus, each x or y-hinge effec-
tively exhibits half of the conductance as the z-hinges,
which, in this case, is half of a conductance quantum.
This phenomenology is exactly what is described by some
pieces of the dipolar Chern-Simons theory.

Before moving on let us also remark that the half-
integer value (1/4x in our units) for the coefficients of
the anomalous conservation laws for the z-surfaces are a
salient property of the HOTI with C] symmetry. If one
merely decorates the four side surfaces of a trivial bulk
with a Chern insulator in a C}] symmetric way to gener-
ate chiral hinge currents, the decoration always attaches
full chiral fermion modes on the hinges parallel to the z
and y-directions. Such a surface decoration changes the
top surface anomaly by

O = (0., + 0, E,), (75)
2w

which is twice the value found in Eq. 74. Subsequently,

this surface decoration can change the dipole anomaly

in Eq. 74 by an even number and therefore only an odd

anomaly is an intrinsic feature coming from the HOTI

bulk.
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4. Transverse dipole current in an electric field

Now consider a simple experiment for a system that
is periodic in the z-direction, but open in the x and
y directions. We want to apply an electric field, say

E, = 0,4y = « and consider the response. We find
a dipole current j¥ = —g- at ¥ = L, and the dipole
currents at y = 0, L j¥|,—r = —j¥|y=0 = —5=. The spa-

tially dependent dipole currents generate a charge cur-
rent j, = 0zj7 on the y-surfaces. The net current on
each such surface is canceled by the J, currents at the
hinges (z = L,y = L) and (x = L,y = 0). Thus the
remaining response is just the surface dipole current (see
Fig. 7f)

E
Yy _ oz
Ji=g (76)
One can find the related response
R
jz - 271" (77)

by symmetry.

If we keep the same field configuration, but now have
open boundary conditions in all three directions, we find
the dipole currents jy = j¥ = 4?& on the top surface,
and in particular j; = j¥ = - where the x-surface hits
the z-surface at © = L. From this we see that the dipole
current traveling up the z-surface splits into two equal
pieces on the top surface which represents a quadrupolar-
like charge flow on the top surface where charges enter
the z surface then split into the x and y directions sym-
metrically. This provides one interpretation for why the
anomalous conservation laws on the top/bottom surface
have an extra factor of 1/2 when compared with the side
surfaces. Indeed, this matches the one-in,two-out pattern
expected for the chiral current flow from the side surfaces
to the top surface of the HOTI. An additional point of
interest is that as the dipole current flows up the side sur-
face (say yz surface) and then hits the top surface half of
the flowing dipoles that were pointing in y are converted
to dipoles pointing along x. This non-conservation of the
dipole leaves a charge current localized at the hinge with
a magnitude equal to the amount of converted dipole mo-

ment, i.e., ‘Jy|hinge| = |%|hinge’-

5. Magnetic Quadrupole Moment

In a 2D Chern insulator, changing the electrostatic po-
tential creates a non-zero magnetic moment which can
couple with an external magnetic field (see Fig. 7c). As
the potential is increased, the gapless chiral boundary
modes acquire momentum and generate circulating cur-
rents that are bound to the edges; a signature that is
indicative of a nonzero orbital magnetic moment in the
bulk:

0Ses _ 1o Ao

0B oo (78)



Despite the right hand side not being gauge invariant we
can use this response to predict the change in orbital
magnetization when a change in the scalar potential Ay
is made.

For a 3D HOTI, the application of a chemical poten-
tial gives rise to an analogous effect (see Fig. 7g). In this
case a finite potential does not generate a non-zero mag-
netic moment in the xy plane since there is C] symme-
try; instead, it induces a magnetic quadrupole moment.
Such a quadrupole moment will naturally couple to a
non-uniform magnetic field, e.g., a magnetic field gradi-
ent, and it is essentially tied to the spatially separated
circulating hinge currents. One can calculate the change
in magnetic quadrupole moment in response to a change
in Ag by calculating the hinge current response and re-
lating them to a change in spatially separated magnetic
dipole moments. When we apply AAy we find

AA
AM,|o—p, = —TWOLyLZ = —AM,|.—0
AA
AM,|y=r, = T;LxLZ = —AM,|y—o. (79

To calculate the magnetic quadrupolarization we can
simply weight these magnetic moments by their positions
and divide by the volume to find

AAg
a7’

AMyy = =AMy, = — (80)
where M;; represents opposite ¢ magnetic moments sep-
arated in the j direction. This result is analogous to
the connection between the scalar potential and magnetic
dipole moment in the 2D Chern-Simons theory.

Although we presented the discussion in terms of loops
of charge currents, we could have just as well explained
it is current loops of dipoles. Indeed, when Ay is changed
for a system with fully open boundary conditions there
are dipole currents circulating in the xz-planes with
dipoles pointing in y and dipole currents circulating in
the yz-plane with dipoles pointing in = as shown in Fig.
7g. The magnitude of each of the two circulating dipole
current is Ag/4m and they clearly generate the two mag-
netic quadrupole components.

We can also try to work out an analogy to the Streda
formula. Let us assume periodic boundary conditions
along the z-direction and open boundary conditions in z
and y. We can calculate the density response from Eq.
60 and we find

1
plx=0)+p(x=L,) = —Ax%(ayAz),
1
ply=0)+ply = Ly) = —Ay5_(0:4:).  (81)
If we add these contributions we find

1 1
p= _Awﬂ(ayAZ) - Ay%(axAZ)

1
=5 (AyB, — A,B;), (82)
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where we have used the fact that terms containing a d,
are assumed to vanish because of periodic boundary con-
ditions. We can interpret this result using a Streda for-
mula

Op Jdp 1

90,B,) ~ 00,B,) _ 2r (83)

where the right hand side is twice the coefficient of the
dipolar Chern-Simons term in analogy with the usual
Streda formula.

D. Dipole Laughlin Argument, Quantization, and
Dipole Pumping

At this stage, we have developed a dipolar Chern-
Simons theory description for the electromagnetic re-
sponse of a class of 3D HOTIs. This theory correctly cap-
tures the chiral hinge currents separating side surfaces,
and an anomalous quadrupole moment g,,. While we
have indicated that the coefficient of the dipolar Chern-
Simons term is dimensionless and universal, we now an-
swer the explicit question of whether it must be quan-
tized in a HOTI, independent of microscopic details in
the Hamiltonian.

To elucidate the quantization we borrow the Laughlin
argument, and the charge pumping picture for the usual
quantum Hall quantization in 2D. One way to under-
stand the quantization of the Hall conductance in an ordi-
nary 2D Chern-Simons theory is to consider inserting 27
flux through a cylinder. This flux insertion changes the
charge polarization of the ground state along the cylin-
der’s length by o, (see Fig. Ta for a cylinder geometry).
If the Chern insulator has a unique, gapped ground state
in the bulk, then this change in polarization just results
from a net transfer of charge from one boundary to the
other. The change in total charge at each boundary is
an integer only if o,, is an integer. Thus for weakly
interacting Chern insulators, K € Z.

This argument can be extended to a 3D HOTI with a
dipolar Chern-Simons response. We illustrate the basic
idea in Fig. 7d where we have shown that threading flux
through the periodic cycle of a 3D HOTI can generate
a shift in the quadrupole moment analogous to the shift
of the dipole moment mentioned above. Let us calculate
the change in quadrupole moment in terms of the dipolar
Chern-Simons response. First, let us parameterize the
flux insertion by the vector potential

0 t<0
A, = LQL; 0<t<T (84)
i—’zf t>T

for some large time 7. We can obtain the change of
quadrupolarization based on Eq. 67, ie., ¢zy = K ‘24;
where we have added an arbitrary coefficient K. During
the flux threading process Ag,, = K, which also indi-

cates that AP% . = APY . = AQcorner = K. Thus by

surf — surf T




inserting 27 flux into the hole of the cylinder, the local
charge on each hinge is shifted by +1 depending on its
chirality.

From this result, we can argue for the quantization
of K. For any HOTI with a unique gapped ground
state, any global 27 flux insertion should leave the in-
frared theory invariant. We find that if K is an integer
then the quadrupolarization changes by an integer quan-
tum, the surface polarizations change by an integer quan-
tum, and the amount of charge on the hinges changes by
an integer, in exact analogy with the polarization and
edge charges changing by a quantum in the 2D Chern-
Simons response. Such a quantization of the coefficient of
the dipolar Chern-Simons term confirms a robust trans-
port signature for experiments, and represents a univer-
sal property that is insensitive to any microscopic details,
and remains valid in the strong interacting limit.

Finally, let us comment on the topological classifica-
tion of HOTIs described by our response theory. While
we have found that the coefficient of the dipolar Chern-
Simons term is quantized to an integer, this does not nec-
essarily imply a Z classification of the topological phases.
In general, one can always decorate the four side faces of
a cubic sample with integer quantum Hall states in a C]
symmetric way. Such a surface decoration changes the
integer coeflicient by an even number. Since bulk proper-
ties should remain unaffected by a change to the surface,
only odd coefficients of the dipolar Chern-Simons theory
in Eq. 55 represent nontrivial bulk topological classes,
so the classification is Zy. We should contrast this with
the rank-2 dipole Chern-Simons theory when the system
has dipole-conservation due to the subsystem symmetry.
In this case we expect such 3D phases to be Z-classified
since one is forbidden to add Chern insulator layers to
the surface because of the subsystem symmetry. Hence,
one is unable to flip the hinge state current patterns by
surface decoration which implies an integer classification.

IV. GENERALIZATIONS AND EXTENSIONS
OF MULTIPOLE RESPONSE THEORIES

So far, we have developed response theories for a
quadrupolarization response and a dipolar Chern-Simons
theory for 2D and 3D HOTIs. From a fundamental
point of view, such theories can provide a phenomenolog-
ical field theory description for HOTIs at the interacting
level. We now wrap up the paper with a brief discussion
of the extensions of our topological response theories to
other contexts and other dimensions. We will leave a full
discussion of these new directions to future research.

A. Higher Multipole Polarization Responses

In this subsection we introduce a multipole polariza-
tion response theory in higher dimensions, with a primary
focus on the topological octupole insulator. In Refs. 15
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and 16, the authors introduced a topological octupole in-
sulator in 3D with fractional corner charge and midgap
fermion bound states localized at the corners of a cu-
bic sample. This model also exhibits gapped bulk, sur-
faces, and hinges. Such a band insulator with corner zero
modes in 3D, termed as a ‘third order TT’, can be gen-
eralized to strongly interacting boson or fermion systems
whose corners contain zero modes forming projective rep-
resentations under certain symmetries?4-26:79,

As we have done throughout the draft, to motivate the
response of the topological octupole insulator, we can
first consider a fracton model with subsystem symme-
try. We consider a class of subsystem symmetric models
on a 3D cubic lattice where charge is conserved on each
line. Due to this 1D subsystem symmetry, the charges
and dipoles are immobile objects, and quadrupoles have
their motion restricted to move only along a direction k
perpendicular to its quadrupole component ¢;;. The re-
sultant system couples to a rank-3 gauge field and can
support an octupole response,

p 0
Lo = 5 (0:0,0: A0 = D Auy:) = 5By, (85)

AO — AO + 8,50(, Awyz — Azyz + 8$8y82a,

where Ay, is the rank-3 gauge field that couples to the
quadrupole current Jg,., and in the second line we have
indicated the relevant gauge transformation properties.
Just as in the dipole and quadrupole cases, one can argue
that 6 has a 27 ambiguity. Thus, if we enforce a symme-
try under which # — —#6, then the response has a quan-
tized value for @ (the octupole moment density) § =0,
(0gy> = 68/2m = 0,1/2). For the case when o0,,, = 1/2,
the response theory predicts half-charges on the corners.
Additionally, the subsystem symmetry protects the cor-
ner charges/modes from hybridizing with each other via
hinge/surface transitions.

FIG. 8. 3D subsystem symmetry protected model on a cubic
lattice. Each site has eight spin-1/2 and every eight spins in
the cube cluster is projected into a unique entangled state.
The hinge and surface free modes can be gapped out locally
leaving the corner with additional spin-1/2 zero mode.

A typical lattice model that produces a fracton oc-



tupole response is illustrated in Fig. 8. This model is
defined on a cubic lattice where each unit cell of the lat-
tice contains eight spin-1/2 degrees of freedom. Each spin
interacts with a spin in each of the eight cubes adjacent
to it with an eight-spin cluster interaction,

_ + — + —
H = _Z(SR,l RJrex,BSR+em+ey,4SR+ey,2
R

- + - +
X SR+eZ,5SR+ez+ew,7SR+ez+em+ey,GSR+ez+ey,8 + h.c).
(86)

This Hamiltonian preserves global T-symmetry and sub-
system U(1) symmetry, the latter of which preserves S,
on each line. The cluster interaction projects the eight
interacting spins in each bulk cluster into a unique state

(| AT +| 1HAIT). The surface unit cells and

hinge unit cells contain an even number of dangling spins
(four and two respectively) that can be projected into a
symmetry preserving singlet state via intra-cell interac-
tions. The S, number conservation on each line prohibits
spin interactions between unit cells, or among plaquettes
that span multiple unit cells, on the hinges or surfaces re-
spectively. The corners have an additional free spin-1/2
protected by global T and subsystem U(1) symmetries.
If we cast the spins into the hardcore boson representa-
tion then we end up with a bosonic octupole insulator
with half charges localized on the corners of an open cu-
bic sample.

In analogy with the quadrupole case, we can now imag-
ine a scenario where the subsystem U (1) symmetry is bro-
ken down to either a planar subsystem U(1) symmetry,
or a global U(1) symmetry. In the former case, the sys-
tem will exhibit mobile dipoles and quadrupoles, but the
charges will still be frozen. In the latter case, the system
will represent a HOTT having a response to a conventional
U(1) gauge field. We will leave a thorough discussion of
these symmetry breaking possibilities to future work, and
for now we will just consider the HOTT octupole response
that descends from the subsystem symmetry protected
response when all subsystem symmetry is broken.

The octupole response of a HOTI can thus be
written36:37;

0

Lox = %[6tvaz - awayazAO]

1
Veyz = g(axasz + 0y0;A, + 0,0, A,). (87)
This can be rewritten in terms of electric fields as

6% [0:0yE. + 0y0.Ey + 0.0, E,], (88)
which represents the phenomenology of an octupole mo-
ment 0g,.. One can argue for the 27w periodicity of 6,
under conditions for which the octupole moment is well-
defined (i.e., vanishing charge, dipole, and quadrupole
moments) in analogy with the discussion in Appendix
A. Hence, any symmetry under which the octupole mo-
ment is odd, e.g. charge-conjugation or cubic symmetry,
enforces the quantization condition § = Nr.

‘CO* =
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Interestingly, even if the octupole moment takes non-
trivial values, i.e., § = (2N + 1)7, it does not guaran-
tee protected corner modes. To illustrate this subtlety
we note that since there are three hinges that terminate
at a corner, then, in principle, one can always decorate
the hinges with nontrivial 1D SPT chains on all hinges
to cancel the corner modes. Consequently, there is no
‘intrinsic topological octupole insulator’ protected by cu-
bic symmetry with robust corner modes. However, it
is worth mentioning that there exist several 3D bosonic
HOSPT states whose protected corner mode is akin to
the edge of 1D SPT chain with a Zs3 classification?®26,
though these examples are not likely described by our
response theory.

B. Generalized Multipole Chern-Simons and Axion
Responses

In addition to higher polarization responses, our re-
sults suggest a possible hierarchical generalization of
Chern-Simons theories to multipole Chern-Simons the-
ories. Suppose that in spatial dimension d we have a sys-
tem with subsystem symmetry that couples to the back-
ground fields Ao, Az, .04, and Ay,. Then if d > 1 is
even we can write the Lagrangian

K
EdCS - E(AIIQ?Q..JL’d_lEZd - AwdEw1ﬂC2m$d—1 + AOB)’
(89)
while if d is odd we can write
K
‘Cgs = E(AxIIQN»Id—lE:Ed + AI4E$1$2---I¢1—1 - AOB)V
(90)

where

Eaflafg“.acd,l = aarl aacg s 8964,1140 - atAxlx}..;cd,l
B=0;,0p,...00;, Az, — Op, Aviag. wg_y-

The alternating signs in each spatial dimension are neces-
sary for these actions to be gauge invariant (up to bound-
ary terms) using the gauge transformation Ay, 4y 2, , —
Avyzg. wyy + 02,05, .0z, .

When d is odd the action is a total derivative and gen-
erates boundary responses. The first non-trivial action
appears when d = 3, and we have already discussed this
theory at length in this article so let us consider even
values of d. When d is even the system has the bulk re-
sponses

d

K
P= 2
. K
Jzg = _%Emlxz...zd_l
. K
]$1$2...$d71 = %Exd (91)

Additionally, one can perform dimensional reduction by
compactifying the x4 direction. When m-flux is inserted



in the compactified direction, i.e., when A,, = le, then
the multipole Chern-Simons action reduces '

0
Ecelfl = %Ezlrwmxd_l (92)

0= ddiwd.

As an example we can consider d = 4 having the La-
grangian

K

ECS _
4 47

(Agy:Ey — AyEyy. + AgB) (93)

where the spatial coordinates are (x,y,z,u). The bulk
response equations are

K
=—B
P 2w
K
.u = _7Ea: z
J oY
. K
Jxyz = %Eua (94)

which represents a transverse charge current in the pres-
ence of a higher-rank electric field, and a transverse
quadrupole current in the presence of rank-1 electric field.
This is an example of a mixed rank Hall effect. If we di-
mensionally reduce this action we find

0

0 _ 7
5_271'

Ezyz

which is exactly the octupole response Lo in Eq. 85. To
find the response of the HOTT system we can replace the
higher-rank field by a suitable symmetrized combination
of rank-1 fields Ay, zy..0y s = 3(02,0, - Opy_yAuy_, +
permutations). After doing this we would find Lo, in this
example.

If we consider even values of d we can make a clear
connection to a mixed-rank axion electrodynamics in d+1
dimensions. We augment our theory by an additional
rank-1 field A44; and we can consider a Lagrangian

¢
££+1 = R(EﬂEnHlem---wd =+ E$1$2~~$d—lBCEd$d+1
J’_ Edewd+lw1w2“-ajd71) (95)
where
dederl = adiwd+1 - 891az+1AﬂEd

B£E1£E2~~~Id = 8$18I2 ce aﬂvd—lAl’d - aﬂ?dAl“lIzmérd—l

B — 0,0y . O, A

Td4+1L1T2...Td—1 = aIal+1A'I1$2~-Id—1

and ¢ is the scalar axion field (that will be quantized
to 7 in the presence of, e.g., inversion or time-reversal
symmetry). This action is a total derivative and on a
w or u surface one finds an action similar in form to
L£{®, whereas on the two-dimensional, higher order sur-
face intersection of z1,xo,x3,...24_1 surfaces one finds

Td41"

(96)
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an ordinary d = 2 Chern-Simons theory £S5 that is a
functional of Ag, Az, Azyys-

Let us conclude with a few important notes about this
generalized mixed-rank axion electrodynamics. First, we
have chosen the normalization constant such that the sur-
face Chern-Simons coefficients have half of the value they
normally take in a lower-dimensional bulk system. We
note that, while this is natural, we have not proven this
result, nor do we have a microscopic model for which this
is the response action. Second, if a similar construction
is formed for cases where d is odd the resulting action
vanishes, i.e., there is not an analogous bulk action that
reduces to £57,, on its surfaces. This is perhaps not
unexpected since we know that each £2Cns+1 is already
a total derivative. Thus, finding the axion extension of
,CQCnS+1 is an open problem. Third, we have only treated
the response to one flavor of gauge field, and in princi-
ple we could generalize our response actions to hydrody-
namic field theories where the coefficient K could become
a matrix to allow for more exotic SPTs as well as possible
fractional states. Fourth, we have primarily discussed the
higher dimensional cases for subsystem symmetric sys-
tems. We expect that lower-rank field substitutions will
provide new types of responses for systems with less sub-
system symmetry, all the way down to the case of a HOTI
with no subsystem symmetry. We leave full discussions
of these research directions for future work.

V. CONCLUSION AND OUTLOOK

In this work we have proposed topological multipole
field theories for higher order topological insulators in 2D
and 3D. Our theory predicts various topological dipole
responses in HOTI with measurable experiment signa-
tures. Notably, our dipole Chern-Simons description of
the 3D HOTI creates a complete connection between
gapless hinge modes, dipole Hall response and surface
anomalies. It also yields the 2D quadrupole insulator
upon dimensional reduction.

While interest in HOTIs thus far has mainly focused
on the gapless hinge or corner modes, both our 2D and
3D field theories highlight the previously overlooked fact
that the gapped boundaries in these systems are also
anomalous. These anomalies are reflected in important
topological features of the bulk, such as the quantized
quadrupole moment and magnetic quadrupole response
in 3D. In 2D, our topological response theory engenders
a T and C} invariant fractional dipole moment on the
edge which does not exist in pure 1D systems.

An interesting corollary of our analysis is that some
subsystem-symmetry protected phases can essentially be
viewed as examples of HOTT for which spatial symmetries
are not required to protect the gapless corner modes. In-
deed, the two are described by closely related quantized
dipole responses, with a straightforward substitution be-
ing largely sufficient to pass from the subsystem symme-
try protected phase to a more conventional model with



spatial symmetries and global charge conservation. This
correspondence is rooted in the fact that a HOTI by def-
inition must have a trivial charge response, so that in
both cases the topological field theory describes dipolar
response.

Our results suggest various directions and open ques-
tions for future study. (1) We have written down a multi-
polar axion-type term in odd spatial dimension, but what
about even spatial dimensions? (2) Similar to the dipo-
lar Chern-Simons description of the HOTI, we expect
there to be similar gravitational responses for higher or-
der topological superconductors that will capture the chi-
ral Majorana mode at the hinge. (3) For C,, symmetric
crystalline insulators with vanishing polarization, there
exist corner-localized charges quantized as e/n. The field
theory and topological response of such fractional cor-
ner charge still remains unclear and thus worth pursu-
ing. Finally we note that since the submission of this
article two recent works based partially on these results
have shown that (i) a vector-charge version of the dipole
Chern-Simons theory can describe 3D Weyl semimetals
where the Weyl nodes are arranged in a quadrupole®® and
(ii) one can study interacting fermion models that have
the 2D and 3D response actions shown in this article®?.
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Appendix A: Ambiguity of § ~ 27 in path integral

In this section, we focus on the 27 shift equivalency of

f in the quadrupole response term. Let us first review

the 27 equivalency of 6 for the dipole response in 1D.
The 1D polarization term

o dxdte"” 0, A Al

% xdte iy, ( )

is a total derivative in the action so naively one would

expect it to vanish if we impose PBCs in spacetime. How-

ever, we need to be careful when applying PBCs for gauge

fields. If we implement a large gauge transformation by
inserting a global flux [ A,dx = 2r at time ¢ = T, the
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vector potential shifts so the total path integral of the
polarization term is changed by 6,

T 9
/dx/ dt—0sA, = 0.
0 2m

Since any 27 contribution in the path integral does not
affect the IR physics, 8 (the polarization) has a 27 (inte-
ger) ambiguity.

A physical interpretation of this LGT is a quench pro-
cess where we turn an electric field on and off by inserting
global flux during a time period T :

T
/m/)&ﬁ:A¢:%.
0

The electric field couples directly with the dipole moment
P, E, so the quenched procedure changes the total action
as,

(A2)

(A3)

T
AS = /d:c/ E,.P.dt =27 P,. (A4)
0

A key constraint is that the system has vanishing charge
density. The dipole moment is only well-defined when
the system is neutral. Furthermore, any charge density
would couple with the gauge potential Ay to generate an
additional change in the action during the quench pro-
cess, and thus make it unable to uniquely identify the
contribution from the polarization. When P, € Z, the
process only changes the path integral by 277, which
has no effect. Thus, the dipole moment has an integer
ambiguity, which implies 6 has a 27 ambiguity. Finally,
we comment that the minimal value of the electric field
quench is imposed by maintaining PBCs after flux inser-
tion.

We argued in the main text that the same 27 ambiguity
applies for quadrupole moments in subsystem symmetry
protected fracton phases with the response action:

0
?/dxdydt(axayflo — 01 Agy). (A5)
T
Since the charge is conserved on each line of the system,
let us apply a large gauge transformation for the rank-2
gauge field by implementing a 27 global flux insertion
during a time-period T for the charges on a specific row:

/Azy(y =y, t =T)dx = 276(y;). (A6)
Under this LGT, the path integral is changes by
T 0
/dxdy/ dt%(azaon — O Ayy) = 0. (A7)
0

Thus, any shift of 6 by 27 does not affect the path integral
and the quadrupole moment ¢, = % has an integer
ambiguity.

Now we turn to the quadrupole moment in a conven-
tional HOTT with a global U(1) charge symmetry, but



without subsystem symmetry. For a quadrupole mo-
ment to be well-defined, it is essential to require that
the ground state contains no net charge density or dipole
moment, otherwise the quadrupole moment can change
under arbitrary coordinate shifts, and is ill-defined. To
measure the total quadrupole moment of a neutral, un-
polarized many-body system, one can add a non-uniform
electric field, with a non-vanishing gradient. The electric
field gradient couples with the total quadrupole moment
as (uy(0: By + 0yE,)/2. Thus, we can imagine a process
where we turn on and off a uniform electric field gradient
(0-Ey + 0yE;)/2 over a time period T, and identify the
change of the action during this process:

T
_ % / dady / Gy (0B, + 0,E,)dt.  (AS)
0

As the system must respect PBCs after the quench, the
flux insertion for each row or column on the lattice must
be an integer multiple of 27. Based on these criteria, we
can have a gauge field configuration,

0 t<T
A = 2“{;’5’7?? 0<t<T (A9)
2#22{361 t>T

where 0,y = 0y, = 1, L is the spatial length in the x and
y directions, and a is the lattice spacing. Since the theory
is defined on a square lattice, the coordinates z,y only
take discrete values, and thus, after a time T the sys-
tem still respects PBCs. This gauge field configuration
includes both large and small gauge transformations and
creates a spatially non-uniform electric field during the
quench process. It is chosen to introduce a uniform elec-
tric field gradient in the system. Such a process changes
the action as:

T
2m
AS = /dacdy/o aL—quydt =27mqyyL/a.  (A10)

The quantity L/a is the number of rows (or columns)
which, without loss of generality, can be chosen to be an
odd number. Thus, if g5, is an integer, the change of
the action due to the process does not affect the path
integral, and such a 27 ambiguity cannot be tracked.
Finally, we comment the validity of this quenched mea-
surement. The gauge field configuration in Eq. A9 is
not equivalent to a large gauge transformation as it pro-
duces a flux for both poloidal and toroidal directions af-
ter the process. However, as we are trying to extract
the quadrupole moment in a gapped insulator with no
net charge density, and no net dipole moment, the spa-
tially non-uniform electric field only couples with the
quadrupole moment so the change of the path integral
is attributed to only the quadrupolarization. During the
quench procedure, a non-uniform electric field is gener-
ated that could potentially trigger a charge or dipole ex-
citation from the ground state. However, as long as the
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charge and dipole gap are large compared to the elec-
tric field E, the IR theory is unaffected. Indeed, our
argument relies on the fact that the ground state is fully
gapped with no charge or dipole moment. As long as the
charge degree of freedom has a large gap, the background
potential Ay appearing during the quench process will
not trigger any free charge excitations. Likewise, the E
field appearing during the quench process can potentially
activate a free dipole excitation and generate extra con-
tributions to AS that would spoil the argument. Based
on these observations, the validity of this quenched mea-
surement requires that the system does not generate any
free charges or dipoles during the process. Subsequently,
the non-uniform E field during the quench only activates
the quadrupole degree of freedom, and thus changes the
action by 2mq;,. These criteria must be met to have
a well-defined quadrupolar value of 6 that is ambiguous
under a 27 shift. We note that subsystem symmetry au-
tomatically forbids any net dipole moment, so the only
requirement for the SSPT HOTI would be that the sys-
tem remain gapped. In the absence of subsystem sym-
metry, we can have a fixed dipole moment if spatial sym-
metries, e.g., C4, Cy, or mirror, remain unbroken during
the quench process.

Appendix B: Dimensional Reduction of
Chern-Simons Response

In Ref. 33 the authors showed a connection between
topological insulators in a series of spatial dimensions.
One important example was a connection between the
2D Chern-Simons response of a Chern insulator and a
1D topological insulator with quantized charge polariza-
tion. The connection between these two systems was il-
lustrated using a dimensional reduction procedure where
one spatial direction is compactified and shrunk down
to form a quasi-1D system. Importantly the compact-
ified direction allows for flux threaded through it, and
the space-time profile of that flux becomes a background
field 6 in the 1D insulator.

Let us explicitly show how this works beginning with
the 2D Chern-Simons response:

7/d3

+ Ap(0: 4,

2(0yAg — Ot Ay) —
— 0y Az,

Ay (0. A0 — O Ay)
(B1)

which we will compactify in the y-direction. As the com-
pactified direction is shrunk all fields become indepen-



dent of y and we have

Sey = 4i / dedt / dy[—A, 0, A, — AyEs + Aodu Ay
7y
_ 4i / dedt / dy[2A, s — On(AsA,) + 05 (AoA,)
vy
- 4i / dedi[20E, — 0,(0A,) + 0, (0A40)]
™

_ %/dmdt[é)Ez] + % /d:vdt(ax(eAO) —0(0A,)].
(B2)

In the last line we see we have arrived at the 1D 6-term
response for the polarization. If we consider the system
to be a topological insulator then § = 7 is a constant
background field in the bulk of the system, and 6§ = 0
outside of the system.

Let us consider the resulting action carefully. The
first term is a “bulk”-response piece and it only gener-
ates something non-vanishing when 6 depends on space
or time. Indeed we find

1
Tbutr = 5-€" 0. (B3)

2
However, for a TI we are treating 6 as a constant in the
bulk, and the only response arises at a physical boundary,
which we have carefully kept track of in Eq. B2. Thus,
if we assume that 6 only changes at a boundary in space
or time we find the response action

_ i =L _ i t=T
S= 1 / dt0Ao[7=f — - / drfA,'=T.  (B4)

Hence, on an z-boundary, say x = L, we find a charge
of %, which is actually half of the expected value, i.e.,
it predicts a charge of 1/4 instead of 1/2 when § = 7 in
the bulk.

While this factor of two may initially seem puzzling,
it has a well-known resolution. The 2D bulk Chern-
Simons action has a bulk current that flows into the edge,
and a current localized on the boundary. Indeed, terms
representing both of these processes appear in Eq. B2.
However, in order for the boundary response to properly
match the bulk inflow we need to add additional degrees
of freedom on the boundary that make up the difference.
The boundary degrees of freedom contribute the consis-
tent anomaly, and when combined with the boundary
current of the reduced Chern-Simons response, they form
the covariant anomaly, which properly matches the bulk
inflow?%°1. Thus, if we carefully perform dimensional re-
duction starting from a Chern-Simons response, and we
treat 6 as a constant to yield a purely boundary response,
then we find the wrong answer by a factor of two as we
have just shown. There is an additional response con-
tributed by boundary degrees of freedom, and the sum
of the Chern-Simons boundary current, and the current
from the auxiliary edge degrees of freedom, gives the full
response, which in this case would be

1 _ 1 _
Scov = 2 /dteAOP;;(% - %/deAmﬁ;g <B5)

s
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To summarize, when dimensional reducing from a Chern-
Simons response, the boundary currents only indicates
half of the overall response, while any bulk currents would
have the correct, full coefficient. The same arguments
apply to the dimensional reduction of the dipolar Chern-
Simons term.

Appendix C: Anomalies from a bosonic perspective
1. Bosonization Picture for Chiral Anomaly

In this section we review the well-known theory of the
1D chiral anomalies from a bosonic theory closely fol-
lowing the calculations in Ref. 92, and then extend the
ideas to the new type of bosonic theory we find on the
surfaces of the dipolar Chern-Simons. In order to calcu-
late the chiral anomaly we can perform the calculation
for a non-chiral theory and use those results to determine
the consistent anomaly for a chiral theory”. The con-
sistent anomaly can be added to the boundary current
response derived from our dipolar Chern-Simons theory,
and the combination will generate the full response?%-91,

Let us begin with a free 1D bosonic field ¢ with the
Lagrangian

Lo=j [ dadtl@of - @07, (C)

and satisfying the equal-time commutation relations
[$(z, 1), T(2",1)] = id(x — 2'), (C2)

with its canonical momentum II(x,t) = Oyp(z,t). We as-

sume that this scalar field has a Goldstone-Wilczek type

current I‘eSpOHSGSO :

1 1
Jo ﬁ rd)a Jx ﬁ

which is exactly conserved

1
VT
(note our convention in this appendix is that the spatial
components of the diagonal Lorentz metric are negative).

By applying the canonical commutation relations we can
generate the U(1) Kac-Moody current algebra

op = I (C3)
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0"ju = Orjo — 02z = (0:0:¢ — 0,0:0) =0 (C4)

[jo(z,t), jo(2',t)] = ;8,;5(3: —a'). (C5)

Now let us consider the chiral current j, = €,,j*, i.e.,
jo = —#@d),j;z’ = ﬁ@w(é. The conservation law for
chiral current is then

VTt = —0}¢ + 02¢ = —0"0,0.

Thus, since we have specified a free boson theory, the
right hand side vanishes (at least on-shell), and the chiral
current is conserved.

(C6)



However, this analysis does not capture all of the im-
portant physics, for which we need to couple the scalar
field to an electromagnetic field A,. The coupling term
we add is

. 1 1
Ley = ],uA# = ﬁ I¢AO + ﬁatﬁbAI

In the bosonic action, this term acts like a source for ¢

(C7)

1

1
Sem = T

drdtp(0, A°+0, A = =
(C8)

This modifies the equations of motion to —0*0,¢ =

ﬁEz. Thus we arrive at the anomalous conservation

law OM jz = %Ez We derived this result for a non-chiral
boson theory (typically derived from bosonizing a Dirac
fermion). To find the result for the chiral theory we need
to divide by a factor of four (not two!°?) to arrive at

1
"jy, = —E,.

g (C9)

2. Bosonization Picture for Chiral Dipole Anomaly

Now we will repeat the arguments above to argue for
the form of the anomaly for the bosonic theory we find at
the surface of the dipolar Chern-Simons theory. We will
again start with a non-chiral version of the 2D surface
boson theory

1
Lo [ dedyat@io) - @.0,07)  (C10)
which has an equation of motion
02+ 02,0y0,0y¢ = 0. (C11)

The field ¢ satisfies the equal-time commutation relations
[gb(xa Y, t)7 H(:E/a y/7 t)] = 16(.'1,' - x/)é(y - y/)v

with its canonical momentum II(x,y,t) = d:d(x, y, t).

In the previous subsection we assumed that the boson
exhibited a Goldstone-Wilczek response. That type of
current response is identical to that of charge polarization
P, if we identify P, = % In analogy, we can treat the
2D ¢ in this case as a quadrupole moment ¢, and write
an analogous response

(C12)

. 1 . 1
Jo = ﬁamay(lsv Jzy = ﬁat(,ﬁ (C].?))

This current minimally couples to the gauge fields via
Lyauge = joA® + jzy A, and from the gauge transforma-
tion properties of Ag, A, we can derive the conservation
law

_8tj0 + 8x6y]xy = 07 (014)

dzdtpE,.
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which is indeed satisfied by the current above. Using
the canonical commutation relations we can write down
a generalization of the U(1) Kac-Moody algebra as well

[.70('777 Y, t)’jwy(x/’ y/’ t)] = ;8I6(m - l‘/)8y5(y - y/)'

(C15)
Now let us consider the chiral current
5 1 5 1
It satisfies
1
—@jg + 8x8y]iy = 7(—3?@17 - 6xayaxay¢)v (017)

N

which vanishes if we apply the equation of motion. Just
as in the prevous case we can turn on the background
gauge fields Ao, A,y via Lyquge and they will act like a
source for ¢ in the action

Sgauge = % /dxdydtd)(azaon — 8tA‘m’)

1
= ﬁ /dmdydt PEy.

This serves to modify the equation of motion 87¢ +
020y0, 0y = ﬁEzy Thus, we now have an anomalous

(C18)

conservation law. We have argued for this anomaly from
the non-chiral theory, and if we take the chiral theory
alone we expect the anomaly to be reduced by a factor
of four?

atjg - @ﬁyjiy = Ezy- (019)

4mr

Appendix D: Deriving the anomalous conservation
laws for the HOTI dipolar Chern-Simons response

1. Side surface conservation laws

Let us start from Eq. 60 to analyze this result in more
detail. Similar to the 2D Chern-Simons action discussed
above, we can calculate two related responses by taking
variations with respect to the fields A,, Ag (to find cur-
rent, charge) or the gradients 9;A4.,9;Ag (to find dipole
currents and densities).

For the first case we find

. 1 .
]z|y:L = _Eaa:AO = _Jz‘yzo

1
it =~ 30 = plys, (DD
for surfaces normal to y, and
. 1 )
]z|m:L = _anAO = _jz|z207
1
p|ZL’:L = _anAz = _p‘z:()a (D2)



for surfaces normal to x. For a y-surface, if we apply
a potential difference 0,A4¢ in the z-direction to create
a uniform electric field F,, then a current will flow in
the z-direction. However, the two surfaces (y = 0, L)
have opposite current flows, and thus the total current is
vanishing. We also find currents on the hinges

. . AO
]Z|($=L,y=L) = jz|($=0,y=0) = 75
A,
ple=ry=1) = Pl=0y=0) = I
. ) Ao
]Z|(w:L,y:0) = ]z|(w:L,y:O) = -
A,
pl(z:L,y:O) = p|(1’:0,y:L) = E (D3)
For the dipole currents and densities we find
- 1 .
Joly=1 = EAZ = =75 ly=0
- 1 .
Jzly=r = _EAO = —jZly=0
. 1 ,
Jole=1 = EAZ = —j§ la=0
: 1 _
I le=1 = *EAO = —j¢la=0, (D4)

where the notation jj; is the current in the p-direction
carrying dipole moment pointing in the a-direction. If
we change the potential Ay then dipole currents will flow
in the z-direction, however we again find that if we ac-
count for each pair of surfaces then the total dipole cur-
rent flowing in the z-direction generated by a shift of the
scalar potential vanishes.

These current/density responses for the charge and
dipole responses are not manifestly gauge invariant; in-
deed they are anomalous. We find

. 1
(azjz + atp)‘x:L,O = ianEvzlav:L,O

. 1
(0°5: + 0'p)ly=r.0 = £~ 0u Bzly=r0,  (D5)
for the charge response, and
) . 1
(0757 + 0')|a=1.0 = F=E=lo=r.0
47
Z T T 1
(a Jz + at30)|y:L70 = :FEEZM:L,O? (DG)

for the dipole response, where the signs are coordinated
with the choice of surface at x,y = 0, L. As an example,
on the surface z = L we have the equations

) 1
0"ju = Oy E: (D7)
1
Moy
ojy =~ F., (D8)

where p = 0, z. Interestingly, on the x or y surfaces we
find a dipole current with an anomalous conservation law
that resembles the form of the usual chiral anomaly, i.e.,
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it is proportional to the electric field. We also find that
the charge has an anomalous conservation law in the pres-
ence of an electric field gradient. Finally, on the hinges
we find an anomalous conservation law:

1
47
for the hinge at (x,y) = (L, L) and the others can be
obtained by adding extra - signs for each 90-degree rota-
tion.

As discussed in the previous section for the SSPT, and
informed by the discussions in Appendix C, we need to
add the consistent anomaly coming from boundary de-
grees of freedom to these anomalous conservation laws.
In doing so we finally arrive at

0o+ 0%, = ——FE, (D9)

(9tjé R, jg +) = igﬁyEz

1
R

1

'™ + 07§ =~ ., (D10)

for the charge currents where again we have only included
the result in the last equation for the hinge at (z,y) =
(L, L). For the dipole currents we find
atj(xﬂ:)»y + az]'(:vi),y — $LE2
0 z o
1

atjéyi)vfb 4 8Zj§yi),x =F
2

E.. (D11)

2. Top and bottom surface conservation laws

From Eq. 62 we find that the action localized on,
say the z = L surface, generated by the dipolar Chern-
Simons term is

1
Slomt = - / drdydt[(0, A, + 0,A,)Ag).  (D12)

We can extract the collection of charge and dipole den-
sities and currents. For the charge we have

1
p= (0,4, +0.4,)
. 1
Jz = _878on
. 1

In addition, the density and currents of x-dipoles on the
surface can be extracted as,

L 65 A,
0T 50, 40) 8

R

v = 50,4,) ~ sr

L 8S

je = 304 0. (D14)



Similar definitions apply for the density and currents of
dipoles oriented in the y-direction, and we find

) Ay

o= 5.

) Ag

Jy = S

Jy = (D15)

Similar to the x and y surfaces we find that these currents
are all anomalous

. 1

a“Ju = —8?(6:8Ey + 6yEw)
L1

0"j = < B,

oMY = iEx
L

where u = z,y,t.

Using the same arguments we have applied earlier, we
know that we need to augment these anomalies by the
consistent anomalies of the boundary degrees of freedom,
and we ultimately find

. 1
Mju = $E(81Ey + 0y Ey)

L T 1
ot ij = j:EEy
1
O =+~ F,. D16
ip g (D16)

Appendix E: Absence of dipole Chern-Simons effect
in the bulk

In Sec. IIIB, we conclude that the dipole Chern-
Simons action is zero in the bulk so it does not pro-
duce any bulk effects like the usual 2D Chern-Simons
theory does. In this appendix, we provide a no-go theo-
rem to demonstrate that the mixed rank Chern-Simons
cannot induce any bulk statistical effects provided the
gauge structure of the mixed rank Chern-Simons theory
is fixed as in Eq. 44. As discussed in Section IIIB, the
fracton charge current couples with the mixed rank gauge
field as,

L= JoAo+ JoyAzy + J A (E1)
This current obeys a special conservation law,
o —0°0Y Jpy +0°J, =0, (E2)

where the sign on the second term arises from the two
derivative gauge transformation of A, .
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We can further re-interpret this conserved current in
terms of derivatives of a dual gauge field,

Jo = —0,0,B. — 0.By,
Juy = 0.8y — 0,8,
J. = 0,Bay + 0,0, Bo. (E3)

The mixed rank gauge field B has the gauge transforma-
tions

By — By + 08
Byy — Bey — 0:0,8
B. — B. + 8.0. (E4)

Such a gauge field minimally couples with a vortex cur-
rent via

L, =JiB" + J.,BY + J'B, (E5)
with corresponding conservation law
Ty + 0%0YJy, +0°J; = 0. (E6)

Interestingly we find that the vortex current has a differ-
ent conservation law compared to the original current in
Eq. E2.

If the mixed rank Chern-Simons term manifests a bulk
statistical effect, the mixed rank gauge flux should bind
mixed-rank gauge charge and the statistical effects would
arise from the flux-charge binding give rise to fractional
statistics as a consequence of an Aharonov-Bohm effect.
However, as the original matter and its dual vortex mat-
ter contain distinct current conservation laws, it is im-
possible to bind the charge current with the gauge flux
in a consistent way, thus a statistical effect is absent.

The same argument can be extended to the rank-1
dipolar Chern-Simons theory we explored in Eq. 55. As
we emphasized, such a theory does not induce any bulk
effect. Indeed, we can show that no consistent bulk statis-
tical effects can be generated via a similar no-go theorem.
As the magnetic flux is a loop-object in 3D, by symme-
try and dimensional analysis, a C47 invariant theory can
only have a flux-dipole binding effect along the lines of

1
p= - (0.B.—0,B,)

1 -1

P, = EBM P, = EB‘?’ (E7)
These equations would indicate that flux loops bind with
a ‘dipole charge’ parallel to the flux loop. The binding
can be alternatively viewed as a charge polarization of
the flux line. However, as the flux in the bulk must form
closed loops, each bulk flux loop should be charge neutral
so there is no statistical effect between two fluxes. When
the flux line hits the boundary, the effective open flux end
carries an isolated charge living at the end of the dipole
and this induces statistics between charge and flux on the
surfaces, thus indicating why surface responses, but not
bulk responses are viable in the dipolar Chern-Simons
response.
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