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Graphene-based moiré superlattices are now established as an interesting platform for strongly-
correlated many-electron physics, and have so far been characterized mainly by transport and scan-
ning tunneling microscopy (STM) measurements. Motivated by recent experimental progress, we
present a theoretical model study whose aim is to assess the potential of angle-resolved photoemis-
sion spectroscopy (ARPES) to resolve some of the many open issues in these systems. The theory
is developed specifically for graphene on hexagonal boron nitride (G/hBN) and twisted bilayer
graphene (TBG) moiré superlattices, but is readily generalized to any system with active degrees of
freedom in graphene sheets.

I. INTRODUCTION

A large body of theoretical and experimental work1,2

over the past decade has achieved a thorough understand-
ing of most single-layer and few-layer graphene film prop-
erties. Progress in this field has been aided by success in
reducing disorder effects to very low levels and by the
identification of hexagonal boron nitride (hBN),3–5 with
its large band gaps and atomically smooth surfaces, as
the substrate of choice. The recent discovery of supercon-
ducting, correlated insulating and orbital magnetic states
in magic-angle6 twisted bilayer graphene (MATBG)7–12

has now added strongly-correlated-electron behavior to
the physics that can be explored in graphene multi-layers.
MATBG’s strong-correlation physics is a consequence of
unusual flat-band behavior near a discrete set of magic
twist angles.6 The flat bands emerge from interference
between intralayer and interlayer hopping processes that
are individually strong. The residual dispersion in these
bands is important for understanding physical proper-
ties but, because it results from a delicate cancellation,
is difficult to predict reliably on the basis of theoretical
considerations alone. The difficulty of quantitative the-
oretical modeling is heightened by the large number of
carbon atoms (∼ 104) per superlattice unit cell, by the
important role of interactions in reshaping the moiré su-
perlattice bands,13–15 by the critical importance of non-
local exchange interactions,14 and by a tendency toward
spin and/or valley flavor symmetry breaking14–18 that is
still incompletely understood. Because ARPES directly
probes the momentum-dependence of the one-particle
electronic Green’s function, it is uniquely positioned to
guide progress toward a quantitative understanding of
MATBG properties.

ARPES has become an indispensable tool for studies
of strongly interacting19–21 and topological materials,22

and has been applied successfully to single-layer and mul-
tilayer epitaxial graphene samples formed on the surface
of silicon carbide.23–34 The typical photon beam spot size
of conventional ARPES experiments is ∼ 25− 100µm,35

larger than or roughly equal to the ∼ 1 − 100µm size of
typical MATBG samples prepared by mechanical exfo-
liation of two-dimensional (2D) crystals. Applying the
power of ARPES to MATBG physics requires either

access to the nano length scale in ARPES, or larger
moiré samples. Recent progress in nano-ARPES36–42

may provide the necessary opening and has been im-
plemented to mechanically exfoliated van der Waals
heterostructures.43–49 Preliminary applications of nano-
ARPES to G/hBN48 and TBG moiré superlattices49–52

have been reported recently.

The ARPES spectra of graphene moiré systems
have been studied previously using both tight-binding
model53,54 and continuum model approaches.55,56 In this
paper we use an accurate continuum model to com-
pute theoretical ARPES spectra of both G/hBN and
MATBG with the goal of informing the interpretation of
future ARPES experiments, either nano-ARPES studies
of MATBG samples similar to those that are currently
available or conventional ARPES studies of large area
MATBG samples which could become available in the
future. We find that key parameters of low-energy ef-
fective models, like the size of mass term that expresses
broken inversion symmetry in G/hBN and the G/G inter-
layer intra-sublattice and inter-sublattice tunneling pa-
rameters, can be inferred from ARPES momentum dis-
tributions. Although a complete treatment of the role
of interactions lies out of the scope of this paper, we
do comment on the ability of ARPES to measure flat-
band shape renormalization by electron-electron interac-
tions, and the broken spin and/or valley flavor symme-
tries thought to occur at fractional flat band filling.

This paper is organized as follows. In section II we
discuss the general theory of ARPES in graphene-based
moiré superlattices described by k · p continuum mod-
els. In sections III and IV we focus on two prototypical
moiré superlattice systems, G/hBN in which ARPES can
be used to determine the important inversion symmetry
breaking mass parameter, and TBG in which ARPES
can characterize strain relaxation within the moiré pat-
tern and identify when the magic angle is reached. In
the latter case, important parameters can be identified
by performing measurements of momentum space distri-
butions at energies well away from the flat bands that do
not require extremely precise energy resolution. In sec-
tion V, we discuss ARPES momentum distributions at
van Hove singularity (VHS) energies in TBG, which can
be revealed in both large and small twist angle regimes.
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Finally in Section VI we conclude with a general dis-
cussion of some of the issues that could be clarified if
accurate ARPES measurements become a possibility.

II. ARPES IN GRAPHENE-BASED MOIRÉ
SUPERLATTICES

The ARPES intensity I(p, E) is proportional to the
transition probability from a Bloch initial state with crys-
tal momentum k and energy E to a photoelectron final
state with momentum p and kinetic energy Ekin. En-
ergy conservation guarantees Ekin = ~ω + E − φ, where
~ω is the photon energy and φ is the work function. The
initial state energy E is relative to the Fermi energy. In
non-interacting electron models the ARPES spectrum of
a 2D solid is non-zero only if one of the occupied band
states at momentum k, where k is the in-plane projec-
tion p‖ reduced to the 2D Brillouin zone (BZ), has energy
E. The intensity of the peak produced by an occupied
band state at a given extended zone momentum replica
depends on the Bloch state wavefunction. This depen-
dence is particularly simple when all the states of interest
are linear combinations of carbon π-orbitals on different
lattice sites, as we now explain.

The moiré superlattice period of G/hBN multilayers
depends on both the lattice constant mismatch and twist
angle between the graphene and hBN layers, whereas the
moiré superlattice period of TBG depends only on twist
angle. In both G/hBN and TBG cases we will assume
near perfect alignment so that the moiré modulation has
a long wavelength. Since we are interested in electronic
states at energies near the Dirac point we can use k · p
continuum models6 in which π-orbital envelope function
spinors satisfy effective Schrodinger equations. The num-
ber of components of the envelope function spinors is two
(for the two honeycomb sublattices) times the number of
active graphene layers in the moiré heterojunction. At
low energies the correction to the Dirac Hamiltonians of
isolated graphene layers can be approximated by a sub-
lattice and position-dependent terms that have the pe-
riodicity of the moiré pattern. For example, these have
been detailed for the G/hBN and TBG cases discussed
below in Refs.6, 57–59. In the TBG case, the moiré su-
perlattice is defined mainly by the spatial pattern of in-
terlayer tunneling, whereas in the G/hBN case the moiré
superlattice is defined by the spatial pattern of sublattice-
dependent energies and inter-sublattice tunneling.

Specializing to the case in which a single graphene layer
is active, the initial electronic states prior to photoemis-
sion are moiré band eigenstates |ξ, n,k〉, two-component
sublattice spinors that have a Bloch state plane-wave ex-
pansion:

|ξ, n,k〉 =
∑
α,g

ψξnαg(k)|k + g, α〉. (1)

Here ξ = ± is a valley index, n is a band index, g is
a moiré reciprocal lattice vector, |k, α〉 is a graphene π-

orbital state with definite sublattice α = A,B and mo-
mentum k. In the calculations below we cut-off the mo-
mentum expansion at g ∈ {0,g1, . . . ,g6} for G/hBN,
where g1, . . . ,g6 are the six first-shell moiré reciprocal
lattice vectors. For TBG case, we include three shells of
moiré reciprocal lattice vectors, i.e. |gmax| = 3g where g
is the length of the primitive reciprocal lattice vector.

When multilayer graphene is probed using high-energy
photon beams, in the soft x-ray regime for example, the
photoemission final state is well approximated as free-
electron60 and photoelectron scattering and diffraction
effects can be ignored. This approximation is justified
because i) the crystal potential is relatively small com-
pared to the photoelectron’s kinetic energy,61 ii) the scat-
tering cross section is small for light atoms62 and iii)
π-orbitals in graphene form delocalized itinerant band
states.63 Indeed, the free-electron final state approxima-
tion has worked very well in previous studies.53,55,64,65

Note that the photon energy should be high but not too
high, because high-photon-energy decreases the energy
resolution and momentum resolution. The neglected fi-
nal state effects32,66–68 can be important at low photon
energies (. 50 eV), but are out of the scope of this paper.

By generalizing the established theory69 of monolayer
graphene sheet ARPES intensity summarized in Ap-
pendix A, where matrix element effects that are depen-
dent on experimental geometry are ignored and a free-
electron final state is assumed, we obtain the following
expression for the dependence of the ARPES signal on
the initial Bloch state energy E and photoelectron mo-
mentum p:

I(p, E) ∝
∑
ξ,n,k

∣∣〈p|ξ, n,k〉∣∣2δ(E − εξnk)

∝
∣∣φ(p)

∣∣2 ∑
ξ,n,k

δ(E − εξnk)

∣∣∣∑
α,g

ψξnαg(k)e−iG·ταδp‖,k+g+G

∣∣∣2,
(2)

where φ(p) =
∫
d3re−ip·rφ(r) is the Fourier transform of

the atomic π-orbital and G is a reciprocal lattice vector of
an isolated graphene layer. Equation (2) ignores a factor
related to photon polarization. A given photoelectron
momentum p picks a specific G, valley wavevector Kξ,
and moiré reciprocal lattice vector g to map k = p‖ −
g − G into the moiré Brillouin zone (MBZ). Below we
assume that p‖ is near the K+ = (4π/3a, 0), where a is
graphene’s lattice constant, Eq. (2) simplifies to

I(p, E) ∝
∣∣φ(p)

∣∣2∑
n,k

∣∣∣∑
α,g

ψ+
nαg(k)δp‖,k+g

∣∣∣2δ(E − ε+nk).

(3)

Photon polarization effects31,70 add a momentum-
dependent weighting factor and can alter momentum dis-
tribution function anisotropy. When they are taken into
account using the dipole approximation, as summarized
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in Appendix A, we obtain

I(p, E) ∝
∑
ξ,n,k

∣∣〈p|A · v̂|ξ, n,k〉∣∣2δ(E − εξnk)

= A ·
∑
ξ,n,k

∣∣〈p|∇kH|ξ, n,k〉
∣∣2δ(E − εξnk),

(4)

where the free-electron final state is projected to the
Bloch basis

|p〉 =
∑
k,g,α

δp‖,k+g+Ge
iG·ταφ∗(p)|k + g, α〉. (5)

In multilayer systems, the out-of-plane momentum
component pz of the photoelectron controls interlayer
interferences, which is absent in the single active layer
G/hBN case, but included in the TBG case in section
IV.

III. GRAPHENE ON HBN

The moiré band structure of graphene on aligned hBN
is illustrated in Fig. 1(a). These bands were calculated
from a continuum model58 that accounts for lattice re-
laxation. In this model low energy states in graphene
are most strongly modified by the substrate hBN layer
when the two layers are aligned (θ = 0◦). In this case
the inversion symmetry breaking in the presence of hBN
opens a gap with size ∼ 7 meV58 at charge neutrality and
a gap between the highest-energy valence band and re-
mote valence bands. Both gaps are apparent in transport
measurements.71–73 Figures 1(b-d) show the correspond-
ing ARPES momentum distribution functions near BZ
corner K+, using Eq. (3) in which a factor related to
photon polarization is dropped, calculated at an energy
near the middle of the highest valence band and at an
energy below the energy gap separating this band from
lower energy states. For the aligned (θ = 0◦) case, the
hBN substrate has little effect (Fig. 1(b)) on the ARPES
spectrum except at energies that are close to the induced
gaps on the hole-side (Fig. 1(c)). In Fig. 1(b) in partic-
ular, the constant energy surface is still well inside the
MBZ and the ARPES momentum distribution is simi-
lar to the circular constant-energy surface of monolayer
graphene26,31,32 shown in Appendix A. At a lower en-
ergy illustrated in Fig. 1(c), Bragg scattering by moiré
reciprocal lattice vectors thoroughly mixes isolated layer
momentum eigenstates and this is reflected in the mo-
mentum distribution functions. The avoided crossings
that are apparent in Fig. 1(c) are sometimes referred to
as secondary Dirac cones.73–79 When the two layers are
not accurately aligned, as in the θ = 2◦ case illustrated
in Fig. 1(d), the unperturbed energy at the MBZ bound-
ary is large, increasing the range of energy over which
the ARPES momentum distribution is not strongly al-
tered by hBN. This result agrees with previous ARPES
observations.48
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FIG. 1. (a) Moiré band structure of G/hBN with twist angle
θ = 0◦, calculated using the ab initio relaxed first harmonic
parameters from Ref.58. (b-d) Constant-energy ARPES mo-
mentum distributions near BZ corner K+ calculated using
Eq. (3) in which a factor related to photon polarization is
dropped. (b) θ = 0◦ at energy E = −100 meV, where hBN
substrate has little effect on the energy bands; (c) θ = 0◦

at energy E = −250 meV, where the hBN substrate has a
large effect on the energy bands of graphene; (d) θ = 2◦ at
E = −550meV. hBN’s effect is negligible when the graphene
and hBN layers are away from alignment. (e-f) Constant-
energy ARPES momentum distributions calculated for y-
polarized light using Eq. (4). The x-polarized light yields
ARPES contours identical to those calculated in (c-d) using
Eq. (3). Photons with y-polarization rotate the anisotropy
by π compared to photons with x-polarization. In (b-f), the
hexagon is the MBZ.

The momentum distribution functions in Fig. 1
are anisotropic as a function of momentum direc-
tion. These dark corridor32 anisotropies are well known
from previous ARPES studies of epitaxial graphene
systems27,31,32,64,65,69,80,81 and result from interference
between photoemissions from two honeycomb sublat-
tices. The ARPES intensity anisotropy also has a
photon-polarization dependence31,32,82,83 that is ignored
when Eq. (3) is used for the momentum distribution func-
tion, highlighted in Figs. 1(e-f) which illustrate momen-
tum distributions calculated for the case of y-polarized
light using Eq. (4). For momenta near K+, the ARPES
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momentum distribution contour with x-polarized light
calculated using Eq. (4) is identical to the result obtained
using Eq. (3) and shown in Fig. 1(b-d). This is a con-
sequence of the Dirac Hamiltonian property: ∇kH0 =
~vF(σx, σy). The same observation applies for the TBG
model discussed in section IV, in which interlayer tun-
neling is momentum independent. The constant-energy
ARPES anisotropies of G/hBN using x- and y-polarized
light are analogous to the monolayer graphene case shown
in Appendix A, where in both cases photons with y-
polarization rotate the anisotropy by π compared to pho-
tons with x-polarization. The photon-polarization de-
pendent ARPES measurements have been implemented
to determine the signs of intralayer and interlayer tun-
neling parameters in monolayer graphene and Bernal-
stacked bilayer graphene,31 as described in Appendix B.

This anisotropy of graphene sheet ARPES can be used
to measure one of the key parameters of G/hBN sys-
tems, the mass parameter m0, as illustrated in Fig. 2.
The mass parameter characterizes the strength of sub-
lattice symmetry breaking84 in graphene and plays a
key role in the appearance of the quantized anoma-
lous Hall effect.11,12,85–95 It has contributions both
from single-particle physics and from interacting self-
energies, and in the latter case can be spin/valley-flavor
dependent.14,15,57–59 It influences the photoemission by
concentrating the quasiparticle states more on one sub-
lattice, thereby weakening sublattice interference and the
resulting anisotropy of the APRES signal. When a mass
term m0 is added to the isolated layer Dirac Hamiltonian,
the eigenvector becomes

Ψξ(q) ∝

(
e−iξθq/2(

− m0

vFq
+ s
√

1 +
m2

0

v2Fq
2

)
eiξθq/2

)
, (6)

where q is momentum measured from the Dirac point,
and s = +1(−1) denotes conduction(valence) band. Near
K+, the ARPES signal is the square of the sum of
the sublattice components of the quasiparticle wavefunc-
tions. As shown in Fig. 2, the anisotropy is noticeably
weaker for m0 = 10 meV (Fig. 2(b)) than for m0 = 3.62
meV58 (Fig. 2(a)). By comparing the contrast ratio be-
tween the weakest and strongest photoemission intensity
on the Fermi contour, it should be possible to measure
this key parameter.

ARPES momentum distribution functions are influ-
enced both by all details of the single-particle Hamil-
tonian and by electron-electron interaction effects. Com-
paring ARPES spectra with theoretical model calcula-
tions like those illustrated in Fig. 1(b-f) sheds light on
both single-particle and interaction corrections, although

they might be difficult to separate. In the case of G/hBN
heterojunctions, the questions that ARPES can answer
are mostly quantitative in character. We therefore turn
now to the case in which ARPES has the greatest poten-
tial to answer key qualitative questions, namely the case
of TBG heterojunctions, especially close to the magic
twist angles.
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FIG. 2. Constant-energy ARPES maps of 0◦-twist G/hBN
(a) at E = −20 meV for m0 = 0 meV; (b) at E = −23 meV
for m0 = 10 meV, which produces a band gap ∆gap ∼ 23
meV at charge neutrality. The mass parameter m0 weakens
the anisotropy.

IV. GRAPHENE ON GRAPHENE

Bilayer graphene moiré superlattices are formed by a
relative twist between different graphene sheets. For our
TBG calculations, we assume the second layer is twisted
clockwise by θ with respect to the first layer. The ARPES
momentum distribution function calculations in this sec-
tion are based on a low-energy continuum moiré Hamilto-
nian of small-twist-angle TBG.6 ARPES measurements
have the potential to validate and refine these models,
and to identify important interaction effects. By diago-
nalizing the continuum model Hamiltonian the miniband
Bloch wavefunctions can be expanded in the form

|ξ, n,k〉 =
∑
l,α,g

ψξnlαg(k)|k + g, lα〉

=
1√
N

∑
l,α,g,R1

ψξnlαg(k)ei(k+g)·(Rl+τ lα)|Rl, α〉,

(7)

where l = 1, 2 label layers and α =A,B label sublattices.
The coordinates of carbon atoms in two layers are related
by R2 = R−θ(R1 − τ ) + d, τ 2α = R−θτ 1α, and R is
the rotation operator. As in the single active layer case,
we employ a free electron final state approximation and
ignore photon polarization effects to obtain the following
expression for the photoemission transition amplitudes:

〈p|ξ, n,k〉 ∝ φ(p)
∑
α,g

[
ψξn1αg(k)δp‖,k+g+G1e

−iG1·τ1αe−ipzz1 + ψξn2αg(k)δp‖,k+g+G2e
−i[G1·(τ1α−τ )+G2·d]e−ipzz2

]
, (8)
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FIG. 3. Constant-energy ARPES momentum distribution of
1.2◦-TBG with vF = 106 m/s at energy E = −60 meV (a)
without interlayer tunneling and (b) with interlayer tunneling
strength w = 40 meV. (The experimental tunneling strength
is thought to be close to w ∼ 110 meV. Since the contin-
uum model moiré bands depend only on the ratio of w to the
twist angle, these results also apply to TBG with a realis-
tic interlayer tunneling amplitude at a twist angle ∼ 3◦ after
rescaling of momentum measured from the Dirac point.) As
the interlayer tunneling is turned on, the ARPES signal be-
gins to reflect the altered wavefunctions and dispersions of the
moiré minibands. Band flattening leads to more rapid depen-
dence of the momentum distribution function on energy. (c-d)
corresponds to (a-b) respectively using y-polarized light.

Here G1 is a reciprocal lattice vector of the first layer
and G2 = R−θG1 is the corresponding reciprocal lattice
vector of the second layer. We take z1 = d/2 and z2 =
−d/2, where d = 0.34 nm is the adjacent layer distance.

For initial AB-stacking, τ = τ 1B = (0, a/
√

3).

Taking photon polarization effects into account, the
ARPES intensity is the same as in Eq. (4) with the free-
electron final state projected to the Bloch state basis:

|p〉 =φ∗(p)
∑
α,g

[
δp‖,k+g+G1e

iG1·τ1αeipzd/2|k + g, 1α〉

+ δp‖,k+g+G2
ei[G1·(τ1α−τ )+G2·d]e−ipzd/2|k + g, 2α〉

]
.

(9)

Each photoelectron momentum p picks a specific val-
ley ξ, a reciprocal lattice vector G1 and a moiré recip-
rocal lattice vector g to map k into the first MBZ. The
ARPES contour becomes complex, depending on τ and
d, for G2 = R−θG1 6= 0. We therefore focus only on pho-
toelectron momenta p near K+ = (4π/3a, 0), the most
intense signal comes from G1 = G1

′ = G′2 = 0. Thus,

the ARPES intensity is proportional to

I(p, E) ∝
∑
n,k

∣∣∣∑
α,g

δp‖,k+g

(
ψ+
n1αg(k)e−ipzd/2

+ψ+
n2αg(k)eipzd/2

)∣∣∣2δ(E − ε+nk).

(10)

Interlayer interference becomes important for large
photon energies because pzd is not negligible, which is
the case we are considering in order to employ the free-
electron final state approximation. For a 100 eV photon,
the out-of-plane momentum of the photoelectron emitted
near the BZ corner is pz ∼ 5 Å−1. The ARPES inten-
sity I(p, E) depends periodically on pz and thereby on
photon energy, in analogy to the bilayer graphene case
illuminated in Appendix B. We will ignore the photon-
energy dependence of ARPES intensity calculations in
the remaining part of the paper.

The principle elements of the TBG photoemission sig-
nal near valley K+ are illustrated in Fig. 3. When the two
graphene layers are artificially decoupled, the individual
layer Dirac cones are displaced in momentum space and
centered on the displaced BZ corners, κ = Rθ/2K+ and
κ′ = R−θ/2K+, of two layers. As shown in Fig. 3(a),
two Dirac cones appear at κ, which is the first layer
Dirac point, and at κ′, which is the second layer Dirac
point. As illustrated in Fig. 3(b), when interlayer tun-
neling w is turned on the circular constant energy sur-
faces of the decoupled layers are distorted, and replicas
displaced by moiré reciprocal lattice vectors appear that
have different matrix elements. The interlayer tunneling
strength w = 40 meV chosen in Fig. 3(b) corresponds to
the moderate coupling strength present above the first
magic twist angle. All TBG calculations in this paper
take the Fermi velocity to be vF = 106 m/s. The appro-
priate value of w, including its many-body renormaliza-
tion, plays a key role in TBG electronic properties. These
figures show that if the twist angle is known, a numeri-
cal value of w can be estimated from ARPES momentum
distribution functions.

The anisotropies of the ARPES momentum distribu-
tion functions around κ and κ′ in Fig. 3(a-b) can be
understood in terms of interference of patterns sourced
from two sublattices in each layer:

Il(p) ∝ cos2
(
− p · (τ lB − τ lA)

2
+
ξ

2
(θlq−θl)+

π(1− s)
4

)
.

(11)
The pattern is analogous to the monolayer graphene case
illustrated in Appendix A, except that two graphene lay-
ers here have a relative twist. θlq is the angle of momen-
tum q measured from the Dirac point of layer l, θl is
the twist angle of layer l (θ1 = θ/2, θ2 = −θ/2). In the
first layer for example, τ 1A = (0, 0), τ 1B = Rθ/2τB =

ei(π+θ)/2a/
√

3 and p = K+
1 + q. Then

p · (τ 1B − τ 1A) = (K+
1 + q) · τ 1B = q · τ 1B. (12)

Thus for the valence band in valley +: ξ = 1, s = −1, and
the minimum of intensity occurs when θq−θ/2−q·τ 1B =
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FIG. 4. Band structures and constant-energy ARPES momentum distributions for 1.05◦-TBG with tunneling ratio α =
wAA/wAB = 0.8, and tunneling strength w = wAB. The momentum space maps are calculated at the energy near the top of
the remote valence bands specified by the blue dashed line in the band structure plots. (a) Tunneling strength w = 100 meV,
(b) w = 110 meV, (c) w = 120 meV.

0:

θq −
θ

2
=

qa√
3

sin(θq −
θ

2
). (13)

Equation (13) has the solution θq = θ/2 if q � |G|.
The anisotropy of photoemission discussed above for the
monolayer case is reoriented by the graphene layer twists,
providing a handle to measure twist angles from ARPES
spectra.

The ARPES momentum distributions with y-polarized
light corresponding to Fig. 3(a-b) are shown in Fig. 3(c-
d). Comparing Figs. 3(a) and 3(c), the photon-
polarization dependent anisotropy as a result of the in-
terference between intralayer sublattices bears resem-
blance to that of monolayer graphene (Appendix A). In
addition, comparing Figs. 3(b) and 3(d), we see that
the interference between interlayer sublattices rotates in
the y-polarization case and shifts the overall minibands
anisotropies.

At the first magic twist angle, interlayer tunneling
dominates the physics. The ARPES signal at energies

in the flat bands is discussed at length in the follow-
ing section, but there is a strong influence not only on
the flat bands but also on the remote bands, whose
quasiparticles wavefunctions have non-trivial momentum
space structure manifested by complex momentum dis-
tribution functions like those illustrated in Fig. 4. This
figure highlights the dependence on an important phe-
nomenological parameter often used in continuum mod-
els of TBG, the ratio of the interlayer tunneling am-
plitude between π-orbitals on the same sublattice wAA

to the tunneling amplitude between π-orbitals on dif-
ferent sublattices wAB. These amplitudes are equal by
symmetry when strain relaxation of the twisted bilay-
ers is neglected,6 and important strain features can be
captured96–100 by letting wAA be smaller than wAB. The
correction accounts partially101,102 for strain and corru-
gation effects, neglected in simple bilayer models. The
ratio α = wAA/wAB is used as a parameter in the calcu-
lations below. Tight-binding model estimates97 suggest
that α ≈ 0.8, but this estimate should be checked experi-
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FIG. 5. Band structures and constant-energy ARPES momentum distributions of 1.05◦-TBG with tunneling ratio α =
wAA/wAB = 1, and tunneling strength w = wAB. The momentum distribution functions were evaluated at energy levels
indicated by the blue dashed lines in the band structures. (a) Tunneling strength w = 100 meV, (b) w = 110 meV, (c) w = 120
meV.

mentally. α might also be altered by electron-electron in-
teraction effects. Figures 4,5 compare band structures of
1.05◦-TBG, and momentum distribution functions calcu-
lated at energy levels away from flat interval for different
tunneling strengths w = wAB and for tunneling ratios
α = 0.8 (Fig. 4) and α = 1 (Fig. 5). The energies at
which the momentum distributions are calculated are in-
dicated in the band structure plots by blue dashed lines.
As in the G/hBN74,103,104 case, there are secondary Dirac
cones at the moiré γ point indicated in Fig. 4 at which
isolated layer bands are degenerate. We see in Fig. 5
that the signature of the secondary Dirac cones becomes
less prominent as α → 1, providing a handle to choose
the best values of this parameter. The proximity of the
magic twist angle, which depends on the product of θ and
w, can also be detected by examining the remote bands,
as illustrated in Figs. 4,5.

Theory14,105–107 and scanning probe
experiments108–111 suggest that broken C3 rotational
symmetry is common when the Fermi level is in the
middle of the flat bands of MATBG or when the strain

induced by substrate is considered. The constant energy
maps in Fig. 4 and Fig. 5 retain C3 rotational symmetry,
but because of matrix element effects the intensity does
not. By using the polarized light, described in Appendix
A and Eq. (4), the full shape of constant-energy ARPES
contours can be seen as shown in Figs 4,5.

V. VAN HOVE SINGULARITIES

So far we have discussed momentum distribution func-
tions measured at energies outside the flat bands. The
most powerful experimental information will come from
measurements within partially occupied flat bands, al-
though these will also require the most precise energy
resolution. The dispersion that remains within the flat
bands near the magic angle, where they attain their min-
imum width, is very sensitive to details of the single-
particle band structure calculations, including especially
filling-factor dependent band renormalizations108–112 due
to mean-field Hartree and exchange interactions.13–15,113
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FIG. 6. (a) Band structures of 2◦-TBG with tunneling ratio α = 0 (red), α = 0.5 (blue) and α = 1 (yellow). The colored
dashed lines mark the corresponding valence band VHS energies. (b-d) Constant-energy ARPES maps of 2◦-TBG with α = 0.8
for three energy levels near the valence band VHS. (b) At 2 meV above the valence band VHS, (c) at the valence band VHS
energy, (d) at 2 meV below the valence band VHS. (e-g) Constant-energy ARPES maps of 2◦-TBG at the valence band VHS
for different tunneling ratios. (e) α = 0, (f) α = 0.5, (g) α = 1.0. The VHSs are always on the γ − µ high symmetry lines
and strong lattice relaxation (small α) moves the VHS towards the µ points of the MBZ. When α = 0, VHSs are exactly on µ
points. All of these calculations were performed with tunneling strength w = 110 meV.

It is also known that the flat band spectrum is very sen-
sitive to the strain parameter α. Below we calculate for
reference ARPES momentum distribution functions at
selected energies within the flat bands when the interac-
tion effects are neglected. These calculations are most
likely to be relevant when the bilayer is surrounded by
nearby conducting layers, for example gate layers, that
screen Coulomb interactions strongly.

When interactions are neglected the most prominent
feature of the flat bands are the van Hove singular-
ities (VHSs) that occur at Lifshitz phase transition
energies,114 which in the past have been studied mainly
outside of the flat-band regime. When they are weak
compared to the flat band width, the influence of in-
teractions is prominent only for Fermi energies close to
VHSs where they can lead to competing broken symme-
try states.115–123 Tuning the Fermi level across a VHS,
generally leads to a change in Fermi surface topology.
The band filling factors at which VHSs occur in MATBG
are strongly sensitive to band structure details that are
not always accurately known, and could be identified
by performing gate-voltage dependent ARPES measure-
ments. For example, the continuum model band struc-
tures in Fig. 6(a), calculated at θ = 2◦ and α = 0, 0.5 and
1, have valence band van Hove singularities at energies
marked by dashed lines. At this twist angle there are
three VHSs along the γ−µ lines in the MBZ. Because of
the change in constant-energy surface topology from γ-
centered electron pockets at energies below the VHS to κ-
and κ′-centered hole pockets above the VHS, ARPES mo-
mentum distribution functions can distinguish whether

a constant energy surface is below or above the VHS
energy, as illustrated in Fig. 6(b-d). When α = 0,
i.e. the interlayer tunnelling between the same sublat-
tice wAA = 0, the VHS is exactly at the µ point. As α
increases, the VHS position moves away from the µ point
along the γ − µ lines as illustrated in Fig. 6(e-g).

At smaller twist angle near the magic angle regime, for
example 1.1◦, the flat band energy scales are reduced,
as shown in Fig. 7(a), but the valence band constant
energy surface topology, as shown in Fig. 7(d-f), remains
similar as larger twist angles. Near the magic angle, each
VHS on the γ − µ line splits into two VHSs.113,124 In
Fig. 7(b,c,e), we fix twist angle to be 1.1◦ while tuning the
tunneling strength w. Increasing w plays the same role
as decreasing twist angle in the low-energy continuum
model. In Fig. 7(e), the VHSs start to split.

VI. DISCUSSION

In this paper we have analyzed how valence band
ARPES momentum distribution functions depend on
graphene moiré superlattice band Hamiltonians. For
G/hBN the critical parameter is the value of the mass
parameter m0 which expresses the degree to which in-
version symmetry in the graphene sheet is violated by
interaction with the substrate. We point out that m0

parameter, thought to be key to the quantum anomalous
Hall effect, can be extracted from measurements of the
anisotropy of the momentum space distribution maps at
energies close to the charge neutrality. Since momentum-
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FIG. 7. (a) Band structure of 1.1◦-TBG with α = 0.8 and three different tunneling strengths w = 90 meV(yellow), w = 100
meV(blue) and w = 110 meV(red). The colored dashed lines mark the corresponding valence band VHSs, which are not on the
κ − κ′ line. (b,c,e) Constant-energy maps momentum distribution functions at the valence band VHS energies for 1.1◦-TBG
with α = 0.8. (b) w = 90 meV, (c) w = 100 meV and (e) w = 110 meV. (d-f) Constant-energy maps near the valence band
VHS of 1.1◦-TBG with α = 0.8 and w = 110 meV. The momentum distribution functions (d) at 1 meV above the valence band
VHS, (e) at the valence band VHS, (f) and at 1 meV below the valence band VHS illustrates how the constant energy surface
topology changes.

space anisotropy decreases when m0 is larger than the
conduction-valence band splitting at m0 = 0 (see Fig. 2),
finer momentum-space resolution will be needed to iden-
tify smaller values of m0. The reduced anisotropy is due
to weaker interference between honeycomb sublattices
with increasingm0. For TBG moiré superlattices, the im-
portant strain-dependent parameter α that characterizes
the ratio of intra-sublattice to inter-sublattice tunneling
between layers is available from measurements deep in
the valence band, which do not require exceptional en-
ergy resolution. For this reason we expect that nano-
ARPES performed on moiré superlattice samples, which
are typically less than 100 µm in size, can provide im-
portant information about moiré superlattice electronic
structure, and guide us toward accurate parameter values
for low-energy model even before extreme energy resolu-
tion is achieved.

That said, the full potential impact of ARPES in un-
derstanding MATBG will be realized only if sufficient
energy resolution can be achieved in momentum-resolved
spectra taken with partially occupied flat bands. Exist-
ing results from STM108–112 suggest that useful results
will require an energy resolution scale that is small, per-
haps very small, compared to the ∼ 40 meV width the
flat bands broaden to when partially occupied. Key ques-
tions that need to be answered, and can potentially be an-
swered by ARPES, include the following: i) Is the valence
band minimum at γ as it is in single-particle theory, or
elsewhere in the MBZ; ii) Are large Fermi surface recon-
structions associated with broken spin and/or valley sym-

metries at both integer and fractional moiré band fillings
as suggested by weak-field Hall transport measurements?
iii) Do the broken spin and/or valley symmetries thought
to be necessary for interaction-induced insulating states
persist to non-integer band filling factors, including those
where superconductivity is observed? iv) Finally, are
there well-defined Fermi surfaces at metallic filling fac-
tors with large quasiparticle normalization factors, and
if so, what is their shape. The history of progress in
advancing ARPES techniques over recent decades sug-
gests that we be optimistic about their application to
graphene-based moiré superlattices.
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Appendix A: ARPES in monolayer graphene

Accurate calculations of photoemission matrix ele-
ments are often challenging. In the free-electron fi-
nal state approximation, the photoemission process pro-
motes an electron with crystal momentum k from the a
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Bloch state of the target material to a free-space state
with momentum p. The ejected electron is called a pho-
toelectron. In a π-orbital tight-binding model, the initial
state of this photoemission process is a Bloch state with
π-orbital amplitudes on both sublattices of monolayer
graphene’s 2D honeycomb lattices. Using a k ·p descrip-
tion of low energy states in the graphene sheet’s π-band,
the initial Bloch state’s are labelled by valley ξ = ± and
band n = c (conduction) or v (valence):

|ξ, n,k〉 =
∑

α=A,B

ψξnα(k)|k, α〉, (A1)

where k is the full momentum measured from the Bril-
louin zone (BZ) center Γ. The transition amplitude to
the final free-particle state is

〈p|ξ, n,k〉 =
1√
N

∑
R,α

ψξnα(k)ei(k−p‖)·(R+τα)φ(p), (A2)

where φ(p) =
∫
d3re−ip·(r−R−τα)φ(r − R − τα) is the

Fourier transform of atomic π-orbital on sublattice α at
lattice vector R and p‖ is the in-plane projection of 3D
momentum p. Dropping factors that depend on the pho-
ton polarization and measuring energy relative to a con-
venient zero, it follows that the ARPES intensity

I(p, E) ∝
∑
ξ,n,k

∣∣〈p|ξ, n,k〉∣∣2δ(E − εξnk) ∝
∣∣φ(p)

∣∣2 ∑
ξ,n,k

∣∣∣∑
α

ψξnα(k)δp‖,k+Ge
−iG·τα

∣∣∣2δ(E − εξnk), (A3)
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FIG. 8. Constant-energy ARPES maps of monolayer
graphene, ignoring photon’s polarization effects, at (a) E =
−120 meV near K+; (b) E = −1200 meV for photoelec-
tron momentum p in the range of the first BZ (hexagon).
Constant-energy ARPES maps of monolayer graphene at E =
−1200 meV using (c) x-polarized light and (d) y-polarized
light.

where G is a reciprocal lattice vector of graphene. For
each photoelectron momentum p, the most intense signal
comes from the closest extended-zone valley. The pho-
toemission process picks a specific valley and a specific
G to map k into the first BZ.

Constant-energy photoemission maps at E = −120
meV and E = −1200meV are shown in Figs. 8(a-b) for
p‖ near K+ = (4π/3a, 0) (a) and over the full first BZ
(b). The anisotropy of ARPES signal in Fig. 8 can be
understood as a two-source interference pattern from two
sublattices,69

I(p) ∝ cos2
(
−
p‖ · (τB − τA)

2
+
ξθq
2

+
π(1− n)

4

)
, (A4)

n = +1(−1) denotes conduction(valence) band. τA =

(0, 0), τB = (0, a/
√

3). θq is the angle of wave vector q
measured from BZ corners.

The anisotropy is also reflected by directly substituting
eigenvectors of the Dirac Hamiltonian in Eq.(A3):

ψξs(q) =
1√
2

(
e−iξθq/2

neiξθq/2

)
, (A5)

to obtain

I(p) ∝
∣∣∣e−iξθq/2eiG·(τB−τA)/2 + neiξθq/2e−iG·(τB−τA)/2

∣∣∣2δp‖,q+Kξ+G

∝ cos2
(−G · (τB − τA)

2
+
ξθq
2

+
π(1− n)

4

)
δp‖,q+Kξ+G

(A6)

When the photon’s polarization A is explicitly taken
into account, the ARPES intensity is proportional to

|〈p|A · v̂|ξ, n,k〉|2, where v̂ = ∇kH
70 is the velocity op-

erator and |p〉 is the free-electron final state projected to
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the Bloch state basis

|p〉 =
∑
k,α

|k, α〉〈k, α|p〉

=
∑
k,α

δp‖,k+Ge
iG·ταφ∗(p)|k, α〉

(A7)

Specifically, the constant-energy ARPES intensity is

I(p, E) ∝
∑
ξ,n,k

∣∣〈p|A · v̂|ξ, n,k〉∣∣2δ(E − εξnk) =
∑
ξ,n,k

∣∣A · 〈p|∇kH|ξ, n,k〉
∣∣2δ(E − εξnk) (A8)

Fig. 8(c-d) plot the constant-energy ARPES sig-
nals using x- and y-polarized light respectively. The

anisotropies can be understood by substituting ∇kH ∝
(ξσx, σy) in Eq. (A8), which gives

Ix-pol(p) ∝ cos2
(G · (τB − τA)

2
+
ξθq
2

+
π(1− n)

4

)
δp‖,q+Kξ+G

Iy-pol(p) ∝ cos2
(G · (τB − τA)

2
+
ξθq
2

+
π(1 + n)

4

)
δp‖,q+Kξ+G

(A9)

Appendix B: ARPES in bilayer graphene

We comment here on the importance of reaching a con-
sensus on the signs of hopping amplitudes in graphene
multilayers. For Bernal-stacked bilayer graphene, mul-
tiple studies adopted interlayer hoppings with wrong
signs69,125–134 in the π-orbital tight-binding model. As
Ref.135 clarified, not only the magnitudes but also the

signs of hopping parameters play a crucial role in elec-
tronic properties. We will show that the signs of in-
tralayer and interlayer hoppings can be identified by care-
ful ARPES measurements.

Using the four-component spinor basis, Ψk =
(c1A, c1B, c2A, c2B)T , with layer (1, 2) and sublattice (A,B)
degrees of freedom, the Hamiltonian of Bernal-stacked bi-
layer graphene is

H(k) =

 ε1A t0f(k) t4f(k) t3f
∗(k)

t0f
∗(k) ε1B t1 t4f(k)

t4f
∗(k) t1 ε2A t0f(k)

t3f(k) t4f
∗(k) t0f

∗(k) ε2B

 , (B1)

where

f(k) =

3∑
j=1

eik·δj , (B2)

δj is the position of B sublattice relative to A sublattice.
t0 is the intralayer nearest-neighbor (NN) hopping pa-
rameter, t1 is the interlayer hopping between dimer sites
and t3 and t4 are interlayer next-nearest-neighbor (NNN)
hopping parameters between non-dimer sites:

t0 = 〈R1A|H|R1B〉 = 〈R2A|H|R2B〉
t1 = 〈R1B|H|R2A〉
t3 = 〈R1A|H|R2B〉
t4 = 〈R1A|H|R2A〉 = 〈R1B|H|R2B〉

(B3)

|Rα〉 is localized Wannier orbitals. t0 is related to the

Fermi velocity by vF =
√

3a|t0|/2~, t1 and t3 determine
the amplitude and orientation of trigonal warping and t4
introduces particle-hole asymmetry.

Ref.135 ascertained that, using the maximally local-
ized Wannier wave function method, t0 is negative and
t1, t3 and t4 are positive. The negative sign of t0 and
positive sign of t1 have been testified by polarization-
dependent ARPES measurements in Ref.31.

The signs of t3 and t4 can also be determined by
photon-polarization-dependent ARPES using Eq. (A8).
Figure 9 show constant-energy ARPES contours near val-
ley K+ = (4π/3a, 0), using x-polarized31 beam, for dif-
ferent signs of t3 and t4 at various energies. For positive
t3 (Fig. 9(Ia-Ie,IIIa-IIIe)), the trigonal warping orienta-
tions of the highest valence band and lowest conduction
band are inverted as the Fermi level is tuned away from
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the charge neutrality, while the trigonal warping orienta-
tions of the lowest valence band and highest conduction
band stay the same. For negative t3 (Fig. 9(IIa-IIe)),
the trigonal warping orientations of the highest valence
band and lowest conduction band stay invariant as tuning
the Fermi level, and the trigonal warpings of the lowest
valence band and highest conduction band are less ev-
ident. The opposite sign of t4 interchanges conduction
and valence bands, as shown in the band structure in
Fig. 10. Two conduction bands intersect for positive t4
and two valence bands intersect for negative t4. Figure 11
show constant-energy ARPES contours with y-polarized
light. By comparing Fig. 9 and Fig. 11 with ARPES
experiments,23,31 it is inferred that t0 < 0, t1 > 0, t3 > 0
and t4 > 0. This result can also be found in recent scan-

ning tunnelling microscopy experiment.136

With the correct hopping signs discussed above, Fig. 12
shows constant-energy ARPES momentum distributions
near the first BZ (Fig. 12 (Ia-Ic)) and zoom-in figures
near valley K+ (Fig. 12 (IIa-IIc)). Figures in columns
a,b and c are calculated ignoring photon polarization,
and with x-polarized light and with y-polarized light
respectively. In multilayer systems, including the bi-
layer graphene we are discussing here and the TBG in
section IV and V in the main text, interference be-
tween orbitals in different layers results in photon-energy-
dependent ARPES signal. Interlayer interference be-
comes important when the photon energy is large enough
that pzd ∼ 1, where d is the adjacent layer distance
and pz is the z-component of photoelectron momentum.
With this consideration, the ARPES intensity becomes

I(p, E) ∝
∣∣φ(p)

∣∣2∑
n,k

∣∣∣∑
α

ψnα(k)δp‖,ke
−ipz ẑ·τα

∣∣∣2δ(E − εnk), (B4)

ψnα(k) is the eigenvector of Hamiltonian Eq. (B1) and
α represents layer and sublattice indices. In accordance
with Hamiltonian Eq. (B1),

τ 1A = (0, 0,
d

2
), τ 1B = (0,

a√
3
,
d

2
),

τ 2A = (0,
a√
3
,−d

2
), τ 2B = (0,

2a√
3
,−d

2
).

(B5)

pz is related to photoelectron’s kinetic energy Ekin by

~2

2m
(p2‖ + p2z) = Ekin = ~ω + E − φ, (B6)

where ~ω is photon energy, E is the initial Bloch state
energy measured relative to the Fermi energy and φ is
the work function. For large enough photon’s energy ~ω,

pz ≈
√

2m~ω
~2

− p2‖ (B7)

Fixed py = 0, Fig. 12(IIIa-IIIc) show ARPES intensi-
ties near the BZ corner K+ as a function of pz and px.
Photon’s energy ranges from 20 to 210 eV in Fig. 12(IIIa-
IIIc).
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M. Mucha-Kruczyński, and S. Adam, Phys. Rev. B 96,
085442 (2017).

59 J. Jung, A. M. DaSilva, A. H. MacDonald, and S. Adam,
Nature Communications 6, 6308 EP (2015).

60 V. N. Strocov, M. Shi, M. Kobayashi, C. Monney,
X. Wang, J. Krempasky, T. Schmitt, L. Patthey,
H. Berger, and P. Blaha, Phys. Rev. Lett. 109, 086401
(2012).

61 A. Damascelli, Physica Scripta T109, 61 (2004).
62 P. Puschnig, S. Berkebile, A. J. Fleming, G. Koller,

K. Emtsev, T. Seyller, J. D. Riley, C. Ambrosch-Draxl,
F. P. Netzer, and M. G. Ramsey, Science 326, 702 (2009).

63 K. Medjanik, O. Fedchenko, S. Chernov, D. Kutnyakhov,
M. Ellguth, A. Oelsner, B. Schnhense, T. R. F. Peixoto,
P. Lutz, C. H. Min, F. Reinert, S. Dster, Y. Acremann,
J. Viefhaus, W. Wurth, H. J. Elmers, and G. Schnhense,
Nature Materials 16, 615 (2017).

64 P. Puschnig and D. Lftner, Journal of Electron Spec-
troscopy and Related Phenomena 200, 193 (2015), spe-
cial Anniversary Issue: Volume 200.

65 E. L. Shirley, L. J. Terminello, A. Santoni, and F. J.
Himpsel, Phys. Rev. B 51, 13614 (1995).

66 P. Ayria, A. R. T. Nugraha, E. H. Hasdeo, T. R. Czank,

S.-i. Tanaka, and R. Saito, Phys. Rev. B 92, 195148
(2015).

67 N. Barrett, E. E. Krasovskii, J.-M. Themlin, and V. N.
Strocov, Phys. Rev. B 71, 035427 (2005).

68 V. N. Strocov, E. E. Krasovskii, W. Schattke, N. Barrett,
H. Berger, D. Schrupp, and R. Claessen, Phys. Rev. B
74, 195125 (2006).
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