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The critical properties characterizing the formation of the Floquet time crystal in the prethermal
phase are investigated analytically in the periodically driven O(N) model. In particular, we focus
on the critical line separating the trivial phase with period synchronized dynamics and absence of
long-range spatial order from the non-trivial phase where long-range spatial order is accompanied
by period-doubling dynamics. In the vicinity of the critical line, with a combination of dimensional
expansion and exact solution for N — oo, we determine the exponent v that characterizes the
divergence of the spatial correlation length of the equal-time correlation functions, the exponent 3
characterizing the growth of the amplitude of the order-parameter, as well as the initial-slip exponent
0 of the aging dynamics when a quench is performed from deep in the trivial phase to the critical
line. The exponents v, 3,0 are found to be identical to those in the absence of the drive. In addition,
the functional form of the aging is found to depend on whether the system is probed at times that
are small or large compared to the drive period. The spatial structure of the two-point correlation
functions, obtained as a linear response to a perturbing potential in the vicinity of the critical line,
is found to show algebraic decays that are longer ranged than in the absence of a drive, and besides
being period-doubled, are also found to oscillate in space at the wave-vector w/(2v), v being the
velocity of the quasiparticles, and w being the drive frequency.

I. INTRODUCTION

Floquet time crystals (FTCs) are systems that show
spontaneous breaking of discrete time-translation sym-
metry (TTS), accompanied by the breaking of another
internal symmetry of the system such as an Ising sym-
metry [1-3]. Simply broken Ising symmetry would imply
the well known transition from a paramagnetic to a fer-
romagnetic Ising phase [4]. However, the appearance of
broken TTS adds a new flavor to this problem. Thus
natural questions that arise are: Is there any universal-
ity associated with the transition from a trivial phase
where there is no long-range Ising order, and the dynam-
ics is synchronized with the drive, to a FTC phase? And
if yes, what are the critical exponents of the transition?
Are they related to those encountered at the Ising tran-
sition in the absence of drive, or are they different? This
question is particularly relevant due to the numerous mi-
croscopically different experimental platforms that have
realized this phenomenon [5-10].

Some of these questions have been addressed in spa-
tial dimension d = 1 (1d) [11-13]. In particular, in
the presence of disorder, the system can become many-
body-localized in 1d making the FTC, also known as
the discrete time crystal, stable even at long times [3].
For a many-body-localized Floquet Ising chain, it was
shown that the critical behavior near the FTC criti-
cal point belongs to the infinite randomness universality
class [11, 12, 14]. Thus, although driven, the underlying
critical behavior could be related to an undriven prob-
lem, namely that of a static Ising model with disorder
[15-20].

In the absence of disorder, the critical point associated

with the FTC of free fermion Floquet chains, in which
exactly one band is occupied, and the others empty, was
shown to exhibit a central charge, which was extracted
from the scaling of the entanglement entropy [12, 13]. As
in equilibrium, this central charge counts the number of
Fermi points appearing at the critical point. With driv-
ing, however, new Fermi-points can appear at the Flo-
quet zone boundaries, and the central charge for Floquet
chains was found to keep track of these additional Fermi
points [13].

The nature of the transition from a trivial phase to a
FTC phase is also a very interesting question for period-
ically driven Hamiltonian systems coupled to a reservoir,
where the external dissipation and noise makes the dy-
namics effectively classical. For the particular case of the
1d driven-dissipative model studied in Ref. 21, the tran-
sition was mapped to the locked-to-sliding transition of
a d.c.-driven charge density wave.

The question of universality of the FTC critical point
has not been addressed in spatial dimension d > 1, for
driven but otherwise isolated quantum systems. For d >
1, even with disorder, one is more likely to encounter a
prethermal FTC as the fate of many-body-localization
above d = 1 is unknown. The subject of the current
paper is the universality associated with prethermal FTC
phases in d > 2. Since any Floquet system has a time-
independent Floquet Hamiltonian associated with it, it is
expected [22] that its critical properties may have some
relation to those of an undriven model. Generically the
undriven model is not the same as the original one with
the driving switched off. This is because the Floquet
driving affects non-trivially the parameters of the system,
for example, by making the coupling constants more long
ranged. In addition, Floquet driving can also change the



underlying symmetries.

Non-perturbative approaches such as the large-N limit
have proven to be very useful in understanding diverse
systems ranging from impurity models [23-25], Kondo
lattice models [26], and strange metals [27, 28]. In this
paper, we address the question of universality in the con-
text of the transition to a FTC by studying the period-
ically driven O(N) model. In the absence of the drive,
and depending on the value of N, this model is a text-
book example for studying the transition to various bro-
ken symmetry phases both in equilibrium [29, 30], and
out of equilibrium, due to, e.g., a quantum quench [31-
44]. In addition, the model can be exactly solved in the
limit N — oo, providing access to equilibrium and non-
equilibrium collective behaviors and critical properties
beyond perturbation theory [30, 39, 43].

This paper is organized as follows. In Section II we
present the model, outline the setup of the problem,
and summarize the Gaussian results. In Section III we
present the perturbative one-loop calculation and discuss
its effect on the phase diagram and on the correlation
length. In Sections IV and V we determine the exact ex-
pressions of the exponents v and £ in the limit N — oo
and to O(e) where € = 4 — d, d being the spatial dimen-
sion. In Section VI we present results for aging following
a quench, also in the limit N — oo and to O(e). In
Section VII we present results for the spatial structure
of the correlation functions that are obtained as a lin-
ear response to a perturbing potential. We present our
conclusions in Section VIII. Intermediate details of the
calculations are presented in several Appendices.

FIG. 1. Stability phase diagram of the periodically driven
O(N) model in the a-g plane where a = 4(r +k?) /w? and ¢ =
2r1/w?. Compared to the Gaussian approximation reported
in the diagram on the left [45], interactions shift the critical
line from a; &~ 1+ ¢ (black line between regions (2) and (b)
on the left diagram) to a1 ~ 1+ ¢ — 3§4/w2 (yellow line on
the right diagram), for ¢ < 1, where By is defined in Eq. (21)
and given in Eq. (A8) for d = 4.

II. MODEL AND SET-UP

The periodically driven O(N) model we consider is

N ) )
H = z;/ddx2 [(r — 1y cos (W) 7 (x) 4+ (Vey)?
+ 1 (x)] +V, (1)

where ¢; and II; are N-component bosonic fields that
obey the canonical commutation relation

[#(x), I (y)] = 88 (x — y). (2)

V is the interaction term

V= % /d%(é ¢>3>2. (3)

In Eq. (1), w = 27/T is the frequency of the drive with
period T, ry is the drive amplitude, and we also define
the dimensionless drive amplitude

_27‘1

q= (4)

R
In addition, 7 is a detuning parameter which, for negative
values, causes an instability in the free, undriven model
(i.e., with V. = r; = 0). Note that the Hamiltonian
in Eq. (1) has a Zs symmetry under ¢ — —¢ and it
also has a discrete TTS, i.e., H(t +T) = H(t). While
a conventional Ising ferromagnet corresponds to broken
Zo symmetry, we are interested in the FTC phase where
both Zsy and the discrete TTS are spontaneously broken.

For later convenience, we represent the fields O; €
{¢:,11;} in momentum space according to

19) _ A ddk ik.xO 5
’L(X) _/ (27T)d€ i,k ( )
where A is the large-momentum cut-off of the model,
which will be implemented as specified further below.
In the absence of interactions, i.e., within the Gaussian
approximation V = 0, each mode k is independent of the
others and its dynamics is given by the Mathieu equa-
tions [46-48]. The solutions of these equations is charac-
terized by the dimensionless drive amplitude ¢ introduced
in Eq. (4) and another dimensionless quantity

r 4 k2

a=4—7—. (6)

w

The solutions of the Mathieu equation result in the sta-
bility diagram reported in Fig. 1, consisting of allowed
bands (green regions) and band-gaps (red regions). In
the limit of weak drive ¢ — 0, the band edges are deter-
mined by the condition of parametric resonance for the
longest wavelength mode [45], i.e., integer multiples of
the drive frequency w should equal the energy for creat-
ing a pair of excitations at k = 0, i.e., nw = 2/r, where



n is an integer and /7 + k2 is the excitation energy of a
mode of wavelength £ in the undriven system. For generic
values of ¢, the band edges are given by the Mathieu
characteristic values [46-48] ay(¢q) and b, (g), where the
former corresponds to the upper boundaries and the lat-
ter to the lower boundaries of the unstable red regions of
Fig. 1. Note that a,(q — 0) = n? with a1(q) = 4r./w?,
r. being the critical value of r that tunes the system to
the upper edge of the unstable region (b) in Fig. 1.

In the presence of interactions, the phase-diagram of
the model, before the onset of heating (which is con-
trolled by N and A), was discussed in Refs. [45, 49]. In
the g-a plane, it comprises of a trivial phase with no spa-
tial long-range order and no period doubling, separated
by a series of critical lines to either period synchronized
ferromagnetic phases (regions (a) and (c¢) in Fig. 1, for
V = 0), or to period-doubled FTC phases (region (b),
for V = 0). Here we discuss the critical properties in the
vicinity of one of the FTC critical lines (line separating
regions (2) and (b)) which corresponds to the Mathieu
characteristic value a1(q) when V = 0.

With drive, the emerging critical properties of Eq. (1)
was discussed in [45] for V = 0, i.e., within the Gaussian
approximation. It was shown that algebraic behaviors
may appear in two-point correlation functions as a pre-
lude to universality. Here we explore the effect of interac-
tions on them. In particular we combine a perturbative
approach with an exact solution in the limit N — oo,
finding that these algebraic behaviors are robust, that
the associated exponents are indeed universal and that
they turn out to be identical to those which emerge in
the undriven model when tuned to its critical point.

For a weak drive ¢ < 1, and within the Gaussian ap-
proximation, the value r.(¢) of the parameter r corre-
sponding to the critical line is given by r. = (w/2)%a1(q)
with a1(¢) = 1+ ¢ [45], and it is therefore convenient to
introduce the parameter

WA 2
y=r—rexr—(3) (1+q), (7)
which controls the detuning away from criticality.

In our analysis, we consider a quantum quench [50, 51]
in which the initial state is the thermal equilibrium state
of the undriven O(N) model (i.e., 71 = 0) with a positive
initial value rg > 0 of the detuning r from the corre-
sponding critical line. This state is subsequently evolved
under the periodically driven O(N) model in Eq. (1).
We choose the initial value ro > r > 0 so that the initial
state is deep in the paramagnetic phase with short-range
spatial correlations. We also choose ry > u{¢?), where
(¢?) is the average in the initial state. This condition
ensures that interactions hardly modify this initial state.

Central objects in our study are the two-point correla-
tion functions of the ¢ fields, defined by the retarded and
Keldysh Green’s functions [52] Gg and G, respectively,

6lj5k,—inK(k7 2 t/) = <{¢l,k(t)’ ¢j7q(t/)}>7 (8)
310k, ~qiGRr(k, t, ') = 9(t — t'){[P1k(t), 8jq(t)]), (9)

where 9(t) is the step function which is non-vanishing
only for ¢ > 0 and equals one. Above, since we will be
approaching the critical line from the symmetric phase
where all the N components of the order-parameter be-
have equivalently, for notational brevity, we do not in-
dicate the field components which Gk g refer to. The
Green’s functions obtained within the Gaussian approx-
imation will be denoted below by Gy and Ggg.

It is instructive to write the Keldysh path inte-
gral in terms of the N-component classical (¢;.) and
quantum fields (¢;4). In terms of the vectors ¢, =
(D16, P2,y -, PN p) With b € {c,q}, the Keldysh action
S turns out to be

S = Shnitial + /

x,t>0

{ng : d-)c - ﬁgbq : 6¢)c
— [r =71 cos(wt)] g - (]50} + Sint, (10)

where fx7 = Ik d?zdt and all information about the pre-
quench Hamiltonian enters in Sipjtial. Since the quench
takes place at t = 0, all time integrals run over ¢ > 0.
The contribution S;,; of the interactions is

be - @ (10c” +[dq]?) - (11)

x,t>0

U
Sint = TON

A. Correlations in the Gaussian approximation

Under the initial conditions mentioned above, and
for the Gaussian theory in which the fields at different
wavevectors decouple, the Green’s functions are given by
[45]

S
iGok (k,t,t') =¢* 702 cos (%t) cos (%t’)
w

2wy,
X [cos(wg (t —t')) — cos(wr(t +t))],
(12)

Gor(k,t,t") = —9(t —t')qcos (%t) cos (%t')

% Sin(@ﬁ_ t/)) , (13)
W

Or = \/k2 +qu/2, with k= \/q/2k.  (14)

As expected, on approaching the FTC phase, the un-
equal time correlators Gor,ox above show period dou-
bling due to the cos(wt/2) prefactors. On the critical line
y = 0, algebraic prefactors k= and k=2 appear in Gog
and Gy, respectively, which imply an emerging light-
cone with quasiparticle velocity v = y/q/2.

The spatial Fourier transform of G g is

1
(2m)d/22/2-1

where

GR)K(QT,t,t/) =

A
></ dkkd/QJd/2_1(kl') GR,K(kvtat/)v (15)
0



where J, is the Bessel function of the first kind which
emerges because of the rotational invariance of the inte-
grand around the direction of . Eq. (15) reveals that
in spatial dimension d = 4, Goi(x,t,t) has the following
behavior [45]

iGox (z > 2vt) = 0, (16a)
. _ 9 (W 1
1Gok (x = 2vt) x cos (Et) pyeR (16Db)
iGox (z < 2vt) o cos? (gt) 1 (16¢)
0 2/ 22’
Accordingly, Gox decays algebraically as 1/2%/2 upon

increasing x on the light-cone x = 2vt, as 1/z? inside
the light-cone 2vt > «x, while it rapidly vanishes outside
the light-cone x > 2vt. Note also that Gox(k,t,t') at
equal times ¢ = ¢’ does not show period doubling, but it
is synchronized with the drive.

The response function Gor(z,t,t"), on the other hand,
has an almost delta-function weight on the light-cone
[45], as it vanishes both inside and outside the light-cone
while it features an algebraic decay upon increasing x
along the light cone x = v|t — t'|:

Gor(z > vt —1t'|) = 0, (17a)
w w 1

Gor(z = v|t —t']) o< cos (Et) cos (§t/> eyt (17b)

GOR(SC < ’Ult—tll) =~ 0. (170)

III. PERTURBATIVE CORRECTION AT ONE
LOOP

In this section we determine the perturbative one-loop
correction to G x and discuss its effect on the phase
diagram of the model and on its exponent v.

In particular, the predictions presented here are de-
rived at the lowest order in the coupling constant v and
they can be easily extended to account for a generic value
of the number N of the components of the field. How-
ever, we will be eventually interested in the limit N — oo
and therefore we focus directly on this case. As the fixed-
point value u* of the coupling constant u is expected to
be of order € = 4 — d for spatial dimensionality d < 4,
the final expression of the quantities analyzed here will
eventually take the form of a dimensional expansion in e,
where terms of order u? and ue are neglected. In order to
simplify the notation we will explicitly indicate the order
of approximation only in the final expressions.

The one-loop corrections 6G g x to Gr k can be writ-
ten as [38, 42]

5GR(k,t,tl) :/ dTGOR(k,tﬂ') ZT(T) GOR(k,T,t/),
0
(18a)
5iG (k) = / dr Gon(k, t,7) iT(7) iGox (k. 7,
0

+(t e 1), (18Db)

where iT'(t) is the tadpole integral given by
. 2 .
ZT(t) = u<¢ > = §ZGOK(£E = Oat,t)

" d
_ / %iGOK(katvt)fc (k/A),  (19)

for N — oco. In the expression above f.(z) is a cut-off
function with f.(0) = 1. This function is also assumed to
be smooth and to vanish for > 1 in order to reduce the
effects of microscopic oscillations in the dynamical quan-
tities and expose possible underlying universal behaviors
[38, 39, 42]. In Appendix A we show that the tadpole in
Eq. (19) takes the form

iT(t) = Bqcos®(wt/2) + iT'(t), (20)

where Ed is the constant determined by the leading be-
havior iT(t) o cos?(wt/2) for t — oo while iT” is the
time-dependent transient part of the tadpole, which van-
ishes as t increases. In d spatial dimension, By is given
in Eq. (A7) in Appendix A, which we report here for
convenience

~ u e k/A

Baly) = as s [ akrt S oy
where aq = 2/[(4w)%¥?T(d/2)]. For convenience we
choose f.(z) = e~ but a different choice does not af-
fect the large-distance behavior as long as f.(0) = 1 and
fe(z) vanishes sufficiently fast as x increases. As the tad-
pole above is o u — and since the fixed-point value of wu,
denoted by u*, is proportional to € = 4 — d, — the ex-
pression multiplying u can be evaluated directly at d = 4.
With this observation, the transient part of the tadpole
evaluated at d = 4 turns out to be

with 9= 2170 o9

86
T’ (t) ~ — cos®(wt/2
iT'(t) 34 cos”(wt/2) (16m)2

at times ¢ > A~! which are longer than the microscopic
scale set by A = /q/2A.

Before considering the effects of the transient contri-
bution to the tadpole on the resulting Gr x, we discuss
below the effect of the long-time part o By in Eq. (20). In
particular, in Sec. IIT A we discuss the perturbative cor-
rection it provides to the critical line while in Sec. III B
we focus on the correction to the correlation length &
which characterizes the spatial decay of the equal-time
correlation functions at long times.

A. Perturbative correction to the critical line

The Keldysh action of the model is given by Eq. (10)
and, in the absence of interactions, i.e., with Sj,; — 0,
the part of it which is proportional to the fields ¢, - ¢, is
[r — r1 cos(wt)]@y - P In the presence of Siyg, this term



is corrected as follows at one-loop

[ — 11 cos(wt)] pg - P —
[7’ — 1y cos(wt) + u<¢2>] ¢ Pe. (23)

Using Eqgs. (19) and (20) this expression implies the fol-
lowing correction at long times

[r —r1cos(wt)] pg - P —
r — 11 cos(wt) + By cos?(wt/2) bq - G- (24)

Writing cos?(wt/2) = [1 + cos(wt)]/2, it is clear that the
effect of the long-time part of the tadpole is to shift

B B

T»—>r+74 and T1l—>7‘1—74, (25)

with the resulting effective action, after these shifts, be-
ing still Gaussian at this order in perturbation theory.

Recall that the critical line for the Gaussian model is

given by the condition y = 0 in Eq. (7), i.e., the critical

value r. of r for ¢ < 1 is determined by

2
w T1
N — 4+ —. 26
R (26)
The shifts in Eq. (25) imply that the critical value r. of
r is now determined by the condition above imposed on
the shifted parameters, i.e.,
§4 w2 T1 §4
— =4 = - —. 27
ret D =Tty o (27)
Accordingly, in terms of the parameters r and ry of the
original model and of the associated dimensionless quan-
tities a and ¢ (see Eqs. (4) and (6)), the critical line is
shifted compared to that in the absence of interaction
(i.e., with By — 0) as
47"0 54
The resulting shift of the critical line is therefore down-
wards, i.e., the stable green disordered region, due to
the interaction, widens locally at the expense of the red
unstable (ordered) region, as usually occurs also in equi-
librium. This fact is shown schematically in Fig. 1.

B. Perturbative correction to the exponent v

We now discuss the perturbative correction to the cor-
relation length & which characterizes the spatial decay of
the equal-time correlation function at long times. This
then allows us to determine perturbatively the associated
critical exponent v to O(u), which will eventually yield
an estimate at the lowest order in the dimensional ex-
pansion € = 4 — d. In Section IV we will then determine

the exact dependence of v on the dimensionality d for
N — oo beyond the perturbative result presented here.

The shifts in Eq. (25) caused by the long-time limit of
the tadpole imply a shift

y >y + 3B4(y)/4 (29)

in the detuning from the critical line introduced in
Eq. (7). Based on the dependence of Gy on k in Eq. (13)
(which, is not altered by the contribution of the tadpole
beyond the shifts in the parameters in Eq. (25)), one can
easily identify the spatial correlation length & of the field
as being determined by y = £72. Accordingly, the cor-
relation length accounting for the one loop correction is
(see Eq. (29))

€7 =yt Bily) (30)

Let us denote by v, the critical value of y, which is shifted
by the interaction and is determined by the condition
that, correspondingly, ¢ diverges, i.e., from Eq. (30),

3~

Subtracting Eq. (31) from Eq. (30) one finds

P =y—ye+ Z [E(y) - §4(yc)]

u
=Y =Y+ 3§a4q\/7“?

SN 1
x/o dkk [k2+y—k2+yc]fc(k/A), (32)

where, in the last equality, we used Eq. (21). Denoting
by éy = y — y. the distance from the actual critical line,
the previous equation can be written as

u
2= 51/[1 — 350197

* 3 fe (k/A)
X/O R T oy Ty P 40|

(33)

Note that, from Eq. (31), we expect y. to vanish in per-
turbation theory as the interaction strength u vanishes
and therefore we may set y. = 0 in the denominator of
the integrand in Eq. (33) as the prefactor of the integral
is already of order w and the calculation is done at the
lowest order in perturbation theory. By choosing the ex-
ponential cut-off function introduced after Eq. (21) (see
also Eq. (A10)) and after performing the momentum in-
tegral, one finds

A2

-2 _ 1— il In|—
3 dy 316G4Q\/7“70 n 5

+ O(uQ)] . (34)

for 6y < A2. At this order in the perturbative expansion,
this logarithmic correction can be exponentiated in order



to obtain
_ 0
£2 =0y [1 + quAln A—Z + O(ug)]
1+Aqu

~ A2 ﬁ + O(uQ)’ (35)
where we introduced

A= 2afio=—_ /e (36)

16 VYT 1982V

This analysis reveals that the exponent v, defined by the
algebraic singularity of £ & |dy| ", is modified by the in-
teraction compared to its Gaussian value v = 1/2. The
latter is recovered here by setting u = 0. Although in
Eq. (35) the coupling constant w is determined by the
microscopic value entering the model, in order to deter-
mine the leading scaling behavior close to the critical
line, u is effectively replaced by its renormalization-group
fixed-point value u*; we later argue that in the limit
N — oo this value can be determined and is given by,
c.f., Eq. (54). Accordingly, from Eq. (35), we conclude
that the resulting exponent v takes the value

1+ Aqu*
Ve ————

= % 1+ <+ 0(62)} : (37)

2
where e =4 — d.

So far we have considered the effects of introducing the
interactions within a perturbative expansion at the low-
est order in the coupling constant u, eventually leading
to expressions which are perturbative in the actual ex-
pansion parameter e. While the expansion in u can be
easily generalized to the case of finite N, and may also
be used also to analyze the effects of the transient part
of the tadpole, the fixed-point value u* of u is easily de-
termined only for N — oo, as shown below. This is the
reason why we primarily focus on the limit N — oco. In
the next section, we determine the exact exponents v and
B for N — oo as functions of the spatial dimensionality
d. In particular, the expansion of the expression of v for
d = 4 — e at the first order in € renders, as expected,
Eq. (37).

IV. EXACT SOLUTION FOR v

In the N — oo limit, the evolution equation of G
derived from the action in Eq. (10) becomes exact and
can be solved self-consistently. Noting that (¢2) = 0 [52]
we obtain

[07 + k* + 1 — 1y cos(wt) + %iGK(a: =0,t,t)]
x iGg (k,t,t') = 0.

Motivated by Egs. (19) and (20), which show that
iGox (x = 0,t,1) x cos?(wt/2), we make the ansatz that

in the equation above one has

r — 1y cos(wt) + gZGK(QT =0,t,1t)
=7+ 0r — (r. + dr1) cos(wt), (39)

where iG g is the Keldysh function of the Gaussian model
(u = 0) but calculated with the renormalized parameters
r+40r and rq+9r; instead of r and rq, respectively. These
new parameters also imply that the effectively Gaussian
detuning from the critical line, determined from Eq. (7),
takes the form
ry+ory w?

y=1r+0r 3 T (40)
Substituting Eq. (12) in Eq. (39), and using the long-
time limit of the tadpole in Eq. (20), we find that the
self-consistency condition requires

or = Bg/2 and 0ry = —By/2, (41)

where By is given in Eq. (21). Accordingly, the detuning
in Eq. (40) becomes

rn w? 3~

y:T*E*IJFin(y) (42)
This equation provides the implicit relationship between
the Gaussian detuning y and the control parameters r
and r1. We also note here that within this effective Gaus-
sian model with renormalized parameters, the spatial cor-
relation length ¢ is still related to y as y = €72, Since
the critical line corresponds to y = 0, the critical val-
ues r. and 1. of the parameters r and 71, respectively,
satisfy Eq. (42) with y = 0 (equivalently £ = +00), i.e.,
0= ro—7r1e/2—w?/4+(3/4)By(0). Subtracting this con-
dition from Eq. (42), and using Eq. (21), we find the self-
consistency condition in terms of the correlation length

¢, ie.,

D7 Me 4 A2 wy (A1/€) — wa(0) ],

572 =T —Tc— 9
(43)

where we introduced

3
9= gqu\/fo, (44)

and the function wg(z) which captures the scaling behav-
ior of B4(£72) as

A% fo(k/A) . .
/ Gy e~ AT (AT (1)

We emphasize here that Eq. (43) turns out to be indepen-
dent of the driving frequency w which influences, instead,
the location of the critical line. In fact, Eq. (43) has the
same structure as the equation which controls the cor-
relation length £ in the undriven model, both after the



quench [42] and in equilibrium [30]. In the latter context
it was shown in Ref. [30] that

wa(2) = wa(0) — K422 4 ¢42* + h.o., (46)

where ¢y is a constant that depends on the cut-off func-
tion f. in Eq. (45), while K is a universal constant given

by

o 241 /2
Kg— doe i = g2 4
¢ ad/o Zz2(1 + 22) adsin(ﬂ'd/2)’ (47)

with K4 > 0 for 2 < d < 4. When d < 4, the contri-
bution from cqz? is subleading compared to Kyz¢~2 for
2z — 0. Accordingly, for £ > A~!, the term in brackets
on r.h.s. of Eq. (43) is more relevant than that on the
Lh.s. and the equation implies that

§o<<7‘—rc—r1_2rlc>_u, (48)

with

1

v=a—p. (49)

This exponent v controls the divergence of the spatial
correlation length of the fluctuations within the system as
r—r1/2 = r.—r1c/2, i.e., as the critical line in Fig. 1(b)
is approached. For d > 4, instead, the term o 22 in
Eq. (46) is the dominant one for z — 0 and therefore in
Eq. (43) the contributions oc €72 on the Lh.s. and r.h.s.
are the relevant ones. Accordingly, one finds the same

expression as in Eq. (48) with

V=g (50)
The predictions presented above for the leading scaling
behavior and for the exponent v are actually independent
of the coupling constant g of the model which can take
any (positive) value. However, among these values, there
is a specific one g* for which the leading corrections to
the scaling behavior discussed above do vanish. In the
renormalization-group framework, ¢g* correspond to the
fixed-point value of g, see, e.g., Ref. [30]. In particular,
for 2 < d < 4, the corrections to the scaling in Eq. (48)
come from the term o 22 in Eq. (46) and from the anal-
ogous one on the Lh.s. of Eq. (43). Taking them into
account, the consistency condition in Eq. (43) can then
be written as

72 {1 - gchd4] =7 —r.— 0= Me 9K
(51)
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The expression of £ which can be derived from this equa-
tion matches the scaling behavior in Eq. (48), i.e., with
no leading corrections to scaling, only if the L.h.s. of the
equation vanishes, i.e., for g = ¢g*, where

g = A" ¢y (52)

While ¢4 is a non-universal constant which depends on
the cutoff function f. (see Egs. (46) and (45)), it turns
out [30] that its limit for d — 4, i.e., € — 0, is universal
and given by ¢y = 1/(87%€) + O(€°) which renders

g* =8re + O(e?), (53)

in agreement with what is expected from
renormalization-group arguments. This fixed-point
value g* of the coupling constant ¢ in the dimensional
expansion can now be used in the perturbative expan-
sions discussed in Sec. III to set the fixed-point value of
the coupling constant u which, using Eq. (44), is given
by
B (87)2
3q+/To
In particular, as anticipated in Sec. III B, the perturba-
tive prediction for v can be recovered from the expression
in Eq. (35) if we substitute u by its fixed point value u*,
and assume € < 1. This leads to Eq. (37), which indeed
coincides with the dimensional expansion of Eq. (49) for
d = 4 — € at the first order in e. This is also similar to
what happens in equilibrium.

In Sec. VI the perturbative fixed-point value u* of u
determined here will be used to provide a prediction for
the scaling exponents which emerge in perturbation the-
ory when studying the short-time behavior of Gg k.

*

e+ O(?). (54)

V. EXACT SOLUTION FOR g

In order to extract the exponent § that governs the be-
havior of the order parameter close to criticality, we as-
sume that the symmetry of the model is (spontaneously)
broken along one spatial direction, i.e., that (¢;(t)) =
VNM(t)§; 4 for i = 1,...,N. Then for N — oo, the
equations of motion for M and Gk are as follows [42, 49]:

02 + 1 — ry cos(wt) + uM>(t)
+ %ZGK(:E =0, t,t)} M(t) =0, (55a)

02 + k* 4+ 1 — r cos(wt) + uM>(t)

+ %iGK(ac = 0,t, t)} iGrk,t,t')=0.  (55b)

Assuming that the magnetization M shows period dou-
bling, we make the ansatz M (t) = My cos(wt/2) and find
that the self-consistent equations written above imply
that (see Appendix B for details)

|MO|oc\/rc—7"—|—rlc/2—7“1/27 (56)

and therefore

p=1/2, (57)

as for the model in equilibrium [30].



VI. AGING FOLLOWING A QUENCH

In this section we discuss how the correlation func-
tions behave in the transient regime following a quan-
tum quench. For this, we consider the transient part of
the tadpole given in Eq. (22) and we substitute it into
Egs. (18a) and (18b), which are derived at the lowest or-
der in perturbation theory. We recall that in Secs. IIT1 B,
IV, and V we focused on the long-time behavior by ne-
glecting this transient. A key quantity that turns out to
characterize this early-time regime is the constant 6, de-
fined perturbatively on the basis of the transient behavior
iT’(t) of the tadpole in Eq. (22). As discussed below, this
constant is eventually the exponent which appears in the
scaling of Gg k. By using the perturbative fixed-point
value u* of the coupling u in Eq. (54), € in Eq. (22) takes
the value

m=§+0@y (58)
This exponent #* is identical to the one obtained for the
undriven model [38, 39, 42], in which the higher-order
corrections O(€?) turn out to vanish as N — oo for 2 <
d < 4, providing an exact exponent [39]. In this section
we discuss how 6 appears in the driven problem.

In the transient regime, for £ = 0 and ¢ > t/, but with
both times longer than the drive period T = 27 /w, we
find that Gr = Gor + 6G g becomes (see Appendix C for
details)

Grk=0,t >t wt>wt' >1)
= —qt cos(wt/2) cos(wt'/2) [1 — §1n(t/t")]
~ —qt cos(wt /2) cos(wt’ /2) (' /1) ‘. (59)

Using Eq. (58), this implies that at the fixed point, the
universal exponent 6* governs the aging dynamics, which
manifests itself via the dependence of G on (¢'/t)". On
the other hand for ¢ > t/, but with one time being smaller
than the drive period T, and the other longer, i.e., for
wt > 1> wt’, one finds (see Appendix C for details)

Gr(k=0,t >t wt > 1> wt') = —qt cos(wt/2)
8
x cos(wt’/2) |1 — O1n (wt) + gﬁln (wt')

~ —qt cos(wt /2) cos(wt’ /2)(wt')®/3 /(wt)?.  (60)

Equations (59) and (60) show that, due to the appear-
ance of two exponents, 6 and 80/3, the functional form of
the observed aging, and the exponents which control it,
are modified depending on whether the system is probed
at longer or shorter times compared to the drive period.
The resummation of the leading logarithmic behavior
done in the previous equation, leading to an algebraic
dependence, is consistent within perturbation theory but
it certainly needs to be put on a firmer ground by an
analytic solution or a full-fledged renormalization-group
analysis of the problem, as was done in the absence of
driving [38, 39, 42].

In a similar manner, the Keldysh Green’s function in
perturbation theory at one-loop, when probed at times
longer than the drive period, turns out to be (see Ap-
pendix D for details)

iGr(k=0,wt> 1wt >1)

= ¢*\/ro cos(wt /2) cos(wt’ /2) tt’ [1 - 9111(/_\27575’)}

o ¢°\/ro cos(wt/2) cos(wt’ /2) (A*tt') =

(61)
On the other hand, for wt > 1 > wt’, one finds (see
Appendix D)

iGr(k=0,wt > 1> wt') = ¢*\/ro cos(wt/2)
x cos(wt'/2)tt’ |1 — O1n(At) — g@ln(]\t’)

o q%\/Tg cos(wt /2) cos(wt’ /2)(At) 0 (At')189/3 . (62)

Thus here too — with the same proviso as the one spelled
out after Eq. (60) on the resummation of the logarithmic
dependence — the perturbative expressions indicate that
the aging behavior changes depending on whether the
time is small or large compared to the period of the drive.

Now we discuss the behavior of iGk (k,t,t) for kt > 1.
Within the Gaussian approximation in Eq. (12) this
quantity decays as 1/k? upon increasing k. The one loop
corrections slow down this decay to 1/k*73%. In particu-
lar we have (see Appendix E for details)

iGr(k,t,t) ~ ¢* cos® (wt/?)?@ sin?(kt). (63)

The expressions above indicate that, for a quantum
quench to the FTC critical line, the correlators at long
wavelengths k < w and with one of the times longer than
the drive period, i.e., wt > 1 can be cast in the following
scaling forms, valid within the prethermal regime and
reminiscent of what was found in the undriven model

38, 39, 42],

Gk (k,t,t') = cos(wt/2) Cos(wt’/2)#g[((kt, kt',wt'),
(64)

Gr(k,t,t") = cos(wt/2) cos(wt'/2) Gr(kt, kt' wt’).

(65)

(#/1)"
k

In order for these expressions to render the behaviors dis-
cussed above, we assume Gg i (z,y,2) ~ 1 for z, y, z >
1. For z, y < 1, instead, Gr(z,y,2) ~ (zy) =0 f~1(2),
with f(z) ~ 1 for z > 1 and f(2) ~ 2%/3 for z < 1.
In the remaining case y < & < 1, one has Gg(z,y,z) ~
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FIG. 2. One-loop correction G%)(JS,T + t',t') arising from
the perturbation in Eq. (66) in d = 4, in the (7, z) plane for
fixed value of t' = 0.1, ro = 1, and dimensionless drive ampli-
tude ¢ = 0.22. We take the strength of the perturbation to
be ap = 1, while 7 and x are measured in units of the drive
period T'. The dashed line indicates the light-cone with quasi-
particle velocity v = /¢/2 ~ 0.33 while the dot-dashed line
corresponds to v = 1 [45], which characterizes the light-cone
in the absence of the drive. The spatial oscillations occur
with a characteristic wave-vector w/(2v), while the asymp-
totic decay of Gg)(l‘, T+t ,t') at large distances is described
by Eq. (69).

VII. SPATIAL STRUCTURE DUE TO
RESONANCES

We now discuss the effects on the dynamics of adding
a perturbing potential of the form

Vp(t) = ap [1 — 2 cos(wt)], (66)

with a,/w? < 1. This particular choice of V,, does not
change the value of r—r; /2 compared to the unperturbed
case V, = 0 and thus, from Eq. (7), the detuning from
the critical line is not affected. Accordingly, the Floquet
quasi-modes for a, # 0 will lead to a behavior which is
still described by the Gaussian correlators in Egs. (12)
and (13). However, here we address a different question:
assuming that the perturbation V), was switched on sud-
denly at time ¢ = 0, what is the linear response to this
perturbation of a state which is initially at the critical line
and therefore described by the correlators in Egs. (12),
(13) with y = 07

Treating V), perturbatively, the one-loop correction to
the correlators, given by Egs. (18a) and (18b), with
T(1) — Vp(7), are found to be

GO (k,t,t") = — cos(wt/2 ¢ j2) L IR
R (k,t,t) cosw/)cos(w/)Sk Z

m::l:l,:i:Qmw

(67a)

iGg)(k,t,t):cof(wt/Zq\/» ST IE, (67
8k3 m==41,£2

where Gg))K are the one-loop corrections to the Gaussian
parts already reported in Egs. (12), (13), and

cos(mw(t +t')/2) sin((k — mw/2)(t —t'))

Iﬁw(kﬂtt/) = 7. /2
— mw

sin(mwt) — sin(mwt’)

mw

—cos(k(t —t")) [

1+ cos(mgjt)][l — cos(2kt)]
2k — mw

] , (68a)

IE (k,t) =

1

7 1
— sin(2kt) sin(mwt) [ + Sy —
mw — mw

} . (68b)

Although Gg}K have the same form as the Gaussian
correlators in Eqs. (12) and (13), for long wavelengths
k/w < 1, the spatial Fourier transform in Eq. (15), which
we perform for d = 4, is sensitive to the presence of res-
onances for k = mw/(2v), with m = £1,£2. These res-

onances modify drastically the dependence of G%)K on

space, as shown in Figs. 2 and 3. As expected, a light-
cone is visible in Gg)(x,t,t’) for z = v|t — t'| and in the
equal-time correlator iG([? (x,t,t) for x = 2vt. However,

. 1 . . .
the one-loop corrections to GS%)K upon increasing the dis-
tance x are characterized by a decay in space which is
slower compared to the Gaussian correlators. Moreover,

G%}K are found to oscillate in space with the wave-vector
mw/2v with m = 1,2. The spatial oscillations are clearly
visible in Figs. 2 and 3 for Gg) and G%), respectively.
The asymptotic form of Gg’)K on the light cone and
inside it turn out to be (see Appendix F for details)

GY (@ < v|t —t]) o cos(wt/2) cos(wt' /2)
" Z cos( t+t))sin(mwx/(2v)+6) (692)

3/2
m=1,2 z

cos(mwz/2v + §')
23/2 ’

(69b)

G(I?(x < 2ut, t,t)  cos®(wt/2) Z

m=1,2

where ¢ and ¢’ are phase-shifts. These expressions should
be compared with the corresponding ones in the un-
perturbed state (i.e., with a, = 0), which are given in
Egs. (16) and (17). In particular, on the light-cone one
finds that the correlators GS%)K decay as z—3/2 upon in-
creasing =, which is also the case for the Gaussian cor-
relators on the light-cone. However, the spatial decay of
G%UK is also accompanied by oscillations in space, as is
clezirly visible in Figs. 2 and 3 when looking along the
light-cone (dashed lines).

Inside the light-cone, the difference between the be-
havior of G’g’)K and the Gaussian correlators Gor, ok, are
more pronounced. For example while Gy vanishes in-
side the light-cone, the one loop correction to it, Gg)

is non-zero, and decays as z~3/2. In a similar manner



while Gox decays as 2 inside the light-cone, the one-

loop correction to it, Gg) decays more slowly, as z73/2.
All these decays are also accompanied by spatial oscilla-

tions at the wave-vectors mw/(2v), with m =1, 2.
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FIG. 3. One-loop correction Ggp(m, t,t) in the (¢, z) plane, for
the same values of the parameters as in Fig. 2. Both space
z and time t are expressed in units of the period T of the
drive. The light-cone (dashed line) is located at = 2vt, with
v = 4/q/2 ~ 0.33. For comparison, we also report the line
corresponding to v = 1 (dot-dashed line), which characterizes
the light-cone in the absence of the driving. The correlator
decays as 23/ upon increasing & both on and inside the
light-cone and it oscillates in space with typical wave-vector
w/(2v). This correlator, like all the equal-time correlators
does not show period doubling.

VIII. CONCLUSIONS

In this paper we have studied the physics of a Floquet
time crystal (FTC) in the vicinity of the critical line that
separates it from a trivial phase. The results are derived
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for the periodically driven O(N) model with N — oo.
Exact results for the exponents v and S are derived in
the long-time (but still prethermal) regime. Results are
also obtained in the transient regime following a quan-
tum quench where the system shows aging dynamics con-
trolled by an exponent 6. The results in this transient
regime are obtained to the leading order in € = 4 — d.

The critical exponents v (see Eq. (49)), [ (see
Eq. (57)), and 6 (see Eq. (58)) are found to be the same
as those of the undriven problem, provided that the sys-
tem is probed at times longer than the drive period T
(see Egs. (59), (61)). At times shorter than T', a pertur-
bative treatment reveals that a different scaling behavior
possibly emerges (see Egs. (60), (62)).

FTCs always arise when the drive is resonant with
some microscopic scale of the undriven problem. We
showed that this leads to certain peculiarities such as
the linear response of the system to a time-dependent
perturbing potential can lead to spatial oscillations con-
trolled by the drive frequency and the quasiparticle ve-
locity.

Our study leaves a number of open questions for fur-
ther investigations. Solving numerically the dynamics of
the system near the FTC critical line and extracting from
these solutions the exponents would be a useful exercise.
Carrying out a complete renormalization-group analysis
which not only renders the exponents predicted here, but
generalizes them to finite IV is a direction worth pursuing
together with an exact analysis of the short-time behav-
ior for N — oo.

Finally, exploring other universality classes of FTCs,
especially those where the exponents v, £, and 6 may
be different from the undriven situation, is an exciting
direction of research. Exploring critical properties even
of undriven systems [53-55], or non-Hermitian systems
[56], which can nevertheless show time-crystal behavior
[2, 3, 22, 57—-64] despite no-go theorems [65-68], is also
an important open question.
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Appendix A: Tadpole correction

In this section we outline the derivation of Eq. (20).
Note that the Green’s functions within the Gaussian ap-
proximation, in the long wavelength limit k < /qw < w,
and along the critical line y = 0 are obtained from

12
Egs. (12) and (13) by setting @y = k, see Eq. (14),

iGor (k,t,t') = 2£ cos (275) cos (%t’)

X [cos(k(t —t")) —cos(k(t+1))], (A1)
Gor(k,t,t") = —09(t — t')q cos (%t) cos (%t’)
" sin(k(t —t')) . (A2)

k
It is interesting to note that the above Green’s functions
can be written in terms of the Green’s functions of the

undriven problem following a quantum quench [45], as
follows

Gor(k,t,t") = gcos(wt/2) cos(wt'/2) Goru(k,t,t'),
(A3a)
iGox (k,t,t") = q* cos(wt/2) cos(wt'/2) Goxu(k,t,t),
(A3D)

where [38, 42] we denote the undriven Green’s functions
following a quantum quench as Gogr v, Gok,u

sin(k(t —t'))

Goru(k, t,t') = =0t —1t) : , (Ada)
iGor,u(k,t,t) = \2/]? [cos(k(t —t')) — cos(k(t +t")].
(Adb)

Using Eq. (A1), the tadpole in Eq. (20
as

) can be written

i) = & / (ddk iGox (k. t, ) f. (k/A)

2/ (2m)d
=’ cosQ(wt/2)§\/ﬁ
A’k fe(k/A) :
X / omi 2k [1 - cos(2k:t)] (A5)
= By cos® (wt/2) +iT'(t). (A6)

The first term in the last line corresponds to the long-
time behavior of the tadpole

édm—ad—f/ anpt L,

(A7)
with ag = 2/[(47)%?T(d/2)]. The second term iT’(t) in
Eq. (A6) denotes the transient behavior of the tadpole.

We discuss the long-time behavior first. For spatial
dimension d = 4, and restoring a small detuning y, the
coefficient By in Eq. (A7) is given by

~ - (k/A
By(y) = a;;—f/ dkk3f / ) (A8)
where a4 = 1/(872).

Now we turn to the leading transient behavior. Re-
moving the contribution from the long-time part, and



keeping track of the cut-off A, we have

= Ak o (st D). (/)

2 ) (2m)d
— Bycos?(wt/2). (A9)
We use an exponential cut-off function,
fulw) = . (A10)

Note that the long time and long distance behavior is
independent of the precise details of the cut-off function.
Using Eq. (A3b), and at spatial dimension d = 4, we
obtain

; . __n 2 2 2 U
iT"(t; ) = — By cos”(wt/2) + ¢° cos (wt/2)167
4 o o _
X ( 2) [/ dkk? eXP(—k/A)iGOK,u(k,t,t)}
q 0
80 —o (2A1)2 -1
= — t/2)| (2A)* ——— All
3q COS (w/ )|:( ) [(2At)2+1]2 ) ( )
where
3qu./To
= . A12
b= S56m (A12)
In the long-time limit At >> 1, one obtains
i (t, A) My 38132 cos(wt/2), (A13)
q

i.e, Eq. (22) in the main text.

Appendix B: Exact calculation of 8

Let us denote the non-zero magnetization along a cer-
tain direction i to be (¢;) = V' NM. The equations of
motion in the N — oo limit are in Eq. (55). The self-
consistent equations are equivalent to the coefficient be-
fore the ¢,-¢. term in the Keldysh action Eq. (10) having
the following form

7 — 11 cos(wt) + uM?(t) + %iGK(x =0,t,t). (B1)

Let us make the ansatz for period doubling

20y _ M
M(t) = My cos(wt/2) = M=(t) = <5 [1 + cos(wt)] .
(B2)

In addition, as for the case of M = 0 discussed in Sec-
tion IV, we assume that iG is the Keldysh function of
the Gaussian model (v = 0) but calculated with renor-
malized parameters r + ér and r1 4+ dr1. Thus, substitut-
ing for iGk from Eq. (20), and for M? from Eq. (B2),
we obtain the self-consistent equation

uM@ B
5 9 11 4 cos(wt)] + 7d [1 4 cos(wt)]

(B3)

r — 11 cos(wt) +

=r+40r — (ry + 0r1) cos(wt).
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Matching the coefficients on both sides gives

1~ M?

r—|—§Bd(y)+u2O =r+or, (B4)
1~ uM?

r— in(y) -5 9 =y 4 81y (B5)

The self-consistent equation for the detuning y follows
from Eq. (40):

T w? 3= 3
y=r— 51 -7 + ZBd(y) + EUM(? (B6)
When y — 0, the above becomes
2 34 3
0=r— %1 - % +SBa0) + JuMi.  (B)

Recall that the critical couplings r.,71. are such that
y = 0 when My = 0, corresponding to the condition

w? 3~ T1c
-—+-B = — — 7.
1 + 1 d(O) 5 Te

Substituting the above condition in Eq. (B7), we obtain

(B8)

T1 T1 3
O=r—5+?c—rc+1uM02.

On solving for My, we arrive at Eq. (56) in the main text,

| Mo < \/rc —r— (“C;rl> = B3=1/2. (B10)

(B9)

Appendix C: Retarded Green’s Function: Transient
behavior

We now study the one-loop correction to the retarded
Green’s function in Eq. (18a) taking into account the
transient part of the tadpole Eq. (A11). Using the rela-
tion between the driven and the undriven Green’s func-
tions Eq. (A3), the one-loop contribution to dG g is given
by

5G Rk, 1,1') = g2 cos(wt/2) cos(wt' /2) / dr cos?(wr/2)
0

X GOR,u(Ev ta T) [ZT/(T)] GOR,U(E7 T, t/)
(C1)

We will discuss the behavior in the limit kt, kt’ < 1, but
with both times long as compared to the cutoff At, At >
1. In order to access these limits, we set kK = 0, and use
the expression Eq. (A13) for the tadpole. We also use
the identity, cos*(wr/2) = 3/8+ cos(wT)/2+ cos(2wT)/8.
This leads to

6Gr(k=0,t,t") = 8—3(1 cos(wt/2) cos(wt'/2)

[l Seostim) 4 Leostom] -6 - 1) %
; T 3 2COS wT 8COS wT TI\T 3

’ T

(C2)



Now we show that logarithmic corrections begin to
emerge when t > t’. In this limit, the dominant term
corresponds to approximating 7 —t' — 7. Following this,
of the two remaining terms, the one that dominates at
long times is

0Gr(k=0,t>1t) = %qcos(wtﬂ) cos(wt'/2)

xt/td13+1 (
— | = — COS(W
L T8 T 2 i

)

= —Gor(k=0,t> t’)89{2 In (¢/t")
1
8

(C3)

where Ci(z) = — [ dt®! is the cosine integral,
and we have used that Gor(k = 0,t > t/) =
—qt cos(wt/2) cos(wt’/2). Note that Ci(z) = v+ Inz +
O(z) for z <« 1 where v is Euler’s constant, an obser-
vation which will be used below. At long-times wt > 1,
two different limits arise depending on whether wt’ < 1
or wt’ > 1. In fact for wt’ > 1, the terms in Eq. (C2)
containing the cosine integral Ci(z) do not contribute to
any logarithmic corrections, and we find

0Gr(k=0,t >t wt>wt' >1)=—-Gor
(C4)
x [01n (t/t') + finite]

implying that the leading logarithmic singularity of the
correction modifies the full Green’s function as

Grlk=0,t >t wt>wt' >1)=
— gt cos(wt/2) cos(wt' /2) [1 - 01n(t/t’)]

~ — gt cos(wt/2) cos(wt'/2) (t’/t)e. (C5)

The above corresponds to Eq. (59) in the main text.

On the other hand for wt’ < 1, but with still wt > 1,
the cosine-integral terms in Eq. (C3) do provide logarith-
mic contributions and therefore give

(SGR(k =0,t> t’,wt >1> wt’) = —Gor(k=0,t> t/)

« 8 [:m (t/t") - %ln(wt’) - éln(%t’)],

: (o)

implying that the leading logarithmic singularity of the
correction modifies the full Green’s function as

Grk=0,t >t wt>>1>wt') =
— gt cos(wt/2) cos(wt'/2)
X {1 —0ln (wt) + 83—0 In (wt’)]
~ — qt cos(wt/2) cos(wt’ /2) (wt')3/3 / (wt)?. (C7)

The above corresponds to Eq. (60) in the main text.
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Appendix D: Keldysh Green’s Function: Transient
behavior

Now we discuss the one loop correction to the Keldysh
Green’s function Eq. (18b) in the transient regime. Us-
ing Eq. (A3) and Eq. (Al11), we may write the one loop
correction Eq. (18b) as

§iGx (k,t, ') = ¢* cos(wt/2) cos(wt’/2)

« / dr cos(wr/2)Gomu (k. t, 7) i ()] iGoruls s t')
0

+(tet)
_80

=3 qQQ cos(wt/2) cos(wt'/2)

' 4 i (F(t— 7)) (2A)2
X/o dr cos™(wt/2) sin(k(t — 7)) (2A)

(D1)

(2A7)2 -1
[(2A7)2 + 1]
x sin(kt') sin(kT)

F(tet), (D2)

where (¢ <> t') indicate the same expression but with ¢
and ¢’ exchanged.

We will now use the relation

AP ——— =

(2A7)2 -1 _d{
[(2A7)2+1)*  dr

4A2T
i) ©

in order to integrate by parts, further below, in the inte-
gral above. Thus,

8iGk (k,t,t') = %zf@ cos(wt/2) cos(wt' /2)

3 k3
X / dr cos*(wr/2) sin(k(t — 7)) sin(kt') sin(kT)
0
d 4A%7
“ [1 + (2AT)2:|
+(tet). (D4)

As we did for the one loop correction to the retarded
Green’s function, we first consider £k = 0 as we are in-
terested in the behavior at kt,kt’ < 1. Further, we
will explore the same two conditions considered for the
retarded Green’s functions, i.e, either wt,wt’ > 1, or
wt > 1 > wt'. We use the identity cos*(wr/2) =
3/8 + cos(wT)/2 + cos(2wT)/8 to write,

§iGk(k=0,t,t) = %qQ\/ﬁcos(wtﬂ) cos(wt’ /2)
| 1
x / dr| = + = cos(wt) + = cos(2wT) | (t — T)t'T
s T8 T2 8
o d 4A2T
dr |1+ (2A71)2
+(tet).



Integrating by parts, we obtain

8iGk (k= 0,t,t") = —%qQ\/?Tocos(wt/Z) cos(wt'/2)

L3 1 1
X / dr { + = cos(wT) + = cos(2w7)} (tt' —2t'T)
, TR 8

o AN%T
1+ (2A7)2

0
+ %qz\/ﬁcos(wtﬂ) cos(wt’/2)

+(tet)

bofw w . , oy 4A%T
X /0 dr {2 sin(wTt) + 1 SID(QWT):l (tt'r —t'r )m
+(tet). (D6)

At times which are large as compared to A~!, the domi-
nant terms are those which give logarithmic corrections.
These in particular arise from the first and second lines
above. Among them, it is the second term in the nu-
merator o 2t'7, 2t7 that dominates. Keeplng only these

dominant terms, and approximating W ~1/72 we
obtain

§iGk(k =0,t,t') ~ —i—eq2\/770tt’ cos(wt/2) cos(wt’ /2)

¢ 3 1 1 1 ,
X dr|= + = cos(wT) + < cos(2wT) | = + (t = t').
A1 8 2 8 T
(D7)

Performing the integrals, one obtains

§iGk(k=0,t,t) ~ —8—;(12\/7‘»01515’ cos(wt/2) cos(wt' /2)

X {2 In(tt'A%) + % [Ci(wt) — Ci(w//_\)]

+ é {Ci(2wt) - Ci(2w//_\)} - % [Ci(wt’) - Ci(w//_x)]

4 % {Ci(2wt’) — Ci(2w /A)] } (D8)

For wt > 1,wt’ > 1 the terms involving the cosine-
integral Ci(z) do not give any logarithmic corrections.
Noting that the Green’s function at the Gaussian level is

iGor (k= 0,t,1') = ¢*\/ro cos(wt/2) cos(wt' /2) tt’
(D9)

the leading logarithmic singularities and the correction
discussed above modify the interacting Green’s function
at one-loop as

q*\/ro cos(wt/2) cos(wt’ /2)
(D10)

iGr(k=0,wt > 1wt >1)=
x tt! {1 — Hln(AQtt’)]
o ¢%/1o cos(wt /2) cos(wt’ /2) (JVtt’)l_e.
The above is Eq. (61

(D11)

) in the main text.
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On the other hand if wt > 1 > wt’, then, some of the
cosine-integrals do contribute with a logarithm singular-

ity, giving
86
— ? q2 RV Tott/

In(At) + ln(/_\t/)] ,  (D12)

§iGK (k= 0,wt > 1> wt') =

x cos(wt/2) cos(wt’/2) [2

where we have used that Ci(w/A)
Thus

iGr(k=0,wt > 1> wt') = ¢*/rg cos(wt/2) cos(wt' /2)

~ In(w/A) for w < A.

x tt'|1 —0In(At) — %1 (At/)] (D13)

~ q%\/Tq cos(wt /2) cos(wt’ /2) (At) 0 (At)180/3,
(D14)

The above is Eq. (62) in the main text.

Appendix E: Keldysh Green’s function: Long-time
behavior

At the Gaussian level, the equal-time Keldysh Green’s
function is

. o . —
iGox (k,t,t) = ¢* cos? (wt/2)]_€£2 sin?(kt). (E1)
We will now study the one-loop correction to this quan-

tity in the limit of k¢ > 1. Using Eq. (18b) and Eq. (A11)
along with the identity Eq. (D3), we obtain

3Gk (k,t,t) = 1§9q2§ cos? (wt/2)
X /0 dr cos*(wr/2) sin(k(t — 7)) sin(kt) sin(kT)
d 4A3T
dr [H(m} (E2)

Above when we expand sin(k(t — 7)) we only keep the
sin(kt) cos(k7) term as this is the term that is propor-
tional to the Gaussian Green’s function Gor. Thus

0iG K (k,t,t) ~ 839 2 \F sin?(kt) cos? (wt/2)

t 4A2%r }

dr cos* (wr/2) Sm(z’”)dd [ ¥ (2A7)?

0
89 9 - 9
34 an 2(kt) cos®(wt/2)
A2
X {6054(0.;15/2) sin(2kt)l+4git)2
_ ot - 4A?
—Qk/o dr cos*(wt/2) cos(2k7')ﬁ2];_)2
4A27
1+ (2A7)2]°
(E3)

+ 2w /0 dr cos® (wt /2) sin(wr/2) cos(2kT)



For At > 1, i.e., for times that are long as compared to
the microscopic scale A1, the first term falls off at long
times as 1/t, and therefore we drop it. Collecting the
remaining terms, we obtain

0iGk (k,t,t) =~ —eq VIO i (kt) cos?(wt/2)

ot 1 1 =1
X f2k/ dr 3 + — cos(wT) 4 = cos(2wT) | cos(2kT)—
82 8

T

(E4)

Note that the second term does not give any logarithmic
contributions. We then define T'(a) for o < A

T(a) = /At1 dr

cos(aT)

= Ci(at) — Ci(a/A)

~ —v — In(a/A) + Ci(at), (E5)
to write
3Gk (k,t,t) ~ 129 2£ sin?(kt) cos? (wt/2)
3, a7 = 1 -

+ iT(2/} + 2w) + %T(% - 2@] . (E6)
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Now at times longer than o™,
i(at) terms can be dropped because
they decrease as a power-law in at. Thus at long-times
we obtain

166
| mE/A)

i In((2k — w)/A)

(SZGK(]C t t) ~ ZGOK(k‘ t t)

+ i In((2k + w)/A) +
1 - . 1 _ -

+ 6 In((2k + 2w)/A) + 6 In((2k — Qw)/A)} . (E7)

In the long wavelength limit k& < w, only the first loga-
rithm dominates in the correction above. Therefore the
resulting Gx can be written as

2]%\2/170 sin?(kt) cos®(wt/2). (E8)

iGr(k,t itk <w)~q o

The above is Eq. (63) in the main text.

Appendix F: Derivation of Eq. (69)

In order to determine the asymptotic behavior of the
Green’s functions discussed in Sec. VII, it is sufficient to
study the terms with m = 41 in Eq. (68), as the behavior
for m = +£2 follows in a straightforward manner. In
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addition, Eqgs. (68) have terms that are resonant due to
their denominators being proportional to k — mw/2. In
doing the Fourier transform in space for highlighting the
structure of the spatial correlations, these resonant terms
dominate over the non-resonant terms. Accordingly, the
analysis below focuses only on the resonant contributions.

Using Eq. (15), the spatial Fourier transform in d =4
requires computing

IR,K(x7tat/) = 472 (kx)IR,K(katat/)7 (Fl)

where Zr k (z,t,t) contribute to the one loop corrections
GE‘%{)K and
Ir(k,t,t') = Z cos(mw(t +t')/2)
m==%1
sin((k — mw/2)(t — t))
kZ(k mw/2) ’

(F2)

x(k,t,t)

Z k3(2k — mw) 2k mw)
X {[1 + cos(mwt)][1 — cos(2kt)]
— sin(2kt) sin(mwt)}. (F3)

Above we have kept only the resonant terms in Eq. (68).
For notational convenience, we have also set v = 1, so

that k = k.

1. Evaluation of Zr

In order to evaluate Zg, we perform a shift of variables
k —mw/2 — k and obtain

1
Zr(z,t,t'") = cos(w(t + t')/2)4 =
7

A=w/2  sin(k(t —t'))
X [/ dkTJl(kx+wx/2)

—w/2

Mw/2sin(k(t —t)) B
Jr/w/z dkik Ji(kx —wz/2)
~ cos(w(t + t/)/2)47r2x

0 sin(k(t —t'))

X {/—w/2 dkTJl(kzm—f—wx/Q)
+ ' dkw,ﬁ(kx—wxﬁ)

w/2 k

A sin(k(t—t))
+/0 dkik {Jl(kanwx/Q)

+ Jy(kx — wx/2)] } (F4)



where in the last term we have used that A > w. In the
first term of Eq. (F4), we perform the transformation
k — —k and use that J,(—z) = —J1(z) to write

Ir(z,t,t') = cos(w(t +t')/2)

4dr2x
w/2 sin(k(t —t'))
X {—2/0 dk#Jl(lm —wx/2)
+ /A dkw {Jl(kﬁm/m
0

+ Jy(k — wx/2)} } (F5)

Following this, we wuse that J; may be re-
placed by its asymptotic value Ji(kz + wz/2) =

—\/%COS(M + wx/2 4 7/4) for wr > 1. This

gives
Tr(z,t,t") ~ cos(w(t + t/)/Q)\/Elhr;xWQ
“/2 sin(k(t — t)) cos(kx — wx /2 + 7/4)
X {2/0 dk 3 PR
B /A dksin(k(t —t) [cos(kx +wz/2 4+ 7/4)
0 k VE+w/2
cos(kx — wx /2 + 7/4)
- k—w/2 }}

(F6)

We now discuss the two non-trivial cases, i.e., the behav-
ior on the light-cone and the behavior inside it.

On the light-cone, since z = ¢ — t/, (and ¢t > ¢’ due to
the causal structure of the retarded Green’s function) we
write

Ir(x =t —1t') ~ cos(w(t + 5)/@\/24”21%3/2
@2 sin(ka) cos(kx — wa/2 + 7/4)
B /A dksin(k‘ac) cos(kx + wx /2 4+ m/4)
0 k VE+w/2
cos(kx —wz /2 + 7/4)
* k—w/2 ] }

/2 1
~ COS(W(t+t/)/2) ;W
(kx) 1

X {2sin(wx/2—7r/4) /Ow/2 dksinzk ——
A sin?(ka sin(wx m
_/O dk ;Ek){‘ (wc/ii:/z/@
+Sm<w2—”/4>]}
N

In the last equality of the previous equation we have only
kept terms that oscillate in phase. Since this expression

(F7)
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is dominated by k away from +w/2 we may write

21/2

2
i / s r
IR(x_t t)NCOS(w(t+t)/2)\/;47T2$3/2
wx/2 102
X {251n(wx/2—7r/4)/ dywi
0

vy
B /Mc dysin2(y) [ sin(wz/2 + 7/4)
0 Yy VY
sin(wz/2 — 77/4)} }
+— 7. F8
7 (F8)
Performing the y-integral we find
Ir(x =t —t') o cos(w(t +t')/2) sin(wz/2 + 5)%/2,
x

(F9)

where § stands for a constant phase shift that originates
from the 7/4 phase in the asymptotic expansion of the
Bessel function.

For studying the behavior of Zp at points away from
the light cone, let us introduce y = k(t — t'). Then
Eq. (F6) becomes

1
42y

S singy) ,
X {2/0 dy ) Ji(yx/(t —t") —wx/2)

A=t gin
[ e/ o) 4 way2)

Ir(z,t,t') = cos(w(t +t')/2)

+ Ji(yz/(t —t') — wx/2)] } (F10)
When z <« t — ¢/, and since w(t — '), A(t —t') > 1, the
upper limits of integration in the expression above can
be set to co. We can also approximate Ji(yx/(t —t') +
wx/2) = Jy(wx/2). Moreover, in the second term above,
the two Bessel functions cancel each other giving

Irp(z <t —1t)=cos(w(t+1t)/2)

42z
x Jy(wz/2) <2/Ooo dySiryly). (F11)

Accordingly, inside the light-cone, we obtain
1
Ir(z <t —t") = cos(w(t + t/)/Q)rjl (wz/2)
T

x cos(w(t + t')/2) sin(wz/2 + S)BL/Q,
X

(F12)

where in the last line we have used the asymptotic form
of Ji(wx/2) and ¢ denotes a constant phase, which as
before, originates from the 7/4 phase coming from the
asymptotic expansion of the Bessel function. Thus, to-
gether with Eq. (F9) and Eq. (F12), we have recovered
the asymptotic form reported in Eq. (69) for the retarded
Green’s function.



2. Evaluation of Zx

We now derive the asymptotic behavior of the equal-
time Keldysh Green’s function at one loop. Using
Eq. (F2) and assuming A > w, we obtain

IK(LL', t, t) =

A
1. .
yp /_w/2 dkﬁ {Sln(2kt) sin(wt)

Ji(kx + wz/2)
k+w/2

I | : .
—i—m » dk% — sin(2kt) sin(wt)

Ji(kx — wz/2)
k—w/2
(F13)

+ [1 — cos(2kt)][1 + cos(wt)]}

+ [1 — cos(2kt)][1 + cos(wt)]}

As before, we split the integral as follows:

IK(xatvt) = 47’(2:17

/w/2 dki {sin(2kt) sin(wt)
+ [1 — cos(2kt)][1 + cos(wt)]}w

IR e | y
L Lok si
47r2x/0 dk2k{s1n( t) sin(wt)
J(kx — wz/2)
k—w/2

1 A (ke 4 wa/2) [ . .
. QA w2 2
+ . /0 dk 2k{ FT o) sin(2kt) sin(wt)

+

—[1 — cos(2kt)][1 + Cos(wt)]}

+ (1 — cos(2kt))(1 + cos(wt))]

Ji(kx —wz/2)
k—w/2

+ (1 — cos(2kt))(1 + cos(wt))] }

[ sin(2kt) sin(wt)
(F14)

Performing the transformation k& — —k in the first term
and noting that Jy(—z) = —Ji(x), we obtain

1
Tr(x,t,t) = BC

—[1 — cos(2kt)][1 + Cos(wt)]}

w/2 1
/0 dk% {sin(?kt) sin(wt)

J1(kx — wz/2)
k—w/2

1 A (ke 4 wa/2) [ .
. QA TR/ 2) 2
+ e /0 dk 2k{ FT w2 sin(2kt) sin(wt)

+ (1 — cos(2kt))(1 + cos(wt))]

Ji(kx —wz/2)
k—w/2

+ (1 — cos(2kt))(1 + cos(wt))] }

[ sin(2kt) sin(wt)

(F15)
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We now separately discuss the behavior on the light-cone
and inside the light-cone. On the light-cone, since x = 2t,
we write Eq. (F15) as

I
Ik(z=2t) = W/o dyzy{sinysin(wt)

J1(y — wx/2)

- (1 cosgi -+ st} L7

1A 1 (N +wz/2) [
+ yes /0 d % { T {smysm(wt)
+ (1 —cosy)(1+ cos(wt))]
+ W [— sin y sin(wt)
+ (1 —cosy)(1+ cos(wt))] } (F16)

Replacing J; by its leading asymptotic form we obtain

1 [2 ¢ 1
IK(x:2t):—ﬁ ;/0 dyQy{sinysin(wt)

(- cosglt + eosn) | XU /2 /)

1 /2 (2 1 (cos(y+wz/2+7/4)[. .
Y (e L ¢
472 \/;/0 y2y{ (y + wz/2)3/2 siny sin(wi)

+ (1 — cosy)(1 + cos(wt))

cos(y —wx/2 4+ m/4) [_
(y —wz/2)3/2

sin y sin(wt)

+ (1 —cosy)(1 + cos(wt)) } (F17)
This equation implies
2 "
T(w = 21t) o 3WT/2+07) (F18)

23/2 ’

where o’ is a constant phase-shift originating from the
7 /4 phase in the asymptotic expansion of the Bessel func-
tion.

Now we discuss the behavior inside the light-cone, cor-
responding to having 2t > z. Here we may replace
1 — cos(2kt) = 1, obtaining

1A 1 [y +wz/2)
Ji(y — wz/2)
Yy — wx/2
1 wz /2

2
2 1

+

1Dy —wr/?)

F1
2y y—wzx/2 (F19)

Let us assume wx > 1, so that we can set both the



upper-limits of integration Az = wx = co. Then

1 1 1[5y +wz/2)
IK(%»Z‘)%E/I dyzy{wm/z
Dy - we/?)

Y — wx/2
2 "
O(cos(wx/ +a'")

o (F20)
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Above o’ is a constant phase-shift, which as before
can be traced back to the m/4 phase in the asymp-
totic form of the Bessel function. Equations (F18) and
(F20) together summarize the asymptotic behavior of the
Keldysh Green’s function at one loop, and yield Eq. (69)
anticipated in the main text.



