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ABSTRACT 

 Quaternary alloy Ga1-xMnxAs1-yPy hosts magnetic and electronic properties that 

can be tuned by varying the P concentration “y”, Mn concentration “x” and by annealing. 

In this work we make use of this tunability to probe the origin of the anomalous Hall 

effect in Ga1-xMnxAs1-yPy thin films grown on GaAs that host perpendicular magnetic 

anisotropy. Specifically, we find that AHE in this class of materials is determined 

primarily by two contributions: an intrinsic band component arising from the Berry 

curvature, and a component determined by hopping conduction. As we vary the 

properties of Ga1-xMnxAs1-yPy from the metallic to the semi-insulating regime by 

changing the value of y and by post-growth annealing, we observe a clear crossover 

from a Berry-curvature-induced anomalous Hall effect to one that is caused by hopping. 

The transition occurs approximately at the point where the numbers of localized and 

itinerant holes become comparable. In this hopping regime, the conductivity follows the 

Efros-Shklovskii scaling law versus temperature indicating the presence of a Coulomb 

gap, but the AHE remains robustly present. These results indicate that Ga1-xMnxAs1-yPy 

can host an interesting interplay between magnetism and Coulomb interactions. 

*e-mail: xliu2@nd.edu  
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I. INTRODUCTION 

III-V-based ferromagnetic semiconductors, and particularly the ternary alloy Ga1-

xMnxAs, have been the object of intense investigation for nearly two decades, both for 

their novel physics and for the possibility of their device applications.1,2,3 

Ferromagnetism in these materials arises from the interplay between magnetic 

moments of Mn ions and of holes which arise from the presence of Mn.4,5 While the 

information regarding the holes is frequently obtained from Hall effect 

measurements,6,7,8 Hall effect in ferromagnetic materials is modified by a strong 

contribution from the magnetization of the material, resulting in the so-called anomalous 

Hall effect (AHE). The physics of the AHE is, however, still not fully understood in this 

family of materials.9,10,11,12  

The arrival of the new quaternary alloy Ga1-xMnxAs1-yPy, whose physical properties 

can be tuned by varying the concentration of phosphorus,13,14 offers several new 

advantages that can be exploited for understanding the origins of AHE in ferromagnetic 

semiconductors, and this is the goal of the present paper. Importantly, above 10 at.% of 

P, the strain in Ga1-xMnxAs1-yPy films grown epitaxially on GaAs substrates results in a 

magnetic easy axis in the film that is naturally oriented perpendicular to the film 

plane.15,16 This enables one to readily obtain spontaneous magnetization normal to the 

film in AHE measurements, without the necessity of applying very high magnetic fields. 

Additionally, by varying the concentration of phosphorus, one has the tool for varying 

the energy gap of the material as well as the separation of the acceptor impurity band 

relative to the top of the valence band. This variation changes the ionization energy of 

acceptors, and can tune the density of charge carriers as well as the degree of their 

localization. These tuning knobs make Ga1-xMnxAs1-yPy ideal for studying the physics of 

AHE.17 

II. BACKGROUND AND OBJECTIVES 

As is well known, in a ferromagnetic film the Hall resistivity ρxy is given by the sum of 

the ordinary Hall term ρxy
o and the anomalous Hall contribution ρxy

A, 

𝜌𝑥𝑦 = 𝜌𝑥𝑦
𝑂 + 𝜌𝑥𝑦

𝐴 = 𝑅0𝐵𝑧 + 𝑅𝑠𝑀𝑧   (1) 
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where 𝐵𝑧 is magnetic field applied normal to the sample plane, 𝑅0 is the ordinary Hall 

coefficient 𝑅0 = 1/𝑛𝑒𝑒 (where 𝑛𝑒 is the carrier concentration), 𝑀𝑧 is the component of 

magnetization 𝑴 normal to the sample plane, and 𝑅𝑠 is the anomalous Hall coefficient.18  

Several established processes can lead to the AHE. These processes are 

empirically identified by the way in which 𝜌𝑥𝑦
𝐴  depends on the longitudinal resistivity 𝜌𝑥𝑥. 

One mechanism, proposed by Karplus and Luttinger19, arises purely from band-

structure considerations, and predicts that 𝜌𝑥𝑦
𝐴   varies as 𝜌𝑥𝑥

2 . This process, linked 

directly to topological properties of Bloch states, can be understood in terms of the 

Berry curvature,20,21 and is traditionally referred to as “intrinsic”. Contributions to AHE 

can also arise from disorder- and impurity-scattering in ferromagnets, and are then 

referred to as “extrinsic”. Two examples of such processes are skew scattering (which 

leads to a linear relation between 𝜌𝑥𝑦
𝐴  and 𝜌𝑥𝑥) and side-jump scattering (which leads to 

a dependence of 𝜌𝑥𝑦
𝐴 ∝ 𝜌𝑥𝑥

2 ).22 Although the side jump process is proportional to 𝜌𝑥𝑥
2 , 

similar to the intrinsic mechanism identified above, it is much weaker,23,24 and we will 

neglect it in this paper. Importantly for the present context, Nagaosa et al.18 noted that in 

“bad-metal” or “hopping” regime (𝜌𝑥𝑥 > 0.1mΩcm), which corresponds to properties of 

many dilute ferromagnetic alloys (including many ferromagnetic semiconductors6,11,12), 

the dependence of 𝜌𝑥𝑦
𝐴  on 𝜌𝑥𝑥 can be described experimentally by the universal relation 

𝜌𝑥𝑦
𝐴 ∝ 𝜌𝑥𝑥

0.4. Although a wide range of ferromagnetic materials obey this scaling relation, 

its theoretical mechanism in magnetic III-V materials is not fully understood, 

representing a major challenge for AHE theory.25    

In this work we utilize the P concentration in Ga1-xMnxAs1-yPy as a knob to tune the 

AHE from the low-resistivity metallic regime, where it is dominated by the intrinsic 

contribution, to the high-resistivity regime, where it is dominated by hopping. The 

systematic tuning of the P concentration y and of the carrier density at fixed value of x 

allows us to study the weight of these two coexisting contributions to AHE in the 

presence of a concentration of holes that can be additionally controlled by annealing. 

We find that the metallic contribution is dominant when charge carriers populate an 

impurity band that is in close proximity of the valence band. As the phosphorus 

concentration y increases, and the valence band is pushed down in energy further away 
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from the impurity band, the hopping contribution to AHE gradually becomes dominant. 

This regime approaches a metal-insulator transition at low temperature and Coulomb 

interactions become significant.  

 

Table I: Properties of Ga0.94Mn0.06As1-yPy films.16,17 

P concentration y 0.10 0.15 0.21 

Thickness d (nm) 48.3 74.3 47.2 

Curie Temperature  

TC (K) 

annealed 96 80 87 

as-grown 59 48 40 

Total hole concentration 

(×1020 cm-3) 

annealed 7.12 6.05 7.99 

as-grown 3.78 3.42 1.95 

Free hole concentration 

(×1020 cm-3) 

annealed 6.59 1.84 3.57 

as-grown 1.41 0.56 0.38 

 

III. EXPERIMENTAL PROCEDURE  

Ga1-xMnxAs1-yPy films with a fixed value of Mn concentration of x = 0.06 and with 

phosphorus concentrations y = 0.10, 0.15, and 0.21 were grown on semi-insulating 

GaAs (100) substrates using low-temperature molecular beam epitaxy (MBE).  Parts of 

the films were then annealed at 270°C for 1 hour in nitrogen flux to optimize their 

uniformity and to improve their magnetic properties. Manganese and phosphorus 

concentrations, film thicknesses, Curie temperatures and saturation magnetizations of 

the specimens used in this study were characterized and have been published in an 

earlier paper.16 For electrical transport measurements, Hall bars were fabricated by 

photolithography, with the long dimension (the current direction) along the [110] 

orientation of the GaAs substrate. Measurements of Hall resistivity ρxy and longitudinal 

resistivity ρxx were then performed as a function of magnetic field B (from zero to 12.0 T) 

and temperature (between 1.5 K and 70 K) on all six specimens in a Physical Property 

Measurement System (PPMS). Table I summarizes the phosphorus concentrations, 
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thicknesses, saturation magnetizations, Curie temperatures, free hole concentrations, 

and conductivities of all Ga1-xMnxAs1-yPy films used in this study.17  

IV. EXPERIMETNAL RESULTS AND ANALYSIS  

Figure 1 shows ρxy and ρxx results measured on the annealed Ga0.94Mn0.06As0.85P0.15 

sample. Results on the other five specimens are very similar. Note that at temperatures 

well below Curie temperature the value of ρxy is nearly constant as a function of field, 

indicating that ρxy is strongly dominated by the spontaneous perpendicular 

magnetization of the samples, as is typical for AHE in ferromagnets with magnetization 

perpendicular to the sample plane. 
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Fig. 1 Typical magnetic field dependence of (a) Hall resistivity ρxy and (b) longitudinal 

resistivity ρxx on perpendicular applied field at several temperatures for annealed 

GaMnAsP specimens with y = 0.15.  ρxx(0) is zero-field resistivity at each temperature.  

 

We recall from the preceding section that the anomalous Hall resistivity ρxy
A in a 

ferromagnetic material may contain contributions from different mechanisms, that can 

be identified empirically by their dependence on different powers of ρxx. Our purpose in 

this paper will be to identify the relative contributions from these mechanisms in Ga1-

xMnxAs1-yPy samples under investigation. To accomplish this, we rewrite Eq. (1) in the 

form 
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ρxy - R0B = ρxy
A,     (2) 

where ρxy
A indicates the contribution of magnetization to the Hall resistivity. The 

contributions of skew scattering, intrinsic and hopping mechanisms to ρxy
A can then be 

expressed as:18  

ρxy
A = aMρxx,      (3) 

ρxy
A = bMρxx

2,     (4) 

and 

ρxy
A = cMρxx

0.4,     (5) 

where Eqs. (3 - 5) indicate relative strengths of the intrinsic (b ≠ 0), skew scattering (a ≠ 

0) or hopping conduction (c ≠ 0) contributions.  

We can now rewrite ρxy in a form that contains a superposition of all three 

contributions discussed above, 

ρxy = R0B + aMρxx + bMρxx
2 + cMρxx

0.4.      (6) 

However, as discussed in Nagaosa et al.18, the contribution corresponding to skew 

scattering (i.e., ρxy ∝ ρxx) requires highly ordered crystals, with high conductivity and 

very long relaxation times, which is not satisfied in the ferromagnetic semiconductors of 

the Ga1-xMnxAs family. We will therefore eliminate the second term on the right of Eq. 

(6). We then have  

ρxy = R0B + bMρxx
2 + cMρxx

0.4,    (7) 

which we can now use to determine the degree to which each of the two remaining 

mechanisms contributes to AHE, by fitting Eq. (7) to our experimental results and 

obtaining the intrinsic and hopping coefficients, b and c.  

For this purpose, we rewrite Eq. (7) in the form26,27  

   (ρxy - R0B)/(ρxx
0.4M) = ρxy

A/(ρxx
0.4

 M) = c + bρxx
1.6,   (8) 

where ρxy
A is the AHE contribution to ρxy as defined in Eq. (1). By plotting (ρxy - 

R0B)/(ρxx
0.4M) as a function of ρxx

1.6, we then obtain the coefficient c from the intercept of 

the plot, and coefficient b from its slope. We note that the value of R0, which represents 
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the concentration of itinerant holes in the material, has already been obtained for each 

of the six samples in an earlier study.17 Since we are dealing with a heavily doped 

semiconductor, it is safe to assume that this quantity will remain constant as 

temperature and field are varied. 

Note that the quantities ρxy and ρxx which will be used in plotting (ρxy - R0B)/(ρxx
0.4M) 

as a function of ρxx
1.6 were measured at a series of temperatures T (from 1.5 K to 70 K) 

and magnetic fields B (from 0 to 12.0 T), and the value of M to be used in these plots 

must therefore correspond to each value of B and T at which ρxy and ρxx were 

measured. To achieve that, we develop a modified Weiss-Brillouin model for the 

magnetization M(B,T) in the Appendix. As discussed in the Appendix, the model follows 

the Weiss-Brillouin approach as modified by Harrison.28 

a. Analysis of AHE in annealed samples of Ga1-xMnxAs1-yPy 

We begin our analysis of intrinsic and hopping contributions to AHE in Ga1-xMnxAs1-

yPy by investigating the results obtained in annealed samples, which are made much 

more uniform by this process. Using Eq. (7) and the values of m(B,T) = M(B,T)/M0 as 

discussed in the Appendix, we plot (ρxy - R0B)/(ρxx
0.4M) vs. ρxx

1.6 (panels (a)-(c) in Fig. 2) 

to determine the coefficients b and c.  

Having determined the values of the coefficients b and c in Eq. (7), we can now 

establish the relative contributions of, respectively, the intrinsic and hopping 

mechanisms to AHE in annealed Ga1-xMnxAs1-yPy samples. To eliminate the effect of 

changes in M, we do this by plotting (bρxx
2)/m and (cρxx

0.4)/m as a function of ρxx in Fig. 

3(d)-(f), where m = M/M0 and M0 is the value of total magnetization, which is a constant 

for each sample. It is clear from Fig. 2 that in all annealed specimens the intrinsic 

mechanism dominates the AHE process. It is interesting that earlier studies of AHE in 

annealed GaMnAs with similar Mn concentrations have also led to ρxy
A values that 

follow an approximately ρxx
2 dependence, also indicating dominance of intrinsic 

processes in AHE.29,30,31,32,33  
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Fig. 2 (a,b,c) Plot of (ρxy - R0B)/(Mρxx
0.4) vs. ρxx

1.6 for the annealed Ga1-xMnxAs1-yPy 

samples with P concentrations y of 0.10, 0.15 and 0.21. The slope is b, the y-axis 

intercept is c. (d,e,f) The two components of ρxy
A, bρxx

2M0 and cρxx
0.4M0, are plotted 

separately as a function of ρxx for each annealed Ga1-xMnxAs1-yPy sample using the 

values of b and c obtained from Figs. 2(a,b,c). Here M0 is the saturation magnetization 

at T = 0 K, and m is the normalized magnetization M(B,T)/M0 as given by the modified 

Weiss-Brillouin function in the Appendix. 
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b. Analysis of AHE in as-grown samples of Ga1-xMnxAs1-yPy 

We will now analyze the results obtained for the as-grown Ga1-xMnxAs1-yPy samples, 

again by starting with Eq. (7) and following the same procedure used in the preceding 

section. The results are displayed in Fig. 3, where we obtain coefficient b and c for each 

as-grown sample from the slope and intercept in panels (a)-(c), and plot the resulting 

intrinsic and hopping contributions to AHE separately in panels (d)-(f). It is immediately 

apparent that the results for the as-grown samples are significantly more complex than 

those in Fig. 2.  

The behavior of the as-grown Ga0.94Mn0.06As0.90P0.10 sample is still qualitatively 

similar to that of annealed specimens, displaying clear dominance of the intrinsic 

component of AHE, as seen in Fig. 3(d). However, the difference between as-grown 

and annealed samples becomes increasingly complicated as the phosphorus content 

increases. In the case of our largest phosphorus concentration, sample 

Ga0.94Mn0.06As0.79P0.21, the role of intrinsic and hopping contributions in the as-grown 

case has now become reversed, as seen in Fig. 3(f), the hopping contribution cMρxx
0.4 

becoming dominant. This sample then displays a behavior corresponding to the regime 

identified by Nagaosa et al. as the “hopping regime”.18 Interestingly, the results for the 

Ga0.94Mn0.06As0.85P0.15 sample shown in Fig. 3 fall between the two as-grown specimens 

just described, showing that magnitudes of hopping and intrinsic contributions to AHE 

are comparable, thus corresponding to cross-over conditions between the two AHE 

mechanisms.  

c. Crossover into the hopping regime and its nature 

In Fig. 4, we are now able to plot the variation of 𝜎𝑥𝑦 as a function of 𝜎𝑥𝑥 for all six 

samples studied here. As seen in that figure, the conductivity covered in this study 

spans two orders of magnitude, and the scaling of 𝜎𝑥𝑦 vs 𝜎𝑥𝑥 follows two different but 

clearly identifiable regimes. (i) At low conductivities, 𝜎𝑥𝑦~𝜎𝑥𝑥
1.6, corresponding to the 

hopping regime dominated by impurity band transport.25  (ii) At high conductivities the 

value of 𝜎𝑥𝑦  is approximately constant, corresponding to the intrinsic (metallic) regime 

dominated by the Berry curvature contribution to AHE.23 We note parenthetically that, as 
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shown in Supplemental Material34, a similar universal scaling crossover as a function of 

sample conductivity is also followed in the parent ferromagnetic alloy Ga1-xMnxAs11.  
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Fig. 3 (a,b,c) Plot of (ρxy - R0B)/(Mρxx
0.4) vs. ρxx

1.6 for as-grown Ga0.94Mn0.06As1-yPy  

samples with y = 0.10, 0.15, and 0.21, respectively. The slope is b, the y-axis intercept 

is c. (d,e,f) Intrinsic and hopping components of AHE, bρxx
2M0 and cρxx

0.4M0, plotted 

separately for the three as-grown samples.  
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We can tie the occurrence of the observed crossover to the changing carrier density 

of the system and the increased isolation of the impurity band as the P concentration 

increases. According to our previous work,17 a large fraction of holes (~6 × 1019 cm-3) 

are localized in Ga1-xMnxAs1-yPy, and do not contribute to conduction. Note that in 

samples that are in the hopping regime, the delocalized hole density measured by the 

normal Hall effect (see Table I) is lower than this threshold. While there remains a finite 

concentration of free carriers, they no longer constitute the majority. Thus, it is likely that 

the crossover occurs when the concentrations of free and localized holes become 

comparable. 
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Fig. 4 (a) Phase diagram of the anomalous Hall effect versus sample conductivity. Two 

regimes can be distinguished: the hopping regime, where σxy = cσxx
1.6M0 is dominant; 

and the intrinsic regime, where σxy is dominated by bM0. Note that the number of points 

in the high-conductivity data is the same as at low conductivities, but are squeezed 

together by the logarithmic scale. (b,c) Variation of the coefficients b (Berry curvature 

contribution) and c (hopping contribution) as a function of sample conductivity. The 

dashed lines are guide for eyes. 

 

Since the two samples with the lowest hole density approach the localization 

threshold, we further examine the temperature dependence of their resistivity versus 

temperature in Figs. 5(a,b). This allows us to get further insight into the nature of the 

metal-insulator transition that these specimens undergo at low temperature, and into the 
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eventual role of Coulomb interactions.35 In the presence of carrier screening, it was 

shown that the dependence of resistivity on temperature in the localized regime follows 

the following scaling relation:36,37 

𝜌𝑥𝑥(𝑇)~𝑇𝜈 𝑒𝑥𝑝 (
𝑇0

𝑇
)

𝑠

    (9) 

where 𝜈 is a non-universal exponent that accounts for the power-law dependence of the 

resistivity on the temperature37, and T0 is the characteristic temperature related to the 

localization length ξ or activation energy. The value of 𝑠 is indicative of the type of 

localization regime: 𝑠 = 1/4 corresponds to Mott variable-range hopping38, with the 

localization length defined by ξ = (γ/g0kBT0)1/2, where γ is a constant, g0 is the density of 

the states, and kB is the Boltzmann constant; and 𝑠 = 1/2 applies in the presence of a 

Coulomb gap39, with the localization length in this case defined by ξ = Ce2/κkBT0, where 

C is a constant, and κ is the dielectric constant; and 𝑠 = 1 applies in the presence of 

mechanisms such as a mobility gap40.  
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Fig. 5 (a) Scaling of the resistivity vs T1/4 in the as-grown y = 0.15 sample at different 

magnetic fields. (b) Scaling of the resistivity vs T1/2 in the as-grown y = 0.21 sample at 

different magnetic fields. Insets show the temperature dependence of 𝜈 and 𝑇0.   

 

Figure 5(a) shows the agreement of 𝜌𝑥𝑥(𝑇)/𝑇𝜈 with the 𝑠 = 1/4 rule for the as grown 

y = 0.15 sample at different magnetic fields. This sample is at the boundary between the 
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hopping and metallic regime. However, 𝜌𝑥𝑥(𝑇) indicates strong evidence of a Mott-like 

activation upon the onset of localization.41 Figure 5(b), on the other hand, shows 

agreement of 𝜌𝑥𝑥(𝑇)/𝑇𝜈 with the 𝑠 = 1/2 rule for the as-grown y = 0.21 sample at 

different magnetic fields. This sample exhibits the strongest metal-insulator transition, 

but also exhibits evidence of a Coulomb gap.42,43 Note that 𝑇0 decreases at high 

magnetic field. This indicates that a magnetic field induces a delocalization effect, 

similar to what is discussed in an earlier work in a gated GaAs/AlxGa1-xAs 

heterostructure.36 In a magnetic semiconductor this effect can also be associated with 

the reduced spin-disorder scattering of carriers as the magnetic field increases.44  

V. DISCUSSION 

As shown by earlier theoretical calculations25, the nature of the hopping regime 

cannot be inferred from the anomalous Hall effect alone. However, the combined 

investigation of scaling of both 𝜌𝑥𝑥 and 𝜌𝑥𝑦 sheds important light on the nature of the 

interactions that compete or cooperate to generate the AHE in Ga1-xMnxAs1-yPy. Our 

results indicate that both a metallic and hopping contributions contribute to the AHE in 

this material, and that the weight of each contribution can be tuned by varying the 

phosphorus concentration y, the conductivity, or both. In the metallic regime the AHE is 

dominated by the intrinsic contribution arising from the Berry curvature. Once the 

impurity band is sufficiently far from the valence band (as for y = 0.21), the AHE is 

mainly governed by the hopping contribution. At the boundary between the two regimes, 

the conductivity follows the Mott variable range hopping law, but as samples become 

more insulating, Coulomb interactions become significant and the conductivity follows 

the Efros-Shklovskii rule.  

Whether or not Coulomb interactions contribute significantly to hopping conduction 

generally depends on the size of the Coulomb gap compared to the hopping energy. 

The single particle density-of-state can influence of both energy scales. The presence of 

screening from a nearby metallic band can also decrease the weight of the Coulomb 

interaction. Thus, it is difficult to isolate one reason why these interactions only start to 

be significant as the P content is increased, since both the band structure and the 

conductivity are altered by the introduction of P.  Unexpectedly an important question 
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emerges from our work: is there a regime in ferromagnetic semiconductors in which the 

Berry curvature and Coulomb interactions cooperate to generate correlated topological 

effects? 45,46 

We note here that an intense discussion regarding the role of the impurity band (IB) 

in Ga1-xMnxAs, including the position of the Fermi energy, has arisen in analyzing its 

ferromagnetic properties.47 The incorporation of Mn in a III-V lattice results in holes that 

reside in an impurity band (IB) above the top of the valence band. At Mn concentrations 

typical of this family of ferromagnetic semiconductors (up to 10 at.% and more) the 

number of states in the impurity band, and thus its width, is given by the quantity (xsub – 

xint), where xsub and xint are concentrations of substitutional and interstitial Mn.48 This is a 

very large number, resulting in significant broadening of IB.49,50 In the specific case of 

Ga1-xMnxAs, in which IB lies about 100 meV above the top of the valence band (VB),51 

such broadening can lead to an overlap of IB with the top of VB, resulting in effect in 

one continuous band, with the Fermi level determined by the concentration of 

interstitials48 lying inside this combined IB/VB. In the case of Ga1-xMnxAs1-yPy, however, 

the top of the valence band itself will shift downward relatively fast in energy as y 

increases, thus reducing the overlap of IB with VB, and eventually very likely leading to 

their separation. This may in fact be the mechanism which underlies the transition from 

the Berry phase to hopping regime reported in this paper. While we cannot make a 

definitive statement at this time, further study of Ga1-xMnxAs1-yPy with high values of y 

would clearly be beneficial to increase our understanding both of the hopping process 

and of the role of IB. 

We have shown here that Ga1-xMnxAs1-yPy allows us to tune three quantities: the 

magnetic moment (Mn/Ga), the carrier density (P and annealing), and the position of the 

impurity band with respect to the valence band (As/P). Thus, a proper mapping of the 

phase diagram of this material can be a route for investigating the interplay between 

topological Berry curvature effects, disorder and strong correlations.45,46  
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APPENDIX: Derivation of M(B,T) by Modified Weiss-Brillouin Model 

As noted in the main text, resistivities ρxy and ρxx were measured at a series of 

temperatures T and magnetic fields B, and our analysis of these quantities requires the 

use of magnetization M(B,T) corresponding to the values of B and T at which ρxy and ρxx 

were measured. To obtain M(B,T), in this Appendix we will use the mean-free field 

model of Weiss-Brillouin as modified by Harrison52,28, in the form 

𝑚 =
𝑀

𝑀0
= B𝐽[𝛽𝑔𝐽𝜇0𝜇𝐵 (𝐻 + 𝛼𝑀) 𝑘𝑇⁄ ];  (A1) 

where BJ(x) is the Brillouin function, 

B𝐽(𝑥) = 𝑐𝐽 𝑐𝑜𝑡ℎ(𝑐𝐽𝑥) − 𝑑𝐽 𝑐𝑜𝑡ℎ(𝑑𝐽𝑥).  (A2) 

Here cJ = (2J + 1)/(2J), dJ = 1/(2J), M is magnetization at any given field B and 

temperature T, and M0 is the value of the magnetization when all magnetic moments 

are parallel to the external field, i.e., the maximum value that magnetization can attain.  

M0 can be written as M0 = NgμBJ, where N is the number of spins per unit volume in the 

material, g is the g-factor, μB is the Bohr magneton, μo is the permeability of vacuum, 

and in our case g = 2 and J = 5/2. Note further that in Eq. (A1) parameter α is the 

standard exchange field coefficient, and β is the domain coefficient introduced by 

Harrison.52 

As a start, we solve the implicit Eq. (A1) for M(B,T), as follows. We assume that the 

quantity M0 is given by the value of M measured at our lowest temperature (in our case 

3K) at a field of 7.0 T, as listed for each sample in Table I. We then set the applied field 

H to zero in Eq. (A1), input the measured value of M0 and remanent magnetization 

M(0,T) at a given temperature as shown in Supplemental Material34 (blue curve in Fig. 

S3), and solve Eq. (A1) for the product αβ.  For comparison, in Fig. S3 we also plot 
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M(0,T) calculated using the classical mean field model, in which the value of αβ = 

3kTC/[gμ0μB(J+1)Mo], illustrating the importance of determining the coefficients α and β 

for each temperature. We do this by adjusting the value of αβ at each temperature, so 

that calculated remanent magnetization Mr = M(0,T) obtained by setting H = 0 in Eq. 

(A1) at that temperature equals the measured value of M(0,T) for each sample. This 

process yields the value of the product αβ for each sample at each temperature.  

To complete the modified mean field model for M(B,T) in Eq. (A1), we now need to 

separately establish the value of the domain coefficient β. To illustrate the process, in 

Fig. S4 (in Supplemental Material34) we first plot (ρxy - R0B)/(Mρxx
0.4) vs. ρxx

1.6 for the y = 

0.15 sample for β = 1. We note that the slopes of the curves for different temperatures 

are the same, attesting to the robustness of the intrinsic coefficient b, but the series of 

curves have different intercepts. Since we assume that the coefficient c, which governs 

the hopping contribution to AHE and which corresponds to the intercept of (ρxy - 

R0B)/(Mρxx
0.4) vs. ρxx

1.6 plot, is a constant with respect to temperature, we collapse the 

curves into a single straight line by selecting the value of β in Eq. (A1). In the example 

illustrated by Fig. S4 the series of lines is collapsed to one line by choosing β = 1.6. 

To further illustrate the importance of the domain coefficient β for our analysis, we 

plot (in Supplemental Material34) the calculated and measured value of m as a function 

of field B in Fig. S5. Figure S5(a) is again plotted with β = 1.0 for the same sample as in 

Fig. S4. Note that, although the theoretical and experimental curves converge at B = 0, 

as expected, they diverge very significantly as the field and temperature increases. 

However, with appropriately chosen β (in this case β = 1.6) the curves coalesce, as 

seen in Fig. S5(b). The agreement with just two adjustable parameters over such a wide 

range of temperatures and fields is truly remarkable, attesting to the effectiveness of the 

Weiss-Brillouin model as modified by Harrison. It is especially remarkable that the 

requirement of making the series of lines coalesce so as to give a single intercept has 

determined the value of β = 1.6, has automatically led to such excellent agreement of 

theory and experiment as illustrated in Fig. S5(b).  
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