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The hierarchy of the coupling strengths in a physical system often engenders an effective model at
low energies where the decoupled high-energy modes are integrated out. Here, using neutron scatter-
ing, we show that the spin excitations in the breathing pyrochlore lattice compound CuInCr4S8 are
hierarchical and can be approximated by an effective model of correlated tetrahedra at low energies.
At higher energies, intra-tetrahedron excitations together with strong magnon-phonon couplings
are observed, which suggests the possible role of the lattice degree of freedom in stabilizing the
spin tetrahedra. Our work illustrates the spin dynamics in CuInCr4S8 and demonstrates a general
effective-cluster approach to understand the dynamics on the breathing-type lattices.

For the description of a physical system, selecting an
appropriate energy scale is always the first step as it de-
termines what (quasi-)particles and interactions might
play a role. A well-known example is the Standard
Model, where massive elementary particles emerge at
‘low’ energies through spontaneous symmetry breaking.
In solids, pertinent energy scales span a wide range from
keV down to meV. Therefore, depending on the physics
of interest, various effective models can be constructed by
integrating out the unrelated degrees of freedom above a
cut-off energy [1]. A textbook example is the derivation
of the Heisenberg exchange model with only the spin de-
gree of freedom (DOF) as an effective low-energy theory
of the Hubbard model that involves both the spin and
electron DOF [2]. In some special cases, intriguing ef-
fective models might exist even if the fundamental DOF
stays the same. The dipolar spin-ice state, for example,
involves only the spin DOF, but its low-energy dynamics
can be explained by a Coulomb gas model of magnetic
monopoles [3–5].

Since a hierarchy in the coupling strengths naturally
separates modes of different characteristic energies, mag-
netic systems composed of alternating bonds offer an
incomparable opportunity to achieve novel spin corre-
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lations that are manifested through effective models [6–
11]. Clusters with a relatively rigid spin alignment could
emerge over the stronger bonds and behave as single en-
tities below a cut-off energy. Above this cut-off energy,
excitations within the clusters become active, and their
propagation is able to account for the dispersion at high
energies [11–13].

The focus of our study is the spin dynamics in the A-
site ordered spinel CuInCr4S8, where the magnetic Cr3+

ions (S = 3/2) form a breathing pyrochlore lattice of al-
ternating bond lengths as shown in Fig. 1(a) [14]. Due
to the disparate contributions from the direct exchange
interactions that are highly distance sensitive [15, 16],
the coupling strengths over the neighboring tetrahedra
denoted as J1 and J ′1 are expected to be very differ-
ent [17, 18]. The tetrahedra with the stronger ex-
change interactions therefore tend to form effective local
spin clusters. In the isomorphic compound LiGaCr4S8,
clustering over the J ′1-bonded tetrahedra have been ob-
served, although the spin-glass-like ground state prevents
a quantitative analysis of the spin excitations [19, 20].
CuInCr4S8 is known to enter an antiferromagnetic (AF)
long-range ordered state below TN ∼ 35 K [21, 22], which
leads to coherent excitations that can be directly com-
pared against effective cluster models.

In a previous neutron diffraction measurement of
CuInCr4S8, spins over the J ′1-bonded tetrahedra were
found to be parallel [21], which has been attributed
to the alternating AF J1 and ferromagnetic (FM) J ′1
couplings [18, 23]. Therefore, as long as the J ′1 cou-
plings are sufficiently strong, the low-energy dynamics in
CuInCr4S8 can be approximated by correlated tetrahedra
with FM spins. However, the Curie-Weiss temperature
of ΘCW ∼ −70 K suggests dominant AF couplings [22],
which may invalidate a FM tetrahedron model. Further
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FIG. 1. (a) The breathing pyrochlore lattice formed by the
Cr3+ spins (shown as gray spheres) in CuInCr4S8. The com-
plete crystal structure can be found in the Supplemental
Materials [28]. The bonds of the smaller and larger tetra-
hedra are shown in blue and red, respectively. Further-
neighbor couplings including the second-neighbor coupling J2
and two third-neighbor couplings J3a and J3b are indicated.
(b) Collinear magnetic structure viewed along the c axis. ϕ
denotes the tilting angle from the b axis. (c) Coplanar mag-
netic structure that is composed of two AF spin pairs over the
smaller tetrahedra. ψ denotes the angle between the two spin
pairs. (d) Refinement result of the powder neutron diffraction
data measured on HB-2A at T = 2 K assuming a collinear
structure with ϕ = 25◦. Data were collected with a constant
incident neutron wavelength of 2.41 Å. The impurity peaks
marked by stars are excluded in the refinements. Data points
are shown as red circles. The calculated pattern is shown as
the black solid line. The vertical bars indicate the positions
of the structural (upper) and magnetic (lower) Bragg peaks
for CuInCr4S8. The blue line at the bottom shows the differ-
ence of measured and calculated intensities. Similarly good
refinement is obtained for nonzero ψ, with the refined mo-
ment magnitude staying constant at 2.54(2) µB. (e) Map for
the goodness-of-fit, χ2, as a function of ψ and ϕ.

complications could arise from spin-lattice coupling that
is often observed in the Cr-based spinels [16, 24]. Recent
high-field measurements on CuInCr4S8 revealed a half-
magnetization plateau that is reminiscent of a similar
feature observed in ZnCr2O4, indicating the existence of
biquadratic interactions that could arise from spin-lattice
coupling [22, 25–27].

In this paper, we investigate the spin dynamics in
CuInCr4S8 using neutron scattering and show the emer-
gence of hierarchical excitations that can be described
by an effective model of correlated tetrahedra. In addi-
tion to the spin excitations, we observe a strong magnon-
phonon coupling at high energies that is further con-
firmed through the density functional theory (DFT) cal-
culations. The coupling to the lattice DOF provides a
possible explanation for the enhanced stability of the spin
tetrahedra.

Figure 1 summarizes the refinement results of our pow-
der neutron diffraction data collected on HB-2A at the

High Flux Isotope Reactor (HFIR) at ORNL. Details for
the sample preparation, basic characterizations, and ex-
perimental and theoretical methods can be found in the
Supplemental Materials [28]. The crystal symmetry of
CuInCr4S8 stays cubic (space group F43m) in our in-
vestigated temperature range of T = 2 - 300 K, and the
Cr-Cr bond distances at T = 2 K are refined to be 3.37(1)
and 3.73(1) for J1 and J ′1, respectively. Magnetic reflec-
tions belonging to the propagation vector of q = (100)
emerge below ∼ 35 K. Assuming the magnetic order is
described by a single basis vector of the irreducible rep-
resentation Γ3 [28], the best refinement is achieved by a
collinear structure shown in Fig. 1(b) with spins perpen-
dicular to q, i.e. ϕ = 0. Anti-parallel (parallel) spins
are observed over the J1-bonded (J ′1-bonded) tetrahe-
dra, consistent with the scenario of alternating AF-FM
couplings [18, 21, 23]. However, as detailed in the Sup-
plemental Materials [28], this solution overestimates the
intensity of the (100) reflection, suggesting the necessity
to include more than one basis vector.

In order to improve the refinement, we explore different
coplanar magnetic structures satisfying two constraints
of a J1-J ′1 model [23]: (1) spins over the J ′1-bonded tetra-
hedra are parallel as required by the FM couplings; (2)
spins over the J1-bonded tetrahedra form two AF pairs,
leading to a total zero moment as required by the AF
couplings. Without loss of generality, we further assume
the spins are within the ab-plane that contains the q di-
rection, thus leaving only three parameters for the refine-
ment: the spin magnitude, the ψ angle between the two
AF pairs over the J1-bonded tetrahedra, and the ϕ angle
describing an overall rotation with respect to the c axis.
Typical refinement results are shown in Fig. 1(d), where
the rotated collinear structure provides a good fit for the
diffraction data, and the reduced-χ2 goodness-of-fit fac-
tor is improved from 3.77 at ϕ = 0 to 3.31 at ϕ = 25◦.
As summarized in Fig. 1(e), equally good refinements are
obtained for different ψ values, indicting our diffraction
data on a powder sample cannot resolve the AF align-
ment over the J1-bonded tetrahedra.

Although some aspects of the magnetic structure re-
main undetermined, our inelastic neutron scattering
(INS) experiments unambiguously reveal the emergence
of correlated spin tetrahedra in CuInCr4S8. Figure 2(a)
is an overview of the INS spectra measured at T = 5 K
with Ei = 100 meV. Measurements were performed on
SEQUOIA at the Spallation Neutron Source (SNS) at
ORNL [28]. At low wave-vector transfer, Q, hierarchical
magnetic excitations are observed in two well-separated
energy regimes of [0, 5] meV and [12, 30] meV, indicat-
ing possible spin-cluster dynamics in CuInCr4S8. In the
high-E regime, intensity of the 12 meV mode is strong
on both the low-Q and high-Q sides as confirmed in the
constant-Q scans shown in Fig. 2(b), which suggests a
strong coupling between the magnon and phonon excita-
tions [29, 30]. The contributions from the phonon excita-
tions are further corroborated in our DFT calculations.
The simulated neutron scattering cross section for lattice
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FIG. 2. (a) Scattering intensity of CuInCr4S8 measured with
Ei = 100 meV at T = 5 K. (b) Scattering intensity as a
function of E integrated at Q = 1.8 Å−1 (red circles) and
5.8 Å−1 (blue squares) with an integration width of 0.2 Å−1

as indicated by the white markers in panel (a). Solid line is
the phonon scattering intensity at Q = 5.8 Å−1 obtained from
the DFT calculations after convolution with the instrumental
energy resolution. (c) Phonon scattering intensity from the
DFT calculations. The calculated data are convoluted with
the tabulated instrumental energy resolution. (d) Total and
projected density of states (PDOS) of phonons in CuInCr4S8

from the DFT calculations.

excitations shown in Fig. 2(c) reproduces the INS spec-
tra at high Q, where the strong intensity at ∼ 12 meV
can be ascribed to the high phonon density of states as
shown in Fig. 2(d).

Given the hierarchy of excitations in CuInCr4S8, we
can select a cut-off energy between 5 and 12 meV
and compare the low-energy spectra shown in Fig. 3(a)
against different effective models. In contrast with
the excitations in many regular pyrochlore lattice com-
pounds [31, 32], the low-energy excitations in CuInCr4S8

exhibit a strong modulation along Q that is reminiscent
of the cluster-like excitations in MgCr2O4 [33]. For a pair
of FM spins at distance d, the powder-averaged scatter-
ing intensity is modulated by the spherical Bessel func-

tion j0(Qd) = sin(Qd)
Qd [28, 34, 35]. Therefore, the minimal

intensity observed at Q ∼ 1.2 Å−1 in Fig. 3(a) implies
strong FM correlations at d ∼ 3.7 Å that is close to the J ′1
bond length of 3.73(1) Å, suggesting a possible effective
model of FM tetrahedra over the J ′1-bonds.

To quantitatively analyze the low-energy excitations,
we extend the previously proposed static cluster model
to the dynamical regime [18, 20, 28]. The Heisenberg
Hamiltonian on the breathing pyrochlore lattice can be
written as H =

∑
〈ij〉∈n J(rij)SiSj with n listing the

coupled spin pairs separated by rij . Under modified
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FIG. 3. (a) Scattering intensity of CuInCr4S8 measured
with Ei = 25 meV at T = 5 K. (b) Effective FCC cluster
model where the J ′1-bonded tetrahedra are treated as rigid
FM clusters. The nearest- and second-neighbor couplings
among the tetrahedra are indicated as Jt1 and Jt2, respec-
tively. (c) Zero-energy mode along the (1q0) direction in the
FCC cluster model with the inter-tetrahedron couplings lim-
ited to the nearest neighbors, i.e. Jt2 = 0. (d) Intensity calcu-
lated by linear spin wave theory using the FCC cluster model
with fitted coupling strengths of Jt1 = 0.099(9) meV and
Jt2 = −0.022(2) meV. The coplanar structure with ψ = 90◦

as shown in Fig. 1(c) is assumed as the ground state. The
calculated data are convoluted with a Gaussian function with
a fitted full width at half maximum (FWHM) of 1.6(1) meV.
(e) The corresponding fits for the constant-Q scans that are
integrated at Q = 0.5, 0.7, 0.9, and 1.8 Å−1 with an inte-
gration width of 0.1 Å−1 as indicated by the white mark-
ers in panel (a). Data at 0.7, 0.9, and 1.8 Å−1 are shifted
horizontally by 1.5, 3.0, and 3.5 units for clarity of the fig-
ure, respectively. The reduced-χ2 factor for the fit is 7.4. (f,
g) Similar as panels (d, e) but assuming a collinear ground
state shown in Fig. 1(b). The fitted coupling strengths are
Jt1 = 0.074(7) meV and Jt2 = −0.035(3) meV. The reduced-
χ2 factor for the fit is 13.2.

bond distances r′ij = rij + δrij , the magnon disper-
sion stays unchanged because the Fourier transform of
J(rij) and J(r′ij) in reciprocal space are related by a
unitary transformation that does not affect the eigenval-
ues [28]. This freedom in bond distances allows us to
treat the original breathing pyrochlore lattice as a face-
centered cubic (FCC) lattice of point-like tetrahedra as
shown in Fig. 3(b). Under the rigid cluster approxima-
tion, the tetrahedra become composite spins of S = 6.
The intra-tetrahedron couplings J ′1 are thus integrated
out, and the remaining Cr-Cr couplings up to the third-
neighbors shown in Fig.1(a) are merged into an effec-
tive coupling Jt1 = (J1 + 4J2 + 2J3a + 2J3b)/16 over the
nearest-neighbor tetrahedra as presented in Fig. 3(b).

The magnon dispersion of the FCC tetrahedron model
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FIG. 4. (a) Scattering intensity of CuInCr4S8 measured with
Ei = 50 meV at T = 5 K. (b) Intensity map calculated by the
linear spin wave theory using the minimal J1-J ′1-J4 model on
the breathing pyrochlore lattice. The strength of J ′1 is fixed
at −2.6 meV to reproduce the central positions of the high-
E modes. For the coplanar ground state with ψ = 90◦, the
coupling strengths obtained by fitting the low-energy spectra
are J1 = 1.8(1) meV, J4 = −0.11(1) meV, close to the ex-
pected values of J1 = 16J1t and J4 = 4Jt2 of the FCC cluster
model [28]. The calculated data are convoluted by a Gaussian
function with a FWHM that is two times broader than the
tabulated instrumental energy resolution. Similar results can
be obtained for the ground states with different ψ.

with couplings up to the second neighbors (Jt2) is then
calculated using linear spin wave theory [36]. The scat-
tering intensities at wave-vector transfer k are scaled
by the structure factor of a J ′1-bonded tetrahedron

Atetra(k) =
∑4
i=1 e

−ikri to recover the actual spin dis-
tribution on the original pyrochlore lattice [28]. For
the fits of the INS spectra, constant-Q scans at Q =
0.5, 0.7, 0.9, and 1.8 Å−1 are generated as the inputs,
shown in Fig. 3(e) and (g). Starting from the coplanar
ground state with ψ = 90◦ as shown in Fig. 1(c), the
INS spectra are reproduced with the coupling strengths
Jt1 = 0.099(9) meV and Jt2 = −0.022(2) meV as summa-
rized in Figs. 3(d) and (e). The slight mismatch around
Q ∼ 0.65 Å−1 maybe related the weak but nonzero cou-
plings to the high-energy modes. The calculated spec-
tra only depends weakly on the ψ angle in the ground
state. As exemplified in Figs. 3(f) and (g), the main
features of the INS spectra are reproduced even with a
collinear ground state (ψ = 0) with Jt1 = 0.074(7) meV
and Jt2 = −0.035(3) meV. Thus the FCC tetrahedron
model provides a good approximation for the low-energy
dynamics in CuInCr4S8 regardless of the ambiguity in
the ground state.

The effective Jt2 couplings can be ascribed to the Cr-
Cr couplings beyond the third neighbors on the original
pyrochlore lattice. Its FM character is consistent with
the propagation vector q = (100) as it favors parallel
spin alignment across the neighboring unit cells. Without
Jt2, zero-energy modes could emerge due to the geomet-
ric frustration of the FCC lattice [37], which results in a
worse fit of the INS spectra [28]. Assuming a collinear
ground state as shown in Fig. 1(b), Fig. 3(c) plots a snap-
shot for one of the zero-energy modes at k = (1 1

40). The
FM Jt2 coupling raises this mode to a nonzero energy

and partially relieves the ground state degeneracy, thus
fostering the magnetic long-range order in CuInCr4S8.

The spin dynamics at higher energies involve exci-
tations within the FM tetrahedra. For free tetrahe-
dra, neutron scattering detects the transition from the
ground state to the first excited state at E = 6J ′, and
the powder-averaged scattering cross section is propor-
tional to 1− j0(Qd) [28, 34]. Therefore, at high energies,
stronger intensity is expected at Q ∼ 1.2 Å−1, which
is indeed observed in our INS spectra at ∼ 19 meV as
shown in Fig. 4(a). The split branches at ∼ 17 and
20 meV can be ascribed to the bottom and top of the un-
resolved dispersion, respectively. As shown in Fig. 4(b),
with a strong J ′1 coupling of −2.6 meV, the split branches
can be reproduced using the minimal J1-J ′1-J4 model on
the original pyrochlore lattice. The obtained J ′1 value is
consistent with the tetrahedron spectra and explains the
hierarchical excitations in CuInCr4S8.

Despite the success of the effective low-energy model,
there are still several outstanding questions concerning
the physical behavior of CuInCr4S8. In particular the
INS spectra shown in Fig. 4 exhibit additional high-
energy modes compared to the anticipation of the min-
imal model. Moreover, the negative Curie-Weiss tem-
perature ΘCW seems at odds with the dominating FM
J ′1 interactions. Both phenomena may be related to the
coupling to the lattice DOF as discussed in conjunction
with Fig. 2. Along with interactions neglected in our
minimal model, the coupling to the lattice DOF could
produce extra modes that is beyond a spin-only descrip-
tion. Additionally, the recent high-field magnetization
measurements [22, 25] demonstrate that the spin-lattice
coupling in CuInCr4S8 induces effective biquadratic in-
teractions, which provide a possible explanation of the
negative ΘCW as biquadratic interactions are known to
enhance the Heisenberg (billinear) interactions between
the FM spins without affecting ΘCW [38, 39]. There-
fore, the strong FM J ′1 in CuInCr4S8 may receive a
considerable enhancement through the coupling to the
lattice DOF. Further studies on a single crystal sample
will help elucidate the role of the spin-lattice coupling in
CuInCr4S8.

Our analysis of the hierarchical excitations in
CuInCr4S8 exemplifies a general effective-cluster ap-
proach to understand the spin dynamics on the
breathing-type lattices, where a series of exotic states like
Weyl magnons [40], magnetic skyrmions [41, 42], and spi-
ral spin liquids [18, 43–45] have been realized or proposed.
Even for compounds without hierarchical excitations, an
effective cluster model could still provide a good approxi-
mation for the quasi-elastic dynamics as long as the intra-
cluster excitations are separated from the ground state
by a nonzero gap. Conversely, by decorating a regular
lattice with clusters, models with different high-energy
dynamics could be designed without altering the low-
energy responses, which might be utilized in tailoring the
properties of functional materials [46].

In conclusion, our neutron scattering study of
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CuInCr4S8 reveals hierarchical excitations that can be
described by a FCC lattice of correlated tetrahedra. The
magnon-phonon coupling observed in our INS spectra
does not affect the spin dynamics at low energies where
the spins in the tetrahedra are approximately parallel.
Instead, the coupling to the lattice DOF may enhance
the stability of the spin tetrahedra. The effective clus-
ter model demonstrated in our work can be generalized
to different breathing-type lattice compounds and help
understand their spin dynamics.
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Appendix A: Experimental and Theoretical Methods

Polycrystalline CuInCr4S8 was synthesized by a di-
rect reaction of the high-purity elements in evacuated
silica ampoules. The ampoules were heated slowly (25-30
◦C/h) to an ultimate temperature of 900◦C for 48-72 h,
with an intermediate dwell of 24-48 h at 600◦C. Follow-
ing the initial reaction, the material was ground in air,
pressed into a pellet, sealed in an evacuated ampoule and
again heated to 900◦C for up to 4 days.

Neutron diffraction experiments were performed on
POWGEN at the Spallation Neutron Source (SNS) and
HB-2A at the High Flux Isotope Reactor (HFIR) at
ORNL. A powder sample with a total mass of ∼ 7 g
was placed in a vanadium sample can. On POWGEN,
data were acquired between 10 and 300 K using the 0.8
and 2.67 Å instrumental configurations. On HB-2A, data
were acquired at T between 2 and 160 K with a constant
incident neutron wavelength of 2.41 Å. Rietveld refine-
ments of the neutron diffraction data were performed us-
ing the FULLPROF program [47]. Refinement results of
the POWGEN data are similar to those of the HB-2A
data and are thus not shown.

Inelastic neutron scattering (INS) experiments were
performed on SEQUOIA at the SNS. The same powder
sample was placed in an aluminum can. A closed cycle re-
frigerator (CCR) was employed to reach temperatures T
down to 5 K. The incident neutron energy was selected
at Ei = 10, 25, 50, and 100 meV, with a correspond-
ing Fermi chopper frequency of 180, 240, 360, and 540
Hz, respectively in the high-resolution setup. Data from

an empty sample can was subtracted as the background.
Data reductions were performed using the MANTID soft-
ware [48]. Linear spin wave calculations were performed
using the SpinW program [36].

The phonon density of states (DOS) of CuInCr4S8 was
calculated based on the frozen phonon method using the
PHONOPY code [49] by assuming a FM ordered state.
Forces were calculated based on DFT implemented in the
VASP code [50]. The DFT+U method [51] was used with
UJ = 6 eV [52] and 3.7 eV [53] applied on the Cu-3d and
Cr-3d orbitals, respectively. The interaction between ions
and electrons was described by the projector augmented
plane-wave method [54]. A kinetic energy cutoff of 400
eV was used for the plane-wave basis. The calculated
data are convoluted with the tabulated instrumental en-
ergy resolution using the OCLIMAX program [55].

Appendix B: Sample quality verified by powder
neutron diffraction

The quality of our CuInCr4S8 sample was checked us-
ing powder neutron diffraction. Figure 5 plots the refine-
ment result of the diffraction data collected on HB-2A at
T = 160 K. With the cubic space group F43m (#216),
the lattice constant was refined to be a = 10.0414(2) Å.
The Cr ions occupy the 16e (x, x, x) Wyckoff sites with
x = 0.3700(5). The Cu and In ions occupy the 4a (0, 0, 0)
and 4d ( 3

4 ,
3
4 ,

3
4 ) sites, respectively. The S ions occupy two

16e (x, x, x) sites with x = 0.1330(5) and 0.6109(5). The
goodness-of-fit factor are χ2 = 2.30 and RBragg = 4.3 %.
Releasing the site occupancy does not improve χ2, con-
firming the good quality of our sample. Additional peaks
at 2θ ∼ 22.4◦ and 68.7◦ may be ascribed to the (111)
and (422) reflections of the (Cu1−xInx)In2+yS4+z impu-
rity phase. By comparing the peak intensities, we esti-
mate the weight of the impurity phase to be less than
3 %.

Appendix C: Magnetic structures from
representation analysis

Representation analysis was performed using the
BasIreps program in FullProf [47]. For q = (100), there

are 5 irreducible representations with
∑5
ν=1 nνΓµν =

Γ1
1 + 2Γ1

2 + 3Γ2
3 + Γ1

4 + 2Γ1
5, where nν is the number of

times that the irreducible representation Γν of order µ
appears in the magnetic representation. Among them,
Γ3 provides the best single basis vector fit of our diffrac-
tion data as shown in Fig. 5(c), and the corresponding
structure is presented in Fig. 5(d). As mentioned in the
main text, this solution overestimates the intensity ra-
tio between the (100) and (011) reflections, resulting in
a higher χ2 = 3.77 compared to the rotated magnetic
structure shown in Fig. 1 of the main text. The reduced
intensity of the (100) reflection for the rotated structure
can be understood by the fact that neutron scattering
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FIG. 5. (a) Refinement result of the powder neutron diffraction data measured on HB-2A at T = 160 K. The vertical bars
indicate the positions of the structural Bragg peaks for CuInCr4S8. Data points and calculated pattern are presented similarly
as that in Fig. 1(d) of the main text. (b) Crystal structure of CuInCr4S8 with the Cr-S bonds shown explicitly. (c) Refinement
result of the powder neutron diffraction data measured on HB-2A at T = 2 K using the single basis vector collinear structure
(ψ = 0). Data points and calculated pattern are presented similarly as that in Fig. 1(d) of the main text. (d) The collinear
magnetic structure with ψ = 0.

only detects the magnetic structure factor components
that are perpendicular to q = (100).

Appendix D: Neutron scattering cross section of the
tetrahedron excitations

In the main text, the Q-dependence of the INS in-
tensity is exploited to distinguish the magnon modes
with and without the intra-tetrahedron excitations. Here
we present a brief derivation for the characteristic Q-
dependence of the tetrahedron excitations.

According to the work of Haraldsen et al. [34], the
neutron scattering cross section for the tetrahedron exci-
tations is proportional to the ‘exclusive structure factor’
expressed as

Sba(k) =
∑
λf

〈Ψi|V †b |Ψf (λf )〉〈Ψf (λf )|Va|Ψi〉, (D1)

where |Ψi〉 and |Ψf (λf )〉 are the initial and final states
of the transition, respectively, the subscripts a and b in-
dicate the components along the Cartesian axes, and the
vector V is a sum of the spin operators:

V =

4∑
i=1

S(ri)e
ikri . (D2)

Previous works have shown that the INS structure fac-
tor of the Cr3+ S = 3/2 cluster can be reduced to the

S = 1/2 analog [24, 35]. Without loss of generality, the
ground state of the FM S = 1/2 tetrahedron can be
written as |GS〉 = | ↑↑↑↑〉 with the i-th | ↑〉 denoting
the polarized |Sz = 1/2〉 state at site ri. For the static
structure factor, the only nonzero component is Szz:

Szz(k) = 〈GS|V †z |GS〉〈GS|Vz|GS〉

=
1

4
(

4∑
i=1

e−ikri)(

4∑
i=1

eikri)

= 1 +
1

2

∑
<ij>∈n

cos (kdij), (D3)

where n = 1 ∼ 6 lists the spin pairs in the tetrahedron
separated by dij of equal lengths as in the main text.
For a powder sample, the Q-dependence of the structure
factor can be obtained through integration

Szz(Q) =

∫
dΩk̂
4π

Szz(k) = 1 + 3j0(Qd). (D4)

In this expression, j0(x) is the spherical Bessel function
j0(x) = sin x

x and d is the distance between the spin
pairs. For the J ′1-bonded tetrahedra in CuInCr4S8 with
d = 3.73 Å, the Q-dependence is plotted in Fig. 6(a). The
minimal Szz value at Q ∼ 1.2 Å−1 accounts for the re-
duced INS intensity at low energies as observed in Fig. 3
of the main text.
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FIG. 6. The Q-dependence of the exclusive structure factor
for a FM tetrahedron with d = 3.73 Å (red dashed lines) with
S(Q) = 1 + 3j0(Qd) in panel (a) for the static correlation
and S(Q) = 1 − j0(Qd) in panel (b) for the first excitation.
The blue solid lines are the structural factor multiplied by the
squared Cr3+ magnetic form factor. Gray circles are intensi-
ties in arb. units integrated in the energy range of [2, 6] meV
for the Ei = 50 meV spectra (a) and [15, 25] meV for the
Ei = 100 meV spectra. Error bars representing the standard
deviations are smaller than the marker size. The deviation
of the integrated intensities from the free tetrahedron predic-
tions at low Q is due to kinematic constraints of the neutron
resulting in a partial region of energy transfer and wave-vector
transfer sampled for fixed incident energy neutrons at small
wave vectors.

For the first tetrahedron excitation, the final states are:

|Ψf (1)〉 =
1

2
(| ↓↑↑↑〉+ | ↑↓↑↑〉 − | ↑↑↓↑〉 − | ↑↑↑↓〉)

|Ψf (2)〉 =
1

2
(| ↓↑↑↑〉 − | ↑↓↑↑〉+ | ↑↑↓↑〉 − | ↑↑↑↓〉)

|Ψf (3)〉 =
1

2
(| ↓↑↑↑〉 − | ↑↓↑↑〉 − | ↑↑↓↑〉+ | ↑↑↑↓〉).

(D5)

The corresponding exclusive structure factor Szz can be
calculated as:

Szz(k) =

3∑
λf=1

〈GS|V †z |Ψf (λf )〉〈Ψf (λf )|Vz|GS〉, (D6)

with

〈Ψf (1)|Vz|GS〉 =
1

4
(−eikr1 − eikr2 + eikr3 + eikr4)

〈Ψf (2)|Vz|GS〉 =
1

4
(−eikr1 + eikr2 − eikr3 + eikr4)

〈Ψf (3)|Vz|GS〉 =
1

4
(−eikr1 + eikr2 + eikr3 − eikr4).

(D7)

It is immediately clear that the k-dependence of the first
excitation of a FM tetrahedron follows the static struc-
ture factor of an AF tetrahedron with two spins up and
two spins down. For example, for λf = 1, we have

S
λf=1
zz (k) = 〈GS|V †z |Ψf (1)〉〈Ψf (1)|Vz|GS〉

=
1

16
[4 + 2 cos(kd12) + 2 cos(kd34)

− 2 cos(kd13)− 2 cos(kd14)

− 2 cos(kd23)− 2 cos(kd24)], (D8)

which leads to a Q-dependence of

S
λf=1
zz (Q) =

1

4
[1− j0(Qd)]. (D9)

Similar results can be derived for λf = 2 and 3, and also
for the other nonzero exclusive structural factor compo-
nents Sxx and Syy. Therefore, the cross section of the
first excitation will exhibit a reversed Q-dependence com-
pared to that of the ground state. As shown in Fig. 6(b),
after multiplying the magnetic form factor of the Cr3+

spins, the maximal INS intensity occurs at Q ∼ 1.2 Å−1

as observed in our INS spectra at E ∼ 19 meV.

r1 r2

J1 J2

a

FIG. 7. J1-J2 spin chain model with two spins at r1 and r2

in one unit cell. a defines the vector along the chain direction
with a length equal to the lattice constant.

Appendix E: Constant magnon dispersion under
atomic displacements

Our effective FCC tetrahedron model relies on the fact
that magnon dispersion stays constant against atomic
displacements. This law can be illustrated using the J1-
J2 spin chain model shown in Fig. 7. With two spins in
one unit cell, the Fourier transform of the couplings J(r)
can be written as a 2× 2 matrix

J(k) =

[
0 J1e

ik(r2−r1) + J2e
ik(r2−a−r1)

J1e
−ik(r2−r1) + J2e

−ik(r2−a−r1) 0

]
.

Under an atomic displacement r′1 = r1 + δ, the coupling matrix becomes
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panel (a) and Jt1 = 0.099 meV, Jt2 = 0 in panel (b). (c) The 4 exchange paths of J4 (blue dashed lines) that contribute to the
effective Jt2 interactions.

J ′(k) =

[
0 J1e

ik(r2−r1−δ) + J2e
ik(r2−a−r1−δ)

J1e
−ik(r2−r1−δ) + J2e

−ik(r2−a−r1−δ) 0

]
(E1)

=

[
0 (J1e

ik(r2−r1) + J2e
ik(r2−a−r1))e−ikδ

J1(e−ik(r2−r1) + J2e
−ik(r2−a−r1))eikδ 0

]
,

which is related to J(k) through a unitary transformation
J ′(k) = UJ(k)U−1 with

U =

[
e−ikδ 0

0 1

]
. (E2)

Therefore, the eigenvalues of J ′(k) and J(k) should
be the same as a unitary transformation does not affect
the eigenvalues. For an ordered state on a more compli-
cated lattice, the magnon dispersion calculated through
the Holstein-Primakoff scheme [36] follows similar argu-
ments and also stays constant against atomic displace-
ments. Similar to the conventional magnetic form factor
that describes the spin distribution around the magnetic
ions, the scattering cross section of the cluster model
should be multiplied by the structure factor of the cluster

to account for the original spin distribution.

Appendix F: Importance of Jt2 in describing the INS
spectra

With only Jt1, the zero-energy modes result in strong
intensity close to the elastic line as shown in Fig. 8(b)
compared to Fig 8(a). As presented in the main text, FM
Jt2 couplings relieve the degeneracy and improve the fit.
This effective Jt2 can be attributed to the couplings be-
yond the third-neighbors on the original pyrochlore lat-
tice. For the minimal J1-J ′1-J4 model discussed in the
main text, we have Jt2 = J4/4 as there are 4 different ex-
change paths for J4 between each pair of second-neighbor
tetrahedra as illustrated in Fig. 8(c).
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