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Twisted bilayer graphene is highly sensitive to external perturbations. Strains, and the presence
of the substrate, break the symmetries of the central bands. The resulting changes in the Berry
curvature lead to valley currents, and to a non linear Hall effect. We show that these effects,
described by a Berry dipole, can be very significant, such that the non linear effects surpass the
linear response for moderate applied fields, ∼ 0.1mV/µm. The dependence of these effects on applied
strain, coupling to the substrate, density of carriers, and temperature makes them highly tunable.

Introduction.- The observation of non-linear Hall ef-
fects in time-reversal-invariant transition-metal dichalco-
genides [1–4] has sparked interest in different types of low
dimensional materials [5–9]. The non-linear Hall effect is
a second order response to an in-plane electric field and
does not need time-reversal symmetry breaking but re-
quires an inversion symmetry breaking [10, 11]. The con-
ventional Hall conductivity or linear Hall effect requires
a broken time-reversal [12, 13] because the Berry flux
over the equilibrium distribution is zero if time reversal is
present. However, the Berry curvature can emerge locally
with counter-propagating charge carriers having different
Berry curvatures. The non-linear Hall effect depends on
higher order moments of the Berry curvature [11, 14].
Under an applied in-plane electric field, there is an imbal-
ance between counterpropagating charge carriers, which
in the presence of a dipolar distribution, or Berry dipole,
generates a non-linear Hall current which scales quadrat-
ically with the electric field.

It has been recently shown that uniaxial strains
enhance the Berry dipole [16–18] in transition-metal
dichalcogenides (TMD). In these materials, orbital valley
magnetization [18, 19], giant magneto-optical effects [20]
and non-linear Nernst effects [21, 22] can be induced as
a response to an in-plane electric field due to the Berry
dipole. We consider here the non linear Hall conductiv-
ity, and non local topological currents in twisted bilayer
graphene (TBG). This system shows a wealth of unex-
pected properties, and its electronic bands have non triv-
ial topological features [23, 24]. In suspended or encap-
sulated twisted bilayer graphene with hexagonal Boron
Nitride (hBN) the inversion symmetry is broken, result-
ing in narrow bands with a finite Berry curvature [25–
30]. However, recent experiments have mapped the strain
fields in TBG [31], so it is natural to ask what is the mag-
nitude of non-linear Hall effects in TBG.

In this paper, we show that the large Berry curvature
of the narrow bands in strained TBG leads to an strong
and tunable non-linear Hall effect. The combined effect
of the band topology and strain, generates a large Berry
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FIG. 1. a) Sketch of the moiré superlattice for pristine TBG
and b) strained TBG where elliptical moiré dots are induced,
black arrows indicate the heterostrain direction [15]. In this
situation, the c) band structure is distorted and the Dirac
cones are not longer degenerate. The lower hexagon is the
projection of the lower band over the moiré Brillouin zone.
Color scheme is purple for the minimum and red for the max-
imum energy. Dotted path is used to calculate the d) band
structure where we set a twist angle θ = 1.05◦ and uniaxial
strain ε = 0.3%, φ = 0◦. The staggered sublattice potential
in each graphene layer is δb = δt = 0.01 meV and the Chern
numbers are C = ±1 for the lower and upper band, respec-
tively (red lines) [15]. The band structure for the unstrained
TBG is shown as green dotted lines. e) Illustration of the
various transverse currents in a typical four terminal device.

dipole. Importantly, the resulting non-linear current is
tunable by the strain parameters, electron fillings and
temperature.

Topological currents.– Strains with opposite sign (het-
erostrain) in the two layers of twisted bilayer graphene of
0.1−0.5% have been measured in STM experiments [32–
37]. These strains can significantly distort the band
structure, through two separate effects: i) the appear-

mailto:ppantaleon@uabc.edu.mx


2

- 0 . 3 - 0 . 2 - 0 . 1 0 . 0 0 . 1 0 . 2 0 . 3
- 0 . 3
- 0 . 2
- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3

K y(
nm

)

K x ( n m ) - 0 . 1
0 . 7
1 . 4
2 . 2
2 . 9

Ω( k )

a )

- 0 . 3 - 0 . 2 - 0 . 1 0 . 0 0 . 1 0 . 2 0 . 3
- 0 . 3
- 0 . 2
- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3

K y(
nm

)

K x ( n m ) - 2 . 4
- 1 . 8
- 1 . 2
- 0 . 6
0 . 0

Ω( k )

b )

- 0 . 3 - 0 . 2 - 0 . 1 0 . 0 0 . 1 0 . 2 0 . 3
- 0 . 3
- 0 . 2
- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3

K y(
nm

)

K x ( n m ) - 4 . 2
- 0 . 7
2 . 7
6 . 2
9 . 7

D x ( k )

c )

- 0 . 3 - 0 . 2 - 0 . 1 0 . 0 0 . 1 0 . 2 0 . 3
- 0 . 3
- 0 . 2
- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3

K y(
nm

)

K x ( n m ) - 0 . 3
4 . 0
8 . 3
1 2 . 6
1 7 . 0

D y ( k )

d )

FIG. 2. Berry curvature of the a) lower and b) upper narrow bands with Chern numbers C = ±1, respectively. For a chemical
potential µ = 5.6 meV we plot the distribution of the c) Dx and d) Dy Berry dipole components in the mBZ. Parameters as
in Fig. 1 with T = 10 K and δb/t = 8.0 meV. Insets in each panel are the enlarged regions where the corresponding Berry

curvature and distribution of the Berry dipole is concentrated. Berry curvature in a) and b) in units of 10−4 nm2 and Berry
dipole b)-c) in units of 10−4 nm.

ance of an effective gauge field of opposite signs in the
two layers, and ii) a modification of the interlayer tunnel-
ing due to the changes in the stacking [38] (see also[15]).
Fig. [1]a)-b) illustrate the moiré superlattice for pris-
tine and strained TBG where elliptical moiré dots are
induced.

In pristine TBG both time reversal and inversion sym-
metry are preserved. In the presence of uniaxial heteros-
train, the strain tensor breaks all the point group symme-
tries of the lattice except C2z. As a result, both narrow
bands are still connected by two Dirac crossings. How-
ever, as shown in Fig. [1]c), these crossings are no longer
at the corners of the moiré Brillouin zone (mBZ) and they
are not at the same energy [38]. In time-reversal invari-
ant systems, the Berry curvature for the electronic Bloch
states of the nth band, Ωn(k) = 2Im 〈∂kxΨnk| ∂kyΨnk

〉
ẑ

is odd in momentum space, that is Ωn(k) = −Ωn(−k),
while a crystal lattice with inversion symmetry would
require Ωn(−k) = Ωn(k). In strained TBG the Dirac
cones are protected by C2z and the Berry curvature is
not well defined. To obtain a finite curvature, this sym-
metry must be broken. In TBG this can be achieved
by suspension or encapsulation with hBN [29, 30]. The
presence of hBN induces an staggered sublattice poten-
tial which results in a gap at the two Dirac cones with a
finite Berry curvature. This gap is extremely sensitive to
the degree of alignment between hBN and graphene and
is nonzero even for a large misalignment [30]. Theory and
experiments suggest that the gap value varies between 0
and 30 meV [29, 30, 39–41].

Following these considerations, we now examine the
topological currents arising from the induced Berry cur-
vature within the semiclassical Boltzmann transport the-
ory. In the presence of an external electric field ξ, in ad-
dition to the usual band dispersion contribution, an extra
non-classical term also contributes to the velocity of the
charge carriers [12], ~vn(k) = ∇kEn(k) − eξ × Ωn(k),
where the second term is called anomalous velocity and
is driven by a nonzero Berry curvature. This velocity
is always transverse to the electric field and will give
rise to a Hall current. Following Ref. [10], the trans-
verse currents up to second order in the electric field are

J± = σ±
0 ξ+σ±

1 ξ which can be separated by their propa-
gation direction, S ≡ sign(vn·ξ), where, +1 is for forward
and −1 for backward propagating states. If we consider
the K+ valley, the conductivities are given by

σ±
0 = −2e2

~
∑
n

∫
S=±

dkf0(k)Ωn(k), (1)

σ±
1 =

e3τ

2~2
∑
n

∫
S=±

dk [∇kf0(k) · ξ] Ωn(k), (2)

where f0 is the Fermi-Dirac distribution which implicitly
depends on the chemical potential µ, τ is the scattering
time and n the band index. The linear contribution to the
current, Eq. 1, is a bulk phenomenon. This contribution
is bounded by the Chern number if the integral is over
an isolated band. The second term, Eq. 2, is the non-
linear contribution, where the gradient of the distribution
function indicates that only the states close to the Fermi
surface contribute to the integral. Fig. 1e) illustrates the
various topological transverse current components in a
typical transport device geometry.

The nonlinear Hall conductivity in a valley can be writ-
ten as

σ±
1 =

e3τ

2~2
D± · ξ, (3)

with D± = (D±
x , D

±
y ) the Berry dipole with components

D±
α =

∑
n

∫
S=±

dk∂kαf0(k)Ωn(k). (4)

The above equation measures the lowest-order correction
to the total Berry curvature flux in the non-equilibrium
state. If we consider the contribution from both valleys,
time-reversal symmetry implies that both Berry curva-
ture and anomalous velocity are odd in momentum. No-
tice that the group velocity is implicitly given in the
derivative of the distribution function. Since the direc-
tion of the in-plane electric field is the same in each valley,
we also have an inversion in the forward and backward
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FIG. 3. Dependence of the components of the Berry dipole and total Hall conductivity in strained twisted bilayer graphene on
different external parameters: gap due to the substrate (top row), strain (central row), and temperature (bottom row). Panels
in the first and second column are the components of the Berry dipole, panels in the third column are the forward (continuous
line) and backward (dashed line) total Hall conductivity. The plots also show the dependence on the chemical potential, whose
range spans the two central bands. Hall conductivities in the third column are obtained by assuming an in-plane electric field
parallel to the x−axis of the TBG unit cell.

propagating currents, S → −S. Hence, the total and
nonlinear Hall conductivities are respectively given by

σ±
t,0 = σ±

0 − σ
∓
0 , (5)

σ±
t,1 = σ±

1 + σ∓
1 . (6)

In terms of the Berry dipole, the nonlinear Hall conduc-
tivity in Eq. 6 can be written as

σt,1 =
e3τ

2~2
D · ξ, (7)

where the total Berry dipole D = D± + D∓ is indepen-
dent of the electric field direction. The nonlinear Hall
current satisfy σ+

t,1 = σ−
t,1 and is maximum when the

Berry dipole is aligned with the electric field [15].
Berry dipole and non-linear Hall effect.– Figure [2]

shows the Berry curvature of the valence and conduc-
tion, the two narrow bands in Fig. [1]d). The Berry cur-
vature is highly concentrated near the anti-crossings of
these bands. The finite temperature allows for the exis-
tence of a sizable Berry dipole when the chemical poten-
tial is not too close to these points. The Berry dipole as

shown is two orders of magnitude larger than what has
been reported in TMD and other van der Waals mate-
rials [1–4]. We attribute the origin of this large Berry
dipole to the two almost touching quasi-flatbands, as il-
lustrated in Fig. [1]c) (see also Fig. [2]a)-b). As shown in
Eq. 4, the Berry dipole depends on the Berry curvature
weighted by the derivative of the distribution function.
In TMDs the bandwidth of the bands responsible of the
Berry dipole usually have a large bandwidth and both
Berry curvature and band velocities are spread in large
regions of the mBZ, this results in a Berry dipole of a
few Angstroms [16]. In TBG, the narrow bands allow
a concentration of both band velocity and Berry curva-
ture at the vicinity of the gapped Dirac cones and near
the magic angle where the bands are narrower and the
Dirac cones more localized. As shown in Fig. [2], the
physical quantities defining Eq. 4 are quite concentrated
in the same regions within the mBZ resulting in a large
contribution to the Berry dipole.

Figure [3] surveys the tunability of the Berry dipole as
function of the strain parameters, electron fillings, gap
size, and temperature. The calculated Berry dipole is
of order D ∼ 10 nm or larger over the range of parame-
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FIG. 4. Berry dipole components of strained TBG as a function of the chemical potential and different strain directions. Black
arrows indicate the dipole direction for each value of the chemical potential. Blue arrows represent the direction in which the
chemical potential increases. Broken arrow shows the valence band, and full arrow shows the conduction band. Parameters:
ε = 0.3%, δb/t = 0.1 meV, θ = 1.05◦ and T = 10 K

ters used in these calculations. We notice that the linear
contribution in Eq. 1 is bounded by the total Berry cur-
vature of the narrow bands while the non-linear contri-
bution in Eq. 2 can be modified by both strain and mass
gap. As shown in Fig. [3] the Berry dipole is enhanced by
reducing the mass gap, temperature or by modifying the
strain magnitude or direction (see also Fig. [4]). This
allow us to obtain an estimate of the crossover electric
field, Ec, for which the non linear ~jNL ∼ ~E2, transverse
current becomes comparable to the linear parallel cur-

rent, ~jL ∼ ~E . We obtain Ec ∼ (~vF kF )/(eD), where
D is the Berry dipole, vF is an average of the band ve-
locity at the Fermi level, and kF is an average of the
Fermi wavevector. For ~vF kF ∼ 1 − 10 meV, we obtain
Ec ∼ 10−4−10−5 mV nm−1. Hence, it is most likely that
in such samples (for example TBG near the magic angle
with an unaligned hBN substrate as in Ref. [32–37]), a
charge Hall response will be observed whose Hall volt-
age depends on the longitudinal electric field as E2. Note
that, if the system is driven at a finite frequency, the non
linear response will lead to a significant dc current.

Figure [4] plots the Berry dipole vectors for varying
chemical potential across the two quasi-flatbands, for uni-
axial strains along different crystallographic directions as
indicated. The two fans correspond to the two quasi-
flatbands with zero dipole magnitude when the TBG is
at half-filling. The Berry dipole vectors rotate in a clock-
wise or anti-clockwise manner with increasing chemical
potential for uniaxial strains applied along the different
directions. Furthermore, since the Berry dipole is a Fermi
surface effect, the effect is strongest when the chemical
potential leads to half filling of either of the two quasi-
flatbands, i.e. 1/4 or 3/4 filling. In transport experi-
ments, maximal anomalous Hall effect corresponds to the
situation when the in-plane electric field is aligned with
the Berry dipole vector. Hence, experimental design of
the transport experiment should take into account both
the uniaxial strain direction and the chemical potential.
These calculations suggest that the chemical potential
can allow for a tunability of the Berry dipole vector by

about 45o.

Conclusions. We theoretically study the emergence of
topological currents in twisted bilayer graphene with uni-
axial strain. The non-linear Hall contribution reported
here, Eq. 7 arises even in the presence of time-reversal
but requires an in-plane electric field [10, 11, 42]. This
non-linear Hall response can be significantly larger than
in other two dimensional materials, due to the enhanced
Berry dipole of order 10 nm. Its value is highly sensitive
to the amount of heterostrain, and to the value of the
gap opened by the substrate. Parameters such as the
width of the central bands, the value of the strains, and
the band gap, induced by the alignment with the hBN
substrate, can be tuned experimentally [43].

The linear term in Eq. 5 leads to a charge neutral cur-
rent which can be detected by non-local transport mea-
surements [44–46] or by explicitly breaking time-reversal
symmetry [13, 47]. It has been proposed that the high re-
sistivity states phases observed near integer fillings break
the equivalence between valleys [48–52]. Then, the cur-
rents calculated in Eq. 5 give an estimate of a finite
Hall conductivity [25] in the absence of a magnetic field.
Hence, dc transport measurements can be used to infer
the nature of correlated phases.

Finally, it is worth noting that both strains and the
lack of inversion symmetry induced by the substrate fa-
vor an increase in the Berry curvature, leading to the
effects discussed here. Eventually, these perturbations
distort and broaden the central bands of TBG. We con-
sider that the values for the strain and substrate induced
gap used in this work give a reasonable compromise where
the topological features discussed here can be observed.

As this manuscript was approaching completion, a
manuscript[53] has been posted, arXiv:2010.08333, ad-
dressing similar topics. As far as the manuscripts over-
lap, the results are qualitatively consistent. The values of
the Berry dipole reported are somewhat different. This
difference can be ascribed to the significant dependence
of this value on parameters external to twisted bilayer
graphene, the magnitude of the strain, and, particularly,
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the sublattice asymmetry induced by the substrate, as dis-
cussed here.
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