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Topological Euler insulators and their electric circuit realization
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The Euler number is a new topological number recently debuted in the topological physics. It is defined for
a set of bands unlike the Chern number defined for a single band. We propose a simple model realizing the
topological Euler insulator. We utilize the fact that the Euler number in a three-band model in two dimensions
is reduced to the Pontryagin number. A skyrmion structure appears in momentum phase, yielding a nontrivial
Euler number. Topological edge states emerge when the Euler number is nonzero. We discuss how to realize
this model in electric circuits. We show that topological edge states are well signaled by impedance resonances.

The topological insulator is one of the most active fields in
condensed-matter physics1,2. It is characterized by a nontriv-
ial topological number defined for bulk. A typical example
is the Chern insulator, where topological phases are indexed
by the Chern number. The Chern number is the integral of the
Berry curvature of the wave function describing a single band.
It is characterized by the emergence of chiral edge states in
nanoribbon geometry, which is known as the bulk-edge corre-
spondence. Elcctric circuits are an ideal play ground of topo-
logical physics8–22.

Recently, the Euler class and the Euler number draw
attention3,4 in the context of twisted bilayer graphene5, Weyl
semimetals6 and quench dynamics7. The Euler class is a ho-
motopy class of orthogonal matrices. It is related to "real"
eigenfunctions of the Hamiltonian. Furthermore, the Euler
number is defined for a set of bands. Real eigenfunctions can
be protected by PT or C2T symmetries5–7. It is contrasted to
the Chern number, which is calculated from "complex" eigen-
functions. Note that the Berry connection, the Berry curvature
and the Chern number are zero for real eigenfunctions.

In this paper, we propose a simple model realizing the topo-
logical insulator indexed by the Euler number, which is the
topological Euler insulator. We make the use of the fact that
the Euler number is reformulated as the Pontryagin number
for the three-band model with its three eigenfunctions form-
ing an orthonormal basis6,7. It is interesting that they form
a skyrmion structure in momentum space for a topological
insulating phase. We show a bulk-edge correspondence for
topological Euler insulators. Finally, we propose an electric-
circuit implementation of this topological Euler insulator. The
band structure is well observed by impedance resonance.

Berry phase and Chern number: We start with a concise
review of the Berry connection, the Berry curvature and the
Chern number. The Berry connection is defined by

anµ (k) = −i 〈ψn (k)| ∂µψn (k)〉, (1)

where ψn (k) is eigen function of n-th band. The Berry cur-
vature is defined by

Fn (k) = ∂xa
n
y (k)− ∂yanx (k) , (2)

while the Chern number is defined by

Cn =
1

2π

∫
d2k Fn (k) , (3)

and characterizes Chern insulators. The Berry connection,
the Berry curvature and the Chern number are zero when the
eigenfunctions are real.

Euler form and Euler number: We consider a three-band
model in two dimensions with the Hamiltonian H . Let ui (k)
be a real eigenfunction of the Hamiltonian H describing the
ith band. We may choose them to form an orthonormal basis,

〈ui|uj〉 = δij . (4)

There holds a relation for them,

|ui〉 × |uj〉 =
∑
`

εij` |u`〉 , (5)

as a characteristic feature of the three-band model.
The Euler form Eij (k) is defined for a set of two bands,

Eij (k) = 〈∇ui (k)| × |∇uj (k)〉 , (6)

whose integration over the Brillouin zone yields the Euler
number4,6,7,

Qij =
1

2π

∫
BZ

Eij (k) dkxdky. (7)

On the other hand, since the eigenfunction ui (k) has three
components, we may identify it with the three-dimensional
vector ni as ni = |ui〉, where i = 1, 2, 3. Then, the Pontrya-
gin number is defined by

Qi =
1

2π

∫
BZ

ni ·
(
∂kxni × ∂kyni

)
dkxdky (8)

for each i. It is known6,7 that the Euler number (7) is
equal to the Pontryagin number (8) by identifying Q` =
1
2

∑
ij ε`ijQij .

Hamiltonian: Without loss of generality, we may express
the eigenstate n3 as

|u3〉 =
{m1,m2,m3}√
m2

1 +m2
2 +m2

3

, (9)

wheremk is a real function of kx and ky . The other two eigen-
states obeying Eq.(4) are given by

|u1〉 =
{0,m3,−m2}√

m2
2 +m2

3

, (10)

|u2〉 =

{
−
(
m2

2 +m2
3

)
,m1m2,m1m3

}√
m2

2 +m2
3

√
m2

1 +m2
2 +m2

3

. (11)
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FIG. 1: Band structures of a nanoribbon with 40-site width. There
are three bulk bands, one of which is perfectly flat at zero energy. The
horizontal axis is the momentum k, and the vertical axis is the energy
in unit of t. (a) topological insulator phase (TEI-1) with µ = −t, (b)
metal phase with µ = 0, (c) topological insulator phase (TEI-2) with
µ = t, (d) metal phase with µ = 2t, and (e) trivial insulator phase
with µ = 4t. We have set λ = t. (*1) Bird’s eye view of the bulk
band. (*2) Projection of the bulk bands. (*3) Band structure of a
nanoribbon. The edge states are marked in magenta. (*4) Enlarged
band structure of (*3) near the zero energy. The gap closing points
of topological edge states are marked in green circles. We have set
c3 = 1 and c1 = 0.25. The topological numbers for the insulator
phases are illustrated in Fig.2.

We investigate the three-band Hamiltonian given by

H = c3

√
m2

1 +m2
2 +m2

3 |u3〉 〈u3|+c1
√
m2

2 +m2
3 |u1〉 〈u1| ,

(12)
where c3 and c1 are real numbers. The eigenvalues read

H |u1〉 = c1
(
m2

2 +m2
3

)
|u1〉 , H |u2〉 = 0,

H |u3〉 = c3
(
m2

1 +m2
2 +m2

3

)
|u3〉 . (13)

There is a perfect-flat bulk band described by |u2〉 at zero en-
ergy.

A comment is in order. First, Eq.(12) is a local Hamiltonian
since we may rewrite it as

H =

 c3m
2
1 c3m1m2 c3m1m3

c3m1m2 c3m
2
2 + c1m

2
3 (c3 − c1)m2m3

c3m1m3 (c3 − c1)m2m3 c3m
2
3 + c1m

2
2

 .

(14)
Second, the perfect-flat bulk band becomes dispersive, if we
introduce an additional term,√

m2
1 +m2

2 +m2
3

√
m2

2 +m2
3 |u2〉 〈u2| , (15)

to the Hamiltonian (12).
In this work, for definiteness, we propose an explicit model

defined on the square lattice as

m1 = t (cos kx + cos ky)− µ,
m2 = λ sin kx, m3 = λ sin ky, (16)
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FIG. 2: Euler numbers as a function of µ/t for (a) Q31 and (b) Q12.
We note that Q23 = 0 for all µ. There are two topological insulator
phases denoted by TEI-1 and TEI-2. The horizontal axis is µ/t.
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FIG. 3: Spin textures in the kx-ky plane for (*1) n1, (*2) n2 and (*3)
n3, yielding the Pontryagin numbers Q1, Q2 and Q3. (a*), (c*) and
(e*) are for the topological insulator phase (TEI-1) with µ = −t, for
the topological insulator phase (TEI-2) with µ = t and for the trivial
insulator phase with µ = 4t. They correspond to the band structures
(a*), (c*) and (e*) in Fig.1. The corresponding Euler numbers are
shown in Fig.2.

where t, µ and λ are interpreted as a hopping parameter, a
chemical potential and a spin-orbit interaction, respectively,
in condensed matter physics. The band gap is calculated from
(13) together with (16) as

∆ = min [|±2t− µ| , |µ|] (17)

at (kx, ky) = (0, 0), (0, π), (π, 0) or (π, π). The band closes
at µ = ±2t as in Fig.1.

Symmetry: The Hamiltonian has inversion symmetry
PH (k)P−1 = H (−k) with P =diag.{1,−1,−1} and time-
reversal symmetry TH (k)T−1 = H (−k) with T = PK,
where K takes complex conjugate. They lead to PT sym-
metry (PT )H (k) (PT )

−1
= H (k), which assures that the

Hamiltonian and eigenfunctions are real.
Topological number: We study the Euler number (7) or

equivalently the Pontryagin number (8). They are related as
Q23 = Q1, Q31 = Q2 and Q12 = Q3. We have numerically
integrated the Pontryagin density, whose results are shown in
Fig.2. The Pontryagin number is graphically understood by
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FIG. 4: Local Pontraygin density in the kx-ky plane for (a) metal
phase with µ = 0, (b) topological insulator phase with µ = t, and
(c) metal phase with µ = 2t.

plotting the direction of the vectors ni, as shown in Fig.3. It
is nonzero only when the texture forms a skyrmion. It may
change its value when the bulk band gap closes. It indicates
that our system is a kind of topological insulators, which is a
topological Euler insulator.

The Pontryagin number reads as follows. First we find
Q1 = 0. It is understood by the fact that the configuration (10)
is restricted within the yz plane. Next, we find Q2 = 0 except
for the gap closing points µ = 0, 2t, as shown in Fig.2(a).

Finally, we find Q3 = 2 for 0 < µ < 2t, Q3 = −2
for −2t < µ < 0, and Q3 = 0 otherwise, as shown in
Fig.2(b). The local Pontryagin density Q3 (kx, ky) ≡ n3 ·(
∂kxn3 × ∂kyn3

)
is given in Fig.4. It is interesting to note

that the same topological phase diagram is produced by the
following two-band model,

H2band =
∑

j=1,2,3

mjσj , (18)

wheremj are given by (16) and σj are the Pauli matrices. This
describes a Chern insulator for 0 < |µ| < 2t.

We note that the Euler numbers are ill defined at the gap
closing points µ = 0,±2t. As a result, the Euler numbers
can change their values at these gap closing points. This is the
same as in conventional topological insulators.

In conclusion, the system is topological for 0 < |µ| < 2t.
The corresponding topological edge states emerge as we now
see.

Bulk-edge correspondence: We show the band structures
of a nanoribbon in Fig.1. They coincide with those of the
bulk Hamiltonian except for the edge states marked in ma-
genta. The eigenfunction is well localized at the edges as
shown in Fig.5. The edges cross at k = 0 for 0 < µ < 2t
as in Fig.1(c4), while they cross at k = π for −2t < µ < 0
as in Fig.1(a4). Namely, the gap between the right- and left-
going edge states closes at k = 0 or k = π.

It is possible to study the edge states analytically. First, we
study them at ky = π, where the eigenequation is obtained
from Eq.(14) as

µ

 0 iλ∂x 0
iλ∂x µ 0

0 0 0

 |u1〉|u2〉
|u3〉

 = E

 |u1〉|u2〉
|u3〉

 (19)

in the first order of kx. We find |u3〉 = 0, as agrees with
the numerical result in Fig.5(c). By assuming exponentially
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FIG. 5: Absolute value of the eigenfunction for localized edge states
in a nanoribbon with 40-site width. (a), (b) and (c) are for the bands
|u1〉, |u2〉 and |u3〉. They are well localized at the edges.

damping eigenfunctions for |u1〉 and |u2〉,

|u1〉 = cae
κx, |u2〉 = ±icaeκx, (20)

we obtain from Eq.(19) that ±µλκ = E and −µλκ ± µ2 =
±E. We solve the energy E and the penetration depth κ as

E =
µ2

2
, κ = ± µ

2λ
, (21)

where κ = ±µ/2λ describe the edge states localized at the
right edge and the left edge, respectively. They agree well
with the numerical results in Fig.1(c4) at k = π.

Next, we study the edge states at ky = 0, where we have

(2t− µ)

 0 −iλ∂x 0
−iλ∂x 2t− µ 0

0 0 0

 |u1〉|u2〉
|u3〉

 = E

 |u1〉|u2〉
|u3〉


(22)

in the first order of kx. We have |u3〉 = 0, as agrees with the
numerical result in Fig.5(c). We have solutions

E =
(2t− µ)

2

2
, κ = ∓2t− µ

2λ
. (23)

These solutions show localized edge states at nonzero ener-
gies. They agree well with the numerical results in Fig.1(c4)
at k = 0.

Electric-circuit simulations: Electric circuits are charac-
terized by the Kirchhoff current law. By making the Fourier
transformation with respect to time, the Kirchhoff current law
is expressed as

Ia (ω) =
∑
b

Jab (ω)Vb (ω) , (24)

where Ia is the current between node a and the ground, while
Vb is the voltage at node b. The matrix Jab (ω) is called the
circuit Laplacian. Once the circuit Laplacian is given, we can
uniquely setup the corresponding electric circuit. By equating
it with the Hamiltonian H as8,9

Jab (ω) = iωHab (ω) , (25)

it is possible to simulate various topological phases of the
Hamiltonian by electric circuits8–22. The relations between
the parameters in the Hamiltonian and in the electric circuit
are determined by this formula.
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In order to derive the circuit Laplacian, we explicitly write
down the components of the Hamiltonian (14),

H11 =c3[
t2

2
(cos 2kx + cos 2ky + 4 cos kx cos ky + 2)

− 2µt (cos kx + cos ky) + µ2], (26)

H22 =
λ2

2
[c3 (1− cos 2kx) + c1 (1− cos 2ky)], (27)

H33 =
λ2

2
[c1 (1− cos 2ky) + c3 (1− cos 2ky)], (28)

and

H12 = c3[tλ sin kx (cos kx + cos ky)− µλ sin kx], (29)
H13 = c3[tλ sin ky (cos kx + cos ky)− µλ sin ky], (30)

H23 = (c3 − c1)λ2 sin kx sin ky. (31)

Here, we make a convention that t, µ and λ are dimensionless,
and hence that c1 and c2 have the dimension of energy.

The circuit Laplacian is constructed as follows. To sim-
ulate the positive and negative hoppings in the Hamiltonian,
we replace them with the capacitance iωC and the inductance
1/iωL, respectively. We note that sin k = (eik − e−ik)/2i
represents an imaginary hopping in the tight-bind model. The
imaginary hopping is realized by an operational amplifier19.

We thus make the following replacements with respect to
hoppings in the Hamiltonian to derive the circuit Laplacian:
(i) +X → iωCX for X = t2, µ2, λ2, where CX represents
the capacitance whose value is X [pF]. (ii) −X → 1/iωLX
for X = µt, λ2, where LX represents the inductance whose
value isX [µH]. (iii)±iX → ±1/RX forX = tλ, µλ, where
RX represents the resistance whose value is X [kΩ].

Consequently, we obtain

J11 =
iωc3Ct2

2
(cos 2kx + cos 2ky + 4 cos kx cos ky + 2)

+ 2
1

iωLµt
(cos kx + cos ky) + iωCµ2 , (32)

J22 =
c3
2

(
iωCλ2 +

1

iωLλ2

cos 2kx

)
+
c1
2

(
iωCλ2 +

1

iωLλ2

cos 2ky

)
, (33)

J33 =
c1
2

(
iωCλ2 +

1

iωLλ2

cos 2kx

)
+
c3
2

(
iωCλ2 +

1

iωLλ2

cos 2ky

)
, (34)

and

J12 =
c3
iRtλ

sin kx (cos kx + cos ky)− c3
Rλµ

sin kx, (35)

J13 =
c3
iRtλ

sin kx (cos kx + cos ky)− c3
Rλµ

sin kx, (36)

J23 = iω (c3 − c1)Cλ2 sin kx sin ky. (37)

Furthermore, in order to realize impedance resonances, we
add a circuit corresponding to8,9,15,20,21

∆J11 = ∆J22 = ∆J33 = iωC0 +
1

iωL0
, (38)
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FIG. 6: Impedance in the k-ω plane. (a*) Topological phase with
µ = −t and (b*) trivial phase with µ = −4t. (*1) Top view and
(*2) bird’s eye’s view. We have set c3 = 1 and c1 = 0.25. The ver-
tical axis is the impedance in unit of kΩ. We have used a nanoribbon
with width 6. We see clearly 6 curves in the bulk band both in the
topological and trivial phases, and the edge band only in the topolog-
ical phase. The impedance peak at ω0 is due to the perfect-flat bulk
band in Fig.1.

which vanish at the critical frequency ω0 = 1/
√
L0C0.

After the diagonalization, the circuit Laplacian yields

Jn (ω) = iωC0 +
1

iωL0
− iωεn (ω) , (39)

where εn is the eigenvalue of the circuit Laplacian. Solving
Jn (ω) = 0, we obtain

ωR(εn) =
√
L0/(C0 − εn), (40)

which corresponds to the impedance resonance frequency.
Topological edge states are observed by impedance reso-

nances, where the impedance between nodes a and b is given
by10 Zab ≡ Va/Ia = Gab, where G is the Green function de-
fined by the inverse of the circuit Laplacian J , G ≡ J−1. The
momentum-dependent impedance is an experimentally de-
tectable quantity10,22 by using a Fourier transformation along
the nanoribbon direction y,

Zαβ (x, ky, ω) =
∑
ρ

Zαβ (xρ, yρ, ω) exp [−iyρky] , (41)

where (xρ, yρ) is the Bravais vector. We take α = β at edge
sites.

We show an impedance as a function of the momentum k
and the frequency ω in Fig.6. Topological edge states are
clearly observed in the topological phase. Note that the top
and the bottom are reversed between the band structure and
the impedance resonance, as indicated in Eq.(40), where εn
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represents the band structure while ωR the impedance reso-
nance. The strong impedance resonance at ω0 is due to the
bulk perfect flat bands at the zero energy.

In this work we have proposed a simple model of topo-
logical Euler insulator. Their band structure including the
topological edge states is well observed by measuring the
impedance of the corresponding electric circuit. Our model
presents an explicit example of the bulk-edge correspondence
in topological Euler insulators. However, a general theory is

yet to be explored. This work will be a trigger of a general
understanding of the bulk-edge correspondence in topological
Euler insulators.

The author is very much grateful to N. Nagaosa for help-
ful discussions on the subject. This work is supported by
the Grants-in-Aid for Scientific Research from MEXT KAK-
ENHI (Grants No. JP17K05490 and No. JP18H03676). This
work is also supported by CREST, JST (JPMJCR16F1 and
JPMJCR20T2).

1 M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010).
2 X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057 (2011).
3 A. Bouhon, T. Bzdušek and R.-J. Slager, Phys. Rev. B 102,

115135 (2020)
4 J. Ahn, S. Park, D. Kim, Y. Kim, B.-J. Yang, Chinese Phys. B 28,

117101 (2019)
5 J. Ahn, S. Park and B. J. Yang, Phys. Rev. X 9, 021013 (2019).
6 A. Bouhon, Q. Wu, R.-J. Slager, H. Weng, O. V. Yazyev and T.

Bzdusek, Nature Physics 16, 1137 (2020).
7 F. Nur Unal, A. Bouhon and R.-J. Slager, Phys. Rev. Lett. 125,

053601 (2020).
8 S. Imhof, C. Berger, F. Bayer, J. Brehm, L. Molenkamp, T.

Kiessling, F. Schindler, C. H. Lee, M. Greiter, T. Neupert, R.
Thomale, Nat. Phys. 14, 925 (2018).

9 C. H. Lee , S. Imhof, C. Berger, F. Bayer, J. Brehm, L. W.
Molenkamp, T. Kiessling and R. Thomale, Communications
Physics, 1, 39 (2018).

10 T. Helbig, T. Hofmann, C. H. Lee, R. Thomale, S. Imhof, L. W.
Molenkamp and T. Kiessling, Phys. Rev. B 99, 161114 (2019).

11 Y. Lu, N. Jia, L. Su, C. Owens, G. Juzeliunas, D. I. Schuster and
J. Simon, Phys. Rev. B 99, 020302 (2019).

12 K. Luo, R. Yu and H. Weng, Research (2018), ID 6793752.
13 E. Zhao, Ann. Phys. 399, 289 (2018).
14 Y. Li, Y. Sun, W. Zhu, Z. Guo, J. Jiang, T. Kariyado, H. Chen and

X. Hu, Nat. Com. 9, 4598 (2018).
15 M. Ezawa, Phys. Rev. B 98, 201402(R) (2018).
16 M. Ezawa, Phys. Rev. B 99, 201411(R) (2019).
17 M. Ezawa, Phys. Rev. B 99, 121411(R) (2019).
18 M. Serra-Garcia, R. Susstrunk and S. D. Huber, Phys. Rev. B 99,

020304 (2019).
19 T. Hofmann, T. Helbig, C. H. Lee, M. Greiter, R. Thomale, Phys.

Rev. Lett. 122, 247702 (2019).
20 M. Ezawa, Phys. Rev. B 100, 045407 (2019)
21 M. Ezawa, Phys. Rev. B 102, 075424 (2020).
22 C. H. Lee, T. Hofmann, T. Helbig, Y. Liu, X. Zhang, M. Greiter

and R. Thomale, Nature Communications, 11, 4385 (2020).


