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Abstract

We consider XY-spin degrees of freedom on an FCC lattice, such that the system
respects some subsystem global symmetry. We then gauge this global symmetry and
study the corresponding U(1) gauge theory on the FCC lattice. Surprisingly, this U(1)
gauge theory is dual to the original spin system. We also analyze a similar Zy gauge
theory on that lattice. All these systems are fractonic. The U(1) theories are gapless
and the Zy theories are gapped. We analyze the continuum limits of all these systems
and present free continuum Lagrangians for their low-energy physics.

Our Zy FCC gauge theory is the continuum limit of the well known checkerboard
model of fractons. Our continuum analysis leads to a straightforward proof of the
known fact that this theory is dual to two copies of the Zo X-cube model.

We find new models and new relations between known models. The Zy FCC gauge
theory can be realized by coupling three copies of an anisotropic model of lineons and
planons to a certain exotic Zs gauge theory. Also, although for N = 2 this model is
dual to two copies of the Zs X-cube model, a similar statement is not true for higher
N.
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1 Introduction and summary

The pioneering work of [1l 2] has stimulated a lot of work on fracton phases of matter. There
is an extensive literature on this subject and it is reviewed nicely in [3], [4]. These reviews



include also many references to the original papers. These phases are exciting for several
different reasons. In particular, their low-energy dynamics cannot be captured by a standard
continuum quantum field theory.

Here, we continue the exploration in [B, 6] [7, 8, 9], trying to describe the long-distance
behavior of these models in the context of continuum field theory. The goal of this paper is to
find such a description for some of the models in [10]. More specifically, we will be interested
in a fracton model known as the checkerboard model, as well as its related models. See
[11), 12), 13] for more discussions on these models. Along the way, we will find new models
and new dualities. These dualities relate different models some of them are known and others
are new.

1.1 General strategy

We will follow the general strategy of [B] [0} [7, 8, 9] for analyzing such models. (See these
references for more detail.) The analysis progresses along the following steps.

e We start with a lattice model with XY-spins on its sites and a particular Hamiltonian.
We study it in a gapless phase and we look for a description of its continuum limit
using periodic fields ¢ ~ ¢ + 2w. We refer to that theory as the ¢-theory.

The global symmetries of the system include symmetries that are present in the lattice
model, which we refer to as “momentum symmetries” and some emergent, acciden-
tal global symmetries, which we refer to as “winding symmetries” [| We analyze the
spectrum of excitations of the system and in particular, the states charged under the
momentum and winding symmetries.

e We gauge the momentum symmetry of the ¢-theory both on the lattice and in the
continuum. This leads us to a pure gauge theory with gauge fields A. We refer to it as
the A-theory. Both the lattice system and its continuum version have a certain electric
global symmetry. In addition, the low-energy theory has an emergent magnetic global
symmetry. We analyze the symmetries and the spectrum of excitations charged under
them.

e We look for dual descriptions of the ¢-theory and the A-theory.

!This terminology is the standard terminology used in the string theory literature of the compact boson
theory. The momentum and winding here are momentum and winding in the target space and should not
be confused with momentum in the coordinate space.



o We use the ¢-fields to Higgs the A-theory to a Zy version of the A-theory, find its
global symmetry, the ground state degeneracy, the observables, etc.. We also look for
dual descriptions of these theories.

It is important to emphasize that this three-step process is completely determined by
the first step. The ¢-theory and its global symmetry uniquely specify the other theories.
Although this is not a complete classification of all possible theories, it does organize, at
least some of them, in a sensible way.

This sequence of steps is completely standard in the analysis of quantum field theories.
However, in the context of these exotic theories, there are some new subtle elements. These
systems have very large global symmetries — subsystem symmetries. These are global sym-
metries that act separately on various subspaces, e.g., planes. Such symmetries had figured
earlier in [14] 15] and many subsequent papers. As we said above, these can be present either
in the underlying lattice system, and therefore also in the continuum theory, or they can
arise as accidental symmetries in the low-energy theory.

These subsystem symmetries have many consequence. One of them is that the standard
derivative expansion of the low-energy Lagrangian might not be valid [6] [7]. Still, for most
purposes this expansion is valid, and below we will limit ourselves to the leading order terms
in that expansion.

Another consequence of the subsystem symmetry is the need to study discontinuous field
configurations in the low-energy field theory. Here we face a hierarchy of situations:

e Lattice configurations are totally discontinuous. They have infinite action in the con-
tinuum limit and the typical such configuration does not carry any global symmetry
charge. Such configurations should definitely be excluded.

e Some discontinuous field configurations have infinite action in the continuum limit, but
they are the lowest energy states carrying some global symmetry charge. A conservative
approach discards these configurations, because of their infinite action. Yet, we find it
interesting to study them.

e Some discontinuous field configurations have finite action, but they lead to infinite
energy states in the quantum theory. Examples are certain configurations that wind
around the Euclidean time direction, which lead, upon using Poisson resummation
to infinite energy “momentum states” [6]. Such states are the lowest energy states
carrying a conserved charge. Again, a conservative approach discards these states,
because strictly, they are not part of the low-energy theory. However, we still study
them.



e Some discontinuous field configurations have finite action and lead to finite energy
states in the continuum limit. Here there is no option. We must consider these config-
urations. They are the source of the large ground state degeneracy.

1.2 Some (3 + 1)d anisotropic models

Here we demonstrate the general strategy above in a sequence of models, which are very
similar to those in [6]. These models will end up being closely related to the models we are
most interested in. The authors of [11], 16} 17, 18, 19] discussed similar theories with different

number of spatial derivatives in the Lagrangian or in the gauge transformation laws.

In [6], space was parameterize by (z,y) with a Z, rotation symmetry. Here we “lift” these
models to (3+1)d by adding another direction z without enlarging the Z, rotation symmetry
to the cubic group Sy. Unlike the dependence on the (z,y) coordinates, the dependence on
z will be standard.

Following our general strategy, we start with the ¢-theory. The 2 + 1d ¢-theory is lifted
to

£ =200 - L20.0,00 - L(0.07, (1.1)

(The bars on the coupling constants are for later convenience.) The first and second terms
are as in [6], and the third term, which is absent in [0], is standard in field theory. This
model has a subsystem symmetry

¢ = ¢+ ful2) + [y (), (1.2)

with two arbitrary functions f,(x) and f,(y).

We take the field ¢ to be 2m-periodic, i.e., ¢ ~ ¢ + 2wn with integer n. In a standard
field theory, such an integer is position independent. But in our case, it can depend on the
spatial coordinates. This dependence should be such that the Lagrangian (1.1]) is invariant
under the identification. In other words, the identification should be a subgroup of the global
symmetry . This constrains the dependence to satisfy

o(t,x,y,2) ~ o(t,x,y, z) + 2mn”(x) + 2mn¥(y) , (1.3)

where n*(z),n¥(y) € Z are integer-valued functions. This identification has the effect of
turning the subsystem symmetry (1.2)) from R to U(1).

The more detailed analysis of this system is very similar to that in [6].

Continuing along the lines of our general strategy, we consider an A-theory, in which the
global symmetry (1.2]) is promoted to a gauge symmetry. The gauge fields are (Ay, A, A’)



and their gauge transformations are

AO ~ Ao + 80(1/,
A~ A+ 0.0, (1.4)
A"~ A"+ 0,0,

where the gauge parameter « is subject to the same identifications as ¢:
alt,z,y,z) ~ a(t,z,y, z) + 2mn*(x) + 2mn?(y) . (1.5)

Here the prime in A’ means that the field is in the spin-2 representation of the Z, rotation
symmetry on the yz-plane. All dimension two gauge fields and dimension three field strengths
are in bold face. The prime means that the field is in the spin-2 representation of the spatial
Z4 symmetry.

The gauge fields Ay and A’ are similar to Ay and A,, of [6]. The gauge field A is a
standard gauge field, usually denoted by A..

The gauge invariant field strengths are
E =0yA—0,A,
E = aOA, - azayAAO ) (16)
B =0,A"-0,0,A.

Here, E is a standard electric field in the z direction (usually denoted E, or Fp,), E' is similar
to E,, of [6], and B’ is a new gauge invariant combination. The Lagrangian is

1 1
L=——F*+ —
(9e1)? (Ge2)?

(The bars on the coupling constants are for later convenience.)

1

(Gm)

(E')? — JRV. (1.7)

It is straightforward to dualize this system and to find that it is dual to the ¢-theory of
(1.1) with parametersﬂ

- (gm)2 — (ge2)2 —- (g€1)2 1.8
82 7 F= g =g (1.8)

Following our general strategy, we now Higgs the A-theory by a charge N ¢-theory to a
Zy gauge theory. We can dualize the Higgs Lagrangian to obtain a “BF-type Lagrangian”

N

2

L= [A@Auﬁﬂ@+M%A—@@%yﬁm@A—¢@@). (1.9)

2The details of this duality are similar to those of Section IEL however, as explained there, the parameters
there differ by a factor of 4.



Recall that the prime means that the field is in the spin-2 representation of the spatial
Z, rotation on the zy-plane. Here the gauge fields (Ag, A’, A) are dual to ¢ and have the
following gauge transformation laws

Al ~ Al + 0o,
A~ A+ 0.8, (1.10)
A~A+0,0,d,

where &' has the same periodicity as «. This is a gapped fracton model, whose lattice
formulation and continuum field theory have been studied in [I1].

As we focus on the low-energy theory, our systems do not have particle-like excitations.
Instead, such massive charged particles are described in the low-energy theory using defects.
Let us demonstrate them in this Zy theory.

This theory has lineons that can move only in z direction. They are described in the low
energy theory by the defect

emkﬂﬁ%+@&}, (1.11)

where C is a curve in the spacetime (t,z) plane. There is also a similar defect for the A
gauge fields. A pair of lineons separated in the x direction can move in the yz-plane. Hence,
they form a planon, which is described by the defect

exp {2/ dacj{(dt 0. Ay + dz 0, A+ dy A’)} , (1.12)
1 C

where C is a curve in the (t,y,z) spacetime. Again, there is a similar defect for A gauge
fields. In addition, similar defects describe planons in the xz-plane.

The theory has two Zy global symmetries, which can be thought of as the electric sym-
metry for A and A gauge fields. The corresponding symmetry operators are special cases
of the defects and , their variant in the other plane, and their A counterparts,
where the curve C is at a fixed time.

1.3 Outline and summary of continuum models

Here we outline the organization of the paper. As we do that, we review the main features
of the various continuum theories that we will be discussing.

The ¢-theory



In Section [2, we will study a lattice XY-model, the tetrahedral model, which is the U(1)
analog of the Z, tetrahedral model of [10]. In particular, we will derive its continuum limit
in its gapless phase. Then, in Section [3| we will explore this continuum theory. We will
analyze its global symmetries and its spectrum.

This theory ends up being closely related to three copies of the ¢-theory of (1.1)) — one
for x, one for y, and one for z. We denote these field by ¢* with i = z, ¥y, z. The Lagrangian
is

£= B0 0.0 L 0,0.00 4 - (1.13)

where the ellipses represent similar terms in the other directions. Note that the Lagrangian
does not mix the three fields ¢‘. There are no bars on the coupling constants because the
fields ¢ have different periodicities than those in (1.1]) (see below).

We suppress here higher derivative terms that for some purposes are as important as
those that are included. See [0} [7] for a discussion of such terms, why they are important,
and in what sense they can be neglected.

As in (|1.2) the system has a continuous global subsystem symmetry, which we refer to
as momentum symmetry

¢ (2,y, 2, 1) = ¢"(x,y, 2, 0) + [y (y) + f2(2)
O (2,y,2,t) = 6*(x,y, 2,t) + [ (2) + [ (y) ,

with arbitrary functions f/(z?). In addition, the continuum theory also has similar winding
symmetries, which we will analyze in detail below.

Locally, the fields ¢* take values in R3. The analysis of the underlying lattice model tells
us that we should impose an identification on that space by a Face-Centered Cubic (FCC)
lattice?]

@'~ ¢+ 2mn’ with n' ez, n® +n¥+n®€2Z. (1.15)

The three fields ¢° are coupled only through the condition on the sum of the integers.
This condition is the only difference between three decoupled copies of the anisotropic ¢-
theory of and this theory. The relation between them will be discussed in more detail
in Section [§ There we will show that we can convert one model to the other by coupling it
to a Zy gauge theory.

As in the discussion around (|1.3)), the integers in ([1.15)) can be position dependent. They
are constrained to satisfy
Oyn® = 0,0,n" =0, (1.16)

3Note that the underlying XY lattice model was on an FCC lattice. This should not be confused with
this lattice of identifications.



and similarly for the other directions. The effect of this identification is to turn the R?® global
symmetry into U(1)3.

In addition to the continuous symmetry , our system also has some discrete sym-
metries. Its space symmetries include the cubic rotation symmetry S; and parity and time
reversal symmetry. There are also three Zs internal symmetries that flip the sign of one of
the three fields ¢°. They are called internal, because they do not act on the coordinates.
The diagonal Zs, of these three symmetries ZS is overall charge conjugation. The other two
Zo symmetries are internal, but they do not commute with the spatial rotation group Sj.

Together they form a group
G = (ZQ X ZQ) X 54 s (]_]_7)

which we analyze in Appendix

One of the unusual facts about this symmetry is that we can assign the three fields ¢’ to
different three-dimensional representations of Sy

3: ¢
3. i’
¢.. (1.18)
182 ¢"
r'e2: ¢"

where we used our notation for these S; representations. This will be discussed in detail
in Section m The notation in and the following discussion used the first of these
options, but the other options are also possible, and they turn out to be useful. It is
important to stress, though, that these are not different theories. The options are
merely different ways of describing the same global symmetry of the same system.

The A-theory

In Section , we will study a U(1) gauge theory, which we refer to as an FCC lattice gauge
theory. It is the theory obtained by gauging the global subsystem symmetry of the lattice
XY-model of Section We take its continuum limit in its gapless phase. The resulting
continuum Lagrangian is the same as gauging the subsystem global symmetry . As
a result, the gauge theory has three gauge parameters o, which are subject to the same

conditions as the three fields ¢ in the ¢-theory ((1.15))((1.16)).

This continuum gauge theory is studied in detail in Section [5| Here we review some of
its main features. The gauge fields are as follows. The temporal gauge fields A} are in 3
of Sy with i = z,y, . The spatial gauge fields are of two kinds A% in 1 @ 2 of Sy and A%
in 1 ® 2 of Sy. (The notation is as in (1.18)), and it will be discussed in Section [j and in

Appendix )



This gauge theory is closely related to three copies of the A-theory of (1.4), one for z,
one for y, and one for z. Just as the difference between three copies of the anisotropic ¢-
theory and the ¢-theory is in the identifications of ¢?, the same is true for these gauge
theories. The difference between three copies of the anisotropic A-theory of and this
gauge theory is only in the identifications of the gauge parameters o’. This will be discussed
in more detail in Section [8 There we will show that we can convert one model to the other
by coupling it to a Zy gauge theory.

For simplicity, let us focus on the gauge fields with ¢ = x. Their gauge transformations

are
3: AT~ AT+ 0pa”,

132 A™ ~ A™ £ 9,0° (1.19)
1®2: A" ~ A" 4+ 0y0,a" .
Unlike the discussion of the anisotropic model (|1.1)), which was not S, invariant, here we
keep track of the Sy representation. The first column in ((1.19)) denotes the S, representation

and it reminds us that there are similar gauge fields and similar gauge transformations in the
two other directions. The gauge parameters o’ have the same periodicities as ¢’ in (1.15]).

The gauge invariant electric and magnetic fields are

1®2: E™ = 0yA™ — 0, A7,
1'®2: E™ =9)A*™ —9,0,A%, (1.20)
3': B” = 0,A™ — 9,0,A™ .

Again, we wrote the S; representation, but we gave the explicit expression for the field
strengths only for one component.

In Section [5] we will also discuss the global symmetries of this theory, its spectrum,
including the states charged under the global symmetries, and its restricted mobility defects.

Since in the ¢-theory we had four options for the S, representation of ¢ and since
the gauge parameter « in behaves like ¢, we can also assign it to four different 5,
representations. When we do that, the S; representations of the gauge fields and the field
strengths are also modified. Again, these are not four different theories, but four different
ways of describing the global symmetry of the same system. These issues will be crucial
below.

Just as for the anisotropic models in Section this ¢-theory is dual to this A-theory.
This duality will be discussed in Section [6]

The Zy-theory

10



Section [7| will discuss a Zy version of the FCC gauge theory. We will do it both on the
lattice and in the continuum. The lattice model will be identified with a Zy version of the
checkerboard model of [10] (see also [11} 12} [13]).

In the continuum, we start with the fields (A3, A%, A") of the U(1) A-theory and couple
them to the fields ¢’ of the ¢-theory such that they Higgs the gauge group to Zy. The
Lagrangian can be taken to be

1 - 1 -~ 1~ /
where, for simplicity, we wrote explicitly only the terms involving ¢* and we need to add
similar terms for the other fields. The fields E“", E“, and B’ are Lagrangian multipliers

implementing the Higgsing and their arbitrary coefficients were set for later convenience.

Again, the gauge theory is closely related to three decoupled copies of the anisotropic
Zy gauge theory in Section 1.2 The difference between these two theories is only in the
identifications of the gauge parameters, and it can be implemented by coupling to Z, gauge
theories. This will be discussed in detail in Section [

A standard duality transformation maps the Lagrangian ((1.21)) to a BF-type Lagrangian

N SR L L N S, - .
- (AZZ Ell _|_ A”EM _ A?(,)Bl) — _ (ALBCE ELBCE + AIE(EEJCJE _ AgBl’) _|_ .

47 it 47

E™ = 9y A — 9, AT (1.22)

E™ = 0A™ — 0,0.A7
B = 9,A™ — 9,0, A" .

The ellipses represent similar terms involving the other directions. We see here that in
addition to the gauge fields (|1.19), we also have another such set of gauge fields

3 A7 ~ AT + 90",
1'@2: A ~ A% 49,67, (1.23)
132: A™ ~ A™ 1 9,0.6%

Note that the S, representations of the gauge parameters &, their gauge fields, and the field
strengths differ from those of . They are related to those in by our regular
freedom in the assignment of these representations. However, it is important that while we
have our freedom in changing the S, assignment of these gauge fields, the two sets of gauge
fields are necessarily in different S; representations.

In Section[7], we will also analyze the ground state degeneracy and the spectrum of defects
of this Zy theory.

11



Section [§| will explain the operations that turn the anisotropic models of Section into
the other models in this paper. We take three decoupled copies of the models of Section
along the three different directions. And we couple the three systems to appropriate gauge

fields.

In Section [0 we will relate our Zy gauge theory to the X-cube model [10] (see also [20]).
As shown in [12], for N = 2 the checkerboard model is equivalent to two copies of the X-cube
model on the lattice. Here we demonstrate this equivalence using the continuum field theory
descriptions of these models. We also explain why there is no such equivalence for our Zy

checkerboard model with higher .
In Appendix [A] we review some useful group theory facts.

First, in Appendix we review the representations of the cubic group S; and present
our notation.

Then, in Appendix[A.2] we review the symmetries of the FCC lattice. These are essential
for understanding the symmetries of our lattice models and how they are realized in the
continuum theories. In particular, we discuss the global symmetry group G = (Zs X Zs) X Sy
of our continuum models. Of particular interest are its outer automorphisms, which are
crucial for understanding our various dualities.

Finally, in Appendix B we review the continuum field theory for the X-cube model in
I8, 21].

2 (341)d XY-tetrahedral model

In this section we study the XY version of the tetrahedral model in [10].

2.1 The lattice model

We will be working in the Hamiltonian formulation. The spatial lattice is a three-dimensional
face-centered cubic lattice, where the lattice site s can either be at the corner of a cube or at
the center of a face (see Figure . We will label the lattice sites at the corners by integers
(2,9, 2), while those on the faces by (& + 3,9 + %, 2), (T+3,0,2+3),0r (&,9+3,2+ %),
with 7,9, 2 € Z.

XY XYz

For every corner s, there is a U(1) phase e “ and its conjugate variable 7]
X2 g XV2]
S Y S

at every
lattice site, obeying the commutation relation | =1 if they belong to the same

site and commute otherwise. For every face center s on the I.J-plane, there is a U(1) phase

™

ST J . . . . . .
es” and its conjugate variable 7!/ with the same commutation relations.
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Figure 1: (a) The FCC lattice on which the XY tetrahedral model is defined. The black sites
are the corners, while the red, green, and blue sites are at the face centers on the yz, zx,
and zy planes respectively. The distance between two nearest neighbor sites is a/ V2. Each
site participates in eight tetrahedra; or equivalently, in each cube, there are eight tetrahedra.

(b) The tetrahedron of the interaction term in the second line of ({2.2)).

We emphasize that the indices with capital letters, such as I, J, K and X, Y, Z, are neither
SO(3) indices nor S, indices. Throughout the paper, we will use indices with lowercase
letters, such as i, j, k and x,y, z, to denote S4 indices.

For every site at the corner, we define eight different kinds of four-spin interactions, each
forming a tetrahedron:

o o € . €y .
A€z€y€z¢ (LL’, Y, ) _¢XYZ (x’ Y, Z) - ¢XY <.I * ?’ vt iy’ Z)
ax [~ €z . . € YZ (o Sy 5 & 2.1)
+o™ (245054 5) 07 (204324 5)

where €, €, €, = £1.

The Hamiltonian is

H:g Z(W;)(YZ)2+ Z (W;XY)2+ Z (W;/Z)Z_i_ Z (WSZX)Q

sez? se(2+3,2+3.2) SE€(Z,2+3,2+7%) s€(2+3,2,2+41)

—KZ Z coS (AExEyEngs) ,

SEZ3 €x,6y,ez=%1

(2.2)
For simplicity, we have taken various lattice coupling constants to be equal.

For every zy-plane at a fixed integer Zy € Z, there is a U(1) subsystem symmetry shifting

13



(b) (c)

Figure 2: The lattice models in Section , Section , and Section are formulated on an
FCC lattice (see Figure (a)). Equivalently, we can formulate it on the checkerboard of a
cubic lattice (see Figure (b)). The sites and the tetrahedra of the FCC lattice are mapped
to the shaded cubes and sites of the checkerboard, respectively. The distance between two
nearest neighbor sites in the FCC lattice is a/v/2, while it is a/2 on the checkerboard. For
the XY-tetrahedral model of Section 2] the phase variables and their conjugate momenta are
placed on the sites of the FCC lattice, or equivalently the shaded cubes of the checkerboard.
Their interactions are associated with the tetrahedra of the FCC lattice, or equivalently, the
four shaded cubes that share the same site in Figure (c) of the checkerboard. For the U(1)
and Zy FCC gauge theories of Section [4] and Section [7.1 both the gauge parameters and
the magnetic interactions are associated with the sites of the FCC lattice, or equivalently,
the shaded cubes of the checkerboard. The gauge fields are placed on the tetrahedra, or
equivalently, the sites of the checkerboard.

all the =¥Z at the corners and all the ¢2X¥ at the faces by an opposite amount:

1 1
XY XY 1 Z
— f Zt52+5
gbs ¢S _{_(p’ 1 s & ( + 27 + 272:0) ) (23)
00—, i SE(ZZL, ).

There are similar subsystem symmetries associated with the yz and xz planes. For every
xy-plane at a fixed half integer 2 +% € Z+1/2, there is a U(1) subsystem symmetry shifting
all the @Y and ¢Z* by an opposite amount:

1 1
QSSZX_>¢SZX+QO7 1f8€(Z+§7Z720+§)7
(2.4)
1 1
PV — oY% — ifsE(Z,Z+§,io+§>-

14



On the lattice, we have a shift symmetry in the x, y direction, which acts on the fields as

XY Z
¢ " = ¢s+<%,%,o>

XY XYZ

¢ — QSSJF 5:5:0) ’
Yz

%7 = 40

¢ = 0.

(2.5)

s+(%,%,0)
The symmetry along yz and xz planes is similar. The composition of these three shifts is a

lattice translation by (a, a, a). In the continuum limit, these three shifts reduce to a Zy x Zy

internal symmetry. Finally, there is an internal Z$ symmetry on the lattice which acts on
the fields as

XY Ly XY GYE L gYZ o GZX L gIX G XYZ L yXYZ (2.6)

Together, we have a (Zy)? internal symmetry in the continuum.

The lattice model can also be formulated on a three-dimensional checkerboard. The sites
and the tetrahedra of the FCC lattice are mapped to the shaded cubes and the sites of the
checkerboard, respectively. See Figure [2. On the checkerboard, the phase variables ¢’s and
their conjugate momenta 7’s are placed at the shaded cubes. The tetrahedron interaction
then becomes the interaction of four shaded cubes that share the same site (see Figure
2k). We emphasize that this reformulation from the FCC lattice to the checkerboard is
not a duality transformation. It is simply a reassignment of the same fields and the same
interactions to different geometric objects on a different lattice.

2.2 The continuum limit

We are interested in the gapless phase of the system, which happens for large K. To leading
order in the continuum limit @ — 0, we find the constraint on the continuum fields

XYty 2) + oY (tx,y, 2) + V(L Yy, 2) + 0PN (t 3y, 2) = Od?). (2.7)

qbXYZ

Substituting in terms of ¢!’ and expanding the cosines in the Hamiltonian, we derive

the following continuum Lagrangian
£ — % [(80¢XY)2 + (aO(bYZ)Q + ((90¢ZX)2 + ((90¢XY + 80¢YZ + 80¢ZX)2}

= {[0:6™ + 6] + [0,(0% + 079 + [0.67F + 079"} + O(a?).

(2.8)

The coefficients p and pg scale with the lattice spacing a. Yet, we are going to treat the
continuum theory with finite g and pg, independent of a.
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Next we define
¢ac —_ ngY + ¢ZX
¢V =" + o7, (2.9)
¢z — ¢ZX + ¢YZ
Note that these are linear combinations of fields at different lattice points. However, since
these different lattice points correspond to the same point in the continuum limit, such a
definition keeps these fields local. Conversely,

S = (66
X = (T8 (2.10)
S =6 -6

The transformations (2.9) and (2:10) relate different bases of the 3 representation of Sy[]
The Lagrangian can then be written as

L= % [ (G06")? + (Bo8")? + (009")? | — g [(8:07)" + (8,0")* + (0.0°)°] + O(a®). (2.11)

This continuum Lagrangian has an S, rotation symmetry that acts on ¢ as in 3E|

The subsystem symmetries (2.3) and (2.4) from the lattice (along with those from the
other directions) act as
¢" = "+ [y (y) + f(2),
¢' = @' + fl(x) + fL(2), (2.12)
¢" = "+ fr(x) + [ ()
In addition we have an internal (Z,)* = ng) X Zgy) X Zgz) symmetry from (2.5) and ({2.6]).
Zg) acts on the fields in the continuum as

Zg) C (Y, 2) — (—1)5“ ¢ (t,z,y,2). (2.13)

Note that this internal (Zy)? symmetry does not commute with the Sy rotation symmetry.
It is a discrete vector symmetry.

Higher order corrections

4Recall that the uppercase indices X, Y, and Z do not correspond to standard three vectors of Sj.

5 Alternatively, we can redefine the action of the rotation group Sy by composing the group elements of
odd permutation in S with the Z§ symmetry ¢ — —¢° . The fields ¢* are then in the 3’ of the new
S4. In the following we will make a choice of the S; symmetry such that ¢’ is in the 3.
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The continuum Lagrangian (2.11)) has a much larger, accidental subsystem symmetry

" = "+ [y, 2),
@' = oY + f¥(2, 1), (2.14)
" — ¢+ fA(z,y).
We can break the accidental symmetries (2.14]) to the subsystem symmetries from the lattice
(2.12) by expanding the continuum Lagrangian to higher order in a.

The minimum of the potential is shifted at order a®. This modifies the constraint ([2.7))

to
¢XYZ+¢XY+¢YZ+¢ZX

a? a? a? (2.15)
+ L 467 + Lo +677) + Lo + 67) = O(at).
Next we define
2
0" = ¢ 6" = TR+ 67+ 0+ 67) + 26 + 077
(/R ¢YZ+¢ZX o %2 [a§(¢XY +¢ZX) +a§(¢YZ+¢ZX) —|—8§(¢ZX +¢YZ)] 7 (216)
2
5 = 75 4 77— [N 4 7) 4 GE67 4 67F) 4 0207 +077)]
The terms that are quadratic in ¢* at order a? are
pa® [ 1 e L 2 (i\2 i\2
£ =" |5 D (000" = 2 Y (07) = D (0:0,6)° | (2.17)
iEj#k i J#i

cyclic

where we discard the total derivative term.

3 The continuum ¢-Theory

In this section, we analyze the continuum field theory that we have just derived.

3.1 Lagrangian

Instead of focusing on a particular short-distance lattice model, we now look for the most
general continuum field theory respecting the global symmetry of our lattice system, includ-
ing the subsystem symmetry (2.12)). At two-derivative order, we can add

(0:0°)(0y9"),  (0:9")(0:07),  (9,0”)(0:07) . (3.1)
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These additional terms also respect the accidental symmetry (2.14). However, they are not
allowed by the (Zy)? symmetry (2.13).

At four-derivative order, we can have any S; symmetric quadratic functions of

(0,0;6") i+ j (but k can be the same as i or j) ,
(07¢') -

For example, we can add (9,0,6%)%, (9,0.¢Y)?*, (0.0,¢%)*. Cross-terms involving different
fields are not allowed by the (Z3)® symmetry . More generally, if we limit ourselves to
terms that are quadratic in the fields, it appears that our continuum theory is made out of
three decoupled theories, one for each of the three fields ¢*, ¢¥, ¢*. We will soon see that
this is not the case due to global issues. (See also Section (8] for more details.)

(3.2)

Let us assume our continuum Lagrangian is a sum of the above symmetry-preserving
two-derivative and four-derivative terms, with finite coefficients

i i i#j+k i i#j

(3.3)
We have imposed time-reversal symmetry to forbid cross terms between 9y¢° and spatial
derivatives of ¢’s.

For a generic mode of ¢’ that depends on all the spacetime coordinates, the four-derivative
terms are less relevant than the two-derivative. The energy of this configuration is of order
one.

Next, consider a special configuration where, for example, ¢* is independent of z, i.e.,
¢* = f*(t,y,z). For such a configuration, the terms with two spatial derivatives vanish.
The only nontrivial four-derivative term respecting the subsystem symmetry for this
configuration is (9,0,¢")?. The energy of this configuration is again of order one.

Note that while the four-derivative terms are negligible for a generic mode in the mo-
mentum expansion, they are the only potential terms for the special modes such as ¢* =
f*(t,y, z). If we had not included these four-derivative terms, such modes would not have
had a potential term. We can state that roughly, these four-derivative terms are “danger-
ously irrelevant” terms. Although they are irrelevant relative to the two-derivative terms,
they become relevant in some regions of field space.

Finally, consider an even more special mode where ¢* depends only on y, i.e., ¢* =
f;(t,y). To all derivative order, there is no nontrivial symmetry-preserving term for this
configuration. Therefore, these modes do not have a potential term, and their classical
energy is negligible.
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From the discussion above, it is clear that the K, Ky terms always give subleading
corrections to either a generic mode or a non-generic mode. By contrast, this is not the
case for the (9;0;¢")? term, which is important for a non-generic mode ¢¥ = f*(¢, z, 29).
Therefore we will set K1 = K5 = 0 in the following.

The periodicities of the continuum fields are determined by the point-wise 2m-periodicities
of the fundamental fields on the lattice. They are:

(bXY(t? x? y? Z) ~ ¢XY (t7 :C, y? Z) + 27Twz(z> Y
¢ZX<t7x7y7 Z) ~ ¢ZX(t7x7y7z> ? (3'4>
¢Yz(t7x7 y7 Z) ~ ¢YZ(t7x7 y? Z) Y

where w*(z) € Z. Similarly for the other directions. In addition, there is another gauge

symmetry
o™ (tw,y,2) ~ o7V (t 2,y 2),
¢ (t, 2,0y, 2) ~ o7 (1, y, 2) + 2em7(2) (3.5)
O Aty 2) ~ @t @y, 2) — 2mm(2)

where m?*(z) € Z. Similarly for the other directions.

In terms of the ¢, the periodicities are

¢t x,y,2) ~ ¢ (L, 2,y, 2) + 21 (W (y) — m¥(y)) + 2m(w*(2) + m*(2)),
¢t 2y, 2) ~ ¢'(t,x,y, 2) + 2m(w*(2) — m7(2)) + 2m(w”(2) + m*(2)),  (3.6)
¢t x,y,2) ~ @7 (L, 2.y, 2) + 2m(w”(2) — m*(2)) + 2w (w(y) + m¥(y)),

where w'(z"), m*(z") € Z. Since the periodicities of ¢’ are correlated as above, our Lagrangian
(3.3)) is not a decoupled Lagrangian for these three fields. See Section [§] for more details.

As discussed in Section [T, we can describe the target space in the following way. Our
target space is parameterized by the three fields ¢ in R? modded out the FCC lattice. This
means that we identify

¢ ~¢ +2m'  with n'€Z, n"+n¥tnte2Z. (3.7)

In a standard theory, these n' are independent of positions. But in our case, they can
depend on the spatial coordinates. We can contemplate a general n’(x,y, z), but this should
be such that the Lagrangian is invariant under the identification. (In other words, the
identification should be a subgroup of the momentum symmetry discussed in (3.21])). This

constrains the dependence to
Oyn® = 0,0,n" =0 , (3.8)

and similarly for the other directions. This is the same as the identification (3.6)).
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3.2 Global symmetry
3.2.1 Discrete symmetry

The (orientation-preserving) spatial rotation group is Sy. In addition, we also have a (Zy)?
symmetry in that does not commute with the S;. Together, the discrete global
symmetry is Z$ x G with

G = (Zy x Zg) x Sy . (3.9)

The order 96 group G is the orientation-preserving symmetry group of the FCC lattice

modulo translations of the minimal cubic sublattice. See Appendices[A.2]and[A.2.1]for more

detail of this group. Here Z¢ is the charge conjugation symmetry that flips the signs of all
o'
L5 ¢" = —¢", ¢ = —¢¥,  ¢F = =7, (3.10)

The discrete global symmetry Z$ x G guarantees that locally ¢* remain decoupled even
when higher derivative terms that are quadratic in the fields are included. The three ¢
interact with each other only through the identification (3.6)).

In the above we have assigned particular S; representations to our fields and we used an
Sy covariant notation. Since the global symmetry Z$ x G of this continuum field theory is
larger, it allows us to choose different ways to label our fields in terms of S4 representations
related by outer automorphisms of Z$ x G. It is important to clarify that the theory is not
modified by this. Even the Lagrangian is not modified. The only thing that changes is the
way we label the group elements of ZS x G.

We choose the coordinates z,y, z to be in the (+,3;) of Z§ x G (see Appendix
for the representation theory of this group). Here we use 4+ and — to denote the trivial
representation and the sign representation of ZS', respectively. With respect to this choice,
there is a Zy X Zs normal subgroup of G that acts trivially on the coordinates. The quotient

group
G

ZQXZQZ

acts on the coordinates and is generated by 90 degree rotations.

Sy (3.11)

Next, we discuss the representations of ¢! under ZS' x G. We can choose ¢’ to be in one
of the following four representations of Z$ x G-

(_732)7 (_73/2>7 (_733)7 or (_7323)' (3'12)

The four choices are equivalent as they are related by those outer automorphisms of Z$ x G
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that leave (—,3;) invariant[f]

Instead of working in a Z$ x G covariant way, we will label our fields by their represen-
tations of an S subgroup of G[] Having fixed such a choice of the S, subgroup, the fields ¢,
as well as their derivatives appearing in the Lagrangian (3.3)), are labeled by the following

S, representations:

ZS <G | ¢, 000 | ¢ | 00¢

(—,39) 3 102 |1/ 2

(—3) | 3 |[To2|162 (3.13)
(—,35) |2 | 3 3

(—,3) | 1@2 | 3 3’

where we have suppressed the indices. In the previous subsections, we have chosen to label
our fields as in the first row of (3.13). These different presentations of the same theory will
be useful in the following sections.

Below we will encounter fields in the four different S; representations above. We will use
the following tensors to denote these fields:

3: 7T

3. T
1@2: T¢ (3.14)
a2 T

See Appendix for more details.

3.2.2 Momentum symmetry

Many of the expressions below contain several equations related by cyclically permuting
x,1y, z. In some of these expressions, we will write only one of the equations to avoid clut-
tering.

The equations of motion are

p095 " = pd2d® — mdi2¢" (3.15)

6Note that we cannot take ¢* to be in (—, 31) or (—,3}) or (+, R) for any R. For these choices the global
symmetry ZS x G does not act faithfully.
"This S4 subgroup should not be confused with the Sy quotient group that acts on the coordinates (3.11]).
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and similarly for the other two equations with x,y, z cyclically permuted. This leads to a
current conservation equation

D JE = 0, J° — 9,0,J° (3.16)

where we define the currents|

3: Jy = 1000d" ,
102 J = 1,¢", (3.18)
®2: I = 110,0.6°.

The charges, are defined on the planes

QE(r) = jédydz (J+JE). (3.19)

There are six charges in total, two along each plane. As we will soon see, the linear combina-
tion above is chosen such that each QF is a sum of delta functions with integer coefficients.
These charges satisfy three constraints

Fn (@) - QW) = fd= (@) +Q:)
iz (@1 - () = fo (Q()+ Qs () (320)
e (@20 - Q@) = f (@) + Q)

These charges generate the momentum symmetryf] that act on the fields as

O (t,x,y, 2) = ¢ (t,x,y,2) + (f) () — f (W) + (fF (2) + f7(2)),
¢t x,y,z) = ¢ (L x,y, 2) + (fF(2) = [2(2) + (fF (@) + £ (2)), (3.21)
O (t,m,y,2) = ¢°(t, 2y, 2) + (fi (x) = fo (2) + (f, () + f, (W) -

The point-wise periodicities in (3.6) gauge the Z part of this symmetry. Hence, the momen-
tum symmetry generated by the six charges Q(z%) is U(1) instead of R.

8The spatial currents satisfy an additional differential condition,
u10Y0* JF + ,u@””J”l =0. (3.17)

This differential condition is not satisfied if we include the K, Ko terms in .

9Here, by momentum, we mean the conjugate momentum of the field ¢ in the target space as opposed
to the momentum in coordinate space. Indeed, the temporal current J¢§ of the momentum symmetry is the
conjugate momentum of ¢°.
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The above linear combinations of charges are motivated by the following observation.
Since the target space of the field ¢ is the quotient of R3 by an FCC lattice (see (3.7))
and (3.8))), the target space of its conjugate momentum J¢ is a body-centered cubic (BCC)
lattice (the reciprocal lattice of FCC lattice). On a BCC lattice, while J¢ could be a sum of
three-dimensional delta functions with half-integer coefficients, the six combinations J 4 J3
should all have integer coefficients. These are exactly the combinations defined above.
3.2.3 Winding symmetry
The current of the winding symmetry is

162 Ji* = ! o
. 0o - or T )
/ 1
1"®2: J¥ =-—0,0.0", 3.22
@ 0 47T ) gb ( )
1
3: J'= —80¢$ .
47
The current conservation equations are

0o JE* = 20,J° ,

/ (3.23)
0" = 0,0, J" .
There is a differential condition:
0,0, J5% = 20, I . (3.24)
The conserved charges are
Q" (y,z) = j{dx J5e, (3.25)

Using the differential condition Q**(y, z) is a sum of a function y and a function of z:

Q" (y,z) = Q)" (y) + Q" (2). (3.26)

The two charges Q3" (y), Q7% (z) share a common zero mode. Equivalently, there is a gauge
ambiguity

Qy (y) ~ @y (y) + 0™, QFF(2) ~ @ (2) —n™. (3.27)
We will soon see that Q% (27) are integer-valued functions.

In addition, we also have the following conserved charges

Q" (y) = f e 3 QI (s) = f dy I+ (3.28)
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Note that they are independent of x because of (3.24]). We will soon see that the properly
quantized charges are actually the following combination:

! / 1
Q= (y) = Q)" (v) — 59,Q%
:%@mﬁé@fwﬁa
/ o (3.29)
() = Q27 () - S0.0"

;1
:f@mwiaf@ﬁ%

Fy 07 = faz (o). (3.30)

In summary, the conserved charges are Q(x7) and Q;ll_(:vj ). On a lattice, there are 2L° +
2LY 4+ 2L* — 3 conserved charges of the form Q% (z7) , and 2L* 4+ 2LY + 2L* — 3 conserved
charges of the form Q% (7).

They obey the constraint

We will sometimes also consider the following composite conserved charge:
' zx' 2z zx’ 1 g~
y+(y) = ny(y) +0,Q% = ¢ dz IJ§* + iay dz Ji7,

3.31)
! /! / 1 (
(1) = QP (2) + 0.QW = 75 dy 35" + 50. ]4 dy Jo

The identification (3.6) implies that the charges Q% (27) are sum of delta functions with
integer coefficients:

! ]. /
L) = 120 2007 £.6) = SN L0y - (3:32)

«

/ .
where NJ§ s are integers.

3.3 Momentum modes

Let’s discuss the modes that are charged under the momentum symmetry. We will consider
plane wave solutions in R*! of the form

(bx — Cxeiwt+ikzz+ikyy+ikzz ¢y — Cyeiwt+ikzx+ikyy+ikzz (bz — Czeiwt+ikzx+ikyy+ikzz )

(3.33)

) )
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We can consider a basis of them with only one nonzero C?. The mode with C* # 0 and
CY = C% = 0 obeys the dispersion relation

1
wé) = m (Hk? + mk2k?) (3.34)

The classical zero energy solutions correspond to k, = 0 and kyk, = 0. Similarly there are
such modes in the other directions. We will refer to these modes as the momentum moded™]
because the momentum symmetry maps one such solution to another.

Let us quantize the momentum modes now. They are of the form

O"(t,w,y,2) = [ (ty) + f2(¢2).- (3.35)

It will be more convenient to write these momentum modes in a different basis where each
mode has a simple periodicity:

"ty 2) = [ [ (y) = f () |+ [ [T 2) + f2(t2)]
¥t x,y,2) = [ [F(t,2) = [ (t2) | + [ £ (to) + fr (tx) ], (3.36)
Oty 2) = [ [ (tx) — (o) |+ [ fF Gy + £ () ]

From (3.6)), we find that each f*(t,2°) is pointwise 2m-periodic. They share three common
zero modes ¢;(t), which correspond to the following gauge symmetry

fEm) ~ () +oy(t) —ea(t), f (8 a) ~ fy (6 2) + ey(t) + ex()
fy () ~ £y (4 y) +ea(t) —ealt), Sy (Gy) ~ £y (6 y) + () + ca(t) (3.37)
Jr(t2) ~ fI(2) Fea(t) = y(t), fo (8 2) ~ [0 (1 2) + calt) + (1)

The Lagrangian of these modes is
L= [éyé‘z]{dw ((f';)2 + (f;)Q) Ml‘fdydz (f'; - f;j) (fj + f;)
wer iy (7P Gy P) o fants (F-£) (F+F) @39)

vt fas (G274 G02) 6 franay (5= 0) (674 5,)]

The conjugate momenta are
it = o (20055 4 6 fay (G 40+ 0 fas 7 - 1)

. o o (3-39)
mo(62) = o (zewf; — e Gy g+ F e f e G - f;)) |

0By momentum modes here we mean the target space momenta. They should be contrasted with the
momenta k; of the coordinate space. These momentum modes arise when the coordinate space momenta k;
are non-generic, i.e., when k, = 0 and kyk, = 0.
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They are the charges of the momentum symmetry
Q) = po f dudz (00" £ 006) = 7 (o),
Qi (0) = o f dads (016" £3067) = m5(0), (3.40)
QX(2) = i  dody (900" £ 006") = 72 (2).
The gauge symmetry implies the three constraints
(w3 a) = w2 @) = fdy (m )+ 7, 0)
Fay (1 0) =7 () = e () 4 72 (2) (3.41)
e (w2 ) =72 2) = o (S (@) 7 (a)

The Hamiltonian of these modes is

2M0€x€y€z [ 257{ () () - iz (f{ da' (mf —w;)>2] . (3.42)

Minimally charged states

The point-wise periodicity f;7(t,2") ~ f7(t,2%) + 2rnwi(x?), fi (t,2%) ~ f(t,2") +
2mm‘(2') implies that 7% is a linear combination of delta function with integer coefficients.
In addition, they satisfy the constraint . There are two kinds of lowest energy charged
states. The first kind includes

7 =68z — 1), ) , =8z — z) ,
g ( 0) v (v — vo) z_ ( 0) (3.43)
T, =0, T, =0, m, =0,
and its charge conjugate. The second kind includes
=6z — ), =0, . =0,
wooemm), ™ (3.44)
T, =0, T, =0y — o) , 7w, = —0(z — ) .

with two other similar configurations in the other directions and their their three charge
conjugate configurations. Together, we have eight different momentum modes with the
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same minimal energyﬂ

1 3
H=—"—+ v Y z ——1 . 3.45
s |3 )0 — (3.45)

General charged states

More general charged states are written as

Z §(z — z4) ZN O(r —4r)
ZN+ o(y — yp) Z yp oy —ys) (3.46)
Z 0(z = 2y) , . (2 :Z z_’y’ (2 —2y)

~

where N\, N, € Z satisfy the constraints

EZN;Fa_ZN;o/:Z Z yﬂ"
@ o B
W_Z ij Zzwija, (3.47)
v '
NZ’EZ ZW—ZN;/ =2 N+ D Now
v v a o

The minimal energy with these charges is
1 .
4 WA N ] 6(0) = 2> (N2 4
i = 2M0€$€y€3 [ Z (Z 204) + %:( [Xe’ ) ) (0) 4 ( ) ] (3 8)

3.4 Winding modes

As we said above, our target space has three fields ¢ and it is modded out by the FCC
lattice (3.7)). Because of this quotient, we have winding states.

"The three charges given by (3.44) and its permutations generate a BCC lattice of all the momentum
charges with support only at © = g,y = y9,2 = 20- The eight charges are the body centers of the eight
cubes around the origin of the BCC lattice. They are the ones with minimal energy.

27



We start by analyzing the winding states that do not carry any subsystem winding
symmetry. For simplicity, we focus on winding in the x direction

T
Yy =9 Ny
= WE (3.49)
= 2r - N,

N; + N} + N; € 27 ,

(with similar expressions for winding in the other directions). This winding is consistent
with the FCC lattice identification (3.7). They are parameterized by three integers N’ and
have energy of order one. The integers NY and N7 can be shifted by momentum modes

(3.36) and do not contribute to the winding charges.

Discarding the momentum modes, and adding winding around the other directions we
are left with three winding modes. Up to shifts by momentum modes, they can be taken to

be: . .
" =2r—N* +2r—N*|

(= &
v_ oY v NG
¢ = 2m NV + 2m N7, (3.50)
z __ i z E Yy
) —27T€ZN +27T€yN.

The shift of ¢ by 2rZN? (and similarly in the other directions) is needed in order to
preserve the selection rule on the winding to be in the FCC lattice.

Their charges are

= Q)" (y) +QI"(z) = N*,

@w Q=)+ Q@) = NV, -
QZZ(x) QZZ(y) — Z ,
@) o

Clearly, these winding charges do not correspond to a subsystem symmetry.

Q** measures the winding of ¢* in the x direction. It is not sensitive to the winding of
@Y and ¢* in the = direction. This is consistent with the comment following . Stated
differently, the winding of ¢¥ around the z direction could have been measured by ¢ dxd, ¢,
but this expression is not invariant under our gauge symmetry .

We would like to make one more comment about these winding modes. We can wind
around three directions (x, y, or z) and for each of them we have a shift by a vector in the
FCC lattice . So naively, we can expect nine such winding charges. Instead, we have
only three such charges. The point is that the rotations in space are not independent of

28



rotations in the target space. As a result, these would-be nine charges are in a reducible
representation of our global symmetry. Here we focus only on charges in 2 & 1 and discard
the other charges. In fact, the charges in the other rotation representations are not even well
defined. Equivalently, the same statement applies to the conserved winding currents .

Next, we discuss modes charged under the subsystem winding symmetry. The simplest

states are
¢"(t, z,y, 2 )—4% Nx(y)+47r£ N7 (z),
Y(t,x,y, 2 :47T—Nyz +47T—Nfgx ,
P0,02) = rGNIE) 4N -
6 (1,0, 2) = Am N (@) + 4T N3 ().
Ni(2?) € Z.
Their winding charges are
Qf(«7) =2Nj(«'),  QJ(«7)=0. (3.53)

The energy of such winding modes is of order a if we have only order one nonzero N’s. On
the other hand, if the number of nonzero N’s is order 1/a (e.g. the functions N have supports
on segments with non-zero size), then the energy of such winding mode is of order one. The
periodicity of the ¢ field is simpler in the ¢!’ basis and . In the ¢!’ basis, the
modes with nontrivial N (y), NZ(z) are (for simplicity the other N’s are set to zero)

Y (t, 2y, 2) = 27r Nw( )+27T%Nf(z),

oty 2) = —27r Nx( )—27r€—Nx(z) (3.54)
o7 (t, 2.y, 2 )—27T (y)+2ﬂ£ NZ(2),

Ny(y), NZ(z) €

As we explained, the modes wind according to an FCC lattice . However, the
winding charges are not sensitive to the winding of all the fields. For a given direction, say
x, the winding charge QQ** is not sensitive to the winding of ¢¥ and ¢* around the x cycle.
This is to be contrasted with the situation here , where the local winding charge of the
subsystem symmetry is sensitive to the winding of all the fields. However, here the allowed

windings are constrained to be on the cubic sublattice of our FCC lattice, hence the even
charges in (3.53)).

We stress that both the winding states and do not realize the winding
symmetry faithfully. In the modes (3.50)), the charges are independent of position and in the
modes , the twists are only in the cubic sublattice. Next, we will discuss more generic
modes, which realize the charges Q% faithfully.
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We now study the most general modes carrying the subsystem winding symmetry. For

simplicity, we first limit ourselves to modes that depend only on y and z and present it in
the ¢!’ basis

¢XY=27T ZW (z—zy) gngy@@ ys) —W¥ =1,

ez
ZX y z z ’yZ
¢ =27 g—y Z M,y®<2 fz Z y yﬁ/ — WY gygz s
L™ Y (3.55)
o) 2 Y=
PY4 = 21 ZM (z —2zy) + 7 ZMy@(y yg) — W¥— g
W=y Wy = ZMy ZWZ ZM;, Wi, M, €L,
/B/
whose nonzero charges ard”]
Q¥ (= Z WZ0(z )= M:O(z
g
Q= (y Z Oy —ys) — Y MiO(y —ys),
B
(3.57)

Q" (v) = 3 (Z Who(y — yar) + ZM§5(y —yﬁ)) ,
Qm (ZWZ 2= 2y +ZMZ z—zA,).

These modes reduce to the modes in (3.52), (3.54]) with energy of order a or order one if

Qi (y) = Q¥*'(2) = 0. As long as Q"' (y) # 0 or Q*(z) # 0, these modes have energy of
order 1/a.

12Written in terms of Q;’,i(xj ) defined in (3.29), (3:31), the nonzero charges are
) =Y Wholy —ys),
= Z WZ6(
Q" (y Z 3y —ys),
Q= (2 Z M2 (2

(3.56)
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In the two previous cases (3.50) and (3.52)), the charges Q vanished. Here they do not
vanish. In fact, as we can see in , they can be half-integer. The charges Q) differ from
Q by the charges ) and they are all integral. As we now see, the fact that in the previous
cases Q vanished is correlated with the fact that the charges () were not realized faithfully.

If we discretize space, the modes in are labeled by 2LY+2L*—3 integers. Combining
with the other sectors, the modes are labeled by 4L* + 4LY + 4L* — 9 integers. In total,
(3.55) (as well as the analogs in other directions) and give the most general winding
modes (modulo momentum modes), labeled by 4L* 4+ 4LY + 4L* — 6 integers.

We see that most of the winding modes have energy of order %, but some of the winding
modes have low energy. This could raise a question about the robustness of the model under
perturbations violating the winding symmetry (see [6]). However, these states are created by
line operators, rather than local, point operators and therefore they cannot ruin the system.

4 (341)d FCC lattice gauge theory

In this section we discuss a pure gauge theory associated with the global symmetry of the
theory in the previous sections. We will start with its lattice presentation.

4.1 The lattice model

Unlike the previous sections, here we will use a Lagrangian formulation on a Euclidean
lattice, i.e., the theory will be placed on a four-dimensional spacetime lattice.

The spatial lattice is a three-dimensional face-centered cubic lattice, where the lattice
site s can either be at the corner of a cube or at the center of a face (see Figure[2). Let the
shortest distance between two sites be a/ V2 and z' = ait. We will label the lattice sites at
the corners by integers (Z, ¢, 2), while those on the faces by (& + %, U+ %, z2), (z+ %, U, 2+ %),
or (2,9 + 1,24 1), with 2,9, 2 € Z.
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There is a U(1) phase at the center

c of every tetrahedron. We will label them as

e ifce (z-3z-172-1),
A ifce (Z-3,2+32+1),
A ifee (Z+32-1Z+1)
A ifce (Z+32+1z2-1), 1)
A fce(Z-4,2-3,2+7) , .
et AL” fce(Z+3,2-12-1),
ALY ich(Z—i,Z—i—}l,Z—i) ,
A fce (Z+1z+1Z+1)) .

Each site s of the FCC lattice at time 7

is connected with a site s at time 7+ 1 by a temporal

link where there is a U(1) phase. We will label them as

A ifse(2,2,7),
SAXY ifse(Z+12+3,72), (42)
eATE if s € (2,Z2+1,Z+1), '
e ifse (Z+ 12,2+,

The four gauge parameters nXY 7 = i pl7 — i’ are also placed at the same locations

as in (4.2)).

The gauge transformations act on the spatial gauge fields as

A — A, — oV — afY

OéYZ

_ o 2X

+(—3.-20) " Ts+(0-3,-3) s+(—5,0-3)
Aloph 7 Ao T T ONCL10 T Mo T Yo
Aoty = Aoy =0 T marn e T %oty T %ol
Ao 7 A0 =% T S0y i0 T Neo0doh T oo o
Aiﬁo,oé) — Ai??o,o,%) —al - O‘ﬁ?—%,—%,m - O‘;/JFZ(O,—%,%) - O‘szji—%,o,%) =
Agf(%,o,o) — AcYJrZ(%,o,o) —ay - ﬁzé,f%,o) - O‘:Jrz(o,fé,fé - O‘szji%,o,fé) ,
A 00 = Ao — 0 T a1 — o1 1y — a1y 1y
AL AT ELD T T N0 T %rond T W

where s is a corner on the lattice (i.e., s € (Z,Z,7Z)), and c is the center of one of the eight
tetrahedra around s. They are related by s = ¢ + (%, }L, %) The gauge transformation acts
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on the temporal gauge fields as

AXY7(F4+1) 2 AP (R4 1)+ PR+ 1) — o),

ANV (7 4+3) =2 A (74+3) + ol (7 4+1) — o (7), (1.4
AYZ (F+3) 2 AZ(F+3)+al?(F+1) —al?(7), '
Aff (74+35) = AZF (74 3) +alX(F +1) — 2% (1),

The lattice model can also be formulated on a four-dimensional spacetime lattice where
the spatial lattice is replaced by a three-dimensional checkerboard. The sites of the orig-
inal FCC lattice and the tetrahedra are mapped to the shaded cubes and the sites of the
checkerboard in Figure (b) On the checkerboard, the gauge parameters a are placed at
the shaded cubes and the spatial gauge fields A are at the sites. We emphasize that this
reformulation from the FCC lattice to the checkerboard is not a duality transformation. It
is simply a reassignment of the same fields and the same interactions to different geometric
objects on a different lattice.

4.2 The continuum limit

B? terms

Let us first discuss the gauge invariant interaction involving the spatial gauge fields. At
every site s, there is a gauge-invariant interaction

+ AY
— A2

z
+A (L1
22’

—AZX L= ALY

C+( 19 C+(§7%7%)

1 1
§§ +(27 y2 0)

— cos <.Ac + Aii 0
—AXY

(4.5)

c+(0,0,3 c+(1,0,0)

which is an oriented product of the eight gauge fields Surrounding the site. Here the center
c of a tetrahedron is related to the site s by ¢ = s — (}1, 11 ) On the checkerboard, it is an
oriented product of the eight sites around a shaded cube.

In the Lagrangian, we sum over the corner sites s € (Z,Z,7) of the FCC lattice and

for each corner site there are four such gauge-invariant interactions. More specifically, each
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spatial gauge field A, participates in four different such interactions in the Lagrangian:

Lumag = [cos (A + AL oy H AL 10 T AL 1L
Aﬁryo (0,0,1) AZFZQ,O 0) Aczj(o,; AXY% 3 %)>
+ cos (Ac + .Af o1t .Az;r(_; 01 T .ACZJF(_%,_%’O)
‘Aiiyo 0,0,1) AcY+Z(—%70,0) ‘AC+(0, 3:0) AﬁZ%f%@) (4.6)
+ cos (.A +AC+(0 1 —l—AZ/ (201 +AZ (1-10) |
Agiryooﬁ Ac+(2,00 ‘Ac-l-(O, 1.0 Ai:?Z, %,-%))
+ cos (A +AC+(07577§) —|—AY 1o +AC+(7%7%70)
Agiyoo B AYJFZ(“ 00) AZXO Lo AXYZ% N %)) } '

On the checkerboard, these four interactions correspond to the four shaded cubes in Figure
2lc).
Next, we take the continuum limit by expanding in a for large K. We expand the gauge

field around ¢ and from this point on, all the fields in a given expression will reside at the
same spacetime point. At leading order we find a constraint, which sets

A= AX — A A7 LAY AYE L AP LAY L 0(a) (4.7)

We now use the gauge freedom associated with 7, to set AXY% = 0 and we are left with
six gauge fields. We parameterize them in terms of A% A" as
CL2 ’ ’
AX:aAzx+_<Cx_Ayy_Azz>_'_o(a3)’
4
o2 / / (4.8)
AYY = a(A™ 4+ AW) + T (Cm +CY — A™ — Ayy> +0(a®)

where C? will be determined shortly. Next, we substitute these values of A?, A/ in (4.6
and let A% and A" be of order one. Expanding ({.6)) to order O(a%), it becomes

Linag = %a(j [(Bﬂﬂ’)2 +(BY)* + (BZ’)Q} +0(a®). (4.9)

where we have defined

BY = 0,A™ — 9,0,A™ . (4.10)

Note that this expression is independent of C?, which is an order a correction to A%. In the

continuum limit, we take a — 0 and K — oo with fixed g%, = i?' The remaining factor of
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a* in (4.9)) turns the sum over the lattice points into an integral of the continuum Lagrangian
density.

In the continuum, the spatial gauge fields A” and A* are in the Sy representation 1@ 2
and 1’ @ 2 respectively, as indicated by their indices. Unlike the lower case indices, the upper
cases indices, e.g., X and Y in (4.8)), are not S, vector indices.

Gauge transformations

Let us study the gauge transformations in the continuum limit. It constrains the gauge

parameter a2 ¥ Z in terms of the others as
XYz | XY YZ zZX _
Tt A T %0y T e =0 (4.11)

XYZ 1J>

We use this constraint to solve « in terms of the remaining three o'’’s. Substituting
aX¥Z into (4.3) and expanding the gauge transformation to O(a?), we find that

AX ~ A+ adaf + CLZQ (920" + 0,0,(a¥ — ) + 0,0,(a” — )
+§(;%+@-@®@M+%@Vﬂﬁﬁwﬁ@—@M@%@M)+a&%

A~ AYY 4+ (0,07 + 9,aY)
+§Q&ﬁ+%&+@@mﬂwm+@@mﬂmﬂ+@@mﬁumyﬂmﬁ%

4.12
where the three continuum gauge parameters o' are ( )
o =X 407X, ' =X +0¥7, oF =a?X +a¥7 (4.13)
The gauge transformations of A% A" are
A~ A 4+ 00" + O(a)
(4.14)

A~ AT 4 9,0,0" + O(a) .

This expression holds true to leading order in a for any C*. We can fix C* and the O(a?)
terms in (.8) by demanding that the gauge transformations of A% A% are

AT o AT 49,07 + O(d?)

, , ) (4.15)
A"~ A 4 9,0,0° + O(a?) |

This fixes C* = 0;(A*® + A% + A*) in (£.§)). Note that the magnetic fields B” are indeed
invariant under this gauge transformation.
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In the continuum limit, the gauge parameters o' are in the S, representation 3, and as
we said above, A% are in 1 ® 2, and A% are in 1’ @ 2.

E? terms

We will now discuss the gauge invariant kinetic terms involving the temporal gauge fields.
At every corner s, there are eight gauge-invariant kinetic terms (one per tetrahedron at that
site), corresponding to the eight spatial gauge fields. The kinetic term for, say, A. is

Lelec 2
1 L1 L1 XYZ (A Xy - YZ . ZX
~ o cos (A7 +5) = AP = D)+ ATZ(R) + AZY s () ATZ 0 () + AP
(4.16)
Here the center ¢ of a tetrahedron is related to the site s by ¢ = s — (3,1,1). In the

Lagrangian, we sum over the corners and at each corner there are eight such gauge-invariant
kinetic terms.

In the continuum limit, we take a — 0 with small but fixed coupling constant g2 . At
the leading order we find a constraint, which sets

AXYZ XY YT AZX 4 0(a?)., (4.17)
Next, we expand A!7 as

3
AYY = S(AZ 4+ AL = A2) = 0.8 + 0(a"),
3

AZX %(Ai AT Ay - g—QayEyy +O(ab), (4.18)
YZ a z T (IS Tx 4
'AT = §(A2+AT_AT)_3_285EE —|—O(CL >’

with A% of order one.

The electric field is defined as
E" = 0. A" — §; AL . (4.19)
The gauge transformations acts on the temporal gauge field A% as
Al ~ AL+ 0,00 (4.20)

In the continuum limit, A? is in the S, representation 3.
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We now substitute all the A,, A gauge fields in terms of the order one continuum gauge
fields A,, A into Le.. Discarding the total derivative terms and higher order terms in the
time derivative, the quadratic terms in L. are

4 6
Lejee = ;_2 [(Exm>2 + (E'yy)2 + (Ezz)ﬂ + 1692 [(Eacr )2 + (Eyy )2 + (Ezz )2
el el

— (@M~ (0,B") — (OB — (L.E™) — (0,7 — (.E"P (421
- GOE — 5(0,E") — S0.E7] + 0

where we have defined , ,
E*™ = 0,A"™ —0,0,A7 ,
EW =0,AY —0,0,AY, (4.22)
E* = 0,A* —0,0,A
In the continuum limit, the factor of a* in the first term in the lattice Lagrangian (4.21))
turns the sum over the lattice points into an integral of the continuum Lagrangian density.
The second term appears to be suppressed by a factor of a®>. However, this higher order term
is the leading order kinetic term for the gauge fields A¥ and therefore cannot be ignored.

It is similar to the dangerously irrelevant terms mentioned in Section |3.1

The terms in the second and third lines of (4.21]) are subleading for a generic mode in
the continuum, but they can affect the quantitative results of certain charged states. (See
[6] 7], for a discussion of such terms and their effects.)

In Section [5, we will consider the general continuum gauge theory with these gauge fields
and symmetry, where we allow the coefficients of the higher derivative terms to be more
general. For simplicity, we will ignore higher derivative terms as in the second and third

lines of (4.21)).

5 The continuum gauge theory

In this section, we analyze the continuum field theory derived from the FCC lattice gauge
theory of Section [l Many of the expressions below contain several equations related by
cyclically permuting x,y,z. In some of these expressions, we will write only one of the
equations to avoid cluttering.
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5.1 Lagrangian

Our gauge theory is determined by the following gauge transformations
3: Aj ~ Aj + 0™,
1®2: A™ ~ A™ 4+ 0,a", (5.1)
1®2: A™ ~ A™ 0y0,a" .
Importantly, the gauge fields (A}, A%, A"') with i = x,y, 2 are not independent gauge fields.
Rather, they are coupled through the periodicities of their gauge parameters. More specifi-
cally, the gauge parameters o' have the same periodicities as ¢* in (3.6)):
a*(t,x,y, 2) ~ o (2, y, 2) + 21 (W (y) — mP(y)) + 2m(w(2) + m*(2)) ,
a’(t,x,y,z) ~ a(t, x,y, 2) + 2m(w*(2) —m*(2)) + 2m(w” (z) + m*(z)), (5.2)
a’(t,x,y,z) ~ (L, .y, 2) + 2m(w”(x) — m*(x)) + 27 (W’ (y) + m*(y)),
where w'(z?), m‘(z") € Z.

These gauge fields (A}, A%, A") are related to the ¢-theory of Section |3|as follows. They
are the gauge fields for the momentum symmetry (3.16)), (3.18)) of the ¢-theory. The coupling
is given by

Z((]éA’(L) . JZZAZZ + J’L’L AZZ ) , (5.3>

2

which is invariant under the gauge transformation .
We can define the gauge invariant electric and magnetic fields
1®2: B =0)A™ — 0, A7,
1'®2: E™ = 0)A™ — 0,0,A% (5.4)
3 BY = 0,A™ — 9,0.A™.

In addition to the rotation symmetry Sy, we also have an internal (Zs)? = Z$" x Z{ x Z{?)

symmetry. For example, Z{” acts as
Zg’?) . A%ﬁ N _Ag’ ATy AT Axa:’ N _Aa:a:’ : (55)

with the other fields invariant. The actions of Zéy) and Zgz) are defined similarly. Together,
the global symmetry is ZS x G = ZS x ((Zyx Z3) % S;). See Section for more discussions.

The Lagrangian is

Jer = Je2 = Im =

T ;(@E )? — o > (9B

i#j

(5.6)
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Note that there is no cross term between 9; E* and E? that respects the Z§ x G symmetry.
In addition, we impose time-reversal symmetry to forbid cross terms between the electric
and the magnetic fields. Since the three gauge parameters o have correlated periodicities
, our U(1) Lagrangian is not a sum of decoupled Lagrangians for the three gauge
fields associated with the x,y, z directions. See Section [8| for more details.

The terms with x; and ks are higher order in the derivative expansion. However, as
mentioned in the introduction and discussed in more detail in [6] [7], such terms can affect
the spectrum of states associated with discontinuous modes. This is particularly important
for the term with k5. For simplicity, below we will ignore these terms.

The equation of motion for Af is Gauss law

1 TT 1 xx’

gel geZ

The equations of motion for A** and A** are

1 1 /

—280me — —2(9yazBm 5

Ge1 Im (5 8)
| VIR B '

The field strengths also satisfy a Bianchi identity

oB” = 0,E* — 9,0.E" . (5.9)

5.2 Fluxes

Let us put the theory on a Euclidean 4-torus of lengths ¢7, ¢*, (¥, ¢*. Consider the gauge field
configuration with nontrivial transition function ng) (z,y,2) of the form ¢* given by ([3.55))
at 7 = (7. We have (i # j # k)

AT 4+ a,y, 2) = AT, 3y, 2) + Bigin (2,9, 2)

| (5.10)
A" (T + 07, 3,y,2) = A" (1,29, 2) + 0;0kg( (2, y, 2) -
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The gauge fields that have non-periodic boundary conditions are A, A** and A**. For
example, we can have

A=0, A% =0

T |1 . 1 ;
A% = 27T£—T E_y ZW"/,@(Z — Z’y’) — f_y ZMW’@(Z — ZV)] R

.
A¥ —ZQ—T g Z Oy — ys) —g— M”@(y—yﬁ)],
A =g EL gyZWZ ZMZ (z — 2y) (5.11)
1 1 2V v
+22 D WAy —yp) + 2 D MES(y — ) — gyez] ,
B’ B
AW = A* =0,

W= "W = ZM@/ ZWZ doM:, WL M,EZ.
B’ 04

More generally, every configuration of our gauge fields has quantized Euclidean electric
fluxes

e, z) = %dT}I{dy EY e 2nZ

(5.12)
e (x,y) = %dedz E* e 2rl ,
The Bianchi identity (5.9)) implies
0,0."(x,2) =0, 0,0y (z,y) =0 . (5.13)
Therefore, €% (e*) is a sum of functions of x and z (z and y):
ez, z) = el () +el(2),  eF(x,y) =e(x) +e7(y) - (5.14)
Similarly, we define
/ y2 !
eyw (y17y2) - %d/r/ dy%dz E™ )
| woo v / (5.15)
el (z1,22) = dej(dy/ dz E*™ .
These fluxes are independent of = because of the Bianchi identity (/5.9))
O.ef =0, 9,6 =0 , (5.16)
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The second set of quantized electric fluxes are

zx’ 1 zx’ zz 2z
ey (Y1, y2) = B (ey (Y1, y2) + ;7 (y2) — € (yl)) € 217 ,

1 /
err (z1,29) = 3 (eﬁx (z1,22) + €% (z2) — egy(zl)> € 217 .

We use a different font for eé-i' because not all the integer values of %e
example, e;'-"/ (0,07) € AnZ.

(5.17)

i’

o are realized. For

Nontrivial magnetic fluxes are realized in a bundle whose transition function at x = ¢* is

z —or | Yo - ZO(y — ) — 22
G (9,2) =27 [ 20z = 20) + —O(y — o) — ]|
i (4,2) =0, (5.18)
gzx)(y’ Z) = _gfz)(yvz) )
and the transition function at y = ¢ is
g(xy)(xa Z) =0 )
y B x z xz
g (@, 2) = 2 [g—z@(z —20) + =0 —20) = ] . (5.19)

g(zy)(xv Z) = —g‘?y)<:13',2) :
These transition functions do not correspond to well-defined ¢ configurations in the ¢-theory.
Nevertheless, we should consider them, since the configurations with these transition func-
tions lead to the minimal energy state carrying the magnetic charge. A similar situation was
encountered in the A-theory in [7].

An example of such a gauge field configuration is

AT = AW = () |
= _ _o | Y o — r _ Y sin oY

A% = 2r b%z@(az xg) + gxgz@(y Yo) + gxgy(S(z 20) QEWWZ ,
O LY VA

o 2y | 1 1 1
AV = Tf {e—xé(z — 20) + e—z(S(m — Tg) — Ev’”fz] ,

22 27T z
AT = [@(z —a) g

The transition functions (5.18)) and (5.19)) can be changed by a non-periodic gauge transfor-

mation. For example, the transformation

x £ . Tz _ ﬂ _ _ TYz
o = =21 [gygz@(x xg) + grgz@(y Yo) + gxgy(%(z 20) 26”663!62 ,
ol =0, (5.21)
of = —af 7
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exchanges x and z in (5.18]) and (5.19)). Although the transition functions are changed, the
bundle remains the same. Such gauge field configurations have nontrivial magnetic fields

s 2m[1 1 1
B = 27 | 50 = 20) + 200 )~ |
;o2 [ 1 1 1
,o2r [ 1 1 1
B = — |—=d0(y— —o(x — —— .
VE _Zmd(y yO) + €y6<$ ‘TO) gmgy‘|
We define .
b$/<y1,y2) = }{d:c/ dy%dz B”
/ ot 2 , (5.23)
b? (21, 22) = j{dxfdy?{ dz B |
and similarly in other directions. The Bianchi identity (5.9) implies
0:bl =0. (5.24)
The quantized magnetic fluxes are
1 / !
bf(a:l, .Z'Q) = 5 (bg (.Tl, 33’2) + b; (.CCl,.TQ)) € 217 . (525)

and similarly in other directions. The magnetic fluxes are conserved. We use a different
font for b;l because not all the integer values of %b;’ are realized. For example, bg(O, )+
b¥ (0,47) € 4.

5.3 Global symmetry

5.3.1 Discrete symmetry

Similar to the discussion in Section for the ¢’ theory, we can label the fields of the A
gauge theory with respect to different S; subgroups of the full global symmetry Z$ x G.

In the A gauge theory, we can take the gauge parameters o’ (and hence A}) to be in one
of the four representations of Z$ x G in (3.12)), which are related by outer automorphisms.
Their S4 representations are then
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7§ xG| a,Ay | AE | ALE| B
(—,32) 3 192 | 1'®2 3

(—,3)) 3 192|162 3
(—,33) |[V®2| 3 3 132
(—,3,) | 1®2 3 3 132

where we suppress the indices on the gauge fields and their field strengths.

5.3.2 Electric symmetry
Define the conserved currents for the electric symmetry as

2
1®2: I = S E™,

gel
/ ! 4 !
V@2 Ji* = B,
ge2
! 2 !
3. J" =B,
Im

Here, we ignore the x; and Ky terms of the Lagrangian (/5.6)).

The conservation equations follow from the equations of motion (5.8)):

I = 9,0,J
D JT = 20,J% .

Gauss law (5.7)) becomes a differential condition
20,5 = 0,0.J¢ .

(5.26)

(5.27)

(5.28)

(5.29)

Let us discuss the conserved charges. From the second current conservation equation of

(15.28]), we have
Q”'(y, z) = ]{d:v J(j"’x/.

(5.30)

They can be written as a sum of functions of y and z using the differential condition (5.29):

Q" (y,2) = QI (y) + Q¥ (2).

(5.31)

We will soon see that Q?l are integer-valued functions. There is a gauge ambiguity in these

charges:

Q2 (y), Q2% (2)) ~ (@ (y) + n**, Q" () — n™*)
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with constant n®". In addition, we also have the following conserved charges

Q(y) = f =37, Q) = 7{ dy 3 (5.33)

which are independent of x because of the differential condition ([5.29). As we will soon see,
the properly quantized U(1) charges are actually the following combinations:

1 /
Q2 (y) = Q" (y) — 59,07

— jfdz Jzw — %ayfdz J&
) (5.34)
QFL(2) = Q" (2) — 50:Q"

1 /
:j{dy.lgz—éﬁz%dy(]gy.

More precisely, we will show that Q;z_ are sums of delta functions with integer coefficients.
They are subject to the constraint

]{ dy Q7 (y) = ]{ dz Q7 (2). (5.35)

In summary, the conserved charges are Q% (27) and Q¥_(27). On a lattice, there are
2L + 2LY + 2L* — 3 conserved charges of the form Q%' (27), and 2L® + 2LY + 2L* — 3
conserved charges of the form Q% _(27).

We will also sometimes use the conserved charges

’ 1 !
m () = Q% (y) + 0,Q% = 7{ dz J5° + 50, j[ dz J

1 (5.36)

T2 = QT ()4 0.0" = fy I+ 0. fay B

The first symmetry operator is a line operator
22! . 22 2z 46 22
U (B;,y) = exp | ~i8 Q3 (1) + Q57 (1) )| = exp i AT (537
e2
The charged operator is a strip operator

sz (2,21, 29) = exp B/ da:%dy AZZ’ B (%Ayyﬂ 7

(5.38)

DO | .

/ dyj[dx Azz—aAmﬂ.

W7 (2,y1,52) = exp {



2z

Only integers powers of W?* and ;4 are invariant under the large gauge transformation
(3-55). The operators U** and Wyzi/ satisfy the commutation relations

U= (B2, ) W (z,y1,2) = e P W7 (2, ) U (Biz,y) , i i<y <o, (5.39)

and they commute otherwise.
The second symmetry operator is a strip operator

Y2

UT (852,91, y2) = exp {—iﬁ dy Q;””_]

ylyQ 5 5 / (5.40)
= exp [—Zﬁ dyj{dz <—2Em - - 0,E* )}
Y1 9e1 Ge2
The charged operator is a line operator
W*(y, z) = exp [Z%dl‘ Am] . (5.41)

Only integers powers of W** are invariant under the large gauge transformation (3.50). The
operators U, and W™ satisfy the commutation relations

MQEf(ﬁ, Y1, y2) sz(ya Z) = eiiﬁ Wmc(y, Z) u;:£<57 Y1, y2) ) if <y <y, (542>

and they commute otherwise.

We can also define

uyzi(ﬁﬂ x, Y, y2) = UZZ,(Ba z, yl)_l Z/{yzai (B’ x, U, y2) UZZ/(/B’ z, 92) ) (543)
and
Wyzj—l(’z? Y1, y?) = WII<Z7 yl)il WyZZ_'<Z7 Y1, y?) W:m:(z’ 92) : (544>
The operators U7 and Wyﬁ' satisfy the commutation relations

!

;i(ﬂ;%yh?h)W;;(Zay:&,?ﬂ)
| EFPWE (2, sy UL (Bs w1, 2) 5 3 g <ys <wp <wa, (5.45)
et W;i(zyy3uy4> LBy, ye) i s <y <ya<y2,

and they commute otherwise.
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5.3.3 Magnetic symmetry

Define the conserved currents for the magnetic symmetry as
1

3: Jj = —B"
0 47T Y
1
162: J¥=—FE"", (5.46)
4
/ 1 /
1'®2: J* = —E".
AT
The conservation equation follows from the Bianchi identity (5.9):
D JS = 0,07 — 9,0,J°% . (5.47)

The conserved charge operator for the magnetic symmetry is

Q% (z) = 7{ dyd=(J¢ + JZ). (5.48)

These charges satisfy the constraint

f dy (Qh) - Q) = f dz (Q5(2) +Q(2)) |
Fiz (Q32) - Qo) = fdr (Qla) + Qule) (5.49)
f dr (Qh(x) — Qo (x)) = 74 dy (Q5) + Qo))

The magnetically charged objects are local point operators, which can be thought of as
monopole operators. They can be written as ¢’®" in terms of the dual field ¢* (see Section

[6).

5.4 Electric modes

The electric modes arise from field configurations with vanishing classical energy. Therefore,
their magnetic field vanishes.

We analyze these modes by first picking the temporal gauge A} = 0. Let us focus
on A* and A*: fields in the other directions work in a similar way. The vanishing of
B* = 0,A™ — 0,0,A™ implies that A = f(y,z) and A™ = f,(z,y) + fa(z,2). Using
gauge transformations, we can bring them to the form:

A - gxfy (y)+€xfz <Z>7

zx! 2 cx! 2 cx’

(5.50)
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And similarly for the other directions.

We now quantize these electric modes. There is a gauge ambiguity due to zero modes,

60 ~ ) £ 00, ) ~ ) S,
£, (ty) ~ 7 (8 y) + 7™ (1), 77t 2) ~ £57 (8, 2) = 9™ (1)
and similarly in other directions. Let us define gauge invariant variables
frx’ zx! 1 !
fy (t7y):fy (t’y)—i_g_y%dz fz (t,Z),
(5.52)

- / / 1 /
£ (62) = £ (1,2) + 2§y £ (t0).

They satisfy a constraint
]{dy f;x/(t, y) = j{dz £7(t, 2) . (5.53)
The Lagrangian for these modes is

L= 21690 [ﬁfdy (fo)? + eyfdz (f27)% + 2j{dydz fyf}

Jer (5.54)
40" Y crr’\2 z err’\2 e
+ NI ¢ P dy (£;7)° + 07 ¢ dz (£27) — ¢ dydz £;7£77 | .
The conjugate momenta are
ﬂ-y - ZE;,; (é fy +fdz fz ) ) T, = ng (Eyfz +fdy fy ) )
Jer Jer (5.55)

— ./ 4‘€x ! ! — 4€$ ! !
zx’ yere' Tx xzx’ Zexx’ T
1" = —9226%2 <2€ f j{d,z f: ) , 1T = —g§2€y62 (% f: ?{dy f) ) :
The gauge ambiguity (5.51]) in f implies the constraint

Y{dy T, (y) = ]{dz T (2). (5.56)

On the other hand, the constraint ((5.53) on g implies the gauge ambiguity
I (y) ~ 17 (y) +n¥*, 2 () ~ 1127 (2) — n¥*, (5.57)
We shall show in a moment that the conjugate momenta are quantized to be half-integers.

The charges of the electric symmetry in terms of the conjugate momenta are

/ 4 / — ’ — ’
Q™ (y,z) = _g2 ]{d:v E™ =117 (y) + 1177 (2)
e2

(5.58)

2 2
Q) = x faz e =), Q) - = oy B =),
el el
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where in the first line we used the constraint ([5.53]).

The Hamiltonian for these modes is

2 px
. gelg Y z% xx % T xz
= {6 fdy (m5%)? + 0% ¢ dz (w2%)? dydz m,

2
Ge2 2z rrrx’\2 ez’ \2 rmrx’ free’
—i—W[éj{dy(Hy)—i-Eyj{dz(Hz)-I—Qfdydzﬂy HZ}.

(5.59)

Consider a large gauge transformation of the form (3.55)). It shifts the gauge fields by
AI‘$ ~ Axx ,
2
AYY NAyy—i-—ZW@Z—Z,Y WZMZ (z—2y),

A* AZZ+—ZW5, (y —yg) ——ZMy@y Ys)

zx’ zz’ z 27 z 5.60
A™ ~ A +g_yZWv’é(z_ZW’>+g_yZMvé(Z_ZV) (5.60)

04 ol
2T 21 47
+ S Wiy —ys) + 7 > Ms(y —ys) — wi
B’ B

NN Ayy’7
Azz’ ~ Azz’

The corresponding shifts in the electric modes are

[Py ~ [Py +2m Y WEO(Y —yar) — 21 > MYO(y — yp),
B’ B

fr(t2) ~ [ 2) + 20 Y WEO(z — 2y) — 21 Y MZO(z

4 v
- ’ = / (561)
£ (t,y) ~ B (Ly) + 7> Wh(y—ys) +7 Y MYS(y—yp),

B’ B
£ (2) ~ B (8 2) + 1Y Wib(z— 20) + 7Y Mi6(2—2,).

Y v

Consider a particular large gauge transformation with Wé’/ =M g = 1 at the same point ¥
and W7 = M3 =1 at the same point zo. It shifts the electric modes by

S (ty) ~ 2 (ty),

v ta ~ gy ta )
f(E2) ~ 1P 2) (5.62)
. (ty) ~ £ (8 y) +2m0(y — wo)
£ (t, 2) ~ £7%'(t, 2) + 2706 (2 — )
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We obtain the following identification on f;i'

£77(t,y) ~ £57 (, y) + 216 (y — vo) (5.63)
f'ml(t, z) ~ ffw (t,2) +27(2), .

for each yq, and ) B
£ (ty) ~ £, (ty),

v v (5.64)
£77(t, 2) ~ £27 (t, 2) + 270(2 — 20) — 270(2) ,

for each z;. This implies that ﬁle (y) is a half-integer function up to the gauge ambiguity
(5.57). We can consider a more general large gauge transformation with Wﬁy, = Mé’ =1 at
ys and yg, respectively:

[ (ty) ~ f7 (G y) + 270y — ygr) — Oy — ys)]
£ (t,y) ~ £ (t,y) + 7[0(y — yar) + 6y — yp)]

This implies that the following combination of conjugate momenta is an integer function

(5.65)

v 2z 1_9690’ 1 zz’
[y m )+ 5 ) + 5T ) (5.66)
Yp’

Taking the differential of the above combination with respect to yz or ys implies that

ve(y) =m (y) £ 3 7 (y) (5.67)

is a sum of delta functions with integer coefficients. This explains the quantization of the
charges defined in ([5.34]).

General charged states

It is convenient to parametrize the conjugate momenta as
Q7 (y) =7 (y ZWBI@ y—ys)— Y MIOy—ys) ,
B

QYW (2) =TI¥ (2 Z WZO(z — 2y) Z Mj@(z — 2y,

5.68
Q) (y) =m"(y) = (ZW@ (v — yp +ZMy5y yﬁ)) 7 09

5
(Z WZ56(z — zy) + Z Mjé(z — zv)> ,
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where, the integers Wé, Mg € Z satisty the constraint
vz — Y ATV 7z Ve
w¥ :Zwﬁ’_ZM _ZWW_ZMW' (5.69)
B B v ¥

The Q7_ charges are
Qi (y) = MYy — ys) ,
B
— (5.70)
Q" (2) =Y  M:5(z— 2z, .
v
The momenta in the other directions are parametrized similarly. On a lattice, we have

A% +41Y + 41% — 9 such electric modes.

In addition to the above electric modes, we also have three zero modes parametrized as

Q™ (y,2) = QI (y) + Q" (2)
= " (y) + 27 (2) = N,
QY (z,7) = Q¥ (2) + QW (v)
= 1% (2) + % (z) = N¥' | (5.71)
Q7 (z,y) = QF (x) + Q57 ()
= [IZ7(z) + I (y) = N**
P_(z) =0,

with N*' € Z. Combining with the modes ([5.68)) (and their counterparts along the other
directions), we end up with 4L% + 4LY 4+ 4L* — 6 electric modes.

5.5 Magnetic modes

Minimally charged states

A minimal magnetic charge is realized in the bundle with the transition functions ([5.18))
at © = (% and (5.19) at y = ¢¥. The gauge field configuration ([5.20) that realizes these

transitions functions have magnetic charges

Qu(r)=dx—m), Quy)
0, Q, ()

6(y — o) , j,(z) =6(z — 20) , (5.72)
0. )

Qu(z)=0.
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Other minimal magnetic charge configurations are realized in the bundles whose transi-
tion function at x = ¢* is

z zZ
G, 2) = 27€ [ L0z = 20) + —O(y — ) — =]

()3 Iz Iz Iz
z _ o =Y _ < RN
G (9,2) = —2me* [L0(z = 20) + O —y0) — 1]

and the transition function at y = ¢V is

9y (@, 2) =0,

x z xz
9oy (@, z) = 2me? [é—me)(z — %) + g—z@(x — ) — ngz} : (5.74)
2 — o [To(s— ZO(r — g) — 2
9(y (7w, 2) = —2me [gm@(z 29) + 7 (x — x0) gmgz} )
where ¢ = £1. This is realized by a gauge field configuration given by
AT =AW =0,
2z _ _orer | Y _ Oy — Y sy — ) — oY
A% = —21e [eyfz@(x xg) + gxgz@(y Yo) + gwyé(z 20) 2@%%3} ,
ver 2T |1 1 1
;o 2medy |1 1 1
AW — il _ il _ -
7 [gmé(z 20) + 62(5(3: o) g:pgz:| ,
A { z
A* = 7oty [@(z 20) 7
Its magnetic fields are
o 2me [ 1 1 1
B = 27 | 50— a) 4 20— ) e |
;o 2meY [ 1 1 1
y prm— —_— —_— J— J—
B 7 _gzé(z 20) + gzé(a: ) éasgz:| : (5.76)
o 2me* | 1 1 1
BY = 275 | Lot + pble - ) - 5|

ﬁw=%wiﬁﬁ@—m% (5.77)



The minimal energy with any of the above minimal magnetic charges is

H—gmfdx]{dy]{dz ZB’

(5.78)
2067 + ¢ + 6)5(0) — 3] .

ggéxzyzz

General charged states

A more general gauge field configuration carrying magnetic charges is
A% =AY =0,
2z Yy + ) _ X Nt
AP = 27 [WZNMG(I—@Y)—MZNM,®(ZU—:U O+ ngz yﬁ@(y—yﬁ)
Z —yp) + Y NTNES (z —z Z
T 2Ny O ) g 2 N )t o

xy
Exéy

(N — N)d(z = 20) = 2N éz] ,

;o [ 1
AT = lé—zzﬁ:N (v — ) Z L0 = us)

NJ)
+ —
gyZN 5 +€_yZNZV,5(Z_27/)_w] s
'7/
Aw = 2T N6 LS
= E—xz zy (Z—Zw)—g—xz
’Yl

gzz Sz — xq) éZN{a,d(m—xa/)—M

(x(z

Y

— z T z z
gzgy ZN+@ z—27)+ZNw,@(z—2y)+(N — N%)O(z —2z) — N g_z] ,
,7/
(5.79)
where N\, N;., € Z satisfy the constraints
=2 N D Ny = DN D Ny
¥ v

— - + -
—Z zw—Zsz —ZNerZNm/, (5.80)

¥ o

D DR R O g
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Its bundle is characterized by the transition function at x = ¢*

x V4
9y, z) = 2w [E—ZZN@,%@ Y —ys) gzz 2O — )

B

vz

Y - z Y?
Z]\H@ z—zq,)—i-g—yZNm,@(z zy) — N ] ,
,Y/

9 (y,2) =0,

gfx)(y7 __27T[ Z y_yﬂ E Z yﬁ/ y_yﬂl %ZNJFG
ol

Yy - NG @ = Y=
+€_yZNZ’Y’®(Z_ZVI)+€_y(N — N*)O(z —2) — N ] ,
,Y/

vz
(5.81)
and the transition function at y = ¥

g(xy)(x72) =0 )
9oy, 2) = [ ZN+® z— 2y) Z O(z — zy)

Y ZNTNSLO(x — 20) — NV

ZN @ + 0% ; ma’@(x Lo ) e )

9ip (2, 2) ——27r[ ZN*@x—xa —%ZN;Q,@(JC ZN*@ z— 2z,

x _ T, . " ., TZ
+€7§7’:Nm,@(z—z¢)+£_z(zv = N7)O(z — 20) = N*

(5.82)
The transition functions are chosen such that their transitions functions satisfy a more

general periodicity than the one stated in (3.6)), but still are part of an FCC lattice. Its
magnetic fields are

2! 2 1
B = K—Z%:N (v — ys) 7 Z 50y —yg)
(5.83)

NCE
glyzNJr(s ZN %) = g |

e
S
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and similarly in the other directions. Its magnetic charge is

= 2N ) Qule) = 3 Nyl )
Z o~ ) Z vy = yo) (5.84)
Z No(z = 2,), Z N6z
The minimal energy with this magnetic charge is
PN Mygz [ > <Z (N7)* + Z(Nm/)Q) 3(0) — Z(Ni)zl , (5.85)

i

which is infinite in the continuum limit.

5.6 Fractons and lineons as defects

We first define A}/ in the same way as ¢’/ (2.9) and (2.10):
=Y ag
1
ATY = AT+ AT - AD), (5.86)
1
AYZ = (A5 A5~ A5).

or conversely,
Ap = A3 + AT
Ay = AY? + A7, (5.87)
Af = AYZ + AFE .
And similarly for of/. Their gauge transformations are
AT~ AFY 4 000X
AT~ A 4 0, (oY + PN (5.88)
A" ~ AT 49,0, (Y + a®Y).

Let us start with gauge-invariant defects at a fixed point in space and extend in time.
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We have three such defects: C i

exp |7 / dt A7V,
exp |i / dt AZX| (5.89)
exp |i / dt AYZ1 .

—00

The exponent of, say, the first defect is quantized by a large gauge transformation a/” that
winds around the Euclidean time direction

XY onl @Y% =afX =0, (5.90)

The defect exp [z oo dt AYY } cannot move by itself — it is a fracton.

The composite defects

exp z/ dt (AFY + AZ%)|

—00

exp z/ dt (AXY +AY9 |, (5.91)

o0

exp Z/ dt (AYZ + AZY)|

—00

by contrast can move in the x,y, z directions, respectively. These are lineons. The motion
of these lineons is captured by the defects

exp z/ (dt (A" + ALY) + da Am)l :

exp z/ (dt (A3 +AY?) + dy Ayy)} , (5.92)
CyY

exp z/ (dt (A7 + ATY) + d= Azz)] ,

where C' is a spacetime curve in (¢, z%).

6 Duality

In this section, we will show that the ¢ theory of Section [3|is dual to the A theory of Section
Bl We will work in Euclidean signature.
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Many of the expressions below contain several equations related by cyclically permut-
ing x,y,z. In some of these expressions, we will write only one of the equations to avoid
cluttering.

We will start with the A gauge theory in the following S; presentations
gauge fields: Al : 3, A": 132, AY: 1 @2

y . » 6.1
field strengths: B* : 3, E": 1342, E": 1'®2 (6.1)
The Lagrangian is
1 .. 1 ) 1 -/
Lp=—> E'E;+—Y E'Ey+—>Y B'By
i ~ g , g
— B, (0;A" — ;AL — E"
YR )
? ~ o ; ” (6.2)
t 4 > Bw (&A — 9,0,AL — E )
i#jF#k
i = i i’ i’
+ - Z E; (8j8kA —9,A" +B > ,
i#j#k

where E¥. E# B, ]§Z-Z-, Eii/ and Ei/ are independent fields. If we integrate out the La-

grangian multipliers Eu’, B,y and Ei/, we get back the original Lagrangian ([5.6)).
On the other hand, if we integrate out E**, E** and B, we get

P2 , o2 g2 ~
& 8 8

The Lagrangian then becomes

921 ~ .~ 922 ~. o~ gQ ~ o~
L= _Jel BMBM [2 R Bii’ m Et Ei’
E™ 6ar2 Z * 6an? Z * 6am? 2

7 7 i

4 ™ i i
+ 4 Z B, (0, A" — 9;AL)

N | (6.4)
+ é > Ba ((’)TA“ - ajakA;)
‘ i#£j#k
t - i i’
t o > B (0,047 - 9A)
1£j#k

Next, integrating over the gauge fields gives the constraints
0:Buy — 0,0-Byr =0,
8,Byy — 0,0.Ey =0, (6.5)
0, By — 0, By =0 .
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These constraints are locally solved by a field <z~5i' in the 3’

1¢2: B,, =0 ((qu:”
102 : Bm/ = 0,67, (6.6)
3’2 x/ = T¢x .

The Euclidean Lagrangian can be written in terms of P

2 2 2
9y Ti'\2 Ye2 e 2 ge i’
EE = a2 i (00 Gy ;(a@ v Z;#k(a 04" )" (6.7)

cyclic

This is the theory in Section [3] presented using different S, representations related to the
ones there by an outer automorphism. Specifically, these are the S; representations in the

second row of ((3.13)).
The nontrivial fluxes of E% E¥ BY (see Section mean that the periods of Ei/, ]N3u‘7 éu"
are quantized, corresponding to the periodicities of ¢* in (3.6]).

Going back to Lorentzian signature, we have

!

2 ol
B = gela ,0.0° B = gﬁm B = 1au6" (6.8)

The Lagrangian is

2 2 2
_ 9m 7iN\2 Ge2 i’ e i’
£= bun? Z, (%0")" = G2 ;( 90 S Z;k(a 0k0")* (6.9)

cyclic

Comparing with (3.3), and ignoring the terms with K; and K5, the duality maps

gfn . 932 931 (6.10)

3or2 0 M T3 M T gon

Mo =

Under the duality, the momentum charges of the ¢ theory are mapped to the magnetic
charges of the A theory as

1 ! !
—fdydz BY +BY).  (6.11)

Q@) = o  dydz @3 £ 005 > QFw) = o

In particular, the quantization of the momentum charges Q¥ (z) (discussed in Section
matches with the quantization of magnetic charges Q% (z) (discussed in Section [5.5).
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Similarly, the winding charges of the ¢ theory are mapped to the electric charges of the
A theory as

~ o 1 ~ , 4 ,
Q™ (y,2) = o ]{d:v 00" +— Q" (y,2) = —sz{dz E*™ |
< (6.12)

T 1 T T 2 TT
Qy (y)zﬂ%dzayazas — Qy (y):g_gl%dZE .

Tx

Y
T

Y

(y) (discussed in Section
(y) (discussed in Section

In particular, the quantization of the winding charges Q' (y, z), Q
3.4) matches with the quantization of electric charges Q** (y, 2), Q

5d).

7 The Zy theory

7.1 The Zy FCC lattice gauge theory and the Zy checkerboard
model

Zy FCC lattice gauge theory

We now discuss a Zy version of the U(1) FCC lattice gauge theory of Section [l But unlike
the discussion there, here we will follow a Hamiltonian formalism with a spatial lattice.

We start with a three-dimensional face-centered cubic lattice. The shortest distance
between two sites is a/ V2 and z' = aZ'. The lattice sites at the corners are labeled by
integers (Z, 7, £), while those on the faces are labeled by (2 + 1,9 + 3, 2), (2 +3,9,2 + 3),
(2,94 3,2+ 1) with integer #,7, 2.

The gauge parameters are Zy phases placed on the sites. We will label them as

XYz if s € (Z,72,7),

<Y ifse(Z+3,2+3,7), (1)
ny? if s€(2,Z+172+1), '
nZx if se(Z+3,2,Z+3).

The spatial gauge fields are Zy phases placed at the tetrahedra, which we label by their
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center coordinates c. These Zy phases are denoted by

U. ifce(Z-32-372-1),
UX ifce(Z-3Z+312+3),
ur ifce (Z+3,2-172+1),
u? ifce (Z+41,2+3,2—-13) , (72)
Uy ifece (Z-3Z2-17Z+1), '
ur’s ifce (z+1z-172-1),
uz* ifce (Z-31,2+3,2-13),
urx¥z  ifce(Z+1,2+3172+7) .

The gauge transformations multiply the spatial gauge fields by the gauge parameters on
the vertices of the tetrahedron

-1
XYZ, XY YZ ZX
Ue = U (773 ns+(—§,—%,0)ns+(0,—§,—%)ns+(—%,0,—%)) ’ (7:3)
where s is a corner on the lattice (i.e., s € (Z,7Z,7Z)), and c is the center of one of the eight
tetrahedra around s. They are related by s = ¢ + (i, }l, %) The gauge transformations act

on the other spatial gauge fields in a similar way.

Let V' be the conjugate momenta for U. They obey the Zy clock and shift algebra
UV = e2™/NVU. Similarly, we define the conjugate momenta VX, VY VZ VXY yYZ
VZX and VXYZ. Since we use a Hamiltonian formalism, we pick the temporal gauge, and
then Gauss law is imposed as an operator equation on the states. For every site s with
integer (Z,7, 2), there are four Gauss laws

G = VoVl nVeraonVeras0 Voo VerGoo Vot o Ve = 1

G = ViV Vercpon Verc 1o 10 Vir0oh Ver - 1oo Vero- 30 Vi b1 = 1

G = Vo pVergo-pVer 10 Voo p Voo Vero- 10 Vg =1

GI™ = ViV pVcromn Vi a0 ooy Vs o0 Vo s o Vil s -p = 1
(7.4)

The site s is the related to the center of the tetrahedron by s = ¢+ (%, }l, i)

Let us discuss the gauge invariant local terms in the Hamiltonian. For every site s with
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integer (Z,7, 2), there are four terms

1
LIt =UUZ 01 15Uk a0 Ul 10 (Uc)-(i}(/o,o,%)Uc}f&-Z(%,O,O)UCZ—i-)((O,%,O)Uc)-(&}(/%Z,%é)>
-1
Lt = UV oy Ul yo Ui opo) (V00 Vi 100 Ui 1o U o)
-1
Ly =UU o 11Ul 013Uk —10) (Uﬁo,o,_é)Ufiz(%,o,o>UcZ+)({o,_§,o)Uﬁf,—%,—%))
—1
LI =UUz 011Uk c10-1 U110 <Uc)f(/0,0,—§)Uc}jrz(fé,o,o)Ui)((o,é,o)Uc)?(:Z%,%,fé)>

(7.5)
Each term is a product of eight tetrahedra whose centers form a cube of size a/2. The
Hamiltonian is a sum of the above interactions over the integer sites. It is

1 1 _ __ _
H=—= > Oy S @+ LT+ LT+ L) e (7.6)
€ tetrahedra ™ integer s

In the first sum the conjugate momenta should be decorated with appropriate superscripts
according to the position of the tetrahedron. Here we suppress the superscripts.

Alternatively, we can impose Gauss law energetically by adding another term to the
Hamiltonian:

1 1
H=—— Y Vi—— > (LIT+L;"+L; +L)

Ye etrahedra gmineers
) tetrahed teg (77)
- > G+ G+ G+ G e
integer s

Zy checkerboard model

Similar to the lattice models of Section [2] and Section [l we can equivalently formulate
the Zy FCC lattice gauge theory on the checkerboard of a cubic lattice. As illustrated in
Figure [2| the sites and the tetrahedra of the FCC lattice are mapped to the shaded cubes
and the sites of the checkerboard, respectively. As a result, the Zy phase variables U and
V' are placed on the sites of the checkerboard. The gauge transformations and the gauge
invariant interactions L=+ are now associated with the shaded cubes of the checkerboard. We
emphasize that this reformulation from the FCC lattice to the checkerboard is not a duality
transformation. It is simply a reassignment of the same fields and the same interactions to
different geometric objects on a different lattice.

Let us perform this reformulation more explicitly. We start with a cubic lattice with
lattice spacing a/2 and label the sites by integer or half-integers (%, 9, 2) (see Figure 2(b)).
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v Ut
(a) (b)

Figure 3: (a) The G, (Gauss law) term, and (b) the L. term in the Hamiltonian (7.11)) of
the Zy checkerboard model. The cube shown here is any shaded cube of the checkerboard
in Figure (b)

At every site, there is a Zy phase variable U, and its conjugate momentum V. These objects
satisfy the clock and shift algebra at every site

UV, = ¥™Nv,u,

7.8
Uy =vlh=1. (78)

and commute at different sites.

The Hamiltonian consists of two kinds of interactions (see Figure [3)). The first kind is a
product of V around a cube

Ge = VVs+( V+(0 i O)V-l-(O,O,%)V;—i—(

s 59 s

0)Vsrto.h) Vet HVerd 1) (7.9)

2 2

N

11 11
2°2° 2°2°

where ¢ denotes the cube these eights sites surround. The second kind is an oriented product
of U around a cube

Le=UU_, U} 0o Ut 10Usi 0.0 Ui, U

+(270 0) 5+(0,2,0) s+(0 0,2) (710)

5:3) P st (L1
33) +(3:3:2)

The Hamiltonian is a sum over the interactions G, and L. only over the shaded cubes
(gray, green, blue, red) of the checkerboard in Figure [2(b)

Z L— Z G.+cc. . (7.11)

m c€shaded ceshaded
cubes cubes

Note that all the terms in the Hamiltonian commute with each other ]

13We can replace some of the U and V in (7.10)) and . 7.9) by U~! and V! in such a way that all the terms
in the Hamiltonian still commute with each other The Hamiltonian (7.11]) is special as being S4 invariant.
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This is a Zy generalization of the checkerboard model in [10].

Comparing with the Zy FCC lattice gauge theory Hamiltonian , or its version (|7.7))
where Gauss law is imposed energetically, we see that this system lacks the first term in these
Hamiltonians —é > tetrahodra Ve- I other words, this checkerboard model is the g. — oo limit
of . In fact, as we will see, this model is gapped and has no local operators. Therefore, we
can add to it this term without changing the long-distance behavior, provided its coefficient
is small enough.

The system enjoys an interesting self-duality. The map

U -V V,=U, foriz+g+2€7Z,

1 (7.12)
U —V, Vo—=U" for:%+g)+é€Z+§ ,
preserves the commutation relation and maps the Hamiltonian (7.11)) with (g, )
to itself with (g, g,). The low-energy physics is obtained by taking §,,,¢g — 0 and it is
independent of the values of these coupling constants. As a result, is a global symmetry

of the low-energy physics of this system. We will refer to it as Z?2.

7.2 Continuum Lagrangian

Let us Higgs the U(1) gauge theory to a Zy theory using ¢*’s of charge N. As in Section
and , we start by choosing ¢ to be in the 3 and A%, A% A% to be in the 3,1 ® 2,1’ & 2,
respectively. The Lagrangian is

i _ . i . ) i - . .
- E’L’L ( ) Z_NAZ’L)__ Ell . Z_NAlZ _ B’L _ Z_NA’L ,
cyclic
(7.13)
where ¢’ are Higgs fields for the gauge fields (A%, A% A#'), and the fields £, E¥ and B’

are Lagrangian multipliers. We rewrite the Lagrangian as

iN ~y ey T o 7 . ~ . ~ ~
L= — <E'L'L A¥ E% A% B1A1> o % <_8TB1 aiEm — 9.0 Em) 7
cy‘clic
(7.14)
Now, we treat ¢’ as a Lagrangian multiplier which imposes the constraint
0,B” = 9,E* — 9,0, £ (7.15)

Locally, we can solve this constraint using gauge fields (A7, A% A%):
E* = 0, A" — 9,0,A7 |
B = 9. A% — 9,A" (7.16)
B” = 0,A™ — 9,0,A™ .
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We can then write the Lagrangian as

iN i il Tl i X i i i A i Aii’
Lr= 1 ;A (0, A" — 9,AT) + ;A (0-A" — 9,0, A7) — ; AL QA" — 0,0, A"
cyclic cyclic

(7.17)

To summarize, this BF-type Lagrangian for the Zy theory involves two sets of gauge
fields in the following S, representations

3: A5 ~ A + 0pa”,
142: A™ ~ A"™ + 0,a", (7.18)
1®2: A™ ~ A™ 0,00 .
and L /
3 AY ~ A7 + doa”
1@®2: A% ~ A* 49,6, (7.19)
1®2: A™ ~ A™ 1 9,0,a" .
Importantly, the gauge fields (A}, A”, A") with i = x,y, z are not independent gauge fields.
Their gauge parameters are coupled through their periodicities (5.2]). The same is true for

the A gauge fields. Therefore, the Zy Lagrangian (7.17) is not a sum of three decoupled
Lagrangians. See Section [§] for more details.

An alternative presentation

As discussed in Section [5.3.1], we can assign the gauge fields to different S, representations
related by outer automorphisms of the global symmetry Z$ x G. For example, instead of the
choice above, we can assign the two sets of gauge fields to the following S, representations:

102: A" ~ AF* + Opa™
3: A" ~ A" 4+ 0,0, (7.20)
3: A” ~ AY 49,0,
and o )
@2 AF" ~ AZ" + 0pc™ |
3. AY ~ A 4+ 8,67 (7.21)
3: A"~ AT 40,067
It is important to stress that the fields and the gauge parameters in and are
the same as in and . They are not dual to them, and they are not even given
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by some nontrivial transformations of them. Instead, they are simply relabeling of the same
fields.

The Zy Lagrangian in this presentation is

IN i il il i i Tiil i Al At
L= ;A (0-A" — B A + Z A(0,A" = 0,047 ) Z A (A" = 0;0,A")
cyclic cyclic

(7.22)
We will see that this presentation is more natural when we compare the Z, theory with the
X-cube models in Section [OL

In this presentation, it will be convenient to shift the dimension 2 gauge fields A*" and

A? by derivatives of the dimension 1 gauge fields A? and A? as follows:
A" = A+ 9,A% + 0, AV,
e oo (7.23)
"= A"+ 0,7 + 0,4V

Note that 7%, o/¥ | o7* transform in the 3’ of S,. However, these three components do not
form a representation of GG. Similarly &7*, &7¥ /% transform in the 3 of Sy, but they do not
form a representation of G.

In terms of this basis of gauge fields, the gauge transformations are
AGT ~ AFT 4 o™
A* ~ A* + 0,0 |
A~ 0,0,(a" + ¥ + )

A o 227 4 et (7.24)
AT ~ AT 4 9,67
A~ 4 0,0,(6° + &V + &) .
The gauge invariant field strengths are
E* = 0yA" — 0, A",
& = Qped™ — 0,0.(AT" + AY + AZ) |
B™ = 0,9/ — 9,0.A% — 0.0,AY — 0,0,A%
E" = 9,A" — 0, A7 (7.25)
& = g™ — 0,0. (AL + AW + AFF) |
B™ = 0,4/" — 0,0,A” — 0.0,AY — 0,0,A% .
We can write the Zy Lagrangian ((7.22) (in Lorentzian signature) as
L= % > (~AiB B 4 (7.26)

2
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While this expression for the Zy Lagrangian makes only the Sy x Z$ symmetry manifest
rather than the full G x Z$ symmetry, it will be convenient when we compare the checker-
board model with two copies of the X-cube model in Section [9.1

Finally, we can exchange the S, representations between the A and A gauge fields in each
of the above two presentations.
7.3 Fractons and lineons as defects

Let us start with gauge-invariant defects at a fixed point in space and extend in time. Similar
to ([5.86]), we define

1 . R B
A=A Ay) A = (A AY - A
1 ~ 1 ~o 1 ~ ~
Ay” = 5 (AT + A5 — A7) AOYZ:§<A%+AS—AS), (7.27)
1 ~ Ly s oy
AFY =S5+ A - Al AP = (A AT - AY)

In terms of AL/, the defects for A are

XY = exp {z/ dt Aéﬁ/} ,

YZ = exp {z/ dt AE{Z} ) (7.28)
%X =exp {z/ dt Agx} ,

and three more for A. These six defects cannot move by themselves — they are fractons. Note
that there are factors of 1/2 in the exponents when we express these properly quantized
defects in terms of the A basis. We can create two more fractons by considering the
combination,

f=exp [z/ dt (A7 + Ay7 + AOZX)] : (7.29)

and similarly for A.

The composite defects

Y=exp |1

/
IY = exp i/_oo dt (AYXY + A}{Z)l : (7.30)
/_oo

I =exp |i



by contrast can move in the x, y, and z direction, respectively. These defects are lineons.
The motion of the z-lineon is captured by the defects

exp {1/ (dt (A3 + AFY) + do A™) |, (7.31)
Cre(t,x)

where C? is a spacetime curve in (¢, ), and similarly for the lineons in the other directions.
Similarly there are three lineons for the A gauge fields.

While a single fracton cannot move, a pair of them separated in the z direction can move
collectively in the z,y directions:

exp [z / dz / (0-43 at + %(AW +O,A — 9, A7) da + %(A”' L OAW 9, A) dy)} ,
21 C

(7.32)
where C is a curve in (¢, x,y). These dipoles of fractons form planons. The factors of 1/2
are consistent with the periodicities (3.6 of our gauge parameters. Similarly we have the
planons for the A gauge fields.

The defect is topological in C. When we deform C to C’, the ratio of the two defects is:

exp [%/ dz/ ((Eyy/ + 0,E*® — 0, E%) dtdx
21 S

(7.33)
i <:sz/ + 8ZEyy . 8yEZZ) dtdy 4 (Bz’ o By’) dxdy)] .

where S is the surface bounded by C and C’. Since the field strengths vanish on-shell, this
operator is trivial and therefore the defect is topological in C.

Let us consider a pair of z-lineons separated in the z direction. They can move collectively
on the zy-plane:

exp {z/ dz/ (@(AS(Y + AY?)dt + 0.A™ dx + A™ dy)] , (7.34)
21 C

where C is a curve in (¢, z,y). This dipole of lineons also forms a planon. Similarly we have
the planons for the A gauge fields. The defect is topological in C. When we deform C to (',
the ratio of the two defects is:

exp [z / dz / (azEm dtdz + E* dtdy + B dxdy)} . (7.35)
z1 S

where S is the surface bounded by C and C’. As above, since this depends only on the field
strengths, this ratio is trivial on-shell.
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7.4 Global symmetries

There are two Zy global symmetries. The first Zy electric symmetry is generated by

W*(y, z) = exp [z]{da: Am} :

. (7.36)
’ 1 ’
W?fi (I, Y1, 92) = exp [5 / dy f dz <AI€E - 8yAZZ)] )
Y1
and the second Zy electric symmetry is generated by
- i (Y2 ~ <
ij (I’, Y1, 312) = exp |i§ / dy f dz <AI$ - ayAZZ ):| )
v (7.37)
W (y, z) = exp {z}{dm flm,} .
They satisfy the commutation relations
W (y, 2)Wi (z,y1,92) = ™ NWI (2,0, )Wy, 2) . if <y <y, (7.38)
W;f(‘r)yla y2)W$I,(y, Z) = 627TZ/NW$$/(y7 Z)W;f/(%yhm) ) if Y1 <y <vy2,
and they commute otherwise. Their N-th powers are the identity operator.
Since B* = 0, we have
0,,0- 75 dr A™ = 7{ dr 9,A =0 , (7.39)
and hence, the operator W** factorizes as
W (y, z) = Wy (y)Wr*(z) . (7.40)

Only the product of zero modes of W and W'* is physical, so there is a gauge ambiguity
Wys(y) ~ " Wys(y) . WE(z) ~ (") W (2) | (7.41)

where 7/* is a Zy phase. Since B* + B* = 0, we have

9, /y y dy ]f dz (A"~ 9,4%) = /y y dy 7{ dz 0. (9,4 = A} =0, (7.42)

hence, the operator W;f’ is independent of x. Moreover, it satisfies

W (0,) = W' (0, £7) . (7.43)
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Similarly, W;f is independent of x, and satisfies
W2(0,0Y) = WrE(0,67) (7.44)

and W factorizes as
Wy, z) = W (y) Wi (2) , (7.45)

where Wy”/ and WZ”/ have a gauge ambiguity
Wi (y) ~ Wy (y) . W2 (2) ~ (P7) ' W (2) (7.46)

where 7Y* is a Zx phase.

In addition to the discrete exotic global symmetries above, there are also various ordinary

discrete global symmetries, including the rotation group S, and the three Zg) symmetries.

Let us start with the action of the 90 degree rotation in the xy-plane on the defects:

T A AT e e Ve S L
7o <J’5YZ)—1 Y, jox Yz Xy fox _y (7.47)
where the fracton defects fI/) f are defined in (7.28)) and (7.29)), and similarly for fIJ 7 f

)

Next, we consider the action of the Zg symmetry on the defects in the Zy theory. We

will focus on Z%, while the discussions for Z{”, Z are similar. The lineons are invariant
under Z;Z), whereas the fractons are permuted as

Zgz) Lo fXY ’ fXY = f, fYZ N (fZX)fl : fZX _ (fYZ>71 ’

f Y FXY L, F Y2 o (j7Xy1 AN (7.48)

The self-duality (7.12)) on the lattice becomes a Z% global symmetry in the continuum.
It acts on the gauge fields as

7P AL AL AT AV AT AW

s ‘ o y < - 7.49
Ay — Ay, A" — A" A" — A" (7.49)
This global symmetry acts on the defects as
A e R ¢ A R A Ve e e
Fof XYy Xy Yz _y vz FAX  p7x (7.50)

This order 4 action squares to the generator of the charge conjugation symmetry Z$', which
is the diagonal Z, subgroup of Z{” x Z%¥ x Z{. Furthermore, this Z? commutes with all

the three Zg) symmetries.
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Let us discuss the symmetry group in more detail. In addition to the time reversal
and parity symmetry, the symmetry group of the system is denoted by S. It includes as a
subgroup Z$ x G C S, which we discussed above. The action of the duality group Z% is
added as follows. We have an exact sequence

1 5Z9xG—S =72 —1. (7.51)

The nontrivial duality transformation appears in the quotient S/(ZS x G) because
its square is the charge conjugation element in Z$. Focusing on these elements, is
the familiar sequence 1 — Z§ — ZP — ZP — 1. Our temporal gauge fields (A}, Ay) and
our spatial gauge fields (A% A"') and (A®, A%") are combined into three six-dimensional
irreducible representations of S.

The case of N = 2 is special because the fracton defects are their own inverse. In
particular, this implies that the charge conjugation symmetry Z$ acts trivially. This has
two important consequences: first, Z2 does not act faithfully and becomes Z2 and second,
ZP commutes with G. As a result, in this case, the global symmetry that acts faithfully (in
addition to time reversal and parity) is S/Z$ = G x ZL.

7.5 Ground state degeneracy

Higgs presentation

Let us compute the ground state degeneracy on a spatial 3-torus starting from the Higgs
presentation ([7.13). The equations of motion state that all the fields can be expressed in
terms of ¢', and the solution space reduces to

{¢' | ¢ ~ &'+ Na'} . (7.52)

All but the winding modes of ¢’ can be gauged away. Among the winding modes, those
whose winding charges are multiples of N are gauged away by the winding modes of a. So
only winding modes with winding charges that are nonzero modulo N are physical. On a
lattice with L’ sites in the ¢ direction, the winding charges are labelled by 4L* +4LY+4L* —6
integers. Therefore, there are N4 +4L7+4L°=6 phvsical winding modes. This reproduces the
results in [10, 12] when N = 2.

BF'-type presentation
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We can also compute the ground state degeneracy on a spatial 3-torus using the B F-type
presentation (7.17). In the temporal gauge A) = 0 and A} = 0, the phase space is

(A" AT A" A" | BT = 0,B° = 0}/{gauge transformations in (7.18) and (7.19)} ,
(7.53)
where we mod out by time-independent gauge transformations. The solutions up to gauge

transformation are

2,
A fCCI _ f.fo ,
fy” Sl (7.54)
= L ET W) )
A= ZEry) + o),

and similarly for the other directions. There is a gauge ambiguity due to zero modes,

fyt () ~ f7 (G y) + €76 (t) J2E(E 2) ~ f25(E 2) — €567 ()

f””"” (ty) ~ £ (t,y) + (1), f"’”’”'(m) ~ B (L 2) = e (),

x:r’ zx' T ~rx’ rrx’ rrx’ x ~xx’ (755)
£ (ty) ~ Fy¥ (8 y) + €787 (1), JI5 (6 2) ~ f25 () = 767 (1),
£5°(t,y) ~ 57 (t,y) + CE(1), E17(t,2) ~ B2 (8, 2) — 7€7(1),
and similarly in other directions. Let us define gauge invariant variables
rrx’ xx’ 1 xx’
£ (t,y) =1, (t,y)—l—g—yj{dz £77(t, 2)
1
77 (t, 2) = f” (t,2) + — 7 j{dy £77(ty)
. 1 3 (7.56)
f (ty)_fy (ty>+£_y%d2fz (t,Z),
. 1 .
£20(0,2) = E(02) + o Py (e

They satisfy the constraints

]{dy f;‘“”/(t, y) = }{dz £27(t, 2)
(7.57)

j{dy £ (t,y) = j{dz £27(t, 2) .

The periodicities of f7 and f]’?i/ are discussed in Section , and the periodicities of f]“/
and % can be obtained similarly.

70



The effective Lagrangian is
N TT 9 fITT rxx’ rxx’ TT 9 fITT rxz’ rax’
Loy = 5= | dy <fy of7™ + £ 0y 2 )+ dz <fz Bof® + £27' 9, 2 ) . (7.58)
and similarly in other directions. Let us focus on the following part of the Lagrangian
N 2z 9 pz2z o rax’ N 2z O T2z e’ o’
=y (froks + 570l ) = o= pdy (Fraoky + Firaoby”) . (759)
where we define the new variables
1 S
F) = 5 U+ £5700) - [y 57 w).
y
X 1 zZz
(Y) = 59,17 (W) .
y ~
5 (B i)+ [ ).
0
£ (y) — 3 W F () -

These upper-case variables satisfy the same gauge ambiguities ([7.55) and constraints ([7.57))
as their lower-case cousins. However, their periodicities are now independent of each other.

(7.60)

The effective Lagrangian in terms of these new variables is

N =~ = / ~ !/ ~ — ’ ~ /
Lep =5 { 7{ dy (Frroky + oy ) + /af dz (FZoyFee + B2 o Fee )] . (7.61)

and similarly in other directions.

On a lattice with lattice spacing a, using the gauge ambiguity of F** and Fi”', we can
fix F**(2 = L*) = 0 and F**'(2 = L*) = 0. The remaining variables have periodicity
F™ ~ F** 4 271 and F** ~ F*' 4 27, On the other hand, the constraints of F#*" and F#*
determine F**' (% = L?) in terms of other F#*"’s, and F**(2 = L*) in terms of the other F#*’s.
The remaining variables have periodicity F#* ~ F#* + %’T and F#* ~ F#* 4 %” Hence, there
are LY 4+ L* — 1 pairs of variables (F** F#*) and LY + L* — 1 pairs of variables (F** F#*).
Each pair leads to an N-dimensional Hilbert space. Combining the modes from the other
directions, we find the ground state degeneracy to be N4 +4L7+4L7 =6

Ground state degeneracy from global symmetries

The ground state degeneracy can also be understood from the Zy global symmetries. On
a lattice with lattice spacing a, due to (7.40) and ((7.41)), there are LY + L* — 1 symmetry
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operators W,* and W7* along « direction. Similarly, due to (7.44)), there are LY + L* — 1
symmetry operators W and W} along z direction. The commutation relations between
these operators are isomorphic to LY + L* — 1 copies of the clock and shift algebra AB =
e*™/NBA and AN = BN = 1. The isomorphism is given by

Ay =W(g,1) By =Wy (g,9+1), §=1,.
A =W (1, W™ (1,1)7Y,  B:=W?2(3,2+1), 2=2,... L%,

Similarly, due to ((7.43)), (7.45)) and (7.46|), we have LY 4+ L* — 1 more copies of the clock and

shift algebra in the x direction

(7.62)

<
Il

g? 1) )
), B:=W=(1,2)W>™(1,1)"', g

1,... LV,
(7.63)
2. L.

Combining all the directions, we have 4L* + 4LY + 4L* — 6 copies of the clock and shift
algebras, which force the ground state degeneracy to be N4E“+4L7+4L7=6

8 Relation to some anisotropic theories

In this section, we relate the anisotropic models discussed in Section to the ¢-theory,
A-theory, and Zy-theory in Section [3, Section [5] and Section [7] respectively.

For each of these anisotropic theories, we can take three copies of them, one for the
x direction, one for y, and one for z. The resulting decoupled theory is then related to
their counterparts in the previous sections by coupling to certain Z, gauge fields. This
gives another realization of the Zy checkerboard model of Section [, We will see that this
presentation will be especially useful when we compare the Zy checkerboard model with the
X-cube model.

8.1 The ¢-theories and the U(1) gauge theories

We now take three copies of anisotropic ¢-theories , one for the z direction, one for y
and one for z. We will denote these fields by ¢”, ¢¥, ¢*. This decoupled theory has the same
Lagrangian as the ¢-theory (ignoring the Ky, K3 terms), but the fields have different
periodicities. More specifically, the fields here have independent 27 periodicities , while
those in Section |3 have correlated periodicities as in (3.6]).

We now discuss two ways to relate one model to another by gauging a certain global
symmetry.
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In the first option, we gauge the Zs momentum symmetry that acts on the fields as

" (t,x,y, 2) ~ ¢ (t, x,y, 2) + ™ (y) + ™ (2) ,
QY(t,w,y,2) ~ ¢¥(t, 2, y, 2) + Tn"(2) + T (2) | (8.1)

where n™(z), n¥*(x),n**(y) € Z are integer-valued functions. This is a (2,3') tensor sym-
metry of [7, 8, 0]. The gauging of this momentum symmetry introduces more identifica-
tions in the space of ¢'. As a result, ¢, ¢¥,»* have correlated periodicities as in
with wi(x?), m'(2%) € %Z. We therefore arrive at the Lagrangian by identifying
fo = 4o, =4, fin = 4.

In the second option, we gauge the diagonal Z, winding symmetry, which is a (3',1) dipole
symmetry in [7, 8, 9]. This amounts to removing some identifications of ¢‘. Explicitly, this
gauging can be implemented by adding the term

1 . 1 s
5-C [00(0" + 0"+ 67) + 200" 7] + - D CF [0:0;(07 + 6" + %) + 200,07
i<j
(8.2)
where (Cy,C) are Lagrange multipliers in the (3',1) of Sy, which are the gauge fields dis-
cussed in [9]. The field $*¥Z is a scalar with 27 periodicity:

OVt y,2) ~ 9NVt 3,0y, 2) 4 2m0®(2) + 270 (y) + 2707 (2)

n®(z),n%(y),n*(z) € Z. (8.3)

Indeed, this is the same as the periodicity of ¢*YZ in Section . Integrating out (C’éj, C’)
constrains ¢%, ¢¥, ¢* to have the same correlated periodicities as in (3.6)) with w’(z?), m’(x") €
Z. We therefore arrive at the Lagrangian ({3.3)) by identifying jig = po, ft = pt, i1 = pi1-

Similarly, we take three copies of the anisotropic A-theories (1.4)), one for z, one for y
and one for z. We will denote these fields by (A%, A*, A”) and their gauge parameters by
o, This decoupled theory has a G x ZS symmetry, and we assign the S, representations

for these fields as in ([7.20)). See more discussions in Section |5.3.1}

This decoupled theory is similar to (5.6 (ignoring the k1, ko terms), but the gauge param-
eters in the two theories have different periodicities. More specifically, the gauge parameters
here have independent periodicities, while those in Section [5[ have correlated periodicities

62).

Again, we can map one model to another by coupling to a Z, gauge field in two different
ways.

In the first option, we gauge the diagonal Zy electric symmetry, which is a (3’,1) dipole
global symmetry of [7, 8 @]. This is dual to gauging the Z, winding symmetry for the
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decoupled ¢ theory above. The gauging of this electric symmetry adds more identifications
to the space of the gauge parameters. As a result, the gauge parameters are the same as
(3.6) with wi(x?), m'(z*) € %Z. We therefore arrive at the Lagrangian by identifying
(e1)? = (9e1)* /4, (Ge2)® = (9e2)?/4, (Gm)* = (gm)? /4.

In the second option, we gauge the Z,; magnetic symmetry, which is a (2,3') tensor
symmetry of [7, 8, @]. Specifically, we would like to impose a constraint such that the
gauge parameters for the combinations A% + AY + A% and /% have 4 as opposed to 27
periodicities. Here &7® = A® + 9,A% + 0,AY is defined in and its field strengths are
defined in . That is, we would like to impose

AZT 4 AW 4 AT = 2a,,

/ / / (84)
A =20y, HY =20, F° =2y,

for some gauge fields (ag, a;;) with 27 periodicities in the (1,3’) of S;. This constraint is
implemented by adding the terms:ﬂ

L foy)e xa’ vy’ L. !

S (B = BY) = 2(0sa,0 — 0,002)] = 3-itye [67 = 2000, — Dy0.00)] + -+

(8.6)

to the Lagrangian. Here the ellipsis represents similar terms associated with the other
directions. The Lagrange multipliers (&([)ij]k, a;;) are in the (2,3’) of S4. Note that a and a
are the gauge fields participating in the continuum field theory for the X-cube model [§],
which we review in Appendix [B]

This is dual to gauging the Z, momentum symmetry for the decoupled ¢ theory above.

The gauging of the magnetic symmetry removes some identifications in the space of the
gauge parameters of. As a result, the gauge parameters have correlated periodicities, as in
(3.6) with w(z'), m*(2*) € Z. We therefore arrive at the Lagrangian by identifying
(Ge1)? = (9e1)?, (Ge2)® = (9e2)?, (Gm)* = (gm)?-

4Tet us draw an analogy with a similar operation on an ordinary U(1) gauge theory in d spacetime
dimensions. (See [22], for closely related constructions.) Let A1) be an ordinary one-form gauge field with
gauge transformation A1) ~ AM 4+ da(® | where a(®) ~ a(®) 4 27. Gauging a Z, electric 1-form symmetry
adds more identifications and reduces the periodicity of a(?) by a factor of 2, i.e., a(® ~ a(©® + 7. On the
other hand, gauging a Z, magnetic (d — 3)-form symmetry removes some identifications and increases the
periodicity of a(?) by a factor of 2, i.e., a(® ~ a(®) 4+ 47, This can be implemented by adding the term

L 42 5 (44D  24q) (8.5)
b
to the Lagrangian. Here a(4~2) is a Lagrange multiplier enforcing the constraint dA™") = 2da™ for some

one-form gauge field a().
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8.2 The checkerboard model and the anisotropic model

We start with three copies of anisotropic Zy theories (|1.9), one for the x direction, one for y
and one for z. We will denote these gauge fields by (A%, A*, A”) and (A¥', A", A?), and their
gauge parameters by o and &%, in the same notations as (7.20)) and (7.21]). The Lagrangian

1S

N
27ri

(~AGB + o B 4 AET) (8.7)

Up to an overall factor of two, this sum of decoupled theories has the same Lagrangian as the
Z N checkerboard model ((7.26)). However, they are different in their global properties. More
specifically, the gauge parameters in this decoupled theories have independent periodicities,

while those in ((7.26)) have correlated periodicities ((5.2)).

Similar to Section [8.1, we can map one model to the other by coupling to certain Z,
gauge fields.

One approach is to start with the decoupled theories with even N and gauge the Z,
subgroup of the two electric Zy global symmetries. After gauging, the gauge parameters
have the periodicities in with wi(z?), m’(2") € 1Z. To normalize the gauge fields and
the gauge parameters in the same way as in Section [7] we then rescale all of our gauge fields
as A — A/2 and A — A/2. We therefore end up with the Zyo checkerboard model in
(7.22]).

Alternatively, we can start with the decoupled Zy theories with even N, and gauge the
electric symmetry for A and couple A to Z, gauge fields as in . In this way we end up
with a Zy checkerboard model. Similarly, we can exchange the role of A and A.

Another option is to start with N € Z and couple the three anisotropic Zy theories to
gauge fields as in for both A and A:

N iR i il i pi
o 2 (— 4B + 7 B+ A8")
1 TY|z xx! / 1 s o
+ 50 (B = BY) = 2(0sa,: — 0y0,2)] — 5= [67 2000, — Dy0:00)] + -+

- %Bgm’) [(Bm — B — 2(,b, — ayby)} + %6% [@@ — 2(8ob, — ayazbg””)} T

(8.8)
where we have introduced the gauge fields b, b whose S, representations differ from a, d by
tensoring with 1’. (See Section [J] for more details.) The ellipses stand for the similar terms
associated with the other directions in space. These couplings to the Z, gauge fields a
and b in the second and the third lines above make the gauge parameters have the same
periodicities as in (5.2)) with w'(z"), m’(2%) € Z. Comparing with (7.26), we therefore arrive
at the Zyn checkerboard model.
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original theory: 3 anisotropic couple A to gauge Zy electric

Zy gauge theories Zy gauge fields symmetry for A
couple A to N eZ N € 27

Zy gauge fields Zon checkerboard Zn checkerboard
gauge Zs electric N € 2Z N € 27

symmetry for A Zy checkerboard Y/ N checkerboard

Table 1: Relations between three copies of the Zy anisotropic models and the checkerboard
model. Starting from the former, we can couple a Z, gauge fields to each of A and A in two
different ways as discussed in Section One of them is gauging a Zs electric symmetry,
while the other is given in . This gives four different ways to obtain the checkerboard
model. In some of the options, the integer N of the anisotropic model has to be even as
indicated above.

We summarize these four different ways of obtaining the checkerboard model from three
decoupled anisotropic models in Table [1]

9 Relation to the Z, X-cube model

9.1 Relation to two copies of the Z,; X-cube model

We now show that the Z, checkerboard model is equivalent to two copies of the Zy X-cube
models in the continuum.

Many of the expressions below contain several equations related by cyclically permuting
x,1, z. In some of these expressions, we will write only one of the equations to avoid clut-
tering. In some other expressions, the ellipses stand for the terms associated with the other
directions.

We will use the presentation of the Zs checkerboard model in (8.8) with N = 2. In this
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presentation, the gauge fields have independent periodicities. It can be rewritten as
Lxo(N =28 a7 ag, ai) + Lxo(N = 2,05 0 b5 by,)
+ % [—(Agx + I (B™ — 0,0,a"Y — 0,0.4° — 9,0.4%%) 9.1)
+ /™ (B + 00a” — 9,a5"7)) + (A" + b7)&°

where Lx¢, defined in (B.3)), is the Lagrangian of the X-cube model [8] 21]. Since all the
gauge fields have independent periodicities, we can perform the following field redefinition
to shift the gauge fields A, o7, A, o/ by a,a,b,b as

ATE o AT T A At Y

Y ! ~ nl Ax(z) ~ ~ ~ -~ ~, (92)
Ap = Ag =g AT S AT o A

and similarly for the fields associated with the other directions. Note that these field redefi-
nitions are Sy covariant. In terms of the shifted gauge fields, the Lagrangian becomes

Lxe(N = 26,67, a9, ay) + Lxo(N = 208" 5,05, by)
]_ ~ 1o~ ~ (93)
2

Again, all the fields have independent periodicities. The second line is just three decoupled

trivial anisotropic theories ([1.9)). We have thus arrived at the Lagrangian of two Zy X-cube

models [

The duality Z2 of the checkerboard model becomes the Z, symmetry that exchanges the
two copies of the X-cube model.

Note that this derivation of the equivalence between the Zsy checkerboard model and two
Z5 X-cube models does not extend to higher N. In fact, in Section (9.2, we will show that
the two models are inequivalent for N > 2. For even N > 2, the presentation (8.8)) says that

15Tet us draw an analogy with an equivalence between two ordinary TQFTs in 2+1 dimensions. Consider
the Lagrangian

L= 2itga 4 2 2qa? (9.4)
47 47

where the gauge parameters of these gauge fields have correlated periodicities a! ~ af + 2mn! with n! € Z
and n' +n? € 2Z, and similarly for &’. This TQFT L is the analog of the Zy checkerboard model, where

the gauge parameters have similar correlated periodicities (5.2)).

Similar to , the theory can be rewritten as
L= 1 Ataat+ Zaae - La [d(A* + A?) — 2da] — 1 [d(/ll + A?%) — 2db} . (9.5)
2T 27 27 27

Unlike in (9.4)), the gauge parameters of all these one-form gauge fields now have independent 27 periodicities.
After some field redefinitions, the Lagrangian can rewritten as two copies of Zy gauge theories.
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the Zy checkerboard model is equivalent to three Zy/, anisotropic models coupled to two
Zo X-cube models. When N = 2, this reduces to the above equivalence.

Map between the fractons and the lineons

We have just established the off-shell equivalence between the Z, checkerboard model
and two copies of the X-cube model. Even though it follows from this off-shell equivalence,
it is nice to check explicitly how the defects are mapped between these models. In this map
we can use the equations of motion to simplify the presentation of the defects.

Similar to (5.86)), we first define

1 ~ 1 ~_ ~oo! ~_
AT = 5 (AZ" 4+ AYY — AZ), ALY = 5 (Ag”” + Ay — AFF > ,
1 ~ 1 ~_ 1 ~
AV = 3 (AP + A7 — AZ™) ,  AYZ = (Ayy AF — AT ) , (9.6)

1 . e Ay
AT = DA A Ay AN = (B A - A
This basis for the temporal gauge fields will be more natural for the defects.

The map for the fractons is

f=exp {z/ dt (AYY + Ay 7+ ATY)| +— exp / dt ao] :
XY:exp{ / dt AXY | +— exp z/ dt (ao —i—b[xy]z)} ,
0 - | F o (9.7)
f=exp [@/ dt (AFY + A% + AZ5)| «— exp / dt b xyz)}

fXY—eXp{/ dt flé(y — exp |i dt zyz Aé(xy))l )

The maps for the other fractons f¥YZ, f2X f¥Z, fZX are obtained by cyclic permutations.

The map for the lineons is

[ =exp |:Z/ dt (A3 + AOZX)} > exp {@/ dt l;gyz}x} )
I” = exp {z/ dt (AFY + flgx)} > exp {z/ dt &g(yz)} :

The maps for the other lineons ¥, [7, 1Y, [* are obtained by cyclic permutations.

9.8)

As a consistency check, we show that the defects from the two theories obey the same
fusion relations. The fractons satisfy

fXYfYZfZX — f 7 fXYfYZfZX — f ] (99)
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The lineons satisfy
=1,  FlVE=1. (9.10)
Finally, we have

1 = fYZf : Zx _ fYZf (911)

9.2 Zy checkerboard model with N > 2

In the previous section, we have shown that the Zs checkerboard model is equivalent to two
copies of the Zy X-cube models in the continuum. We now show that their Zy versions are
not equivalent for NV > 2 by showing that the fusion rules are different in these two theories.

Let us consider the lineons in the two theories. In two copies of the Zy X-cube models,

l%a) = exp {z/ dt dé(jk)} ,

we have the following lineons:

" (9.12)
liyy = exp {@ / dt b[[)’kh} .
They obey
€T Yy z _
Ml =1, (0.13)
ol = 1-
as well as (I(,))" = (If))V = 1.
On the other hand, the lineons of the Zy checkerboard model are (see (|7.30))
I* = exp z/ dt (AYXY +A§X)] :
IY = exp z/ dt (A +A§Z)} : (9.14)
? =exp z/ dt (AZX +A§Z)} :

Let us try to match the lineons in the two theories. Any map between them should be
of the form

(o) = () ()™ (9.15)

with some integers n;, n;. (There is a similar map for léb), but we will not need it.)

Using exp [iN 25 dt A(I)J} = exp [iN oo dt flé‘]] = 1, the relations (9.13)), (9.14]), and
(9.15)) are consistent only if

ni+n;=0mod N, n;+n;=0modN , (9.16)
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for ¢ # j. This implies that
2n; = 2n; = 0 mod N . (9.17)

Since (I = (I')N =1, (0.17) leads to (I{s))? = 1, which is false unless N' = 2. Hence the

Zy checkerboard model is inequivalent to two copies of the Zy X-cube models when N > 2.
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A Some useful group theory

A.1 Review of the representation theory of the cubic group 5,

The symmetry group of the cubic lattice (modulo translations) is the cubic group, which
consists of 48 elements. We will focus on the group of orientation-preserving symmetries of
the cube, which is isomorphic to the permutation group of four objects Sj.

The irreducible representations of S, are the trivial representation 1, the sign represen-
tation 1’, a two-dimensional irreducible representation 2, the standard representation 3, and
another three-dimensional irreducible representation 3’. The representation 3’ is the tensor
product of the sign representation and the standard representation, 3' = 1’ ® 3.

It is convenient to embed S; C SO(3) and decompose the SO(3) irreducible representa-
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tions in terms of S, representations. The first few are

SOB3) D S,
= 1
= 3
233
1"®e333
= 162333

(A.1)

© N Ot w o=

We will label the components of Sy representations using SO(3) vector indices as follows.
The three-dimensional standard representation 3 of Sy carries an SO(3) vector index i, or
equivalently, an antisymmetric pair of indices [jk] B Similarly, the irreducible representations
of Sy can be expressed in terms of the following tensors:

1 S
1 . 7leyz)
2 Byw , 1#j#k , Bujk+ Byri+ Bpaj =0
Bigry , i#J3#k , Bigr + B + Brij) =0 (A.2)
3 : V!
3 By , LFE] , Bij = Ej
E¥

In the above we have two different expressions, B, and Byjy), for the irreducible repre-
sentation 2 of Sy. In the first expression, By is the component of 2 in the tensor product
33=192®3® 3. In the second expression, B, is the component of 2 in the tensor
product 3® 3 =1"®2® 3 Pd 3. We also consider fields in the reducible representations
1@ 2 and 1’ ® 2 of Sy, for which we use the following tensors:

1¢2 "

» A3
1'®2 9" (4.:3)

where there is no constraint on the sum of the three components. Note that in the embedding
of Sy C SO(3), the reducible representation 1@ 2 is embedded into the diagonal components
of a symmetric tensor in the 1 ® 5 of SO(3), and hence the notation ¢%.

In most of this paper, the indices i, j, k in every expression are not equal, i # j # k
(see (A.2]) for example). We will often use x, y, z both as coordinates and as the indices of a
tensor.

16We will adopt the convention that indices in the square brackets are antisymmetrized, whereas indices
in the parentheses are symmetrized. For example, Aj;; = —Apj) and A = Agiy-
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A.2 Review of the symmetry of the FCC lattice

We will discuss the orientation-preserving symmetry of the FCC lattice. Let the shortest
distance between a pair of sites in the FCC lattice be a/v/2.

The FCC lattice has translation symmetry generated by a/2 in two of the three directions:

T (2y.2) = (04 5.y +5.2),
a a
T (:E,y,z)»—>(x+§,y,z+§), (A.4)
a a
UAas (x,y,z)'—>(3:,y+§,z+§).

An interesting subgroup of these translations is generated by

T : (z,y,2) — (z+a,y,2),
TV (2,y,2) = (2,9 +a,2), (A.5)
T7: (v,y,2) = (zv,y,2+a).

Next, we discuss the rotation symmetry on the lattice. We will label a counterclockwise
90 degree space rotation ka 02)
on the rotational axis. The FCC lattice has the following 90 degree rotation symmetry:

00,0 » Rz(jo,o,o) R - (A.6)

by the direction k of its rotation axis and a point (x,y, z)

The FCC lattice has other symmetries that can be generated by T¥ and Rkoo 0)" These
include a 90 degree rotation around the face center

Rx (0,2,9) — A Eco,o,()) (Tyz)_l J
Ry 2 0,2) = _ szRyOOO) (Tzz>—1 7 (A?)
Ris 2 0)=T" Ry 00)(T™) "

and the following composition of a translation and a rotation:

x ZEl Ty X
T:<T)R(Oaa—T (0,0,0)

V404
z z 1 z
r*=(T )QR(%,%,O) =T R(o,o,o) ’

where (T%)2 : (z,y,2) — (z,y,2 + ). Note that neither (T%)z nor Ria

%7
try of the FCC lattice by itself, but their composition is. Similarly, (7' )%(
T (R 00)) "

is a symme-

)=

22
44
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We conclude that the orientation-preserving symmetry of the FCC lattice is generated
by the three translations 7", T%* T** and the 90 degree rotations R’(“0 0,0)- These generate
the space group F432.

Let G be the quotient of the space group F432 by the translations 7%, TY, T=. It is
G = (ZQ X Zg) X 54 . (A9)

Note that G is different from the point group of F432, which is known to be S;. The latter
is the quotient group of F432 by the translations T%Y, T¥* T** or equivalently,

G
_ZQXZQI

S, (A.10)

We will discuss more about G as an abstract finite group in Appendix

Let T% and R?o,o,o)_ be the group elements of G corresponding to 7% and R’(CO’(]’O) in F432.
Note that R?o,o,o) = Rk

(a,a9,a2)
symmetries on the fields living on the sites. For example, these could be the ¢!/ fields in
Section 2l T%* acts as

for any ,9,2 € Z. Below we work out the action of these

Tzac . (bXYZ N ¢ZX’
XY YZ
O
zZX XYZ
O

YZ XY
¢ T =,

(A.11)

Rfo 0,0) acts as

REO,O,O) . (bXYZ N ¢XYZ7
¢XY N ¢XY7
¢ZX N ¢YZ’
¢YZ N ¢ZX’

(A.12)

The composition 7* = T”Rfo 0,0) acts as

7= sz _507070) . ¢XYZ N ¢ZX7
¢XY N ¢YZ,
¢ZX SN ¢XY’
¢YZ N ¢XYZ’

(A.13)

The four fields XY %, XV, %X, ¢¥% form a 4-dimensional reducible representation of G.
The sum ¢XYZ 4+ XY + %X +¢¥Z is in a trivial representation of G. Therefore, the subspace

¢XYZ +¢XY +¢ZX _|_¢YZ — 0 <A14)
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¢XYZ

preserves the G symmetry. We can then solve in terms of the remaining three ¢!7,

which form an irreducible representation of GG. Let us define
QS:C — ¢XY + d)ZXa
o =Y + Y7, (A.15)
¢z _ ¢YZ + ¢ZX ]

The group G has several S; subgroups. Let Sil) be the S, subgroup of G generated by
7, 7Y, 7% from (A.8]). For example, #* acts as
FZ : ¢x(t7x7y7z) _>¢y(t7y7 —1’72)7
¢y<t7x7y7 Z) — _wa(tv?/a —.T,Z), (A16)
¢Z<t7 x,Y, Z) — _¢Z(t7 Yy, —, Z) .
Therefore ¢° is in the 3 of Sf), and hence, 9;¢" (no sum over ¢) and 9;0;¢" (with i # j # k)
are in the 1’ @ 2 and 1 & 2, respectively.

Alternatively, consider a different S, subgroup of G generated by Rfo,o,o)v R?O 0,0)° Rfo,o,oy

We will denote this subgroup as Sf). For example, R* acts on ¢' as
7'(20,0,0) Doty 2) = @Yty —, 2),
't z,y,2) = "Ly, —x,2), (A.17)
*(t,x,y,2) = ¢°(ty, —x,2) .
Therefore ¢ is in the 152 of Sf), and hence, 9;¢" (no sum over i) and 9;0;¢" (with i # j # k)
are in the 3 and 3', respectively.

In addition to G, our system also has a charge conjugation internal Z$ symmetry gen-
erated by ¢ — —¢ for all i. Unlike the other symmetries discussed here, which are the
symmetries of the FCC lattice, Z$ commutes with the symmetries of the lattice. Just as G
has several different S, subgroups, G x Z$ leads to more options. We can compose the order
4 elements of Sil) with the generator of Z$ to turn ¢! into 3. Then, 9;¢° (no sum over i)
and 9;0;¢" (with i # j # k) are in the 1 & 2 and 1’ & 2, respectively. We will denote this
new S, subgroup as Sil)c.

Alternatively, we can compose the order 4 elements of Sf) with the generator of Z§ to
turn ¢’ into 1’ & 2, and hence, 9;¢" (no sum over i) and 9;0;¢" (with i # j # k) are in the
3’ and 3, respectively. We will denote this new S, subgroup as Sf)c.

A.2.1 More details about G = (Zy X Zy) X Sy

Above we have identified the relevant finite group symmetry G for our models and how it is
realized on the FCC lattice. Here we provide more details on the representation theory of G
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as an abstract finite group.

The orientation-preserving symmetry group of the FCC lattice modulo translations of
the minimal cubic sublattice (A.5)) is

G = (ZQ X ZQ) X S4 s <A18)
which consists of 96 elements. The group G can be generated by 4 generators {s,t,a, b}
G = {s,t,a,b|s* =t* = (st)* = 1,sas = a, sbs = ab, tat ™" = b, tbt ' = ab} . (A.19)

In terms of their actions on the FCC lattice, s is a 180 degree rotation around the (110)
axis, t is a 120 degree rotation around the (111) axis, a is a translation along zy plane, b is
the translation along yz plane.

The group G has 12 S; subgroups. They are divided into three conjugacy classes of
subgroups. Each of these classes have four S, subgroups that are related by internal auto-
morphisms. G has an S5 outer automorphism that permutes the 3 conjugacy classes of Sy
subgroups.

The group G has 10 irreducible representations: the trivial representation 1, another
one-dimensional representation 1’, a two-dimensional representation 2, six three-dimensional
representation 3;, 3, with ¢ = 1,2, 3 and a six-dimensional representation 6. The represen-
tation 3. is the tensor product 3, = 1’ ® 3,. The S5 outer automorphism permutes the
representation 3; and 3. of different subscripts.

The character table of the group G is [23]

representative | {1} | {stst} | {st} | {s} | {t} | {a} | {sb} | {ststb} | {sta} | {ststa}
order 1 2 4 2 3 2 4 2 4 2
size 1 3 12 12 | 32 3 12 3 12 6
1 1 1 1 1 1 1 1 1 1
1 1 1 -1 -1 1 1 -1 1 -1 1
2 2 2 0 0 -1 2 0 2 0 2
31 3 -1 1 -1 0 3 -1 -1 1 -1
3] 3 1 | -1 ] 1]0]3 1 1 1
32 3 -1 1 -1 0 -1 3 -1 -1
3, 3 1 | 1] 1]0] 1] 3 1
33 3 3 -1 -1 0 -1 1 -1 1 -1
3 3 3 1 1 0 -1 -1 -1 -1 -1
6 6 -2 0 0 0 -2 0 -2 0 2
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We can choose one S; C G and then the representations of G can be decomposed into
irreducible representations of the S, subgroup as

1=1, 1'=1, 2=2, 6=3®3,

A.20
3,=3, 3,=3, 3,=3, 3,=3, 3,=1d2, 3,=132. (A.20)

With a different S; C G subgroup that is related by an outer-automorphism, the represen-
tations of G decompose as

1=1, 1'=1, 2=2, 6=3®3,

A21
3,=3, 3,=3, 3,=1a¢2, 3,=152, 3;,=3, 3,=3". (A.21)

The following are some useful nontrivial decompositions of tensor products of irreducible
representations of G

® |1 2 6 3,
1|1 2 6 3!

2 11 @2 6 D6 3, ® 3,

3, 3j@33@3k@3;€@6 19293, 3,
3, 3,06

where i # j # k. Finally, we have

66=101012x2)03, 03, 03,03,03;H3,®(2x6). (A.22)

B Review of the continuum field theory of the X-cube

model

Here we review the continuum field theory description of the X-cube model in [8, 21][7]
The continuum theory of (3+1)d Zy X-cube model consists of two gauge fields

1: CLON(l0+ao’}/,

/ (B.1)
3 CLij ~ aij + 818]’)/ y

and . . .
9. &E(Jk) N &E(Jk) + aopyz(]k) ’

- B.2

17Other related presentations of this continuum field theory are discussed in [24, 25| [26].
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The Lagrangian of this model is

'CXC'(Nv dz)(Jk)7 &ija ag, aij)
N Tz

=5 | (Opty, — Oyazy) — @™ (Opayy — 0,0,a0) + cyclic permutations

(B.3)

We can relabel our gauge fields using the representation of a different S, subgroup, which
is related to the original S subgroup by an outer automorphism of the global symmetry group
7§ x Sy. Explicitly, we rename the fields as ay — b(()xyz),aij — bk,dg(jk) — ng}i,&” — l;k,
where here and below the indices i, j, k are always cyclically ordered. The fields and gauge
parameters in this new presentation are in the following S; representations:

1 - b(()l’yz) ~ b(()xyz) + aoﬁ(ccyz) ’

B.4
3: bk ~ bk + 826]6(”3) s ( )

and g y
2 - j)([)w]k ~ l;[ow]k + aOB[ij]k
S - ’ (B.5)
3: 0~ b 0l

The two presentations differ by tensoring with the 1’ representation of S;. We also define
dgﬂk = %(dg(Jk) . dé(’%)) and big(w) = %(b([)ﬂk}l _ bgﬂb).

It is important to stress that the fields and the gauge parameters in (B.1)), (B.2)) and
(B.4), (B.5)) are not dual to each other, and they are not even related by some nontrivial
transformations. Instead, they are simply relabeling of the same fields.
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