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Abstract

We study several exotic systems, including the X-cube model, on a flat three-torus
with a twist in the xzy-plane. The ground state degeneracy turns out to be a sensitive
function of various geometrical parameters. Starting from a lattice, depending on how
we take the continuum limit, we find different values of the ground state degeneracy.
Yet, there is a natural continuum limit with a well-defined (though infinite) value of
that degeneracy. We also uncover a surprising global symmetry in 2 + 1 and 3 + 1
dimensional systems. It originates from the underlying subsystem symmetry, but the
way it is realized depends on the twist. In particular, in a preferred coordinate frame,
the modular parameter of the twisted two-torus 7 = 71 + ime has rational 7 = k/m.
Then, in systems based on U(1) x U(1) subsystem symmetries, such as momentum
and winding symmetries or electric and magnetic symmetries, the new symmetry is a
projectively realized Z,, X Z,, which leads to an m-fold ground state degeneracy. In
systems based on Zy symmetries, like the X-cube model, each of these two Z,, factors
is replaced by Zgeq(n,m)-



1 Introduction

The exciting, growing field of fracton phases of matter started with the discovery of two
peculiar models |1,2]. They have stimulated a lot work, which has uncovered additional
models of fractons and has led to deeper insights. This subject is reviewed nicely in [3}/4].
These reviews include many references to other interesting papers.

These models are not rotationally invariant, and the Hamiltonian depends on preferred
directions, which we will denote by (z,y, z). They are typically formulated on a lattice with
L, L,, and L, sites in these directions with periodic boundary conditions. Then, the number
of ground states depends on these three integers. Models based on Zy spins typically have

ground state degeneracy
GSD = NQUaeLyLz) (1.1)

but, as we will see, other functional forms are also possible. A characteristic example, which
will also be studied below, is that of the X-cube [5], or more generally, its Zy version, where
the entropy @ is given by

Q(Ly, Ly, L) = 2(Ly + Ly + L) — 3 . (1.2)

This expression is peculiar for two reasons. First, even though the system is gapped,
the number of ground states diverges as the system size goes to infinity, i.e., in the limit
L,,L,, L, — 0o. Second, the expression is not extensive. It is sub-extensive; it grows
linearly with the size of the system. Other examples, including the original Haah code [2],
exhibit an even more bizarre Q)(L,, L,, L), which is not even monotonic in the three sizes.

The existence of these models raises many interesting and deep questions. One of them
is how to formulate a continuum quantum field theory description of them. Early work on
the subject appeared in [6-8]. Here we will follow the systematic approach of [9-14].

The original models were formulated on a flat right-angled torus aligned with the preferred
directions (z,y, z). This immediately raises the question how to formulate these models on
more complicated manifolds. An important idea in this direction is to place the system on a
foliated space |15-H20}7,21,[8]. The foliation then determines the alignment of the preferred
coordinates (z,y, z).

Our goal here is to place such a system on a slightly nontrivial space such that the analysis
is still straightforward. We will keep the torus flat, but will allow it to be slanted — not right-
angled. We will also allow a twist of the torus relative to the preferred (x,y, z) coordinate
system. The local interaction is still invariant under the appropriate subgroup of the rotation
group, but the global boundary conditions do not respect this rotation symmetry.



1.1 The twisted torus

Specifically, we will study the system with twisted boundary conditions. On the lattice, we
label the sites by integers (Z, 9, 2) and impose the identifications

(@,9,2) ~ (@ + Ly, g+ Ly, 2+ LY) ~ (@ + Ly, g+ Ly, 2+ L) ~ (@ + L7, g+ L), 2+ LY) .

(1.3)

Related problems were studied in [15}[16}22-25]. Although our approach is different,
some of the issues we will address have counterparts in these papers.

Actually, for simplicity, we will limit ourselves to nontrivial twists only in two of the
directions, i.e.,

(#,9,2) ~ (@ + L5, 9+ Ly, 2) ~ (& + Ly, § + Ly, 2) ~ (2,9, 2+ Lz) (1.4)

We will refer to the closed cycles associated with these identifications as the U, V', and Z
cycles, respectively.

There is a lot of freedom in choosing the generators of the identifications. We will take
all the integer coeflicients L] to be non-negative.

Without loss of generality, we can also align the U cycle with the = direction — the X
cycle. Then, in order to have a complete basis, we need V' to be dual to X, the X cycle.
In this case Ly = 0, and some of our expressions below simplify. Alternatively, we can align
the V' cycle with the y direction — the Y cycle. In this case, we need U to be dual to Y, the
Y cycle. Tt is important to note that in general, the X and Y cycles do not generate all the
cycles, and therefore they cannot be used as a complete basis. This fact will have interesting
consequences.

We have analyzed all the models in [10-12] on such a torus. Some of these models
are gapless. Their states with generic momenta have a peculiar dispersion relation, but
other than that, they are quite standard. As these modes reflect local physics, the effect of
the twisted boundary conditions on them is quite trivial. These gapless theories also have
strange states at non-generic momenta — specifically, states where two of the momenta p,,
Py, D» vanish. Some peculiarities of these modes were discussed in [10, 11]E]

Here we will focus on the consequences of the twisted boundary conditions and will find
that the system has states that realize the underlying subsystem symmetry in a surprising
way. In some of the non-gauge systems, some momentum and winding symmetries do not

1As emphasized in [10,/11], some of the detailed features of the charged states in the gapless models
depend on higher-derivative terms that go beyond the leading order terms in the continuum Lagrangian.
This subtlety is not present in the gapped models and does not affect the peculiarities we will discuss below.



commute. In some of the gauge theories, some electric and magnetic symmetries do not
commute. These effects are reminiscent of effects found in [26,27] and discussed further
in [28]29].

The gapped models are particularly interesting, and we will follow and extend their
analysis in [10,12]. The twisted boundary conditions change the ground state degeneracy and
the surprising realization of the subsystem symmetry in some gapless models has counterparts
in the gapped systems.

Analyzing the X-cube model along the lines of [12], we will show that in this case (1.2))
is replaced by
GSD = N2EHLHL)=300q(N, M), (1.5)
where
L = ged(LY, LY),
L5 = ged (L3, 1Y)
LyL, — L)Ly

eff T eff
LefLe

(1.6)

As stated above, without loss of generality we can take L; = 0, and then these expressions
simplify:
L = ged(LY, LY),
eff _ 7w
Ly - Ly ’
N
ged(Ly, Ly)

(1.7)

A special case of this expression was found in [25].

The ground state degeneracy ((1.5)) has several interesting features.

e As in the untwisted model, the ground state degeneracy (|1.2)) depends on the number
of sites in the lattice. As we rescale the lattice data to infinity L] — oo with fixed
ratios, the number of ground states diverges in a sub-extensive manner.

e Relative to the untwisted model, the number of ground states depends on more
lattice data L]. Small changes in these integers can make a large effect on the number
of ground states. In fact, the ground state degeneracy does not change monotonically
with this data. These facts are reminiscent of the dependence of the ground state
degeneracy on the number of sites in the Haah code [2].

e As in the Haah code [2], the previous point makes it clear that the model does not
have an unambiguous continuum limit. Unlike the original untwisted model, where the
logarithm of the ground state degeneracy diverges linearly in the size, but is otherwise



well-defined, here different ways of taking the continuum limit lead to different answers.

e The exponential dependence of the ground state degeneracy on L} has a natural
interpretation in the layer constructions of these models [30,31]. The model is con-
structed out of L, layers in the xy-plane, LT layers in the yz-plane, and LZH layers
in the xz-plane. The exponential part of the degeneracy is then as in the untwisted
model with the same number of layers. The connection to the layers construction
was discussed in a special case in [23]. See also the general discussions in [16], which
advocates the use of foliated manifolds.

e In addition to the exponential behavior in (1.5)), there is also a factor of ged (N, M).
It reflects an interesting symmetry group, which is a central extension of Zy.q(n ar) X
Ligea(n,ary- We will discuss it in detail below.

These peculiarities of follow from properties of the charges of the subsystem global
symmetry (or equivalently, the logical operators) of the system. Some of these charges are
associated with closed lines along x, or y, or z. Because of the twisted boundary conditions
, , these lines wrap the torus an integer number of times. Consequently, the number
of distinct charges depends sensitively on L. The ground state degeneracy follows from
the number of such charges. This sensitivity leads to the peculiarities of the ground state
degeneracy mentioned above. This fact is reminiscent of the way the ground state degeneracy
arises in the Haah code.

Let us comment on the continuum limit in more detail. The continuum limit is taken by
introducing a lattice spacing a and taking L] — oo with fixed

0 = (lllg(l)aLi . (1.8)

The fact that LT can diverge in this limit and can lead to infinite @ is common in these
models. The important point here is that the limits lim,_, Lfﬁ and lim,_,q aL?ﬂr can depend
on the way we take the continuum limit. This means that different sequences of lattice
models, all approaching L] — oo with the same continuum values , can have different
ground state degeneracies.

This might lead us to question to what extent the continuum Lagrangian describes the
physics of such a system. The system must be regularized, and the limit as the regularization
is removed can lead to an infinite ground state degeneracy that depends sensitively on the
regularization. However, there is a natural way to regularize the continuum system such that
the answer is unambiguous. In particular, we let integers L] go to infinity in fixed ratios.
More explicitly, starting with the continuum quantities ¢;, we introduce a lattice spacing a



with lattice integers L] such that aL] = ¢;. (This is possible only when the ratios of ¢/ are
rational.)

Taking this natural limit, we find the continuum limits of (1.7)):

eff _ 1. eff
;" =limaly,

a—0
eff _ 1. eff
b = }gr(l)aLy , (1.9)
m=lim M .

a—0

This means that in the continuum, the torus in the zy-plane is subject to the identifications

(z,y) ~ (@ +mly) ~ (@ + Ry + 61

(1.10)
m,k € 7Z , ged(m, k) = 1.
The real part of the modular parameter 7 = 7 4+ ¢7 for this torus is rational, i.e., 7, = %

We would like to stress an important point about the integers m and k. From ,
they appear to be related to the geometry of the torus rather than its topology. However,
the integers m and k have a topological meaning. As we will discuss below, they are asso-
ciated with intersection numbers of preferred cycles on the torus. One way to realize their
topological nature is to replace the metric ds? = dz? + dy? in the zy coordinate system with
another flat metric. Then 7 will be different, but the intersection numbers will not change.

1.2 A new, surprising symmetry

The analysis of [10-12] starts with the 2 + 1-dimensional XY-plaquette model of [32]. We
refer to its continuum limit as the ¢-theory. Its Lagrangian is

L= B0wr - 50008 o~ora(r@ ). (L)

with n*(z),n(y) € Z. The two operators

Jo = 110009
1 1.12
JY =——0%0"¢ ( )
1
form the Noether current of a momentum U(1) subsystem symmetry with the conservation

equation
Oy Jo = 0,0,J™ . (1.13)



The conserved U(1) charges are

They are conserved also on the twisted torus. The number of independent conserved charges
is infinite, and we discretize them on a lattice. It was L, + L, — 1 on an untwisted torus,
and reduces to LT + LZH — 1 on a twisted torus.

The same local operators (up to rescaling) (1.12)) lead to a conserved current for a winding
U(1) subsystem symmetry

1
Ty - T QY
s=Loe (1.15)
2m

OoJy? = 0,0,J ,
with the conserved U(1) charges

j{degy, %dngy. (1.16)

Again, their number is reduced by the twist from L, + L, — 1 to LT + LZH — 1. As argued
in [10], all the states that are charged under these symmetries acquire large energy, of order
%, in the continuum limit. A conservative approach simply ignores them.

We will see that the theory on the twisted torus (1.10]) has another symmetry constructed
out of the same momentum and winding currents. It is a clock and shift symmetry generated
by two operators U and U satisfying

Ur=0m=1, UU=enUU. (1.17)
This symmetry is a central extension of Z,, x Zmﬂ Here the first factor can be interpreted

as a momentum symmetry and the second factor as a winding symmetry. Surprisingly, these
two symmetries do not commute.

One consequence of the clock and shift algebra (1.17)) is that every state in the Hilbert
is in an m-dimensional representation. In particular, the system (1.11]) on the twisted torus
(1.10) with = = % has m ground states!

The same conclusion is true for the 3 4+ 1-dimensional version of this model, which was

2 More precisely, the operators of the theory are in linear representations of Z,,, X Z,,. So strictly, this is
the symmetry group of the system. This symmetry is realized projectively on the Hilbert space. This can
be interpreted as an 't Hooft anomaly in the symmetry.



analyzed on the untwisted torus in [11]. This model is dual to a gauge theory, the A-
theory [11]. In the language of this gauge theory, the theory has electric and magnetic
subsystem symmetries, and the central extension of Z,, x Z,, represents non-commutativity
between electric and magnetic fluxes.

This situation is reminiscent of the analysis of ordinary U(1) gauge theories in 3 + 1
dimensions on a manifold with torsion cycles [26][27]. A cycle v in space is torsion if v
is not contractible, but m-~ is contractible, i.e., there is a surface ¥ such that m~y = 90%.
Following [28,29], we can interpret [26,[27] as follows. The operator

U=ebamlsi (1.18)

satisfies U™ = 1, but U itself is nontrivial. Similarly, using the dual gauge field A, the
operator o i
U=ehAmlsdd (1.19)

satisfies U™ = 1. The parts of these operators associated with the surface ¥ are similar to the
charges of the magnetic one-form symmetry and the electric one-form symmetry respectively.
However, since they include also the Wilson and the 't Hooft lines, they are charged under
the electric and the magnetic one-form symmetries respectively. As a result, U and U do

not commute and obey (|1.17)).

In the case of the X-cube model, the U(1) subsystem symmetry of the gauge theory is
replaced by a Zy subsystem symmetry. In that case, this central extension of Z,, X Z,,
is changed to a central extension of Zgcq(n,m) X Zged(n,m)- Its irreducible representation is
ged(N, m)-dimensional. This leads to a factor of ged(N, m) in the ground state degeneracy
and corresponds to the factor of gcd(N, M) in the lattice expression ((1.5)).

Below we will discuss this symmetry and its consequences in much more detail.

We end this subsection by pointing out that this relation to [26-29] and the analysis
in Appendix [C] suggest that our discussion can be phrased in an appropriate version of
differential cohomology. (See an introduction for physicists in [26-29,33,134].) We will not
do it here.

1.3 Outline

In Section 2], we will discuss the geometry of the foliated torus. For simplicity, we will focus
on a two-torus. We will first analyze a continuous torus and then discuss its lattice version.

In Section [3] we will place a classical, circle-valued field ¢ ~ ¢ + 27 on our twisted torus
and will explore its winding configurations. Here we will find the Z,, winding charges we



mentioned above. This will lead us to a discussion of the symmetries and the spectrum of
the 2 4 1-dimensional ¢-theory of [10] on the twisted torus.

In Section [4] we will study a 2 + 1-dimensional Zy tensor gauge theory on the twisted
torus. This model was analyzed on an untwisted torus in [10]. Starting with a lattice, this
model is not robust under small deformations of the lattice system. However, as discussed
in [10], it makes sense as a continuum field theory. We will study its two dual continuum
presentations of [10]. We will analyze the ground state degeneracy and the spectrum of
operators. We will also comment on the bundles and transition functions of the 2 + 1-
dimensional U(1) A-theory of [10] and the 2+ 1-dimensional Zy tensor gauge theory on the
twisted torus.

Section [5| will analyze the winding configurations of a circle-valued field on the twisted
three-torus. This information will be important in Section [6] where we will use the various
dual continuum field theory descriptions in [12] to analyze the 3 + 1-dimensional X-cube
model (i.e., the 3 + 1-dimensional Zy tensor gauge theory) on our twisted torus .

We will present some more technical information in appendices. In Appendix [A] we
will analyze the 2 + 1-dimensional Zy plaquette Ising model in the broken phase. In the
continuum limit it becomes the Zy tensor gauge theory of Section 4| [10]. We will compute
the ground state degeneracy on a twisted torus and match it with the answer from the
continuum treatment. This provides a further check of our answer. In Appendix [B] we
will discuss the invariants of the transition functions for a circle-valued field ¢ in Section [3]
Appendix [C] will discuss additional operators that lead to the Z,, x Z,, symmetry in the
¢-theory. The analogous operators in the 2 4+ 1-dimensional Zy theory will be subsequently
analyzed in Appendix [D] Finally, Appendix [E] will discuss the winding configurations of a
circle-valued field ¢U%) in the 2 of Sj.

2 Geometry

In this section, we focus on the geometry of a flat two-dimensional torus 72 on which we are
going to place our system.

2.1 Continuum geometry

Our system is equipped with a preferred coordinate system (z,y). We place it on a torus by
imposing identifications generated by

(@,y) ~ @+ 06y +4) ~ @+ 6,y +4) (2.1)



bz + 65,4, +£,)

(0,0)*

Figure 1: The fundamental domain of the spatial torus.

As in (|1.4), we can take all £/ > 0. These two identifications correspond to two cycles of
the torus, which we denote by U and V respectively. See Figure [1] for an illustration of this
geometry.

The preferred coordinate system (x,y) leads to a foliation of the torus. It is given by the
special lines of constant x and constant y. As we will see, the physical answers depend both
on the parameters of the torus and on the choice of foliation. For simplicity, we are going to
limit ourselves to the case where these special lines wrap the torus a finite number of times.
Otherwise, some of the integers below are infinite.

e The Y cycle of the torus is characterized by constant x. It wraps the V' cycle w? times
and it wraps the U cycle —w} times. w) and w? are non-negative integers satisfying

ged(w?, w¥) = 1. Using (2.1]), we have
Cowy = Ciwy . (2.2)

v
Y

times and it wrap the U cycle w,; times. Again, w, and w, are non-negative integers
satisfying ged(wy, w,) = 1. Using (2.1), we have

e The X cycle of the torus is characterized by constant y. It wraps the V cycle —w

Cow,y = Llwy . (2.3)

The condition that the w] must be finite integers amounts to the statement that ¢%/¢% and
{y /€y are rational.

More mathematically, consider the first homology group I' = H,(T? Z) ~ 7Z? of the
torus with integer coefficients. The lattice I" is generated by the U and the V cycles. Their



intersection numbers are (U, V) = —(V,U) = 1. The X and Y cycles mentioned above are

X :wZU—wZV

(2.4)
Y =—-w,U+w)V .
The intersection between these two cycles is
wy w,
=(X,)Y)=det| * Y| =wlw, —wiwy. 2.5
m = (X,Y) € (wz w;) Wy Wy — Wy Wy (2.5)

By exchanging the U and the V' cycle, we can take m to be positive.

We will denote the sublattice generated by the X and the Y cycles by I. Using ([2.5),
the index of this sublattice is m, i.e.,

/T =Z,,. (2.6)

When m # 1, I c T and the X and Y cycles are not a complete basis of I'. However,
we can still choose a basis involving X. It is related to the more generic {U, V'} basis by an

SL(2,7) transformation
(X~>_(w;‘ —w;’) (U)
X —nZ nZ V (2,7)

U, v v,ou
wyn, —w,n, =1,

where the condition on n and n can be satisfied because ged(wy,w;) = 1. This defines the
dual cycle X' = —ngU +nyV. The transformation 5 L(2,Z) (2.7) guarantees that the cycles
X and X generate the entire lattice I', and their intersection is

(X, X)=1. (2.8)

The cycle X can be redefined further by adding to it an arbitrary integer multiple of X.
When m # 1, while X is not an element of f, mX is. More explicitly,

mX =Y + (X, V)X eT. (2.9)

The cycle X can be taken to be the generator of Z,, in (2.6)). Intuitively, if we mod out
by the cycles generated by X and Y, we can think of X as a torsion cycle. This fact will
have important consequences below.

10
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Figure 2: The X and X cycles.

Similarly, we can define the dual of the Y cycle:

Yo u v
Y =—"nU+nV,
y,7) =

v, U u, v __
Wy, — W,Ny = 1,

(2.10)

where again we can satisfy the SL(2,Z) condition since ged(w¥, w?) = 1. The two dual
cycles Y and Y lead to a complete basis of I'. And as for X, we can redefine Y by adding

to it an arbitrary integer multiple of Y.

Other interesting intersections are

(X Y) = —n'n? + nin!
<)~(, Y) = —nyw, + nywy
(Y, X) =njw, —njw,

The {X, X} basis is related to the {Y, Y} basis as

(3)-(&5 &0) ()

Since this is an SL(2,7Z) transformation, we have the identity

m(X, V) =1— (X, Y)YV, X).

(2.11)

(2.12)

(2.13)

We limit ourselves to flat space with the obvious metric ds?> = da? + dy?. Then, the

11



lengths of the U and V cycles and the angle between them are

by = /(L)% + (Ly)?

0= Je)2 + (12 (2.14)
£u£U+£u£v
CoS p = T

The lengths of the closed X cycle and Y cycle are

NN (2.15)
by = Wil — wits.

We also introduce the effective lengths

1 e
(= _—f, =2 =2
m wy  wy (2.16)
et = lg — E_Z — E_Z '
Y T om Y w? ws
Yy y

Note that the area of our torus can be expressed as

meTE = 0,0, sinp = (400 — (200 (2.17)

As we said above, it is convenient to replace the basis of cycles {U, V} by {X, X}, i.e.,
to align the U cycle with the X cycle (see Figure . This corresponds to setting £; = 0 in
(2.1) and leads to simplifications in some of the expressions above. The modular parameter
of our torus is then

Eeff
y
meeft’ (2.18)

T=T+1Ta=—+1
m
k=(X,Y).

This makes it clear that our condition of finite wrapping amounts to 7 = % being rational.
Here we also see that the independent data is ¢, E;ﬂ and the two coprime integers m and

k. In addition, the freedom mentioned above in shifting k£ by a multiple of m is recognized

xT

as being generated by the familiar 7" transformation on 7.

As we go around the X and X cycle, the coordinates (z,7) are shifted as

X (2,y) = (@ +mlgly),

2.19
X : (as,y)—)(x+k£§ﬁ,y+€§ﬁ). ( )

12



The geometric interpretation of the effective lengths is the following. Consider a periodic
function on the torus that depends only on y. The periodicity around the X cycle (2.19))
means that

fy)=fly+€". (2.20)

Repeating this for a function g(z) that depends only on = we conclude that
g(@) = gla + £, (2.21)

i.e., their periodicities are smaller than ¢, and ¢,,.

The length of a closed contour along y at fixed  is given by ¢, = mfzﬁ, whereas the

length of a closed contour along z at fixed y is given by £, = m¢¢T. In other words,

mﬁfjﬁ mesft
%dy = / dy, ]{dx = / dx . (2.22)
0 0

Any well-defined function on our torus f(x,y) must satisfy the periodicity constraints
Faufen) = faure+ €0, fdefen) = fdutey . @2

To integrate a function f(x,y) over the entire fundamental domain, we may first integrate
over a closed contour at fixed z and then integrate x over a region of length (¢ or we may
first integrate over a closed contour at fixed y and then integrate y over a region of length
KZH. In particular, we have

/T2 drdy f(z,y) = /szff dxj{dyf(m,y) = /fff dyj{dxf(m,y), (2.24)

Pictorially, the rewriting of the integral is shown in Figure

2.2 Lattice geometry

We now consider a discretization of the twisted geometry by putting it on the lattice, whose
sites are labeled by integers (z,9). In particular, as in (2.1)), we consider identifications
generated by

(#,9) ~ (@ + Ly, g+ Ly) ~ (@ + Ly, 5+ Ly) (2.25)
with non-negative integers L.

As in the continuum discussion, we define integers W, describing the number of times a

13



- [ (AT

(0,0) X

Figure 3: The surface integral over the twisted torus in terms of the x and y integrals. The
contour of the integral ¢ dy runs along the blue lines, and the [ dx integral runs over the
red segment of length (¢,

fixed z or fixed y curve runs around the cycles of our torus. In terms of the parameters L
they are

Y ged(Ly,Ly)’ T ged(Ly, Ly)’ Y ged(Ly,Ly)’ Y ged(Ly, Ly)

ged (W2, W) = ged(Wy, W) = 1,

(2.26)
The lengths of the X and Y cycles are (compare with ([2.15]))
L,=W!L:—W'L?,
yTe o My Te (2.27)
Ly =W,/L, —W;Ly.
As in the continuum discussion ({2.5)), we define
M=WW;} —W;IW,. (2.28)
The effective lengths of the X and Y cycles are
L,
L = =2 — ged(LY, 1Y)
%4 (2.29)
eff _ u TU
Ly = My = ged(L,, Ly)

which are the lattice versions of continuum parameters ¢°7, E‘;ﬁ of (2.16)). They represent the

periodicities of functions that depend only on x or only on y.

As in the continuum description, it is convenient to use the basis of cycles X and X (see

14



(2.7))

()= %) ()
X -Ny Ny ) \v (2.30)
WEND — WINE=1.

These cycles correspond to

X (&,9) = (2 + ML, 9)
X1 (3,9) = (& + KL g+ L), (2.31)
K =—N!W?+ N;W .

Next, we consider the continuum limit. We introduce a lattice spacing a and scale the
integers L] such that the four limits

0 =limal] (2.32)

a—0

converge to their continuum counterparts. Similarly,

o W
0 Wr  wy
v w’l}
lim 3; = —Z
a=0 Wit wy (2.33)
1 u)2 u)2 —
ig%a (Lx) + (Ly> - gu
lim a4/ (LY)* + (L) = £,
a—0
However, the limits
lim W/ , lim M , limal; , lim a LT (2.34)
a—0 a—0 a—0 a—0

are not well-defined. They do not necessarily converge to the continuum quantities w}, m,
{;, (¢, They depend on the details of how we take LY to infinity.

As an extreme example of dependence on how we take the limit, consider two sequences
of lattice geometries labeled by L, which we will take to infinity as ¢/a with finite ¢. The
first is

Ly=1L,=1L, Ly=1L;=0. (2.35)

and hence Wy =W =1, W =W, =0, Lt = L;ﬁ = L. The second is

Li=L=L, L'=L'=1. (2.36)
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and hence W! = W; =L W!= W; =1, L;ff = szf -1
As in (2.33), both of them lead to the untwisted geometry (y = () = ¢, (] = {, = 0,

u
Wy _wy

v u
wy w

the second one leads to divergent lim,_,o W/, and misses the fact that the continuum values
derived from (3 = £y = (, {7 = £, = 0 should be wy = wy; = 1, wy = w, = 0. Relatedly, it
leads to lim,_g Lfﬁ = 1 and hence lim,_, aL‘i31cf =0.

This example demonstrates also the discussion around (|1.8)). The sequence ([2.35) is the
one that leads to a natural regularization of the continuum system. Indeed, the continuum

=0, ¢, = {, = . However, while the first one leads to finite w] = lim, o W/,

values of w] are the limits of the lattice values.

3 Winding on the twisted two-torus

In this section, we place circle-valued fields on our twisted torus.

As a warmup, let us start with a map from a one-dimensional circle of circumference /,

which is parameterized by z (i.e., x ~ x+{) to a target-space f(z). First, consider a smooth
f(z). If f is real-valued, then f(x + ¢) = f(x). If f is circle valued, i.e., f ~ f + 2, then

eif(:l?-i-g) — ezf(:r) . (31)

Lifting f(z) to a real-valued function, we learn that f(z 4+ ¢) = f(x) + g with g € 27Z.
We interpret ¢ as a transition function, which measures the winding number of the map
L =L $ded, f(x).

Since we allow discontinuous f, this discussion should be modified. We again lift f to
be real-valued. Then, we gauge f(x) ~ f(z) + 2mn(z) with n(z) € Z, i.e., we allow an z
dependent, integer-valued gauge parameter n(x). Unlike the case of smooth f, where the lift
at one point x constrains the lift at nearby points, now there is no such constraint. We can
again consider a transition function f(z+/) = f(x)+ g(z) with g(x) € 27Z, but now we can
choose another “trivialization” where g(z) = 0, and therefore there is no winding number.
More explicitly, we can perform a non-periodic transformation f(x) — f(z)+2mn(x), g(x) —
g(x)+2n(n(z+ ) —n(z)) to set g(z) = 0. (Note that locally this is a gauge transformation,
but it changes the transition function because it is not periodic.)

Equivalently, as in [10], we can say that in this case f and all its derivatives are not gauge
invariant. Only e/ and its derivatives are gauge invariant. Therefore, the winding charge
% ¢ dzd, f is also not gauge invariant and it is not meaningful.

This discussion might appear as a fancy way of stating a well known fact. When the circle
parameterized by x is a lattice and f(x) is circle-valued, the configuration space does not
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break into sectors labeled by winding number — there is no winding number on the lattice.
Nonetheless, our extended discussion here will prove quite useful below.

As preparation for later analysis, let us define some useful functions. First, we will use
the periodic delta function

0% (@, 20,0) = 6(z — o + 10) . (3.2)

1€Z

We will also find it convenient to define
OF (z, xo, L) :/ d2'6% (2, zo, ) . (3.3)
0

Note that OF (z, z, £) is not periodic ff

3.1 Transition functions and winding charges

We want to place a circle-valued field ¢, subject to the rules of [10], on the twisted torus.
In order to simplify the notation we will use the SL(2,Z) freedom in redefining U and V'
and choose U = X and V = X from this point on. Note that this choice also breaks the
symmetry exchanging X and Y together with the other data characterizing these cycles.

As in [10], we will be interested in discontinuous functions ¢ with certain discontinuities.
Specifically, we allow ¢ to be discontinuous and therefore 0,¢ and 0,¢ can have delta-
functions. However, we restrict the discontinuities of ¢, such that 0,0,¢ can include a delta
function in x or in y, but we exclude situations where 9,0,¢ has terms like 6(z —x¢)d(y — o).
A special case of it is a discontinuous ¢ with finite 0,0,¢.

We view the field ¢ as a real-valued field. To make it effectively circle-valued, we impose
the gauge identification

6(,y) ~ o(w.y) + 27 (n(@) +00(y)) . wile)nty) €2 (3.4)

For an ordinary periodic scalar, the identification involves a position-independent integer.
Here we allow discontinuous identifications of the form . We do not include in the gauge
identification an arbitrary integer valued function of both z and y, as this takes us out of
the space of functions we defined above.

We start with a real-valued field ¢ on R2. We need to impose the gauge identification

3Below we will sometimes use OF(x,0,/,), which is subject to ambiguity given our convention that
©F(0,x¢,4s) = 0 for any x5. To be more precise, we will define OF (z,0,¢,) as OF (z, ¢, £,) with € positive
and infinitesimally small.
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(3.4) and place it on our torus R?/T". Every vector in I' leads to a closed cycle C on our
torus. The identification across C should involve a transition function of the form ((3.4])

¢(x +C*y+CY) = d(z,y) + ge(,y)

z - (3.5)
ge(w.y) =2 (ne(@) +n¥y)) . mé@)ny) €2
Here (C*,CY) is the vector on the covering space corresponding to C. For example, for our

basis of cycles X and X,
(X7, XY) = (ml3",0)

- 3.6)
T _ eff peff (

(X 7Xy)_<k£x 7€y)
We will also discuss the Y cycle, for which

(Y*, YY) = (0,me&") . (3.7)

Our goal is to identify the distinct bundles. This involves two steps. First, we trivialize
the bundle by choosing the transition functions. Here we must impose the constraints from
the cocycle conditions. Second, we identify bundles labeled by different transition functions
that are related by redefinitions. Locally, these are gauge transformations, but globally they
are not.

The composition of cycles C = A+ B leads to the cocycle condition
ge(@,y) = gs(x,y) + galx + B*,y + BY) = ga(z,y) + gs(z + A",y + AY) . (3.8)

Using such a composition, it is enough to consider the transition functions for two gener-
ators of I'; say X and X, and express the other transition functions as linear combinations
of these. For example, the transition function of the Y cycle is

Y = kX +mX

k m
(3.9)
gy(z,y) ==Y gx(@—ImbENy) + > gz (v = TRy + (m = DET)
I=1 J=1

The fact that the transition functions are separate functions of x and y (3.5) and the
cocycle condition (3.8) impose important constraints. For example, the cocycle condition of
the X and X cycles leads to

& (y +61) =%k (y) = [n% @z +mlgh) —n%(2)] = [nk (@ + k6T — nk () (3.10)
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and the cocycle condition of the X and Y cycles leads to
n%(y + mﬁzﬁ) —n%(y) = n§(x +mlT —ni(2) . (3.11)

From these two conditions and the equation obtained from by exchanging X and Y,
we find the periodicity

gx(z,y + 61) = gx(z,y) + 2mng, (312)
gy (x + 055, y) = gy (2,) + 27Ny .

with the same constant ng,,.

Next, we should identify bundles with different transition functions that are related by
certain transformations. Locally, these are gauge transformations, but they are not single
valued. Specifically, we identify

gelw,y) ~ gela,y) + 27 (n(z + ) (@) 4wy + C) = n(y)) . (313)

As a check, the cocycle condition (3.8)) is invariant under this identification.

Let us identify the invariant information in the transition functions. The action of the
transformation (3.13) on the transition functions of the X and Y cycles implies that the

U(1) winding charges (1.16))

Qﬂwzji%@@%¢=iﬁgﬂ%w=am%@,

2 o0 ¢

. | (3.14)
Q') = 5= P do0.0,0 = 5-0,x(2.9) = Oy (v).

are invariant. Note that since nj (x) and n%(y) are integers, the charges are linear com-
binations of delta functions with integer coefficients. Furthermore, we have the periodicity
(3.12). The integer n,, in (3.12)) can now be interpreted as a constant used in [10]:

e et
|t = [ @) =y (3.15)
0 0

So far we have identified a continuum of U(1) charges @*(z) and Q¥(y) labeled by 0 <
r< T 0<y< Ezﬁ, subject to the constraint (3.15)). If we regularize the theory on a lattice,
it leads to LT + LZH — 1 integer charges.
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In addition to these integers, we have a Z,,-valued phase:

. m—1 . k—1
3 1
U(z,y) = exp [—% D ox(a+ 16Ty +— > gx(e+JET y)] : (3.16)
=0 J=0

We will motivate this operator and discuss it further in Appendices [Bl and [C] It is straight-
forward to check that it is invariant under (3.13]). Naively this defines many Z,, charges
depending on the choice of z,y. However, using (3.9) and the cocycle conditions, we have

W) — o[22 [ e[ ["wow)] . e

m

which is a function of Q*(z) and Q¥(y). Therefore, U(z,y) leads to a single Z,, invariant
beyond the U(1) charges Q*(z), Q¥(y).

This Z,, charge can also be written directly in terms of ¢:

. m—1

U(x,y) = exp [—% 2 (o (x4 k+DE"y+ 65 —¢(x+ (k+ DN y) )] . (3.18)

I1=0

We refer the readers for a more detailed discussion on related points to the appendices. In
Appendix [B] we will verify the number of winding charges by classifying all the invariants of
the transition functions. In Appendix[C], we will discuss additional operators in the ¢-theory
and motivate the Z,, charge (3.16]).

We can summarize this discussion as follows. Windings around the X and Y cycles are
measured by the charges Q¥(y) and Q%(z). They are essentially the same as the windings
in the untwisted torus, except that they have periodicities £°T and EZH respectively. The new
charge U is present because our torus has additional cycles. As stated after (2.9)), if we mod
out by the X and Y cycles, the X cycle behaves like a torsion cycle. This leads to the fact
that the new charge is a Z,, charge.

3.2 Winding configurations of ¢

In this section, we present winding configurations of ¢ that realize the winding charges in

Section [B.11
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3.2.1 Special configurations
We start with the winding configurations satisfying
0,0y,¢0 =0. (3.19)

These special configurations will be useful for other discussions below.

As a warmup, let us start with a real-valued function on the torus. In and ,
we studied a real-valued function that depends only on x or only on y and found that it has
periodicity £¢T and Ezﬁ respectively. A trivial extension of this analysis applies to the case of
a real-valued function f satisfying 0,0, f = 0. Because of the differential equation, we have
f(z,y) = f*(x) + f¥(y), and the boundary conditions set

fr(x),
().

So(+ )
Sy + )

(3.20)

We will see that the conclusion is different for a circle-valued field ¢ ~ ¢ + 27. Locally,

we can solve as
o(z,y) = ¢" () + ¢*(y) . (3.21)

The boundary conditions tell us that

(i" rmis) _ ig® (@)

22
Ei0" (@Rl idV () _ (ig” (@) igY (y) | (3.22)
This means that o "
0" (@) = peit® (@)
VW) — pheid! (W) (3.23)
" =1

with a position-independent 7.
We see that while a real-valued function f has the simple periodicity (83.20f), a circle-
valued function ¢ has a new Z,, phase 7 in that periodicity (3.23)).

The most general such ¢ can be expressed as

(0,y) = 2 FL) 4 @) + ),
S ﬂr(x y)

peft T peff
m \ £¢ e

e+l if* (@) 7 VW) _ i (y) (3.24)

Y

r=12..m.
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It carries a nontrivial Z,, charge (3.16)), U (z, y) = e2™*7/™ but zero U(1) charges, Q*(z*) = 0.

As in [10], we are also interested in discontinuous functions with certain discontinuities.
In particular, f*(x) and f¥(y) in (3.24) can be discontinuous. Also, the field ¢ is subject to
a discontinuous gauge transformation ((3.4)).

This has two important consequences. First, we can replace the first term in (3.24)) by

another function with the same transition functions, e.g.

Ba,y) = T (OF(2,0, 67) — KOP(y,0,61) + f*(2) + (1) (3.25)

with different f* and fY. Second, as in the discussion of the one-dimensional case above, the
fact that e/"(+6D = ¢if*(@) anq Y47 = ¢if*(®) means that we can choose a lift where
fr(x+ %) = fo(x) and f¥(y + £7) = f¥(y) as real functions.

3.2.2 More general configurations

Next, we consider configurations that carry nontrivial U(1) charges with 0,0,¢ # 0. The
minimal winding configuration with nontrivial Q*(z) and Q¥(y) should satisfy

1
Q% (x) =5 ?{dyaxayqﬁ = 5P(:L‘, Xo, fzﬂ) ,

1
Q') =5  dr0.0,6 = 5" (. 7).

(3.26)

for some xy and yy. The periodic delta function 6% (x, zg, £7) was defined in (3.2). These
configurations can also carry the Z,, charge (3.16]).

The charges (3.26]) lead us to look for a configuration satisfying

eft eff T peff peff
Iz e (efge

2 1 1 1
amﬁy(b(xv y) = Eﬂ- [ 6P<y7 Yo, ‘ngf) + _6P<I7 Zo, KZH) ] (327>

for some xy and y. Such a minimal winding configuration is given by

o=2r (L (X,VVL) OF(y, o, M) 42 [ L — (¥, X)L ) OF (, o, £T)
ly ly v ly ly
1 Y 1 z\° Ty x Y ( )
Comm |-ty (L) iy x (E o (e, 4o ¥ 3.28
o 2< 7 ><€y) 2< ’ >(£w) +£x£y " W<C gw—i_cygy)
C$:%<Y’X>+T7 Cy:—%<X,Y>(<X,Y/>+<Y/,X>>—<X,Y>T'

22



Here we have chosen ¢, ¢, such that the transition functions take a simple form (see below).
We also have the freedom of adding a standard winding configuration (3.24]) to ¢ and shifting

the value of r.

Let us check that the transition functions are indeed 27Z-valued. Using (3.8)), it suffices
to check this for the transition functions for the X and X cycles. The transition function
around the X cycle is

gX(xa y) - ¢ ((L’ + mﬁf? y) - ¢($, y) = 27T@P(y7 Yo, ngf) - 27T<?7 X>®P<x7 Zo, E?UH> + 277
(3.29)
Similarly, the transition function around the X cycle is

g5 (T,y) = o <x XYYy e;ﬁ‘> — o(x,y) = 27 (X, V)OO (x, o, €T . (3.30)

Using ([2.13)), one finds that the cocycle condition is satisfied.

In addition to the winding charges Q*(x), QY(y), the minimal winding configuration ({3.28|)
also carries the Z,, charge (3.16|)

uteg) e |20 [ aogr(o)] oo |22 [ ayr)

0

o[ ) o

where ry = —M(X, Y)— @(?, X). The first line, which depends on z, y, is expressed

in terms of the the winding charges Q*(x), Q¥(y).

3.3 Comments about the 2 + 1-dimensional ¢-theory

The 2+ 1-dimensional ¢-theory (|1.11]), which had been introduced in [32], was studied in |10]
on an untwisted torus. Its main features are

e The theory has “momentum” and “winding” subsystem symmetries, (1.12)) and (1.15)),
each of which leads (on the lattice) to L, + L, — 1 conserved U(1) charges.

e In the quantum theory, all the states charged under these symmetries acquire large
energy, of the order of the UV cutoff.

e The theory is self-dual. The duality exchanges the original field ¢ with another field
o™. It also exchanges the momentum and winding symmetries.
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Let us see how this picture changes on the twisted torus. First, it is clear that the
conserved momentum and winding currents remain conserved. By analogy to the untwisted
case, we now have LT + LZH — 1 conserved U(1) charges. It is also clear that all the states
charged under these symmetries acquire large energy in the quantum theory.

The main novelty in the problem on the twisted torus is associated with the configurations
(3-24) with » # 0 mod m. These configurations have two consequences. First, they carry a
discrete Z,, winding charge under . Since this operator can be defined in terms of the
transition functions, it is a conserved operator in the ¢-theory. See Appendix [C] for more
discussion on the winding operator.

Second, a shift of ¢ by is a momentum symmetry. Clearly, it is not included in the
LS+ LT —1 U(1) momentum symmetries. Instead, this shift amounts to a Z,, momentum
symmetry. This symmetry operator cannot be written simply in terms of the ¢ field — it is
a twist operator of ¢. Alternatively, it is represented, as in , in terms of the dual field
P"Y as

. m—1

V(z,y) = exp 7; D (¢ (z+ (k+DEMy + £7) = ¢ (w4 (k+ DT y) )| - (3.32)

I1=0

This operator has all the properties of U(x,y) that we mentioned above. In particular, up
to adding momentum charges, it is independent of x and y.

The two Z,, global symmetries generated by (3.18)) and (3.32)) commute with all the
U(1) momentum and winding symmetries. But they do not commute with each other. They
generate a clock and shift algebra

U"=ym=1,

| 3.33
Uy = e ™u VY . (3.33)

(Since ged(k,m) = 1, we can redefine the generators of this algebra to make the phase
above ¢?™/™ as in (1.17).) This algebra has an m-dimensional representation. Therefore,
the Hilbert space of our problem includes a factor of this m-dimensional representation. In
particular, the system must have m degenerate ground states.

We conclude that unlike the theory on the untwisted torus, here we have two Z,, sym-
metries, and these two symmetries do not commute. Clearly, these two symmetries are
exchanged under the self-duality of the system. Also, unlike the U(1) momentum and wind-
ing symmetries, all the states in the theory transform under these symmetries in their m-
dimensional representation. As we mentioned in the introduction, these effects are reminis-
cent of the phenomena discovered in [26,27]. In [10], it was shown that all the local operators
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that are charged under the momentum and winding symmetries are infinitely irrelevant in
the continuum limit. Therefore the m-fold degeneracy on a twisted torus is robust against
local perturbations.

4 2+ l-dimensional Zy tensor gauge theory

As a warm-up for the 3 4+ 1-dimensional X-cube model, we start by placing the 2 + 1-
dimensional Zy tensor gauge theory in [10] on a two-dimensional spatial torus with twisted
boundary condition (2.1). We will analyze this model using the two dual presentations
in [10].

4.1 Special Zy configurations

In the rest of this paper, we will frequently consider a Zy-valued ¢ field on a twisted torus.
More explicitly, such a Zy field ¢ obeys the same rule as in Section 3.1 plus one Zy condition:
N¢

— e Z. 4.1
27TE ( )

Similar to Section [3.2.1} of particular interest is the special case when
ax8y¢ =0, (4'2)

is obeyed.

The most general expression of such a Zy-valued ¢ can be found through an analysis
similar to that of Section [3.2.1. The phase 1 there now obeys not only n™ = 1, but also
n™ = 1. Hence it is a Zgcq(n,m) phase. In conclusion, the most general such ¢ takes the form:

2rr

- ng(N, m) (@P(xv 07 g?{:ﬁ) - k@P<y7 07 KZH)) + 2—7T (Wm<£lj') + Wy(y)) , (43)

¢ N

where 7 = 1,--- ,gcd(N,m) and W(z') € Z. Using the freedom in (3.4) to redefine ¢, we
can choose a lift of Wi(x?) such that Wi(z? + £5T) = Wi(x?).
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4.2 ¢ — A theory

The first presentation of the Zy model is based on the Lagrangian

1~ 1~
L= %E Y(0,0,0 — NA,,) + %B(ﬁogzﬁ — NA,), (4.4)
where (Ao, A;y) are U(1) tensor gauge fields and ¢ is a 2m-periodic real scalar field that

Higgses the U(1) gauge symmetry to Zy. The gauge transformations of these fields are

¢p~¢+Na,
AO ~ A[) + 8005, (45)
Agy ~ Agy + 0,000

The fields E*¥ and B are Lagrange multipliers. Their coefficients are are not important at
this stage, but we set them such that E*¥ and B are standardly normalized field strengths
in the dual picture. The equations of motion are

8,0, — NAy, =0,
o — NAy =0, (4.6)
EW—=DB=0.

Using the equations of motion (4.6)), we can solve all the other fields in terms of ¢. Then,
we mod out by gauge transformations ¢ ~ ¢ + Na. The remaining configurations are linear
combinations of the winding mode with different ¢, yo. The coefficients in the linear
combinations are in the set {0, 1, ..., N —1}. In addition, the winding configuration is labeled
by an integer r, which in the Zy theory is defined modulo ged(N, m).

We will regularize the ground state degeneracy by putting the theory on a lattice. As
discussed in Section [2], the discretization of a continuum geometry is not unique, and we will
see that the ground state degeneracy depends not only the continuum geometric data ¢}, but
also the details of the lattice regularization.

Let us consider a lattice geometry of the form discussed in Section From this point
on, the analysis of the ground state degeneracy proceeds in an analogous way as in [10], with
the replacement L, — L& L, — L. Recall that LT = ged(LY, LY), LT = ged(LY, LY).
A general winding configuration on this lattice is labeled by a choice of integers W7 &
{0,1,..., N — 1} for each &, = 1,--- , LS" on the lattice and W} € {0,1,..., N — 1} for each
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yg=1,--- ,Lzﬁ on the lattice. We also have the constraint
z _ y
> Wa=2_ Wi (4.7)
a B

In addition to these integers, the winding configuration is further labeled by a Zg.q(v,um)
-valued integer . (Recall that M is the lattice version of m.) Combining these together, the
ground state degeneracy of our model is given by

NEHLT =1 g d(N, M) . (4.8)

This formula for the ground state degeneracy has several peculiar features. Like that of
the untwisted model in [10], the logarithm of the ground state degeneracy grows with the
size of the system in a sub-extensive manner. In contrast with that of the untwisted model,
however, this ground state degeneracy does not vary monotonically under small changes in
the parameters L]. Relatedly, it does not have a well-defined continuum limit. To see this,
let us compare the ground state degeneracy of two sequences of lattice models with the same
continuum limit. In particular, consider the sequence in ,

L=L'=L, Li=L"=0, (4.9)

and the sequence in (2.36)),
L'=I1'=L, Li=1L'=1, (4.10)

These sequences both approach the same continuum quantities ¢;. But the first of these
sequences has LS = LT = L, and M = 1, and hence a ground state degeneracy of N?*~1,
whereas the second sequence has LeT = LZH =1, and M = L? — 1, and hence a ground state
degeneracy of Nged(N, L? — 1). The ground state degeneracy of these models is therefore
completely different: the first diverges in the continuum limit L. — oo, whereas the second
is ill-defined. As we said above, the first sequence is the natural choice for this continuum
theory.

4.2.1 Using transition functions

In the previous analysis, as in the discussion of this theory on the untwisted torus in [10], we
assumed that we can always set the transition functions of the gauge theory on the spatial
two-torus to be trivial. Here we will show that the same conclusion is obtained by allowing
arbitrary transition functions.
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We consider nontrivial circle-valued transition functions ¢ that determine

Agy(x +C*,y + C¥) = Agy(2,y) + 0:0,7c (2, y)

. (4.11)
Oz +C% y+ CY) = @G (1, y)

where ® is a complex field with charge J. (We will limit ourselves to static configurations.)
The composition of cycles C = A + B leads to the cocycle condition:

exp [i8(z,y) + ivalz + B,y + BY)] = exp [iva(x,y) + ivp(z + A%y + AY)] . (4.12)

Next, we identify configurations with different transition functions that are related by
certain transformations. Specifically, for any circle-valued function e*, we identify

explive(w,y)] ~ exp [ive(w,y) +if(x +C" y +C¥) —iB(z,y)] ,
Awy(x7 y) ~ Axy(xa y) + axayﬂ(afa Y) (4.13)
O(z,y) ~ PEND(z,y) .

If ¢ is single-valued on our torus, then this is a gauge transformation, and it does not
change the transition functions. Otherwise, it relates different trivializations of the same
configuration.

Consider first the pure gauge A-theory. Locally, we can choose A, = 0 and then all
the information about the gauge fields is in the transition functions. The analysis of these
transition functions is parallel to the discussion of the transition functions and winding
configurations in the ¢-theory in Section [3.1 and Appendix [B] There is only one difference:
the integer valued functions ge of the scalar theory are replaced in the gauge theory with
real, circle-valued functions ~c.

First, we focus on the X and Y cycles. We will return to the X cycle shortly. We find

X = tUX @)+ W)

e = (I UF @)

oy (") (i @)t (4.14)

X W) _ ik ) +ie
As in in Section and Appendix Oy f¥(y), Oufi(x), and ¢ are physical and gauge
invariant. (We will soon relate them to the holonomy around the X and Y cycles.) In

order to check whether there is additional invariant information, we follow the approach in
Appendix [B] and set these quantities to zero and look for more data. In particular, we look
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for additional information in
X — (if§(@)
e = iYW (4.15)

(% — U @HILW)

Imposing the cocycle conditions and using the freedom to change the trivialization, we find
that all the functions here can be set to zero.

Unlike the analysis of the ¢-theory, there is no additional 7Z,, charge. Specifically, in
following the steps in Appendix [B] with circle-valued functions, rather than integer-valued
functions, the identification (B.4]) becomes

e @) iz @+Cx)

W) i ®)-Cx) , (4.16)
eiZ ~ ei(meC’;()7
where C'y and Z were denoted in Appendix [B|by Ng and N, respectively. Since now they
are circle-valued, we can set ¢/ = 1 and there is no additional Z,, charge.

We end up with the same data we have with trivial transition functions, but with nonzero
1., L.,
Y T

with 0,f¢(x) = f*(x) + & fy dyf' (), 0,4 () = f/(y) + & fi dafo(x). As a check, they
both have the same holonomies

Y2 1 1 :
Wy = exp z/ dng de | —f*(x) + —f¥(y) — otOx(@y2)—vx (@y1)) 7
Y1 X Ey ﬂz
N 1 1 » _
Wy = exp Z/ dxf dy [ —fY(y) + —f*(x) — Oy (@2,9) =y (@1,y))
- y l, ly

Let us repeat this analysis in the Zy theory using this perspective of the Higgs theory
(4.4). The matter field ¢ transforms such that ® = ¢ in and has charge
J = N. We choose the unitary gauge ¢ = 0 and set A,, = 0. In order for the gauge choice
¢ = 0 to be meaningful, the transition functions should be N’th roots of unity. In
contrast to the U(1) gauge theory of A, we can no longer use the identification to set
e'? = 1. In more detail, now ¢*© and e’“x in are N'th roots of unity. Therefore, (4.16))
identifies €% ~ ¢/Z—*¥") and we end up with ged(N, m) distinct values. Placing this result

on the lattice, we reproduce (4.8]).

(4.18)
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Let us phrase it more explicitly. The Zy theory has ged(N, m) configurations:

=1, Ay=A4,,=0,
| o | (4.19)
eZ'YX e ﬂ—ZTNgcd(N,m) , 62’)/)“( = ]_7
with r =0,1,--- ,gcd(V, m) — 1. Such configurations are present in the U(1) A-theory, but
they do not contribute to the holonomies (4.18)). In fact, they are identified with the trivial
configuration with e”’* = 1 by a change of the trivialization (4.13]), with e.g.,

, 2mir x Y
B _ _ I
T { Negcd(N, m) (ésff kfzﬁ)} (420
or o
iB _ _ mr P ey _ 1.9P off
e exp [ Nacd (N, m) (@ (z,0,057) — kO (y,0, 0, ))} (4.21)

Therefore, the U(1) theory does not have another label associated with these configurations.
This is to be contrasted with the situation in the Zy theory. Here, as we explained above,we
cannot perform identifications like or because they are not Zy-valued. (Equiv-
alently, they do not preserve the choice ¢ = 0 in the Higgs theory ) Consequently, the
configurations are nontrivial in the Zy theory and lead to the factor ged(N, M) in

)

Let us offer a broader view on the analyses of the transition functions in the various
theories. The transition functions for the ¢-theory in Section [3.1] and those for the U(1)
and Zy tensor gauge theories in this section, are subject to similar cocycle conditions and
identifications, but with coefficients valued in different groups, Z, U(1), and Zy respectively.
In these three cases, there is an additional Z,, label for the ¢-theory, no such label for the
U(1) A-theory, and an additional Zs.q(n,m) label for the Zy-theory. These additional labels
can be thought of as torsion parts of an appropriate cohomology with Z, U(1), and Zy
coefficients.

4.3 BF-type Zy tensor gauge theory

Next, we compute the ground state degeneracy using a dual presentation of the same Zy

model [10]{]
1. L
L= %N¢ y(aoAxy - 81831140) = %N¢ Y zy - (422)

4Since ¢™¥ is circle-valued, the Lagrangian has to be defined more carefully. Specifically, we can choose
a trivialization, use this expression in each patch, and add correction terms similar to those in Appendix [C]
in the overlap regions. We will not do it here.
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The phase space is given in the temporal gauge Ay = 0 by
{(bxy(x,y),Axy(x,y) 0,00 =0, Ayy(x,y) ~ Ayy(z,y) + axaya(a:,y)} . (4.23)

This is solved modulo gauge transformations byE|

1. 1,
Amy:Ef (JJ)JFEJC (y) ,

(4.24)
2rr R .
(bxy = W (GP($7 07 @H) - k@P(% 07 ngf)) + f:r(x) + fy(y) )
where 7 = 1,--- ,m. Here the functions fi(z') and f;(z') have periodicity £T. Compare A,

with (4.17) and see Section for the origin of the first term in ¢*V.

The quantization of f*, f¥ and their conjugate variables fx, fy proceeds in an analogous
way as in [10], with the replacement ¢, — (<% ¢, — f;ﬁ. On a lattice, it leads to N +L5" 1

states.

The global considerations constrain the allowed values of r. One way to see that, is

to note we have the operator statement e!V*"" = 1. Therefore, r should be a multiple of

m/ged(N,m). This leads to ged(N, m) values.
Combining the above two contributions, we reproduce the ground state degeneracy (4.8)).

4.4 Global symmetry operators

Here we compute the ground state degeneracy using the global symmetry operators. This
calculation mirrors the lattice calculation of the ground state degeneracy using the logical
operators.

The gauge-invariant local operator e*”” generates a Zy electric global symmetry. In

particular, eV = 1. The equation of motion states that

0, 0,6™ = 0. (4.25)

The discussion in Section then implies that the Zy electric symmetry can be generated
by
@Y gy <@ < o + £

o 4.26
ez¢ ?/(CCO»ZJ)’ Yo < y < Yo+ ngf’ ( )

5Here we take the transition functions for Agy to be trivial. Alternatively, as above, we can set A,y =0
and have the nontrivial information in the transition functions.
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for any choice of (x¢, o). There is also a Zgeq(nm) Operator
V =exp [—iqﬁxy(x, Y+ ﬁzﬁ) + 9™ (z, y)] ) (4.27)

The discussion in Section implies that V is independent of x,y, despite its appearance.
On a lattice, this leads to Lff + LZH — 1 Zy charges and one Zgcq(n,n) charge.

On the other hand, the strip operators

T2
W (o) (21, 22) = exp {z/ dm]{dyAxy} ,
- Y2
W(?J) (yh yQ) = eXp |:Z % dl‘/ dyAacy:|
Y1

generate a Zy dipole global symmetry. They obey the constraint W ,)(0, £27) = W, (0, £27).
On a lattice we therefore have LT + LZH — 1 such operators.

(4.28)

There is one more gauge-invariant operator, which is most conveniently expressed in the
¢ — A description:

oo i
P gchm/

gcff

éeff

kyzeff/zeff_,'_mzeff
dy / dz (©F(z,0,2") — k@P(y,o,e;ff)) Agy(2,9)
k

ygeﬁ/geff

m

. Y eff / peff
N /0 ds Dy (ks /e ,s)]
(4.29)

We will motivate this Zgeq(nv,m) operator in Appendix E and discuss its relation to the Wilson
strips W(;. One can check that this is indeed a gauge-invariant operator. Note that the
integrand in the first line vanishes in the rectangle (k — 1)657 <z < k(7,0 <y < (57,

To summarize, just like on an untwisted torus, the Zy theory has a Zy electric and a Zy
dipole global symmetry. Similar to the analysis in [10], there are LT + LZH — 1 Zy operators
for each of these symmetries on a lattice. The novelty on a twisted torus is that there are
two additional Zgcq(n,m) symmetries generated by V and U.

The Zgea(n,m) symmetry generated by U in the Zy theory comes from the Z,, symmetry
generated by U(0,0) (see (3.16)) in the ¢ theory before Higgsing. More specifically, when the
equation of motion A,, = %&,ﬁy(b is imposed, the operator U is equal to 2/(0,0)™/&d(:m)
on-shell.

Similarly, the Zg.q(n,m) symmetry generated by V in the Zy theory comes from the Z,,
symmetry generated by V (3.32) in the ¢ theory before Higgsing. Using the equation of
motion 0,0,¢™ = 0, we see that V is equal to V on-shell.
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Let us discuss the commutation relations between these operators.

In the unitary gauge, where ¢ = 0, (4.29)) is manifestly an operator in the Zy gauge
theory. It is then clear that U and V form a Zg.q(n,m) clock and shift algebra. This leads to
ged(N, m) states in the Zy theory.

The rest of the operators satisfy

iN¢™ _ xx7N _ xx7N
e =Wp) =W, =1,

ei‘bzy(x’y)w(m) (x1,m9) = eQm/NW(x)(xl, xg)ei‘bmy(x’y) , if o, <az+ Miﬁ < 1o for some I € Z,
e EIW () (y1,y0) = €TINW () (g1, y2)e Y iy <y + TET <y, for some I € Z,
(4.30)

and they commute otherwise. (Here, we took for simplicity zo —z; < £¢F and yo —yy < ZZH.)

We can pick the following basis for them:

Wi (2,2 +a), exp [i6™ (x,0)] , (k=16 <z < kg
W, (y,y+a), exp [ig™ ((k — 1)€<, y) —i¢™ ((k — 1)2%,0)] , 0<y< (.
(4.31)

Here a is an infinitesimal UV regulator, e.g., the lattice spacing. The range of x,y for these
operators is chosen such that they commute with U, V. The pair of operators in each line
at the same x or y form a Zy clock and shift algebra, and they commute otherwise. On a
lattice, these give LT + Lgﬂ — 1 copies of the Zy clock and shift algebra. This algebra leads
to NL"FLY =1 gtates in the Zy theory.

Combining these two contributions, we reproduce the ground state degeneracy (4.8]).

5 Winding in 3 + 1 dimensions

In this section, we place a classical circle-valued field ¢ on a three-dimensional twisted torus.
We perform a twist in the zy-plane of the form discussed in Section [2, but we do not twist
in the zz-plane or yz-plane. The twist changes the allowed winding configurations relative
to those in |11] on an untwisted torus.

This discussion is relevant both for the 3 + 1-dimensional ¢-theory of [11] on the twisted
torus and for the discussion of the Zy tensor gauge theory in Section [6]

The winding charges of a circle-valued ¢ field in 3 + 1 dimensions are associated with
cycles on the zy-, yz-, and zaz-planes. For the yz-plane, we will choose the Y cycle and
the Z cycle to parameterize these charges, and similarly for the zx-plane. For the xy-plane,
however, the X and the Y cycles do not generate all the cycles. Instead, we will choose the
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basis {X, X }. The most general possible winding charges are given by (recall the definition

(3:2))

27r dx0, qub Z W)y([g (?J> Ys, Zzﬁr) )

o x P eff
%jl{dy&c(‘?yqﬁ = %:Wyaé (T, Ta, 057)

1
o 0,00 - Z W2, 07 (3, s, £5T)

1
o

ﬁj{dxﬁzargb = Z: Wi, 6% (2,2, L.),

(5.1)
dza 8qu Z WZQ 5P(I Lo, geﬁ) )

o (d:):@ 0v + dyd.0,0) = > Wz 6"(2,2,L.),
Y

and the Z,, charge discussed in Section Here {z.},{ys}, {#,} are a finite set of points
on the intervals [0, £5T), [0, £57), [0,£,) of the three axes, respectively. The W}, ’s are integers
associated with the points {2} and I labels the cycle. These charges obey the constraints

ZW)?J(B_ZWYO’

ZWXv —mZWZm (5.2)
Z ngﬂJrkZWZa.

.

The winding configurations associated with nontrivial W¢ , W¥. 5 and the Z,, phase have
already been discussed in Section The rest of the winding configurations are (recall the
definition (3.3)))

¢ =2m [(6_ — k= > ZWXv@P(z 2y, s ZWZQGP(:U T, £5T)

y . z e
+ =) W @P(z,zv,fz)+Z%:Wg6(9p(y,y5,€ﬁ ——ge—ﬁ
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Here W35, W55, W5, W5 € Z are the integer winding charges obeying (5.2).

In order to verify that the function ¢ of (5.3)) is an allowed configuration, we need to
check its periodicity on the torus. It suffices to check that ¢ is a 2w-periodic function along
the Z, X, and X cycles. The transition function around the Z cycle is

92(,y,2) = d(@,y, 2 + L) = $w,y,2) =27 | > WO (@, 20, (57 + Y W, ,0%(y, s, £57)
o B

(5.4)
The transition function around the X cycle is
gx(z,y,2) = d(x + mlT y, 2) — ¢(w,y,2) =21 Y W5, 0 (2,2,,L.) . (5.5)
Y
The transition function around the X cycle is
gf((xv Y, Z) = (]5(&3 + k[;ﬁ, y+ ngf’ Z) o (b(l‘, Y, Z) =2m Z W)ZZ,YGP(Zv 2y gz) : (56)

v

Indeed, all these transition functions are 27Z valued. Using (/5.2)), one finds that the cocycle
conditions are satisfied.

Combining with the winding configurations in Section , we have 2(L&T+ LT+ L) — 3
integer winding charges and one Z,, phase in 3 + 1 dimensions on a lattice.

6 3+ l-dimensional Zy tensor gauge theory

Let us now consider the Zy tensor gauge theory of [12], the continuum limit of the X-cube
model [5], on the twisted torus. We twist in the zy-plane, as in Section [2, but we do not
twist in the zz-plane or yz-plane.

6.1 ¢ — A theory

We start with the Higgs Lagrangian using ¢ and A [12]:

1

1 2 (0,0, — NAy) — — B(0gd —
EZ_W;E (0,06 = NAyj) = 5-B(0od = NAo). (6.1)

™

The fields £ in the 3’ and B in the 1 serve as Lagrange multipliers. Their coefficients are
set such that F% and B are standardly normalized field strengths of a dual theory. The U(1)
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gauge transformation acts on the fields via
AONA0+8004, A”NAZJ—F@Z@JCY, ¢N¢—|—NCY, (62)

with 27-periodic ¢ and «, as in Section [5

The equations of motion are given by

01056 — NAj; =0,
doé — NAg =0, (6.3)
EV=B=0,

and they imply the vanishing of the gauge-invariant field strengths of A:

E’ij = a0141']' - az'aj'AAOa

(6.4)

We will sometimes also use Bj(jx) = Blijix + Bln;-

Using the equations of motion (6.3), we can solve all the other fields in terms of ¢, and
the solution space reduces to

{6} /o~ 0+Na. (6.5)

Then, all the ¢ configurations can be gauged to a linear combination of the winding modes
(3.28]), (5.3]). In these linear combinations the coefficients are integers valued in {0, ..., N —1}.

For the purpose of finding the ground state degeneracy, we place the system on a lattice.
From this point on, the analysis of these winding modes is similar to [12] if we replace L,, L,
by Lef, szf. These winding modes are labeled by 2L¢T + ZLZH + 2L, — 3 integers valued
in {0,..., N — 1}, plus one Zg.q(n,m) phase as in Section . Therefore, the ground state
degeneracy is

N2ESH2LTH2L=30 04 (N, M) | (6.6)

Alternatively, we can compute the ground state degeneracy by choosing a trivialization
where the gauge fields are trivial and all the nontrivial information is in the transition
functions. This proceeds along the same lines as in Section [4.2] and we again arrive at the

same result .
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6.2 Comments on the U(1) A theory

In the previous subsection we computed the ground state degeneracy of the Zy X-cube model
using one of the continuum Lagrangians in |12]. Below we will reproduce the same result
using the other dual Lagrangians of the X-cube model in that reference. These presentations
involve an exotic gauge field A. Before we discuss these other presentations, we first comment
on some new features of the U(1) gauge theory of A on a twisted torus. We refer the readers
to [11] for detailed discussion of this gauge theory on an untwisted torus.

The temporal components Aé(j " and spatial components Aii are in the 2 and 3 of the
spatial S rotation symmetry. They are subject to the gauge transformations

AUk 4iUR) + 0, di(jk)’
o v (6.7)
A~ AU ak@k(w) :
where ¢*) is 27r-periodic and transforms in the 2 of Sy. The electric and magnetic fields
for A are o o -
B = 8,A1 — 9y A
A 1 o
B=3 ; 0,0; AV .
i#j

(6.8)

Similar to Section , we start with gauge fields on the covering space R3. (We limit
ourselves to static configurations.) The identification across a cycle C should involve the
circle-valued transition function of the form (6.7):

Az +C7y+C 2+ ) = AV(z,y,2) + Oip ™ (2,9, 2) (6.9)

where (C*,CY,C?) is a vector on a covering space corresponding to the cycle C. Since they
transform in the 2 of the S, spatial rotation symmetry, the transition functions are con-

. 2T(yz) | sy(zm) | o z(zy)
strained by e!ic tie T i) =1,

Complex matter fields 0% with charge J satisfy ®*#)d¥(z2)p=(=v) = 1. They transform

under (6.7)) as
HiUR) ~, (iIa"0P Gi(ik) (6.10)

and under as

$P (2 4 €7,y + Y, 2+ C) = 3 @CIGP (g y, 2) (6.11)
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The composition of cycles C = A + B leads to the cocycle condition:

exp |45 (@, 2) + 457 (@ + By + BY, 2 + BY)|
(6.12)

= exp [wf M@y, 2) + 4" (x+A”,y+Ay7Z+AZ)] :

Next, we identify configurations with different transition functions that are related by
certain transformations. Specifically, for any three circle-valued functions eif'uv satisfying
ei(léz(yz>+ﬁy<zz)+ﬁz(zy)) _ 17 we 1dent1fy

exp[iAi) (2, y, 2)] ~ exp [ (2, y, 2) + I8P (z + C%,y + C¥, 2 + C7) — if'0W (2, y, 2) |
A(z,y, 2) ~ A (2, y, 2) + 0p 59 (2, y, 2)

SR (3, y, 2) ~ IV @UAGIER) (1 2

(6.13)
If " s single-valued, then this is a gauge transformation and it does not change the
transition functions. Otherwise, it relates different trivializations of the same configuration.

The conﬁguratlons on our three-torus are characterlzed by the circle-valued transition
functions eiie’ @:v2) subject to the cocycle conditions modulo the identifications
(6.13]).

Restrict to flat gauge fields

We will be particularly interested in configurations with B = 0. For such configurations,
we can further set locally AY = 0 by gauge transformations, and all the information is then
contained in the transition functions.

Since A% = 0, the transition functions must obey

A =0 (6.14)

for every C. Using ¢’ i3+ = =1, we find that the transition functions factorize:

2@ (yz)

ele” " =expifi(y) +ifi(2)],
e explifa(x) —ifi(2)] (6.15)

27 (zy)

e = exp [~ifE(z) —ifé(y)] -
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This parametrization has a zero mode ambiguity

fe(@) ~ fe(@) +ce, fely) ~ fe(y) —ce,  fé(z) ~ fe(2) +cc. (6.16)

We will soon discuss the periodicities of these functions f&(x?).

. ~iGR) a0k (k) . . S .
We will choose €”x" ", e""’x  eYz" " associated with the X, X, Z cycles as our basis for

the transition functions, while the others (including the one associated with the Y cycle) are

determined in terms of them. We will use the zero mode ambiguity (6.16) to set, e//x(0) =
if2(0) _ ifg(0) _
e’xV =Wz =1,

. ~i(ik) . .
As discussed above, not all values of e'c” ~ are distinct, and we can relate them using

- 2i(jk n 2i(jk . . . .
¢ Tn order to preserve A = 0, e “Y should factorize into three functions of one variable

i Bz (yz) Y i F*
elﬁ — e'LF (y)+iF*(2)

)

BT i (@) —iF(2) (6.17)

)

piB7 V) _ —iFT (@) —iFY(y)

This allows us to set
Yy

k@) = I3 W) — (if7(x) — 1 (6.18)
and then the residual freedom in (6.17)) is with functions satisfying
ein(x+m£§H) _ ezFI(x) ’
GFY ) _ iFY()

(6.19)

Y

iFZ(z24L2) iF?(2) )

(& =€

We are then left with six functions of one variable, ei/x®) ¢ifx(z) %@ (%) ciff(@),
and ez satisfying ei/x(© = /%O = ¢if7(0) = 1.

We now discuss the constraints on these six functions from the cocycle conditions (6.12))
for the {X, Z}, {X, Z}, and {X, X} cycles. They constrain the functions to satisfy

PR WHET) _ i) k) _ if3(2) i meT) _ if (@)

E@HITL) — ifs@+iTyw)+2mis (67 (@ 0.6H—kO" (0.6 (6.20)

6if)z~((z) _ e—QWi%GP(z,O,ZZ)-l—if;((z) ’
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where ; .
2@ — (iff (@)

2T = (if3) (6.21)
oif3 (e He:) _ Lifi(2)
Here r =0,1,--- ;m—1is an integer that arises from an argument similar to that of Section

B.21

Finally, we can use the residual freedom in eif" in (6.19) to further restrict the period-
icity of ¢/ to ¢eff:
o e @+l _ ifg (@) (6.22)

To summarize, the B = 0 configurations can be described by A = 0 and transition
functions that are characterized by six circle-valued functions of one variable ei/x @) ¢ifx ()

6if§é(m)) eif}z?(z), elfg(z)7 and eifg(y)7 Satjsfying elfg((o) = eif;%(O) = ¢if2(0) = 1, and with period—

eff peff
x ) ey )

contribute to the holonomies.

icities £ or /., as well as a Z,,-valued integer r. These functions are physical and they

On a lattice, these lead to 2(L&" + LT + L.) — 3 distinct U(1) phases and one Zy;-valued
integer. (Recall that we label the lattice quantities by upper case letters and their continuum
counterparts by lower case letters.)

The main novelty on a twisted torus is the m configurations labeled by r. Quantum
mechanically, most of these configurations acquire infinite energies [11]. However, these m
degenerate states remain zero-energy states.

Similar to the discussion in Section 3.3} the 3 4+ 1-dimensional ¢-theory also has m de-
generate ground states. This provides another check of the duality derived in |11] between
the pure U(1) gauge theory of A and the ¢-theory.

6.3 ngS —A theory

We now proceed to compute the number of ground states from the perspective of a different
Higgs Lagrangian using a circle-valued field ggi(jk) in the 2 of S; and gauge fields (flé(j k), /AW)
in the (2,3') of S [11,/12]. In comparing with the discussion around (6.10), ®0%) = """
with charge J = N. These fields are subject to the gauge transformation

A0 JiGY 4 a8
Al AT 4 9, aR0) (6.23)
) o JEE) | N M)
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where ¢*(@) and a*) are 27-periodic and transform in the 2 of Sy, as in Section . The
Lagrangian is:
1 N Ny 1 o s
£o LS by (0 - ) - L S B () - A
2(2r) ; 7 (00 6(2r) ;}g ki) (00 0 (6.24)

We can choose the unitary gauge e’ — 1, and then the equation of motion sets the
B = 0. Following the discussion in Section , we can choose A = 0, and then all the
information is contained in the transition functions ¢ . In order to preserve the gauge
choice """ = 1, they should be Zy phases. These transition functions are parameterized by
six Zy-valued functions efx®) | ¢ifx () (%@ (3G (iff @) and ifz20) satisfying efx(©) =
%O = ¢if2(0) = 1 with periodicities ¢, /T or ¢,, together with a Zgea(N,m)-valued integer.

x Yy

On a lattice, this leads to the ground state degeneracy .

Of special importance are the ged(N, m) states characterized by

k) N .. (k)
OV =1 AN = A =0, W =1,

x(yz 2m P eff Ay(zx 2m P eff
ez'YZ(y ) = emkre (y’o’ey ) , 62’7%( ) — eigcd(N,m) r® ($707€z ) ,

z(x 27 e e (625>
¢ — emmati (O @0.LH kO 10.4)

a(yz) (e 27 p  2(ay)
% — e % — g Ed(Nm) kro* (z,0,42) : ez _

?

where 7 =0,1,--- ,ged(N,m) — 1.

6.4 BF-type Zy tensor gauge theory

Now we consider a dual presentation of the Zy tensor gauge theory [612], which will permit
a different computation of the ground state degeneracy. This presentation involves gauge
fields (Ag, A;;) in the (1,3') of Sy, and (/Alé(jk),fl"j) in the (2,3") of Sy. These fields are
subject to the gauge transformations and , and their field strengths are and
63).

The BF-type Lagrangian in this presentation is:

N (1 A .

L= 7 (5 ZA@‘E” + A()B) ) (6.26)
1#]

As in [12], we work in temporal gauge, setting Ao = 0 and Af}j’“) =0.

The analysis of the terms involving A,,, Ay proceeds in a similar way as in Section .
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The quantization of the electric modes for A, A9 leads to the bulk part of the spectrum,
which becomes N5 L1 gstates on a lattice. In addition, there are ged(N, m) states
coming from the transition functions of the A gauge theory. On a lattice, we have in to-
tal NV L?CH*L?JH_lng(N , M) states. We will henceforth focus on the modes associated with
A, Ay, A AV

Yz

The solutions to the Gauss law constraints modulo gauge transformations are

1 1
AZQ? = zx<t72) + ja:(tx)?

ly l,
1 1.
Ayz = Z gz(ta y) + gfyz(tv Z) ’

) 1. 1. (6.27)
AT = _fzzgv(t7 Z) + _f;x(tv LE) )
by ly
Ayz I z I z
AY :_fchJ (tax)—i__fg (t,Z)
ly ly
These functions are periodic in z ~ z + £¢F, y ~ y + f;ﬁ, and z ~ z 4 (.

The functions f and f are subject to a redundancy due to the zero modes [12]. To remove
the redundancy of f, we define the following combinations:

Tt at) = fiy(t,a) + el 7{ dat f(t, 29) (6.28)

They are subject to the constraint
]{ a0 Fi (1, ) = ?{ dad i (1, 29, (6.29)

We will use these constraints to solve for the modes fZ,(t,z = 0), fZ,(t,z = 0) in terms
of the others. Correspondingly, we use the redundancy to set their conjugate variables
f75(t,z =0), f¥*(t,z = 0) to zero.

Let us now discuss the periodicities of the modes f. Using the gauge transformations
a of the form (3.28), (5.3), we find that different components of f;; have correlated, delta
function periodicities. To diagonalize these periodicities, we define

. ko
it z) = p. bt 2) + P z(t,2). (6.30)
Then the modes fZ,(t, 2), f5(t, 2), fL.(t, ), f2.(t,y) have independent periodicities. For ex-
ample,

fe(t,2) ~ fx(t,2) +2m6" (2, 20,¢.), 2z #0mod £, (6.31)
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for each zy. The other three modes have similar delta function periodicities.

We now turn to the periodicities of the modes f. Their periodicities arise from the large
gauge transformations:

I x S Yy x Yy 2

— AW — [ x YV Y ZTWEA) — L WA — 2 WY

5.0 ( i &Y &,) Wa(y) + 7 Wal2) ‘, Wyle) = 7 W2),

1 Y Yy ~ x z x

— ay(zx) — JI* Ly X\= T o~ T & z

520 = W) + (L - (707 ) Wite) - £WEe) - £ WEG),

1 . z Y ~ T T ~ Y

= ARy 2 e Yy N il T _ (= _ 7 Yy
50 = @+ W) - (L - 1707 ) Wi - (- (R ) w).

(6.32)
where W/(z*) € Z. We will motivate these gauge transformations in Appendix [E| where we
discuss the winding configurations of a classical field in the 2 on our twisted torus.

These gauge transformations correlate the integer-valued periodicities of different com-
ponents of f;”. To diagonalize these periodicities, we define

FX(02) = () (). (6.3)

1
m
Then the modes f;’z(t, z), fX(t, z), ff(t,m), ff{z(zﬁ, y) have independent, pointwise 27Z peri-
odicities.

Written in this basis of f and f with independent periodicities, the Lagrangian is diago-
nalized:
N 5 . N 5 .
o [ et + o [ arepaiey
N " . . A -
o [z (FR 20 f 0 2) + (1 2001, 2))

27T 0+

Recall that we have removed the modes at z = 0 using the constraint (6.29)) of f and the
redundancy of f. Quantizing these modes on a lattice, we obtain a Hilbert space with
NL& Ly 2L 2 zero-energy states. Combining with the contributions from A,,, A®Y, we

reproduce the ground state degeneracy in .

Yo

6.5 Global symmetry operators

We can compute the ground state degeneracy in yet another way, using the Zy symmetry
operators of the theory. As we will see, the twist leads to various novelties that are not
present when the system is placed on the untwisted torus. Even though, as in [12], we will
use continuum notation, this approach is easily related to the corresponding lattice analysis
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using logical operators. In particular, it mirrors the recent lattice discussion in [23].

Let us start with the global symmetry operators depending on A,, and its conjugate
variable A™. This part of the analysis proceeds as in Section , with e there replaced
by e'$ =A™ We find NE"+L5"~1ged (N, M) states.

We now turn to the remaining gauge-invariant operators. The operators built of A.,, A, .
are the Wilson strips:

W (o) (21,22, Z) = exp {z/ dw%dzAzx} ,
T1

Y2 (6.35)
Wotnm2) e [y faea,]
Y1

and

W) (21, 22, X) = exp {z/ dz%dxAzx] ,
z1

: (6.36)
W (21, 22,5() = exp {z/ dz}{ (dr A, +dy Ayz)} )
21 X

(Here, for simplicity, we took 0 < z9 — x; < E;ﬂ, 0<yo—uy < Ezﬂ, and 0 < zp — 21 < (,.)
More generally, we can study Wilson strip operators W.)(21, 22, C) associated with any curve
C on the twisted zy-torus. They depend only on the homology class of C and not on the

explicit representative. Since {X, X} form a basis of I' = H,(T?,7Z), every Wilson strip
W) (21, 22,C) can be generated by (66.36).

The Wilson strips are subject to two constraints, which come from viewing the same
integral in two different ways:

W, (0, 5 2)™ = W (,)(0,£,, X),

Y v )

W) (0,67, Z)W o) (0,657, Z)" = W) (0,2, X) .

7y7 Y v )

(6.37)

Next, the gauge-invariant operators of A= Av* involve the Wilson lines along the X and
the Y cycles:

W (y,2) = exp {@fdxflyz} :

(6.38)

Wy(x, z) = exp [z’]{dyA”} )

The vanishing of the magnetic field of A implies that the Zy symmetry operator Wz(y, 2)
factorizes |12]:

LT 2.T 2T

Wiy, 2) = W, (1) W.(2) (6.39)
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and similarly in the other directions

There is one important novelty here, which was not present in the case of the untwisted
torus: the Wilson line operators Wz, Wy, W do not generate all the gauge invariant oper-
ators constructed out of A. Consider the Wilson strip operators of A [12]@

f’(zl,zg,C) = exp {z/ dzj{ (@flyzdaj — 9,47 dy — ayflxydyﬂ . (6.40)
21 C

Since the magnetic field of A vanishes, this strip operator P depends only on the homology
class [C| of the curve C on the twisted xy-torus, and not on its representative.

Let us first consider the case when [C] is a cycle of I, i.e., the sublattice of I generated by
the X and Y cycles. That is, [C] = n, X + n,Y with n,,n, € Z. In this case we can choose
the representative C in to first go around the X cycle n, times, and then around the
Y cycle n, times. For this choice of C, the term 8yfl$y in does not contribute to the
integral, and the strip operator can be written in terms of the Wilson lines:

P(z1,2,C) = W' (1, )W (2, 2) "W (y,21) W (&, 21)™ . (6.41)

Note that the negative sign in the exponent in (6.40]) leads to negative signs in the exponents
here. It is important that because of (6.39) this P(z1, z9,C) is independent of z and .

However, if [C] is not a cycle in [, then the strip operator f’(zl, 29,C) is not generated
by the Wilson lines. We should then include these operators as independent Zy operators
in addition to . Note that on an untwisted torus, [ = T and therefore it suffices to
study the Wilson lines VVI, Wy, W’

We conclude that the gauge-invariant operator built out of A,,, A,., A= Av* are gener-

ated by (6.35)), (6.36)), (6.38)), and (6.40). We can group these operators as follows:

Wz, 2 +a,7), Wy(x,z:O), 0<a<

(
W (ny+a.Z), Wi(yz=0), 0<y<et (6.42)
W(Z)(z,z+a,X), P(O,z,X), 0<z<t,, '
Wi (z,2+a,X), P(O,z,X)’l, 0<z<d,.

Here a is an infinitesimal UV regulator, e.g., lattice spacing. Using ([6.37)), the operators
Wi (2,2 +a,X) and W(,)(2,2 4+ a,X) at z = 0 can be solved in terms of W, and W,
and therefore they are not included as independent operators in (6.42). The operators w’

6Both the Wilson lines (6.38) and the Wilson strip (6.40]) can be extended in time to become defects in
the Zxn theory. They are the continuum representations of the probe limits of a single lineon and a dipole
of lineons (which is a planon) of the X-cube model, respectively. See [12] for more details.
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and W at z > 0 can be generated by those at z = 0 and P(0,2 X),P(0,z, X)L

The pair of operators at the same point in space in each line in form a Zy clock
and shift algebra, and operators at different points in space or on different lines in ((6.42))
commute with each other. On a lattice, this gives rise to LT + LZH + 2L, — 2 copies of the
Zy clock and shift algebra. The dimension of the minimal representation of this algebra is
NLEHLT 202 Combining with the contributions from the operators of A,,, A7 we have
reproduced the ground state degeneracy .
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A 2+ 1 dimensional plaquette Ising model

In this appendix, we compute the ground state degeneracy of the 2 + 1-dimensional Zy
plaquette Ising model on our twisted lattice. We will assume the absence of the transverse
field and that we are in the broken phase. The low energy limit of this lattice model is the
Zy tensor gauge theory of [10].

We will analyze the model in the Hamiltonian formalism. On every site (Z, ) there is a
pair of Zy clock and shift operators U (&, 9), V (2, ) that obey V (2, 9)U (&, 9) = e>™/NU (&, 9)V (%, 9)
and U(z,9)Y = V(2,9)N = 1. The Hamiltonian is

H=-pY V(@j)V(E+1,5)""V(@Ej+1)'V(E+Li+1)+cc. (A1)
(

,9)
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Since there is no U in the Hamiltonian, we can diagonalize the Hilbert space at every site
using V.

A A

Let the eigenvalue of V(Z,) be s(&,4), which is also a Zy phase, i.e., s(&,9)Y = 1. The
translations along the X and X cycles imply that (see (2.31))

X:os(&+MLS,§) = s(2,9

~—

§ ’ A2
X: s(:i“—i—KLch,g)—i—LZﬁ):s(i,g). (4.2)

Let us find the ground states. We need to find {s(&,9)} subject to the constraint:
s(2,9)s(2+1,9) 's(@, 9+ 1) s(@+ 1,9+ 1) =1, (A.3)

for all lattice sites (#,4). This is a lattice version of the analysis of ¢*”’ in Section 4.4, We
will follow steps similar to the steps there and will reproduce the answer in the continuum

)
Locally, (A.3)) is solved by

s(z,9) = s(1,1) " ts(2,1)s(1,9) , (A.4)

thus reducing the number of independent variables to L, + LZH — 1. Next, we impose the

boundary conditions (A.2):

s (&4 ML 1) = s(2,1),

A5
s(#4+ KL 1) s (1, g+ LST) = s(2,1)s(1,9) . )

This leads to
s(@+ LT 1) = (2, 1)

R . B R (A.6)
s(Lg+ Ly =n"s(1,9)

with a constant 1 satisfying ™ = n"¥ = 1 and therefore ngcd(V:M) — 1,

We conclude that the independent solutions are labeled by L+ Lzﬁ — 1 integers modulo
N from s(#,1) and s(1,7) and an integer modulo ged(N, M) from 7. So we end up with

NESHLT1 g d (N, M) (A7)

solutions.

47



B Invariants of the transition functions for ¢ on a two-

torus

In this appendix, we discuss the invariants for the transition functions g¢(x,y) under the
identification (3.13)). Our goal is to show that all the invariants are given by the U(1) charges

Q% (x),Q¥(y) in (3.14) (subject to (3.15))), and one integer modulo m charge ((3.16]).

Starting with a generic ¢ configuration, we can always subtract from it a standard con-
figuration with the same U(1) charges. The resulting ¢ configuration has vanishing U(1)
charges. Therefore, it is enough to consider such configurations. We are going to show that
for them the only remaining invariant is a Z,, charge. This means that we start with a
configuration with

gX>::2Wn§(I),
gy = 2mnl(y).,

and n,, = 0. Since there is also invariant information in g, we should take it into account.

(3.9) leads to

(B.1)

m—1
=Y nly+ 16N - N,
I1=0

. . (B.2)
0=N— an((a: — Jml) 4 anﬁ((x — Tkeey
J=1 =1
for some integer N. The cocycle condition ([3.10)) leads to
n% (z +mld) — n%(x) = nk (x4 k") — n¥(z). (B.3)

The freedom in splitting the zero mode between n% (z) and n‘z){((y) leads to the following

identification
%(@) ~n%(z) + N,
n%(y) ~n%(y) — Ng, (B.4)
N ~ N —mNj
Therefore, only
2T i
exp(2miN/m) = exp [_E Zn%(m — Tk + g Z n%(z — Jmﬁiﬁ)]
I=1 J=1
o e i 9
= exp [——Zn%(m+[€iﬁ)+ﬁ n”)C((x—FJEiH)]
1=0 J=0
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is meaningful. In the second line, we have used (B.3)). Indeed, this agrees with the Z,, charge
in (3.16) in the special case when all the U(1) charges Q*(z), Q¥(y) vanish.

To complete the counting, we use the same strategy as above. We subtract from our
configuration a standard configuration with the same nonzero Z,, charge and find a config-
uration with vanishing Z,, charge. We are going to show that in this case there is no other
invariant information.

Using (3.13)), we can choose n% (z) = n% (y) = 0. Then (B.2) implies ny.(y) = 0 and

0= inﬁ(m — Jmeey. (B.6)

J=1

The only remaining transition function n% () has periodicity n% (z + k%) = n% (x) and is
subject to a residual identification:

n%(x) ~ n%(z) + n”(z + meh) — n®(z), (B.7)

where n”(z) satisfies
n®(z + k0T = n?(2). (B.8)

Finally, we show that the remaining transition function n%(x) can be set to zero as
follows. Since ged(m, k) = 1, we can parameterize every point z as x = & — Rm/lf + Pkt
for some 0 < 7 < (¢ and R, P € Z. This parametrization of z in terms of (¥, R, P) has the
ambiguity (Z, R, P) ~ (&, R+ k, P —m). Using this parametrization, we choose n*(z) to be

n®(z) = — Y n% (& — Imhy. (B.9)

~
=

The condition ensures that this n”(z) is invariant under the above ambiguity and
has periodicity k¢¢T. This residual identification then removes all the remaining transition
functions.

To conclude, we have shown that all the invariant information in the transition functions
is captured by Q*(z), Q¥(y) in (3.14) and one Z,, charge (3.16)).

C Additional operators in the ¢-theory

In this appendix, we discuss some additional operators in the ¢ theory. These include the

U(1) charges Q*(z), Q¥(y) (3.14) and the Z,, charge (3.16].
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We start with a first attempt. We want to use the local winding current %8181@ to
construct an operator by integrating it against a certain profile function ¢q(z,y):

1

op |5 [ ol 0,000 )
™ J712

Here ¢g(z,y) is another classical background configuration, which is distinct from our field

¢(z,y). (For the purpose of this discussion, our field ¢(z,y) is also a classical field.) Both

¢o and ¢ obey the rules in Section

This definition, however, is not precise. First, since both ¢y and ¢ are not real-valued
functions on the torus, the integral generally depends on the choice of the fundamental
domain for the torus. Second, this expression is not invariant under the gauge transformation

for qb().

In the rest of this appendix, we will give a precise definition of this operator that does not
suffer from the issues above. See [34] for a closely related discussion in other more familiar
models.

For simplicity, we will set ¢°T = Esz = 1 in this appendix.

We claim that the more precise version of the operator ((C.1J) is

7 ys+1 Tst+ky+m
o) =esxp (o [y [ dv ol )0.0,0(5.0)
Y &

«t+ky
_ v dr g3 (7, Y+)0:0(x, ys)
27 Zuthys * (C.Q)
y*+1

— % ds [g% (Zs + ks, 5)0y0(Ts + ks, s) + kO, g% (T + ks) ¢(Z, + ks, s)]
Yx
+ inYy (s + ks, y*)]
where z, = x, — ky.. In the first line we have picked the fundamental domain in the covering
space to be a parallelogram with the lower left corner at (z.,y.). Here g2 is the transition
function for ¢, along the cycle C and

1 1
nis = o [ox @+ ky+1) - gk ()] = o [gk (@ +m,y) — gk (@.9)] - (C.3)

Recall that because of (3.5)), 9,9% (and similarly d,gx) is a function of one variable.
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Alternatively, this operator can be written as

Tx+ky+m
U(gn) = exp | (/ @/ 0z do(z, 9)0:0,6(x, )

*+ky
Z~ Tx+kys+m 0
Py dr g3 (2, Yx) 0ud(2, ys) (C.4)
T J &ty
,l' Ys+1
+ % ds [9% (T + ks, 8)k0, (2. + ks, s) + 0y,9% (s) (Zs + ks, s)] }

In the special case of an untwisted torus, k = 0, m = 1, and this operator reduces to
o =esp o [ do [ dyon(e.0)0.0,6(0.1)
T x Yx
— 2—/ dy 9 (24, y)0y (1, y) — —/ d gy (2, 9.)0p b (, ) (€.5)
T J,. 21 S,
+ind, 6(z.,y.)|
It is straightforward to check that this operator satisfies the following properties:

e It is independent of the reference point (., y.).

e It is symmetric under exchange of ¢ and ¢y.

It is invariant under the gauge transformation of ¢:

¢0($7 y) ~ d)O(:Ea y) + Qan($) + 27T7”Lg<y) )

ng(z),né(y) € Z. (C.6)

Since this operator is symmetric in ¢ <> ¢y, it is also invariant under the gauge trans-
formation of ¢:
o(z,y) ~ o(x,y) + 2mn*(x) + 2mn*(y) ,

n®(z),n’(y) € Z. (G7)

If 0,0,¢0 = 0, the operator U(¢o) depends only on the transition functions of ¢, where
we have used the second property above. Therefore, it is a conserved operator in the
¢-theory.

When proving some of these statements, we drop integers of the form [ dzg(x)9d,n(z) for
some integer-valued functions g(z),n(z) in the exponent of U(¢y).
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We are now ready to discuss the most general conserved winding charges, which are U(¢y)
with 0,0,¢9 = 0. As discussed in Section the most general such ¢, takes the form

b0 =2 (67 (,0,1) ~ KOP(1,0.1)) + £7(x) + (1) (©5)

with r an integer modulo m and f(x + 1) = fi(x?).

The most general winding charge is therefore

3

U(¢o) = exp [— -

m

. k-1
r
95(1,0)+ =3~ gx(J,0)]
J=0

~
I

0

(C.9)
X exp {2 7{ drf*(2)Q% () + i f dyfy(y)Qy(y)} :

where we have set z, = y. = 0 for simplicity. We have thus unified the U(1) charges (3.14])
and the Z,, charge (3.16]) into a single general winding operator U (¢y).

The analogous operators associated with the momentum symmetry of ¢ can be described
using the dual field ¢™¥. (See [10] for details on the self-duality of the ¢-theory.) More
explicitly, these operators are given by ((C.2)) with ¢ replaced by ¢*¥. They shift ¢ by ¢y.

D Wilson operators of the Zy theory

In this appendix, we construct the most general gauge-invariant Wilson operator in the ¢ — A
presentation of the 2 4+ 1-dimensional Zy gauge theory on a twisted torus. For simplicity,
we will set (¢ = EZH = 1 in this appendix.

We follow a reasoning similar to that in Appendix [C] We start with a background profile
circle-valued function ¢g(z,y) and attempt to define

IN
“ exp {2 ¢0(37,y)14xy(5€:y) K (Dl)
™ J72

However, such an expression is generally not gauge-invariant, and depends on the choice of
the fundamental domain of the torus.

To remedy these issues, we define the following operator in a similar spirit as in Appendix
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ZN yx+1 T t+ky+m
U(po) = exp / dy / dz ¢o(x,y) Aey(T,y)

i Tutkys+m 0
5 dz g5 (2, Y«) 0:0(2, Ys)
T J&utkys (D.2)
Yxt+1

i
2T
+ ind; A(Zs + ky., y*)]

ds [g% (Ze + ks, 5)0,0(Ts + ks, 8) + kOyg% (T4 + ks, 5) (T + ks, 5)]

When the equation of motion A,, = %8183@ is imposed, it becomes the operator U(¢g) in
the ¢-theory (C.2)). A similar calculation shows that U(¢g) is independent of the choice of
the reference point z,, y,. For simplicity, we will set z, = y, = 0 from now on.

It is clearly invariant under ¢ ~ ¢ + 2mn®(z) + 27n¥(y). Under a gauge transformation
¢~ ¢+ Na, Ayy ~ Ay + 0,0y, this operator picks up a factor:

ZN Yxt+1 Tx+ky+m
eXp / dy/ dz a(x, y)0,0,¢0(x, )

iN Tu+ky«+m

o dxgoi T, Y« 8z¢ Qf,y*)
2m Fatkys X( ) 0( (D.3)

~ 5 ds [9% (T« + ks, 8)0yo(Ts + ks, 8) + kOyg% (s + ks, 5) ¢o(Ts + ks, 5)]

+ ZNnoocé:E ¢O(§7* + ky*? y*)

where g¢ is the transition function and ng; is similarly defined . The condition for U (¢g) to
be gauge invariant is

8,000 = 0, 2;’50 €Z. (D.4)

On top of these conditions, ¢y should still have 2rZ-valued transition functions. As discussed
in Section the most general such ¢, takes the form (4.3)).

We now discuss several important examples of U (¢y):

e Consider
2

$o = N (@P<yvy1> 1) — @P(?J”yz, 1)) . (D.5)

(Here, for simplicity, we assume 0 < y2 —y; < 1.) This gives the Wilson strip operator
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E28)
Y2
W) (y1,y2) = exp {z/ dyj(I{dQ:Azy(x,y)l ) (D.6)
Y1

There is a similar choice of ¢y giving the Wilson strip that is extended along the y
cycle. They generate the Zx dipole global symmetry of the Zy gauge theory.

e As another example, we can take ¢q to be:

2

b0 = ged(N,m)

(0" (z,0,1) — kO (y,0,1)) . (D.7)
This leads to the Zgea(n,m) operator in (4.29):
ky+m P P
U—eXp e de / dy/k (©%(%,0,1) = kO"(y,0,1)) Asy(z,y)

— W/ ds Oy¢(ks, s)]

Note that the first integral has no support in the rectangle k — 1 <z < k,0 <y < 1.

(D.8)

We have therefore unified the most general Wilson operators built from A and ¢ into
U(¢o) with different choices of ¢ obeying (D.4)). On a lattice, we have LT + szf — 1 Wilson

strip operators W; (4.28) and one Zgcqn,ar) operator U (4.29)).

E Winding configurations of gﬁ

In this appendix, we place classical circle-valued fields ¢'U® in the 2 of Sy on a twisted
three-torus. This, for example, is the quantum field of the (ﬁ—theory of [11]. In contrast to
the parallel analysis for ¢ in Section [0} we will see that, on a lattice, there is no new winding
charge beyond those labeled by the 2(Lef + LZH + L.) — 3 integer winding charges.

The gg—theory is dual to the 3 + 1-dimensional U(1) gauge theory of A |11], where the
winding charges of ¢ are mapped to the electric charges of A. Similar to the analysis of the
transition functions in Section [£.2] there is no new electric charge in the 3 + 1-dimensional
gauge theory of A beyond those labeled by the 2( LT + LZH + L,) — 3 integers. Hence, the
computation in this appendix provides another check of the above duality.

Furthermore, the gauge parameters &*U%) of the gauge field Ain [11,12] are also in the 2 of

S4. The winding configurations in this appendix were used as the large gauge transformations
(6.32) in the gauge theory of A in Section .
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We now proceed to analyze the winding charges of qgi(jk). The winding charges obey
0;0;Q% (2%, 27) = 0 with i # j # k and can be expressed as

@(02) = - P dsd. 0 = W)+ W),
QY(z,x) = % }[ dy0,¢"" = W;(z) + Wi(x), (E.1)
@ 29) = 57 § d=0.57 =WE (@) + W),
where W/(2') € Z. Pairwise they share a common zero mode:
(Wia"), Wi () ~ (Wila") + 1, Wi(a’) — 1) (E.2)

Since )’s are single-valued integer operators on the torus, the discussion in Section [3.2.1
implies that W (x + €%) = W& (x), W/ (y + KZH) =W/(y), Wi(z+L,) = W7 (z).

However, these integers are not all independent. To see this, consider the following
combination:

0.Wi(2) — (X, Y)0.W;(2) =0.QY — (X,Y)0.Q"

1 ~ XY R (E.3)
Z—azj{dyayqby(m) _ uaz]{dxgngw(yd )
2 2m
We start by showing that the last expression can be rewritten as
A A 1 N ~
Q'(V) = 5-0. 7{ (c%gzﬁy(m)dx + ayqsy(mdy) , (E.4)
m c

where C is any curve homologous to Y = mX =Y + (X, Y)X (2.9). Note that only
depends on the homology class of the curve C, but not the explicit representative. For any
cycle S, the charge Qy(S) computes the derivative of the winding charges of ggy(“) along S
and takes the form

an (2,2y,0,), ny€ZL. (E.5)

Let us choose C to be a curve that first goes around the Y cycle once and then goes
around the X cycle (X,Y) times. With this choice, we can write Q¥(Y) as

Qy(fx) 217T ]{ (a o ¢y(zz)dy o 3Z¢x W) oy — 9,0 (bz(xy)dx)
(XY (E.6)
L 2m
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In the first line we used &x(yz) + éy(“) + gﬁz(f"’y) = 0. In the second line we used the fact that
0,07 ) is a single-valued operator, and therefore 9,0,¢**¥)dy does not contribute to the
integral along C, which is always aligned with the x or the y axes. We have thus shown that

9.W;(2) = (X, YV)0. W7 (z) = Q(Y) = mQ¥(X). (E.7)
Therefore, from the general form of the charge QY (E.5)), we arrive at the constraint:

Wi (2) = (X, V)0 Wi (2) =m - Mo (2,2, L), (E.8)

for some integers M., € Z. Using (2.13)), this constraint is equivalent to

0.W;(2) = (Y, X)0.W; (2) =m > M6" (2,2, L), (E.9)

for some integers M € Z.

We summarize that the winding charges of éi(jk) on a twisted torus are parameterized
by WJ’(:UZ) subject to the constraint (E.8) and the redundancy (E.2). On a lattice, we have
2(Le™ + LT + L.) — 3 such integers.

Below we present the explicit winding configurations of q@i(j k) that realize all these charges.
For convenience, we will use (E.2)) to gauge fix Wi (2 =0) = Wi (2 =0) = WZ(x =0) =0
below.

The most general winding configuration is

1 - y x z
50" = FWHY) + FWEE) = W () — - W),

‘0 0 ‘, ‘.
J Y z z x
= y(zx) — J W el ¥ P42 o~ T o z
27r¢ ‘ Wi(z) + ‘. Wi (x) 7 Wi (x) 0 WZ(z), (E.10)
1 - z x U
= py) 2w Yy _ T we _ 2wy
where ’
f:y_ <?7X>€_yxa
o (E.11)

Y

These coordinates are shifted by (&,7) — (& — (Y, XY, 5+ {,) along the X cycle, and are
shifted by (z,79) — (z + (X,Y){,, ) along the X cycle.

o6



Let us check that the transition functions are 27 Z-valued. The transition function around

the Z cycle is:
gy = —2mW(y).

gy = —2r Wi (), (E.12)
93" = 27 W2 (x) + 27 W (y) .

The transition function around the X cycle is:

Gv = 2r W (y) + 20 W2 (2)
P = —2m(Y, X)W (x) — 2 W2 (2) (E.13)
G = 2m (Y, X)W (x) — 27W2(y) .

Finally, the transition function around the X cycle is

(X,Y)

Q;%(yz) =27

z 1 z
W2i(z) — QWEW‘U (2)

~Y(zx YR, T X7Y z 1 z E.14
gii(( ) — 20 (X, Y)W, () — 27T<T>WI () + 27TEWZ" (2) ( )

I = 2 (X, Y)W (x)

X

In the gauge choice W7 (z = 0) = Wi (z = 0) = 0, (E.§) is equivalent to —(X,Y)WZ2(2) +
W;(z) € mZ. Hence, all these transition functions are indeed 27Z-valued. The cocycle
conditions are trivially satisfied since all the transition functions are single-valued.
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