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Many-body wavefunctions for quantum impurities out of equilibrium. II. Charge
fluctuations

Adrian B. Culver* and Natan Andreif
Center for Materials Theory, Department of Physics and Astronomy, Rutgers University, Piscataway, NJ 08854

We extend the general formalism discussed in the previous paper [A. B. Culver and N. Andrei,
arXiv:1912.00281] to two models with charge fluctuations: the interacting resonant level model and
the Anderson impurity model. In the interacting resonant level model, we find the exact time-
evolving wavefunction and calculate the steady state impurity occupancy to leading order in the
interaction. In the Anderson impurity model, we find the nonequilibrium steady state for small or
large Coulomb repulsion U, and we find that the steady state current to leading order in U agrees

with a Keldysh perturbation theory calculation.

I. INTRODUCTION

A quench, or sudden change in a system’s Hamilto-
nian, is a useful way of probing nonequilibrium physics,
in particular the nonequilibrium steady state that may
occur in the long time limit (with the system size taken
to infinity first). In this paper we extend our wavefunc-
tion formalism for quench dynamics and nonequilibrium
steady states [1] to quantum impurity models with charge
fluctuations, focusing on the interacting resonant level
model and the Anderson impurity model. In the former
case, we find the exact time-evolving wavefunction; in
the latter case, we find the nonequilibrium steady state
for large or small Coulomb repulsion. We then use these
wavefunctions to compute some physical quantities. This
computation leads to complex mathematical expressions
which require us to expand in some parameter to make
them accessible in the thermodynamic limit.

Let us recall the basic setup of our quench, as described
in our previous paper [1]. The system consists of a quan-
tum impurity coupled to any number of leads (reservoirs
of electrons), which are held at arbitrary temperatures
and chemical potentials. The leads themselves are non-
interacting; it is the coupling between the leads and the
impurity that makes this a many-body problem. Prior
to t = 0, the impurity is decoupled, and the system is
in a very simple state: a Fermi sea in each lead fill-
ing up to the chemical potential (or more generally, a
finite-temperature Fermi distribution in each lead). The
quench at ¢ = 0 consists of turning on the coupling be-
tween the impurity and the leads.

Previously, we used our formalism for calculating the
many-body wavefunction and expectation values in the
Kondo model, in which the quantum impurity has only a
fluctuating spin. Here we present an extension of our for-
malism to models in which both the spin and the charge
of the impurity can fluctuate. We set up a general for-
malism, focusing in particular on two models. The first
is the interacting resonant level model (IRL), in which
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the impurity is a spinless fermion d that has tunneling
and Coulomb interaction with any number of leads:
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With a view towards universal low energy physics, we
have followed the usual steps of taking the wide-band
limit and “unfolding” the leads, resulting in a one-
dimensional model with linear dispersion. We have
also assumed equal tunneling and Coulomb interaction
strength for each lead.

The second model we focus on is the Anderson impu-
rity model (AIM), again with any number of leads with
equal tunneling to the dot:
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In this case, the impurity is a single spin-1/2 fermion
d! with a Coulomb energy cost U to having both spins
present. We again are considering the wide-band limit.
The nonequilibrium physics of these models has been
studied by a great variety of approaches, usually in the
case Nijeaqs = 2 that is most relevant to transport ex-
periments. The IRL has been studied by, for instance,
a nonequilibrium version of the Bethe ansatz [2]; pertur-
bative, NRG, and Anderson-Yuval Coulomb gas methods
[3]; Hershfield density matrix [4]; conformal field theory
and integrability [5]; time-dependent DMRG and inte-
grability [6]; and functional renormalization group and
real-time renormalization group in frequency space [7].
There is still more literature on the AIM out of equilib-
rium; the reader may see the references in Ref. [8] for
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an extensive list (that also includes work on the related
nonequilibrium Kondo problem).

In the quench setup we consider, the first challenge is to
find the many-body wavefunction following the quench.
One of our main results is the exact solution of this prob-
lem in the case of the multi-lead IRL. We show that in
the long time limit, the time-evolving wavefunction be-
comes a nonequilibrium steady state (NESS): a solution
of the time-independent Schrodinger equation with the
boundary condition of incoming plane waves (the Fermi
seas of the leads). In addition, the time-independent ver-
sion of our formalism yields this NESS directly, without
following the quench dynamics. In the AIM, we use the
time-independent formalism to find the NESS in the lim-
its of small U (which we use a check, comparing with
Keldysh perturbation theory) and U — oo.

NESS wavefunctions for the IRL and AIM have previ-
ously been obtained by Nishino and collaborators [9-12];
our more general approach recovers some of their results
in special cases. We discuss these special cases in more
detail below.

We emphasize that the NESS wavefunctions in this pa-
per differ in an essential way from Bethe ansatz wavefunc-
tions. The key point is that Bethe ansatz wavefunctions
are well-suited to quantization on a ring with periodic
boundary conditions, which is most natural for equilib-
rium problems (one can enumerate states and calculate
the partition function). In contrast, the NESS wavefunc-
tions in this paper are simple on the “incoming” side
(x < 0) and complicated on the “outgoing” side (x > 0) —
they are scattering “in” states. These wavefunctions per-
mit the evaluation of observables directly in steady state
nonequilibrium, without the need to follow the real-time
dynamics that establish the steady state.

The paper is organized as follows. In Sec. II, we
present our wavefunction formalism for models with
charge fluctuations. This presentation begins with the
non-interacting resonant level model as a warm-up, then
proceeds to the one lead IRL as the first non-trivial ap-
plication of our approach. Then, the approach is pre-
sented in a more formal and general way, in both time-
dependent and time-independent forms, and results are
presented for the multi-lead IRL and the multi-lead ATM.
In Sec. III, we use our wavefunctions to calculate observ-
ables. We calculate the impurity occupancy in the IRL
at leading order in U, verifying that the steady state
equilibrium answer agrees with a calculation in the lit-
erature and presenting some new results in steady state
nonequilibrium. We also calculate the steady current in
the two lead AIM for small U (obtaining an answer that
we have verified with Keldysh perturbation theory) and
for U — oo with small A = L|v|? (recovering a scaling
law well-known from the equilibrium case). We conclude
in Sec. IV with a summary and outlook.

II. WAVEFUNCTION FORMALISM FOR
CHARGE FLUCTUATIONS

We present a reformulation of the many-body
Schrodinger  equation  (time-dependent or  time-
independent) that allows us to calculate wavefunctions
in the IRL and AIM. Our formalism takes care of much
of the combinatorial bookkeeping involved in solving
for an N-body wavefunction in order to isolate the
hard part of the interacting problem, which we find is
a certain family of differential equations that we call
“inverse problems.” The equivalence of the many-body
Schrodinger equation to these inverse problems holds
under fairly general conditions; in some one-dimensional
quantum impurity models with linear spectrum, the
inverse problems can be solved in closed form.

We present our formalism first in a specific example:
the one lead TRL. We warm-up in Sec. I A with the
non-interacting resonant level, which provides a starting
point for our calculations in both the IRL and the AIM.
In Sec. II B, we present the time-evolving wavefunction of
the one lead IRL. This example motivates the more gen-
eral formalism for time evolution that we set up in Sec.
II C; we also give a brief account of the time-independent
version of the formalism in Sec. IID. In Sec. IIE, we
present the time-evolving wavefunction of the multi-lead
IRL, and in Sec. IIF we present the NESS of the multi-
lead AIM for small or large U.

A. Non-interacting case — the resonant level model

We consider first the one lead RLM:
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We use the following notation throughout the rest of the
paper:
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We begin by defining the time evolution of the momen-

tum creators operators cL = \% f—Ll/j2 dr e**t(z) as

follows:
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The point is that, since H® annihilates the empty
state |0), the time evolution of an initial state with
arbitrary momenta is given by e’iH(O)tcLN ...cLl|O> =
CLN (t)...c;fCl (t)[0). This same approach was used by
Gurvitz in non-interacting Floquet models [13]; our ap-

proach will be to use the cL(t) operators as a basic ingre-
dient in constructing the wavefunction in an interacting



model. We emphasize that our calculation is done in the
Schrodinger picture.

A straightforward calculation yields the following ex-
plicit form in the regime of interest (0 < ¢ < L/2):

, 1
cL(t) = e_““tcL + 7 /d:v Fi(t —x)

X (@(O <z <t)yl(z)+ gé(ar)dT) , (2.4)
where:

Fy(t) = —iT (k) (e” " — e7 1), (2.5)
Let us make one comment on this solution. Due to the
linearity of the spectrum, the wavefunction is discontin-
uous at x = 0, and one therefore needs a prescription to
make sense of §(x) multiplying a discontinuous function.
Here and in all wavefunction calculations in this paper,
the prescription we use is to average the two limits of the
discontinuous function as z — 0%. This has the effect of
replacing, e.g, ©(z)d(x) — £6(x). This prescription has
been used successfully in equilibrium calculations with
the Bethe ansatz [14].

In the infinite time limit, the cL(t) operators create
scattering “in” states: that is, states with an incoming
plane wave (e?** for z < 0). This infinite time limit must
be taken in a particular sense, removing a trivial overall
phase factor and taking the limit pointwise: a limit is
reached at each point z, but not uniformly for all z. We
send L — oo before t — 0o, removing the prefactor 1/ VL
to convert from Kronecker delta normalization to Dirac
delta normalization. The result is:
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= cL + /d:v Fin () (@(0 < x)z/ﬂ(:v) + %5(x)dT> ,
(2.6b)

where ¢}, = [dz e¢*®3T(z) in the second line (i.e. Dirac
normalized), and:

Fiin(z) = —iT (k)e™™. (2.7)
From the electron part of the wavefunction Cl,in|0>v we
can see that 7 (k) is the bare T-matrix for a single elec-
tron crossing the impurity. The corresponding bare S-
matrix is S = 1 —iT (k) = z:;ﬁ, in agreement with
Bethe ansatz.

We proceed to the simplest multi-lead RLM, in which
an arbitrary number of leads indexed by v = 1, ..., Neads

all tunnel to the dot with the same tunneling coefficient:
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After a unitary rotation, the Hamiltonian separates into
Nigags — 1 free fermion fields and a copy of the RLM,
with the latter involving the “even” combination ce; =
ﬁ E]B\h:“jd cgk. The time evolution of operators is
straightforward in this rotated basis, seeing as the free
fermion fields evolve by phase factors and the RLM field
evolves according to Eq. (2.4). Rotating back to the
original basis, we obtain:

, 1
T —ikt T
c . (t)=e c —l—i/dxF t—x
() " Nicads VL k )

Nicads .
V Nlcads
v

x|e0<z<t) Y vh@) +° s(x)dt |,
B=1

(2.9)

L/2 ikx .
where ch(t) = % f_£/2 dz e* z/J]LY(:E) Taking the long

time limit in the same way as in the one lead case yields:
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where the momentum creation operators here are Dirac
normalized [CLk = [dx e** i ().

B. Time-evolving wavefunction of the one lead IRL

To the one lead resonant level model Hamiltonian H(©)
of the previous section, we add a Coulomb interaction
between the dot and the charge density at = 0 to arrive
at the one lead IRL:

HY = Uyt (0)y(0)d'd,
H=H9 + gL,

(2.11a)
(2.11b)

We present the exact time-evolving wavefunction of this
model given an initial state CLN e cLl |0) with arbitrary
momenta. We use this model to illustrate a more general
method which is detailed in the next section.

We wish to find the following time-dependent wave-

function:

N

et HCLJ_ |0).
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[ (t)) (2.12)



Equivalently, we need to solve the differential equation:

d
(H—z—) (1)) =0, (2.13)

with the initial condition:
[W(t=0))=cl ...c] |0). (2.14)

In the non-interacting case (U = 0), the full solution is
given by a product of the time-dependent creation oper-
ators of the RLM [Eq. (2.4)]:

N
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The method we introduce is a way of systematically
adding a finite number of correction terms to |[WO(t))
to form the full solution |¥(t)) for arbitrary coupling
U. A basic ingredient in the solution is a set of “cross-
ing states” |®p, ., (t)), which are called such because
they are built from single-particle 7T-matrices for elec-
trons crossing the origin — both the RLM T-matrix 7 (k)
[Eq. (2.2)] and the T-matrix Ty for a single electron scat-
tering off a potential Ud(x) (though such a potential is
not present in the Hamiltonian). The full solution |¥(¢))
is built from cL(t) operators acting on crossing states.

We begin by defining two operators that, roughly
speaking, measure the failure of the cL(t) operators to
describe the full time evolution:

A = H. 0]~ g @), (2168)

Bklkz (t) = {Akz( ) ckl( )}

A short calculation yields these operators in explicit
form. The first is:

(2.16Db)

Ap(t) = —=Ud'91(0)

—ikt —zzt) (%WO) _ %d) — e—iktd] ,
(2.17)

\/_
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and the second is the antisymmetrization of a “reduced”
operator:

red red
Bk, (t) = B (t) — BISY (1), (2.18)

where:

e*izt) efikgtd'rw'r(o)'
(2.19)
The reduced operator is not uniquely defined, since one
can add any symmetric function, but this is a convenient
choice.
We note two properties of these operators for later ref-
erence:

red U —i
B0 = L Tk (e -

e Any A(t) annihilates the empty state:
Ag(1)]0) = 0.

e Any B(t) commutes with any momentum creation
operator:

(2.20)

[Bryks (1), cf, (8)] = 0. (2.21)

The case of N = 1 is non-interacting: with |¥%(¢t)) =
cf (1)|0), we have (H — i&)[T0(t)) = Ay, (t)[0), which
vanishes due to (2.20). We present the cases of N = 2,3
and 4 in detail, then proceed to general V.

1. Two electrons

For N = 2, the freely-evolving state is |[¥0(¢)) =
0112 (t)c;f€1 (t)[0). Bringing (H — i) past the momentum
operators to annihilate the empty state yields:

(H - z—) WO(1)) = Ay (D)l ()]0) + L, (1) Ay, (1)]0)
= Bklkz (t)|0>7 (222)

where we used Eq. (2.20). The N = 2 problem thus
reduces to constructing a state |®g,,(t)) which is the
“inverse of By, k,(t)|0)” in the following precise sense:

(H - %) (Bt (1)) = —Brara(1)[0),
|(I)k1k2 (t = O)> =0.

Given such a state (which we explicitly construct below),
the N = 2 solution is immediate:

[T (t) = [WO()) + [P2(t)),

where |U2(t)) = |®k,k,(t)). The point of these manip-
ulations is that the state |®,x, (t)) will appear again in
the solution for larger N.

Recalling Eq. (2.18), we write:

|(I)k1k2 (t» = |Xk1k2 (t» - |Xk2k1 (t)>7

where the unsymmetrized crossing state |xi, k, (t)) is re-
quired to vanish at t = 0 and satisfy:

(H i ) a8 = =B 010)

(2.23a)

(2.23b)
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(2.25)

(2.26a)

= L—T(kl) (em b — emi=t) o= iRt gTpT(0)]0).  (2.26D)
v
We make the following ansatz for the unsymmetrized

crossing state:

1
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+ %5(332)@(0 <xy < t)d | (z1)]0), (2.27)



where we use the notation ©(x,, < -+ < x1) = O(x1 —
x9)...0(x, — xp—1), and where Fj, k, is a smooth func-
tion to be determined below. Since an ansatz of similar
form occurs throughout our calculations in both the IRL
and AIM, we describe it in some detail.

The state |xx, &, (¢)) should vanish outside the forward
“light cone,” seeing as the effect of the quench travels
rightward from the origin at the Fermi velocity (which we
have set to unity). The ordering z2 < 27 is a convenience
and no loss of generality. The state vanishes at ¢ = 0
by construction; to see this, we note that the overlap of
[Xk1ko (B = 0)) with any reasonable state yields integral
of the form [%/%, du1dzs ©(0 < 23 < 31 < 0)X (21, 72)
with some non-singular function X, and this integral van-
ishes. (In other words, the position space wavefunction
of | Xk, ks (t = 0)) is non-singular and vanishes everywhere
except on a set of measure zero, and hence is equivalent
to the identically zero function.)

The only part of Eq. (2.27) remaining that requires ex-
planation is the impurity-electron part of the wavefunc-

d 1 [0 0
<H - E) [Xkrkz () = Z{ /dfldIQ {—Z <& =+ e +

tion, i.e. dfyf(z1). This term is chosen so that acting on
it with the tunneling term of H produces an exact can-
cellation with the action of the kinetic term minus i% on
the Heaviside function in the electron-electron part, i.e.

YT (z2)yT(21). In particular, we have:

(0 0 0
/dmldm? Fk1k2(t,1171,1172)|:—l (E‘f‘a—wl (9—1:2)

XxO0 <z <z < t)} T (2) 0T (21)]0)

—i—va(O)d/d:vld:vg Fklkz(t,xl,fbg)%é((bg)

x 00 < 1 < t)d'T(x1)0) = 0. (2.28)

This cancellation is desirable because we want (H —
i%)b(klkz (t)) to be of the form T(0)d"|0) in order to
match the right-hand side of Eq. (2.26b). Proceeding,
we find:

0
6—:52) Fklkz(tv'rlv'rQ):|

00 < 22 < 21 < )T (22)"(21)

' 0 0
+ % /dxl |:<—Z§ - Za—xl + z) Fklkz(t,xl,())} 00 < zy < t)d' YT ()

where the averaging prescription has been used [see the
comment below Eq. (2.5)] to replace 6(z2)0(0 < x2 <
x1 < t) = 36(x2)0(0 < 21 < t). Comparing to Eq.
(2.26b), we see that it suffices for the function Fy,x, to
satisfy the following three requirements:

0 0 0
(5 3o + 3y ) stz =0, (2300
i g_,_i + 2| Fryiy (t,21,0) =0 (2.30b)
1 ot 8$1 z kika Uy L1, — Y .

<1 + %U) Fiyk, (6,0,0) =U T (k1) (e_““t - e_iZt)

x e~ ikat, (2.30c)

The first requirement will hold if Fj,x, is a function of
the coordinate differences only (t — x1,t — x2, 21 — x2),
while the second requirement will hold if Fy,, (¢, z1,0)
is a function of t — 1 times e~ ***1. From the third re-

+ % (—i + %U) Fi ko (t,o,O)dT¢T(0)}|O>, (2.29)

quirement, we can then read off:

Fiyny (t, 21, 02) = TuT (k1) (e_ikl(t_wl) - e_iz(t_wl))

x eika(i=m1)g—iz(er—a2) (9 3],)
here: Ty = v (2.31b)

The quantity 7y is exactly the T-matrix for a single
electron, with linear spectrum, scattering on a potential
Ué(x). Recalling the antisymmetrization in Eq. (2.25),
we see that |y, 1, (1)) is built from the free T-matrices
Ty, T(k1), and T (k2). This is why we refer to |y, 1, (1))
as a “crossing state.”



2. Three electrons.

For N = 3, the freely-evolving state is |[¥0(¢)) =
023 (t)cL( )ckl( )|0), and we find:

<H - zi) WO()) = Ay, (t)el, (D)l (5)]0)

+ (8 Ag, ()ch, (8)[0) + ef, (t)el, (1) A, (1)]0) (2.32a)
- Ck ( )Bk1k2( ) Ckz( )Bklke( )|O>

+ el () Brors (1)|0),  (2.32D)

where we used Eq. (2.20) and Eq. (2.21). To cancel these
leftover terms, we reuse the same crossing state | P, x, (t))
that appeared in the two electron case, defining:

cf, (0)| P, ks (1)
+Ck ( )|q)k2ke( )>

[T (8)) = cf, ()| Pryx, (1)) —
(2.33)

The point is that, if we bring (H — zdt) to the right of
the ¢l (t) operators in |U2(t)), then by the condition Eq.
(2.23a) that the crossing state satisfies, we obtain exactly
what we need to cancel the leftover terms on the right-
hand side of Eq. (2.32b). Bringing (H —i:%) to the right
generates new commutators:

(H - zi) (120(0)) + [ (£))) = Agy (£)| 4,1, (1)

- Ak2( )|(I)k1k3 (t» + Akl (t)|q)k2k3 (t)> (234)

We are thus presented with a new “inverse problem,”
namely to find a state [Py, k5, (1)) that satisfies:

<H - i%) Pk (1)) = — <Ak3 ()| P, 1, (1))

= Ay (0)| @y kg (£)) 4 Ay (8)| Py (t)>> . (2.35a)
(2.35D)

Given such a state, the full solution is |¥(¢)) = [¥O(¢)) +
|W2(t)) + [W3(t)), where |U3(t)) = |®pk, koks (1)) This ex-
hibits the pattern that continues to all N: the states
|WL(t)),..., [ WN=1(t)) are built from crossing states that
have been encountered already (up to N — 1), while
|UN(t)) requires a new crossing state.

It is again convenient to write the new crossing state
as an antisymmetrized sum over permutations:

|(I)k1k2k3 (t = O)> =0.

[Prikoks (B) = D (S800) Xk, bk (1)), (2.36)

oeSym(3)

where the unsymmetrized crossing state | X, kyks (t)) must
vanish at ¢ = 0 and satisfy [recall Eq. (2.25)]:

(H jt) Xkikoka () = = Ay (8)[Xrako (£)  (2.37a)

1 ¢
= m;U/dxl Fk1k2(t’xl’0)
x e~ *3tQ(0 < zy < t)di et (0)eT (21)]0).
(2.37b)

To find the unsymmetrized crossing state, we extend our
previous ansatz (2.27) to include another electron:

1

IXky kaks (1)) = T2 /dfﬂldirzdilfs Fy kaoks (t, 71, T2, 3)

X |:®(O <3 <xo <21 < t)’t/JT(,Tg)
1
+ ;5(1‘3)@(0 <o <1 < t)dT]wT(xz)wT(J]l”(».
(2.38)
We require that Fj, ks (t, 21,22, 23) is a function of
coordinate differences only and that Fy, gk, (¢, 21, 22,0)

equals e~***1 times a function of t — 27 and ¢ — x; then
we obtain (see Appendix C for the full calculation):

1 2 o1
m;(—”ﬂ

X /dwl By kaks (£,21,0,0)d 9T (0)97 (21)[0).  (2.39)

(H —~ z%) [Xker ks (8)) =

Thus, Fi, k,k, must also satisfy:

o1
<_Z + §U> Fk1k2k3 (tv X1, Oa O) = UFklk? (t’ L1, O)

x ekt (2.40)

We can build a suitable function using the n = 2 solution:

= iTu Fiy i, (8, 21, 23)
—1iks (tfmz)

Foylogks (8, 21, 22, 23)

X € (2.41)

3. Four electrons.

This is a sufficient number to illustrate all properties
of the general N solution. For N = 4, the freely-evolving
state is |WO(t)) = 024 (t)cL3 (t)cL( )ckl( )|0), and follow-
ing the same steps as before yields:

(W) = [PO() + [W3(2)) + [W3(1)) + [ (1)),

where:

(2.42)



[W2(t)) = cf, (t)ch, () Pk,ky (1)) — cf, (E)eh, ()| @y ks (1)) + €, (E)eh, (6)|Pryry (1)

+ b (D)), ()| Pk, (1)) — cf, (t)ckl( )@ gy (1)) + b, (D)ef, (8)|Praka (1)), (2.43a)
(W3 (1)) = b, ()| Py kaea (1) — €y () Pty kghes () + €y ()| Py gy (1) — b, () P (1)), (2.43b)
[W4(1)) = Py kakska (1)), (2.43¢)

where | @, koksk, (£)) 1S @ new crossing state, which must vanish at ¢t = 0 and satisfy:

(H - Zdi) | Py kakska (1)) = — (Bkm NPy ks (1)) = Bheakoa ()| Py ks (8)) + Bhioks (£)[ Py 1y ()
+ By ks () Phiskes (1)) = Breyks ()| Phiyks (1)) + Bieyseo (8) | Pk (t)>>

- <Ak4 (t)|(1)k1k2k3 (t» - Ak3 (t) |q)k1k2k4 (t)> + Akz (t)|(1)k1 kska (t» - Akl (t) |‘I)k2k3k4 (t)>> : (244)

There are two types of terms that (H —i-<%)|®p, kykek, (t))  and:
must cancel: the B(t) terms, which come from bring-

ing H — i% past the creation operators in |[W2(t)),

and the A(t) terms, which come from the same pro-

cess in |¥3(t)). We deal with these separately by in-
troducing two types of unsymmetrized crossing states,
Xk ko lkaka () @A | X, kokska (£)) (the four momenta are

either separated by a vertical line, or not), that are each
required to vanish at ¢ = 0. We write the full crossing

state as an antisymmetrization:

<H - Z%) |X7€1/€2/€3/€4 (t)> = _Ak4 (t)|Xk1kzk3 (t)> =
Brsbiora () = Y <sgno>(|xkglkg2|kg3k% (1)

o€Sym(4) _—U/dfld@ Fhoykaks (1, 21, 22,0)e ™ F1

L2
Xk b, (t)>>_ (2.45) < O(0 < 23 < 31 < H)dr YT ()0 ()" (21)[0).  (2.46)

Then it suffices for the unsymmterized crossing states to
satisfy:

d re:
(H il ) Xttt (0 = — B (0] b () =

1U . _
55 /dxldxg Fioy i, (w1, 22)T (k3) (eﬂk‘*t — eﬂZt)

ikt - ; ; Extending Eq. (2.38) to one more electron, we make the
x e "O(0 < xz < a1 <)d"WTN(0)YT (v2)Y T (21)]0),

following ansatz:

1
Xk ko ksks () = Tz /d$1d172dl‘3dl‘4 Fiyealkgks (8 01, 02,73, 24) | O(0 < 24 < 23 < 22 < 21 < )Y (24)

+ %5(354)@(0 <3 < a9 < xp < )d |7 (23)pT (z2)0 T (21)]0), (2.47)

with the same ansatz for |xu, koksks (t)) (With Fy gk, F'(t, 21, 22, 23, 24) is a function of coordinate differences
replaced by  Fl,koksky)- We require that each



only, and that each F(t, 21, x2,3,0) is of the form e %%
times a function of ¢t — x1,t — x9, and ¢ — x3; then (see
Appendix C for the full calculation):

(H - z%) () = %% (—i + %U)

X F(t,Il,IQ,0,0)@(O <2 <71 < t)
x d'(0)01 (22)9" (21)]0),
where |x(t)) and F' each have the subscript (ki, ka|ks, k4)

or (ki,ka, ks, ks). Comparing, we see that the two F
functions must satisfy:

(2.48)

)
(1 + §U> Fk1k2|k3k4(t7xl7x27070) =

UFpy ks (t w1, 02) T (k3) (e — e7#1) e7hat 1 (2.49)
and:
o1
-1+ §U Fiey koksks (t, T1, 22,0, O) =
UFklkzks (t7x17x270)6_ik4t- (250)
The solutions are:
Fio koo |kgha (621, T2, 23, 04) = Fpy gy (8, 71, 222)
X Flgk, (t, x3,24), (2.51)
and:
Fioy koksks (ta xy,T2,T3, =T4) = (iTU)2
X Fiy iy (t, 21, m4)e " Fo(mm2)emthalizes) (3 5)

4. Solution for general N.

From the above calculations, the pattern has emerged.
The full wavefunction is a sum over subsets of the ini-
tial N momenta; the chosen subset is put into a crossing
state, which is then acted on by a product of CL (t) oper-
ators that have the remaining momenta. Each crossing

n/2

(@, (1) = A >

state |Pg, . k, (t)) is the antisymmetrization of unsym-
metrized crossing states in which the n momenta are
separated into any number of “cells” of length two or
greater — for instance, |Pg,kykskikske (t)) would include
|X7€1/€2/€3/€4/€57€6 (t)>7 |Xk1k2|k3k4k5k6 (t)>7 |Xk1k2k3k4\k5k6 (t)>7
and [ X, ky|kakalksks (1)) (all antisymmetrized). Each new
cell is associated with a B(°% () operator, while the A(t)
operator extends the last cell by one. The unsymmetrized
crossing states are given by the n-electron generalization
of Eq. (2.47). Each new cell leads to a Fj,, (¢, z1,x2)-
type term, and any cell can be extended by changing the
second z-coordinate of the Fj,x, function to the last co-
ordinate of the cell and multiplying by a factor of the
form iTgre~™*s(t=2)  For example,

Fio i kaks|kakskoks (t; T1, T2, T3, T4, Ts, Te, T7) =
. ik (t—
iTuFr iy (t, 1, 23)e™" s(t—22)

X (iT0)? Froyhy (t, @4, w7)e” Holt=os) g=ikr(t=2e) (9 53)

We now present this solution in more detail, leaving the
proof to Appendix C. For general N, we have:

N
(1) = [20(0) + D >

n=21<m;<---<m, <N

N

11 c,ij (t)

=1
j;ﬁm@ Ve

X P, ok, (1))

X (—1)matetmatl

(2.54)

where the terms in the summation over n are exactly
the |Wl(t)), |W2(t)), etc. states discussed above. The
sign factor comes from bringing the quantum numbers
(Kmy s - -+ km,, ) to the left of the full list (ky,...,kn). To
define the crossing states, we first write A as a short-
hand for complete antisymmetrization in momenta — i.e.

A X (k1o kn) = X oesymmn) (58n0) X (koy s ... kg, ) for
any function X. Then we have:
|Xk1...kj1|,,,‘k]‘371+1...kjn (t)>7 (2'55)

2<j1 < <je<n
je=n, cach fmt1—jm>2

where:
1

Xy kg |olb, gk () = Tz /diﬂl T By ko ke (BT T0)

X |00 < ap < - <wyp <Pl (an) + %5(3371)@(0 <Tpo1 < <T1 < t)dT] PN (@n-1) ... 9T (21)|0). (2.56)

Before constructing the function F for a general number
of cells s, we first define it in the special case of s = 1,

i.e. a single cell:

) = ((T0)" "2 Fyky (6,31, 2)
X H e kit=zi-1) ©(2.57)

=2

Fkl...kn (t, L1,



where Fy, 1, (t,z1,22) is given in Eq. (2.31b). Then, the
function for general s > 1 is a product of single-celled
functions:

Fkll...]i}jl I"'ij371+1"'k7l (t7 xl? st 7‘:677,) -

S

H ijm,1+1mkjm (ta Ly 1415 -

m=1

(2.58)

s T )s

where jo = 1 and js = n. This completes the construc-
tion of the general crossing state, and thus the full many-
body wavefunction.

5. The NESS.

In the long time limit, the time-evolving wavefunc-
tion becomes a NESS: a solution to the time-independent
Schrodinger equation with the boundary condition of in-
coming plane waves with momenta k1, ..., ky. As men-
tioned above Eq. (2.6b), this long time limit must be
taken in a pointwise sense, removing a trivial phase fac-
tor and rescaling by L appropriately (see also a similar
calculation in the Kondo model in the previous paper

[1]):

<$|\I]NESS> = lim
t—o0,L—00
t<L

LN B | B(t)),  (2.59)

where E = ki + -+ ky and |z) = ¥ (zn) ... ¥T(21)]0).
The overlap of the NESS with a basis state with the dot
occupied is obtained similarly. The result of taking this
limit in the IRL wavefunction can essentially be read off
by deleting the factors of L and time-dependent phases,
sending ¢t — oo in the Heaviside functions, and removing
all terms in the F' functions that decay exponentially
in time. For completeness, we now provide the NESS
explicitly.

Define the following time-independent version of the
basic function (2.31b) that appeared in the time-
dependent solution:

Fklkz’in(a@l,xg) = TUT(kl)ei(kl-‘rkzmle_iz(ml_m).
(2.60)
Then, define the time-independent version of the single-
celled function (2.57):

) = (1T0)" 2 Fry ko in (21, 20)

< [ e*m. (2:61)
=2

Fry .k in(T1, .

The time-independent function F for an arbitrary num-
ber of cells is then defined as in Eq. (2.58). We can then
write the NESS wavefunction as follows:

N N N
[Oness) = | [] CLj,in 0)+ > > Vs I | CLJ‘JI] [Pl om0 ) (2.62)
Jj=1 n=21<mi<---<mn, <N 7j=1
jF£myg VL
with:
n/2
|(I)k1...kn,in> = AZ Z |X]C1kljl I...‘k}j571+1...k}jn7iﬂ>5 (263)
s=1 2<j1<-<gs<n
js=n, each j7n+1_j7n22
where:

Xy ks, oo Bg, 41 Konsin) = /dwl coodxn Fry gk,

+1...kn,in(x17 ctt ‘T’n)

x {@(o <an <o <a)Yl (@) + %5(%)@(0 <@y <o <a)d Y@ 1) T (20)]0). (2.64)

Applying the time-independent version of our formalism
(see Sec. IID) confirms that |Ungsg) is an energy eigen-
state with energy ' = k1 4+ - -+ + kn. Alternatively, the
time-independent formalism can be used to find |¥nggs)

directly, without following the time evolution; the calcu-
lation is very similar to the time-dependent case.



C. General formalism

We now generalize the calculation of the previous sec-
tion to a method that can be applied to a broader class of
problems. The key point is to write the many-body wave-
function as a sum of time-dependent creation operators
acting on crossing states, then to identify the “inverse
problems” that the crossing states must solve in order
for the Schrodinger equation to be satisfied. This takes
care of much of the bookkeeping and isolates the hard
part of the interacting problem, namely the calculation
of the crossing states.

We consider a Hilbert space consisting of any states
produced by fermionic “field operators” ¢/, acting on an
empty state |0) that is annihilated by any field operator.
(Note that « is a label for any quantum numbers; d' in
the IRL counts as a “field operator.”) We wish to find the
time evolution of an initial state with arbitrary quantum
numbers oy, ..., aN:

|W(t)) = e il

I --ch o). (2.65)

Equivalently, we need to solve the differential equation:

d
H—i— | |¥(t)=0 2.66
(11, ) 1wio) = (2.66)
with the initial condition:
N
W(t=0)=[]]ck, |10 (2.67)
j=1

The starting point of the construction is to find the time-
evolving operators that would describe the full time evo-
lution in the absence of interaction. We take the Hamil-
tonian to be:

H=H9+HWY, (2.68)
where the time evolution of the field operators under H(®)
is assumed to be known:

cl(t) = efiH(O)tcaeiH(O)t, (2.69)
and where both H® and H® annihilate the empty
state:

HO\0) = HW|0) = 0. (2.70)

Thus, in the non-interacting case (H™") = 0), the full
solution is given by a product of cf (¢) operators:

N
1w0(t)) = H cl (1) ]10). (2.71)

The time-evolving state |U9(t)) satisfies the initial con-
dition (2.67); each term that we will add to it in order

10

to reach the full solution (with H™) included) will be
required to vanish at ¢ = 0. We define:

Aa(t) = [H, el ()] —igch(t) = [HV (@),

Bayas (t) = {Aa,(t), Clq (t)}.

(2.72a)
(2.72b)

Generalizing from the IRL, we assume that these opera-
tors have the following properties:

e Any A(t) annihilates the empty state:

A (t)|0) = 0. (2.73)

e Any B(t) commutes with any field creation opera-
tor:

[Bayas (t), ¢k, ()] = 0. (2.74)

When H(© is quadratic, the cf () operators are linear
combinations of field operators; then the above condi-
tions are met whenever the interaction H() is a sum of
terms of the form cf, cf, Ca; Cayy [since we have, schemat-
ically, A(t) ~ cfcfc and B(t) ~ cfcf]. Thus, the for-
malism of this section can in principle be applied to a
fairly general class of number-conserving Hamiltonians
with a quartic interaction term. In particular, we have
not yet specialized to one-dimensional quantum impurity
problems with linearized spectrum. These additional re-
strictions seem to become necessary when we seek ex-
act solutions to the differential equations for the crossing
states.

It straightforward to show that B, a,(t) is antisym-
metric under exchange of the quantum numbers a; and
ag [15]; hence, it can be written in terms of a “reduced”
operator:

Balaz (t) = B(red) (t) -

Q102

B(red) (t)

Q201

(2.75)

While BY) (1) = $Ba,a,(t) is always an option, it can
happen that the calculation is simpler with a different

choice (as we saw in the TRL).

Our approach will be to bring H past all of the ¢/, (#)
operators to its right at the cost of commutators [A, (¢)
operators], then to bring each A, (t) to the right of the
remaining ¢/, (¢) operators at the cost of anticommutators
[Ba,a, (t) operators]; then each B(t) can be brought to
the right due to Eq. (2.74). The IRL calculation in
the previous section provides explicit examples of these
manipulations for N = 2,3,4. We now give a summary
of the general N case, leaving the proof to Appendix B.



We commute H past each ¢/ (t) operator to find:

N

(-5 ) @y = X o

m2:1

ch, (1)]0) (2.76a)

(17 ¢t (0] - 1556k, 0) .

- ¥

n

(—1)mermett I <o

1<mi<ma<N J=1,j#mi,ma
X Ba,, am, (1)]0). (2.76b)
To cancel this, we define a state |[¥2(t)) as:
) = Y (e
1<mi<mo<N
x I[I e, @] 1®an,an @), (277

j=1,j#m1,m2

where the crossing state |®,, q,(t)) vanishes at t = 0 and
satisifes:

The point is that if H—i-% were to act only on |4, a, (%)),

then (H — i4)|¥®)(t)) would cancel the right-hand side
of Eq. (2.76b). To reach the |®,,q,(t)) state, though,

H —i% must commute past each ¢, (¢) operator; we there-

n/2

@y (8) = A >

11
fore obtain:

(H—w%)UWWw»Hw%w»—
Z (_1)m1+m2+m3+1

1<mi<mo<ms<N
N
x I <o <Aamg () Par, vy (1))
7j=1

Jj#mi,ma,m3

- Aam2 (t)lq)amlam?, (t)> + Aam1 (t)lq)amz Qg (t)>> :
(2.79)

Note that this equation has a similar structure to Eq.
(2.76b), but with N — 3 of the ¢/, (t) operators appearing
instead of N — 2. To cancel the new leftover terms, we
need a new crossing state |®n,asa4(t)) — that vanishes
at t = 0 and satisfies Eq. (2.37a) with each k; replaced
by «; — from which we can construct |¥3(t)) to cancel
the right-hand side of Eq. (2.79). This results in new
terms to cancel, in which at most N — 4 of the ¢/ (¢)
operators appear in any particular term; we build |¥*(#))
from a new crossing state | P, ayazaq (t)), and so on. This
process terminates when we reach U™ (¢)) and all N of
the ¢! (t) operators are eliminated.

Let us state the general result (proven in Appendix B).
The full time-evolving wavefunction can be written as:

[T (1)) = 2°(t)

IES DS

n=21<m;<---<m, <N

N

I .o

j=1
M, Ve

X |(I)am1---amn (1)),

where the terms in the summation over n are ex-
actly the |[Wl(¢)), |¥2(¢)), etc. states discussed above.
The crossing states are antisymmetrizations of unsym-
metrized crossing states in which the quantum num-
bers are separated into cells of length two or greater.
Writing A as a shorthand for complete antisymmetriza-
tion of o; quantum numbers — ie. A X(aq,...,ap) =
> oesym(n)(5800)X (a0, ;.. ., a0, ) for any function X —
we claim that the following requirements are sufficient
for Eq. (2.80) to satisfy the time evolution problem:

% (_1)m1+---+mn+1

(2.80)

el Qy, (1)), (2.81)

|Xa1...aj1|..,\a

s=1  2<ji<<ja<n
js=n, each Jm4+1—Jm=>2



where:
d B((;:d)lan
<H_Zdt) |Xa1 gy ey, e an(t» = {
and:

|Xo¢1...ozj1|...\o¢j571+1.~01n (t = O)> =0.

Throughout, jo = 0 and the sum over s goes over only
integral values. We set |x(t)) = |0) so that for n = 2, Eq.
(2.82) recovers Eq. (2.78) after antisymmetrizing.

Thus, we have transformed the original many-body
Schrodinger equation to the problem of finding states
that satisfy Eq. (2.82) and Eq. (2.83).

D. Time-independent formalism

It is convenient in some problems to solve for the infi-
nite time limit of the wavefunction directly, without fol-
lowing the detailed time evolution. Here, we present the
formalism of the previous section in a time-independent
form. Although it is not strictly necessary, we formulate
the entire discussion in terms of scattering theory.

As in standard scattering theory, the passage from the
time-dependent to the time-independent picture results
in the initial condition in time (at ¢ = 0 in our setup,
usually ¢t = —oo in scattering theory) becoming a time-
independent boundary condition in space (e.g. incoming
plane waves).

We write the Hamiltonian as H = HO 4+ H® = b4V,
where h is the non-interacting Hamiltonian from the
point of view of scattering theory. That is, h describes the
propagation of plane waves, not including any tunneling
to the impurity or scattering off a potential. For instance,
h = —i [dz ¢! (z)-Le(z) in the IRL. (Note that we work
in infinite volume.) We write h = f do Eacha, where
the ¢, operators are Dirac normalized and where the in-
tegral over a can also include a sum over discrete quan-
tum numbers. The term H(® contains h and any other
quadratic terms, and H(!) contains interaction terms.

The Lippmann-Schwinger equation for scattering “in
states is [Win) = |V) + 5— E+mV|\Ifm> where |¥) =
cly ---cl, |0) is an eigenstate of h with energy E = E,, +
-+ 4+ Eqy,. This is equivalent to the time-independent
Schrodinger equation:

(H - E)|¥in) =0, (2.84)
with the boundary condition of incoming plane waves
with quantum numbers aq, ..., ayN.

The non-interacting Hamiltonian H(?) | which includes
quadratic terms such as impurity tunnehng and potential

_Aan( )|X0¢1»»»06j1 ‘---laj571+1»»»04n—1 (t)>

12

( )|Xa1...ocjl\...|aj572+1.,.an,2(t)> js—l =n—-2

n>3and jo_1 <n—3

(2.82)
(2.83)
I
scattering, has a set of scattering operators c . that
satisfy:
R e (2.85)

and that create scattering “in” states corresponding to
cl. [See Eq. (2.6b) for these operators in the case of the
RLM.] The solution to the Lippman-Schwinger equation
in the special case of no interaction (H) = 0) is given
by a product of these operators:

el o).

|\I/10n> - an,in a1,in (286)
To include the interaction term H™) | we proceed in much
the same way as in the time-dependent case. The main
point is to isolate the core difficulty of the interacting
problem, which is in this case to find time-independent
crossing states satisfying the appropriate “inverse prob-
lems.” We begin by defining time-independent versions
of the A and B operators:

EcT

a,in?

Aa,in = [H C ]

’ Yain

Balo@,in - {A

(2.87a)
} B(red) _ B(red)

a1Qa,in asay,in®

(2.87b)

ao,in € a1 in

As in the time-dependent case, we assume that H()|0) =
HM|0) = Ay ia]0) = 0 and that By, a,.im commutes with
any cL_in. The same manipulations yield an exact re-
formulation of the Lippmann-Schwinger equation. We
have the following representation of the wavefunction [the

time-independent version of Eq. (2.80)]:

N
Win) = [W5) + > >

n=21<m; <--<mn <N

N

"
H COljJH

j=1
M Ve

% (_1)m1+---+mn+l

(2.88)

X |(b0‘m1>~0‘mn7in>’

where the crossing states are given by:



n/2

O )ln

=42 2

13

(2.89)

|X0{1...O¢j1 |...‘0¢]‘371+1...O¢jn,in>'

2<j1 < <js<n
as:n, cach jomt1—jm >2

The unsymmetrized crossing states must satisfy:

n (red) . -
H— E :E I ) = B, _ 1an7m|X0‘1 gy lelag, gqaeom - 2in) Js1=n—2
ay ay.ogy ]y Qanp,in _A | > >3 <n_3
—1 Qp,in Xal,..ocjl\...|aj571+1...ocn,1,m n=9, Js—13N

where jo = 1, |x,in) = |0), and the sum over s goes over
only integral values; also, each |qumaj1 \...Iajs,1+1...an,in>
must satisfy the boundary condition of having no
plane waves coming in from infinity (since the incom-
ing aq,...,ay quantum numbers are already accounted
for in |W o :.)). This last condition is the time-
independent analog of the initial condition that crossing
states vanish at t = 0 [Eq. (2.83)].

While we have specified incoming boundary condi-
tions, the entire procedure carries through with any other
choice of boundary conditions (e.g. outgoing). In prin-
ciple, the formalism may even apply to the problem of
finding energy eigenstates in a finite-volume system.

E. Time-evolving wavefunction of the multi-lead
IRL

As another application of our general formalism, we
find the exact time-evolving wavefunction of the simplest
version of the multi-lead IRL, in which each lead has the
same tunneling and Coulomb interaction with the dot:

L/2 Nicads
HO = —i/ da Z Pl(z () +ed'd
—L/2
Nleads v
- ———91(0)d + h.c.|, (2.91a)
_ Nlcads K
y=1
Niecads
HY =U Z ¥1(0)0,(0)d'd, (2.91b)
H = H<0> +HW. (2.91c)

Before presenting our results, we recall some prior work
from Nishino et al. [9-11, 16, 17]. Refs. [9], [10], and
[11] present the NESS wavefunction in the two lead case.
The results seem to agree with ours for N = 2, 3 electrons
(when we take the steady state limit of the wavefunction
we find below); while Nishino et al. obtained the general
N case as well, it is not written explicitly. Ref. [11] al-
lows the tunnelings and Coulomb interactions to be lead-
dependent, which is a more general case than we consider
here; also, Refs. [16], [17] present NESS wavefunctions
for N = 2,3 electrons with two leads and two quantum

(2.90)

dots. We expect that our formalism should also apply to
these other variations of the IRL.

We present the exact time evolution of an arbitrary
initial state with the dot unoccupied:

|\IJ'Ylk1»~'YNkN (t» = eithCT .- |O> (292)

YNkN '71 k1

where the lead indices v; and momenta k; are arbitrary.
Since the calculation is similar to the one lead case (Sec.
IIB), we present only the main points (see Ref. [18] for
details).

The A(t) and B(t) operators of the multi-lead model
are found to be:

A.Yk(t)——%[e_ikth1/JTY(O)d+ —F z::
<atuho) (30- V0|, o)
and:
o) ) = — e By (et (0).

Vv leads Lo
(2.94)

The conditions that we need in order to apply the gen-
eral formalism [Egs. (2.70), (2.73), (2.74)] are easily ver-
ified. Thus, the wavefunction takes the general form of
Egs. (2.80)-(2.81), with the generic quantum number «
replaced by vk, and we only need to specify the unsym-
metrized crossing states that solve the inverse problems
of the model [Egs. (2.82)-(2.83)].

As we mentioned in Sec. ITA, the non-interacting
Hamiltonian H© separates under rotation into Nyeaqs— 1
free fermion fields and a single copy of the one lead RLM.
This separation breaks down once the interaction term
HW is included. However, it turns out that some ingre-
dients of the one lead solution can be reused. By similar
calculations as in the one lead case, we find that the first
unsymmetrized crossing state is the following generaliza-



tion of Eq. (2.27):

1
NlcadsL

|X’Ylk1’72k2(t)> = /d$1d$2 Fklkg(tuxluxQ)

Nieads
X |:®(O <o <21 < t) Z 2/12;(&[:2)
B=1

1 Vv Nlcads

+ T5(:1:2)@(0 <z < t)d*}/);z (x1)]0), (2.95)

|X'Ylk1~~~'7j1 kh I"'h’j571+1kj571+1'~~'Ynkn (t)> -

1 Nicads

B1...Bn
/2 /d:z:l ... dxg, Z F’Y11/€1...

Vi1 kiq ‘"'I'Yj571+1kjsf1+1~~~'Ynkn

By Bn=1

X |00 <z <o <ay <HYL (z0) +

V NieadsV

where the function F', now with lead indices, is defined
as follows. In the simplest case of a single cell (s = 1),
we define:

F’€111;1..é.72ynkn (tyx1,... @) =

1
51?,61,,,,%(15,351,..., H%H, (2.97)

where F' on the right-hand side is as in the one lead
solution [Eq. (2.57)]. Then the full solution, with an
arbitrary number of cells, is given by a product:

ﬂan —
ki Ry L Ve o1+ 1R g1 nka (t,21,- -5 20) =
T E
Jm—1+1FPim
H F’ij71+1kjm—l+1""7j7n K (6 @15 i),
m=1
(2.98)

where jo =0 and js = n.

F. NESS of the multi-lead AIM for small or large
U.

In this section, we apply the time-independent version
of our formalism (Sec. IID) to the multi-lead ATM, con-

()00 < zpq < ---
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where FJ;, «, is the same function as in the one lead case,
Eq. (2.31b). For the general case — an unsymmetrized
crossing state with n > 2 quantum numbers — we find:

(t,Il,...,CCn)

<z <t)d |pf ¥ (21)[0),

(2.96)

1(17",1) e

sidered directly in the infinite volume limit:

Nieaas

0)——z/d:v Zw

"/JVG(‘T) +edld,

Nicads

+ 0)d + h.c. 2.99a
Z V lcads ( ) ] ( )

HY = UnTm, (2.99b)
Hinite v = HO + HY, (2.99¢)

In Ref. [12], Imamura et al. find the two electron NESS
in the one lead case — a result that we reproduce below,
and extend to arbitrary IV electrons in the cases of small
and large U.

In the limit U — oo, it is convenient to use the aux-
iliary boson technique [19], according to which we write
the following Hamiltonian:

Nicads
Hmﬁnlte U — —Z/d(b Z Q/J wva(x) + Edj;da
v Nleads
+ | — I, (0)bTd, + he.|, (2.100
\/Nleads ; K ( ) ( )

which has a conserved charge Q = b'b + di d,; working
in the subspace Q = 1 imposes the constraint that the
dot cannot be doubly occupied, which is equivalent to
sending U — o0 in Henite U-

In either case (U finite or infinite), the same unitary
transformation as in Sec. II A isolates the interacting



sector of the model:
. d
He,ﬁnitc U= "1 dx 1/12,1 (I>d_1/)ea (:E) + ed:;da
T
+ [vl,(0)d + h.c.] + Ungny,
d
He,inﬁnitc U = _Z/d«f 1/11(1(17)%7,/)6(1(17) + Edlda

+ [vipl, (0)bTdy + hec.].

(2.101a)

(2.101b)

The model thus decouples into a copy of the one lead AIM
and N — 1 free fermions. We can use this decoupling to
show that the crossing states we need for the multi-lead
model are related to the crossing states of the even sector
by simple prefactors (see our previous paper [1] for a
similar calculation in the Kondo model with Njeaqs = 2):

|¢’ylk1a1...'ynknan1in> =

1 \"?
(Nlcads> |(I)ekla’1"'eknan,il’l>' (2102)

Thus, it suffices to solve the scattering problem with in-
coming “even” plane waves. We can then reuse the same
crossing states to read off the solution to the scattering
problem with incoming plane waves in the lead 1/lead 2
basis.

a. Solution for small U.
calculation yields:

In the finite U case, a short

U
Ackasin = [He, €l in] = kel g = ;T(k)d;d;db,
(2.103)
and:
Bekyayehzasin = {Ackzan.ins ooy in} (2.104a)
(red) (red)
— Pekiaieksasz,in = “eksasekiay,in? (2104b)
where:
red 1 byb
Békela)lekgag,in = WUT(kl)T(kz)Pfallgz dll dZN
(2.105)

(H - kl - k2) |Xek1alekga2,in> =
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and where P_ = % (I — P) is the antisymmetric spin pro-
jection operator (I51b2 = b1tz Phibs = §b2601).

Our task is to find a state |Xek,a eksas,in) that has no
incoming plane waves and that satisfies:

red
(H s k2) |X8k1alek2a2,in> - ilfla)lekzaz,in| >
(2.106a)
U
- _WT(kl)T(k2)Pf3f’i2dZ2dll|0>- (2.106h)

Given such a state, the solution to the two electron scat-
tering problem is:

0)

|\Ij€/€1a1€7€2a27m> - Cek2a2,incek1a1,in|

+ |Xek1alekga2,in> - |Xekgagek1a1,in>' (2107)

We make the ansatz:

|Xek1alek2a2,in> - /d$1d$2 Febliftzzlekgag ($17$2)
<[00 <0 <l (o)l o1

+ L3(2)0(0 < 21)d] ), (1)
1
_ﬁg(x1)5(x2)dz2d; |0), (2.108)

where Feg,q,ekyas 18 @ sSmooth function that is determined
shortly. By construction, this ansatz vanishes when any
position variable is to the left of the origin; this guaran-
tees that there are no incoming waves from r = —oco. As
the model contains only right-movers, there is no pos-
sibility of waves coming in from x = +oo; hence, this
ansatz does not disturb the scattering boundary condi-
tion satisfied by |¥9 ). Furthermore, this ansatz is chosen
so that certain terms that are not of the form we want
(d};2 dzl |0)) cancel automatically when we act on it with
H — ky — ko [see Eq. (2.28) for a similar calculation in
the TRL case]. A straightforward calculation yields:

[ 0 0
/d$1d$2 —i | =— 4+ — ) — k1 — ko Feb]ibi ekoa (,Tl,xg) @(0 < T < LL‘l)’t/Jib (l‘g)’t/]lb ($1)|0>
8{E1 8:172 1a1€k2a2 2 1

) 0
+o /diUl K—la—xl — k= k2 + 2) FU2 erpas (90170)] O(0 < 1)d}, Ly, (21)]0)
1
— 5 (P02 e (0:0) + FU20E 1,0, 0.0)) ©(0 < )] vl (0)]0)
— 5o (kL= by + 22+ U) FR12 0, 0,0)d], d], [0). (2.109)
I
To get the desired result (H — k1 — k2) |Xek,ayekoas,in) = —Bézda)lekza%inm), we require that the first three terms



of Eq. (2.109) all vanish and that the fourth matches Eq.
(2.106b); this leads to the following requirements on the
function F:

A 0 b1b
{—z <a— + a_) e ’“] Fotarensar = 0

(2.110a)
.0 bib
<—za—$1 — k1 — ko + z) Fob s (@1,0),  (2.110D)
Fo% an(0,0) + F20 ., (0,0) =0, (2.110¢)
(k1 — ko + 22+ U)F2 0 (0,0) =
UT (k1) T (k2)P 5202 . (2.110d)

A function that meets these requirements is:

UT ki+ko—U
FUY2 ohan (T1,02) = —T(kl)T(kz)%

i(k1+k2)x1 7Z-Z(I17I2) b1bs
X e e PG,

(2.111)

The Schrodinger equation with the boundary condition
(of incoming plane waves) can be expected to have a
unique solution; hence, this is the answer.

N by...bn
|Xek1a1...ekj1 U’jfl‘~~~|ekj571+1‘1j571+1~-~€knamm> - /dxl - day Fek1a1...ekj1 aj—1|...|lekj,_+1a5,_1+1...€knan (Il’ e
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Collecting all terms of the wavefunction, we have exact
agreement with the two electron NESS obtained in Ref.
[12]. As another check, we have repeated the calculation
in finite volume with the time-dependent formalism and
found exactly this answer in the steady state and infinite
volume limit [where the limit is taken pointwise, with
factors of L and the free evolution phase factor removed
as in Eq. (2.6b)] [18].

In Eq. (2.111), we see a similar structure as appeared
in the IRL solution: the two electrons are bound to-
gether over a distance scale of order 1/A [compare to
Eq. (2.31b)].

b. Solution for U — oo. We present the final re-
sults only; details can be found in Ref. [18]. We
set H = Hipfinite y throughout this section. Our
time-independent formalism (Sec. IID) carries through
straightforwardly with the state b'|0) replacing |0) and
the scattering “in” operators given by:

1
T = ijyka =+ Nt /dI Fk,in(x) @(O < x)

Cvka,in -
1/ Nicad
S ) 4 YN
y=1

Nicads

5(1:)6111)]. (2.112)

The unsymmetrized crossing states are given by:

»Tp)

< |0 <y <+ <@y, (wn) + %5(%)@(0 <Tpor <o <a)d) b|wh  (@asa) . w0l (@0)bT]0),  (2.113)

where the function F' is now to be specified. First, we
define F' in the special case of s =1, i.e. a single cell:

by...by
Feklal...ekgag (xh c

@) = (20) 7200 60T (ky et

x (2.114)

—Cm—1am

¢
H T(km)P bm—1Cm eikmwm,l e—iz(ml—;w)'
m=2

It is straightforward to check that ¢ = 2 agrees with the
U — oo limit of the finite U function, Eq. (2.111). The
function for general s > 1 is a product of single-celled
functions:

bl---bn
eklal...ekjlajl|...\eaj371+1kj371+1...eknan( 1 ? n)
S
Fbjm,ﬁl»»»bjm (z; )
ekjm71+1ajm71+1...ekjm gy L1415 o3 L )
m=1

(2.115)

where jo = 1 and js = n. Note that the spin matrices
multiply in the same diagonal manner as in the Kondo

wavefunction found in our previous paper [1]. Note also
that we have a factor of e **(*1=%¢)  indicating that
electrons are bound together on a distance scale 1/A.
The single-celled function describes ¢ electrons bound to-
gether, and the full function with a general partition has
some number of these cells.

IIT. EVALUATION OF OBSERVABLES

We present some results of using the IRL and AIM
wavefunctions to calculate expectation values of observ-
ables. We focus in particular on these expectation values
in the steady state, accessed either by taking the long
time limit after the quench or by evaluating directly in
the NESS.

Though the wavefunctions presented in the previous
section are exact for any fixed number N of electrons,
the number of terms grows rapidly with N, making the
evaluation of observables in the thermodynamic limit a



formidable task. (Note that taking the thermodynamic
limit is essential to obtain physical results, since we lin-
earized the spectrum.) At present, we can calculate this
limit only by making an expansion in some parameter.
In the IRL, this parameter is the Coulomb interaction
U, while in the AIM, it can either be U or (in the limit
U — o0) the tunneling parameter A. In each case, we
evaluate an observable to the leading order by keeping
just the |¥Y) and |¥2) terms of the wavefunction (i.e.
putting at most two quantum numbers into a crossing
state), which makes the thermodynamic limit tractable.

A. Dot occupancy in the multi-lead IRL

We evaluate the expectation value of the dot occu-
pancy to the leading order in the interaction strength U.
We show that the steady state occupancy is a universal
function of the external parameter ¢; (which is defined
below in terms of the bare parameter € that appears in
the Hamiltonian) and the temperatures and chemical po-
tentials of the leads. This universal function is parame-
terized by two RG invariants: U and an emergent energy
scale Tk .

We compare our results with the literature and provide
a general discussion of the RG flow of the IRL, empha-
sizing universal aspects. We then specialize to the zero
temperature case. We verify that our answer agrees with
the equilibrium Bethe Anstatz result for the occupancy
as a function of applied field in the multi-lead model, and
then we present some results in two steady-state nonequi-
librium regimes of the two lead model with the leads sep-
arated by a bias voltage.

1.  FEwvaluation.

Our task is to evaluate:

(naje = (U (t)]d"d|¥ (1)), (3.1)

where |U(t)) = e " U) and |¥) = CTYNkN : 'y1k1|0>
Note that |¥) is normalized to unity. The initial quantum
numbers are arbitrary for the moment, though we later

specialize to the case of a Fermi sea in each lead.

We begin by expanding the wavefunction to first order
in U:

[B(t) = [¥O(1)) + |[W%(1)) + O(U?),  (32)
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where:

N
[W0(t) H )s (3.3a)
N
vy = > (=ymrert I 0
1<my<ma<N j=1
J#EM1,mo

|(b'7m1 Emi Ymokmy (t)> (33b)

The occupancy to leading order is therefore:
(na)e = (na)i” + (na)y”), (3.4)

where <nd>§0) = (UO(t)|dTd|¥°(t)) and (nd>§1) =

2Re ((¥O(t)|d"d|w2(t))) (where [¥2(t)) is to be expanded
to first order in U; we will see that this expansion is
simple). The main tool in the calculation is Wick’s
Theorem combined with the fact that the time-evolving
field operators have canonical anticommutation relations:
{ew (1), cl(t)} = k. Using these, we obtain the follow-
ing for the non-interacting (zeroth order in U) part of
the answer:

()} >f2|{d eyt (D} (3.50)
1 2
“12l; Nlcads By, )| (3.5b)

where Fj, is given by Eq. (2.5).

Next, we specialize to the case of interest (filled Fermi
seas in each lead) and then take the thermodynamic limit.
We describe this step in some detail now, since it occurs
again in our subsequent calculations. Specializing the N
initial quantum numbers to describe filled Fermi seas at
zero temperature is equivalent to the following replace-
ment:

N Nicads
Yo X(mokm) =Y > X(v,k),  (36)
m=1 y=1 kek,

where IC, is the set of allowed momenta in lead v (i.e.
ranging from —D to u,) and X is any function. If the
sum ZZZI comes with a prefactor 1/L (as it always will
in our calculations), then the sum over momenta in a

given lead v becomes an integral f D5 2k Oy — k)(...)
in the thermodynamic limit. To generahze to arbitrary
lead temperatures, we replace the step function by the
Fermi function f, (k) = [e(F=#)/T5 4 1] Al together,
the prescription for taking the thermodynamic limit and



including temperature is:

N
1 j : therm. limit
X ’7777/7 m 7
m:l

Nicads D dk
> | 5 nx e, 61

This generalizes to the higher-order summations we en-
counter in the interacting case, as well; for instance, a
double sum 5 Zml ma=1 X (Ym1Kmy, Yms,km,) becomes
Nicads D

Z»Yll 'y; 1J-D dzljrl dzljf f% (kl)fw(k2)X(’Ylk1772k2)' We
have confirmed the above prescription for generalizing
to arbitrary temperatures by setting up the calculation
with an initial density matrix and verifying that the same
result is obtained [18].

Thus, we obtain the non-interacting contribution to
the occupancy in the thermodynamic limit:

Nicads D 2
(0) therm. limit 1 dk |Fk (t)|
— — f(k .
()} w2 | 5 n

(3.8)

In Ref. [20], <nd>§0) is calculated in the one lead model at

zero temperature; our result agrees in this special case.
In the steady state (s.s.) limit, we find:

(na){ = lim (na);” (3.92)

N
leads dk (k:)|

9b

Nle&db ; / A (3.9)
Nleads

1 dk 2A
" Nicads ; /_D% fv(k)m (3.9¢)

In the equilibrium limit (equal temperatures and chem-
ical potentials in all leads), we recover the standard oc-
cupancy of the RLM. In the two lead model at zero tem-
perature with a voltage drop across the leads, our answer
agrees with Ref. [7].

We proceed to the leading correction in U. Again using
Wick’s Theorem and the anticommutation relation, and
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cancelling some sign factors, we obtain:

(na)i" = 2Re{ >

1<mi<mo<N

[{Cm kg (£),d}

X <O|C’ym1km1 (t)d|<1>.¥m1 Ky Yo Kmg (t)) — (m1 < mZ)] }
(3.10)

It is advantageous to consider the “off-diagonal” case, in
which the quantum numbers on either side of the ma-
trix element that appears in the previous equation are
arbitrary. By fermionic antisymmetry, the matrix ele-
ment must be the antisymmetrization of some function
Q(t; 1k Yok vk, vakz) as follows:

T}<O|C’Y§k§ (t)d|(1)’71/€1’727€2 (t)> =
1
=
0,0’ €Sym

x Q(t;

{C%k; (t), d

(sgno)(sgno’)

(2
F)/(/y’lkfy’la’}/érékéré;F)/Ulka’la’ydzkﬂz)a (311)
where the factor of 1/L? is inserted for the convenience
of taking the thermodynamic limit. The key point is that
Q (which we write explicitly below) does not depend on
L, due to the fact that the crossing state vanishes outside
the forward “light cone” in position space. Relabelling
summation variables, we obtain:

(sgno)

mf = Y Y

mi,m2=1oceSym(2)

x 2Re [QUt; Yomy kmy s Ymakmas You, Ko, s Yoy Kom, )]

Nicaas
th rm limit dk1 dkz
e ) BECLYRSTRISEDS
Y1,72=1 oc€eSym(2)
X (sgn0)2Re [Q( ;FylklvFYQkQ;’YUlkUU’YUsz?)] . (312)

Recall that the crossing state is given by [®, k,ok, (t)) =
— | Xyakoyikr (£)), With x given by Eq. (2.95).

|X'Ylk1’>'2k2 (t)>
Then from Eq. (3.11) and Eq. (2.4), we can read off:
Qt; 1k, vakh; vk, yoke) = o
Y11, Y2 V1R, Y22 I Nioade A

X /d:vl Fiy ke, (t,.’L‘l,O) [63{26ik1(t—m)

1
+ Fk/( — T

leads

)} Fio ()00 <21 <t), (3.13)

where Fy, 1, is given by Eq. (2.31b) with Ty — U (since
we work to leading order in U).

We focus on the steady state limit. Including the ze-
roth order answer (3.9b), we find the following result for
the occupancy to first order in U (see Sec. D1 in the
Appendix for details):



(Na)s.s. = t@&(ﬂdﬁ

Nieaas

71;'72 1

where error terms exponentially small in bandwidth —
D—luyl
O (e* T ) — have been dropped.

As usual in a field theory calculation, this answer di-
verges as the bandwidth is sent to infinity. In this case,
there is both a linear and a logarithmic divergence. In
the next section, we perform the necessary steps — re-
expressing the answer in terms of physical parameters
rather than bare parameters — to get a meaningful re-
sult.

2. Unidversality in and out of equilibrium

To obtain universal results, we take the scaling limit, in
which all energy scales are much smaller than the band-
width.

We replace the bare parameter ¢ by a physical param-
eter €4 by making the following shift:

Nicaas
e=e—U Z (D+ py)/(2m) +UA/2.

y=1

(3.15)

To explain this, we recall that the interaction term of
the IRL would usually take the normal ordered form

Htgcl)ivcntional = ny\/v}:cidbU : ’lﬁjy(())’l/]y(()) : (de_1/2)7
|

G-oom) X 5

U
o= 0 4 _ ¥
<nd>5'b- <nd>S.S. + 2N]cadsA

U 1
(0)
(na)sd + 537 —= { l% N 21 (D + ) =

Nicads
Z / i’fﬁ ahs Jyi (k1) fra (k2)Re [T (k1)) | T (k2)|?
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(3.14a)

Nicads
(na) (O)] D / e s (h) T (k) PR [T (k)]

Y2=1

<5¥f - o Tl)] )} +ow?),
(3.14D)

which corresponds to half-filling in the lattice model.
Relative to our HY) [Eq. (2.91b)], this shifts the dot

energy by U ZN“‘““ (D + py)/(27) and introduces a po-

tential scattering term —2UT(0)1(0) (there is also an
overall energy shift that has no effect). The point is that

with H c(izwcnnonal as the interaction term, the equilibrium
resonance is at €conventional = 0. Though we can shift our
€ easily enough, our calculation does not include the po-
tential scattering term. We find, however, that at least
to the leading order in U, the equilibrium resonance can
be fixed at e¢; = 0 by including another shift: the A-

dependent term in Eq. (3.15).

In the above argument, we assumed that the normal

ordering in H C(izwemiona] was done relative to the initial
state of the quench (free Fermi seas in each lead with

arbitrary chemical potentials), so that 1 (0)¢,(0)—

YH(0)Y(0) - = 5= ZN““‘“ (D+ ). Had we instead done
normal ordering relatlve to the non-interacting equilib-
rium ground state, then all p, would be set to zero in
Eq. (3.15) and our answers below would be modified.
We suggest that the prescription we use is the appropri-
ate generalization beyond the equilibrium case.

Working to first order in U and using Eq. (3.9b) and
the identity 2|7 (k)|> = %|7(k)|*Re T (k), we obtain:

5= Fr(B)IT (k) "Re [T (k)]

Nicaas
1 dkl dkg 2 2
- — k ko)Re [T (k k 012 — k o 3.16
5 2_1/ T2 G2 () o (B Re [T (k)] [T (ko) (832 = 5[ TO) ) | +0(U2), (3.16)
[
where each T-matrix is now evaluated with €4 instead of ~ Symanzik equation:
the original € [i.e. T (k) = 2A(k — eq + iA) ], including 5 5
in the free occupancy <nd>§f2 as given in Eq. (3.9b). ( 3D + BAA@A) (ng)ss. = O(1/D), (3.17a)
Since T (k) ~ 1/k for large k, the second line of

(3.16) diverges logarithmically for large D. This encodes here: __vu O(U2 3.17b
the emergence of a universal scale through the Callan- where: fa ™ +O(U7). (3.17b)



To see that the Callan-Symanzik equation holds, we note:

Nleads
0 D—oo U * dksy
bgp nalss. 27 Nieads A 2 / o J=(F)

p=1 "7

< [T (1 51T 0)?) (319

D—oo

which follows from DT (+£D) —=  +2A and simple prop-
erties of the Fermi function. Then we obtain the beta
function as in Eq. (3.17b) from Eq. (3.9b) and the iden-
tity A (A|T(R)) = X[T(R)2 (1 3T (R)?).

Now that we are focusing on the large bandwidth
regime, we can confirm that e; = 0 is the location of
the equilibrium resonance in Eq. (3.16). Setting all
fy(k) = f(k) (ie. all chemical potentials p., set to
0) and €4 = 0, we have (ng){% = 1/2 + O(1/D) and
Jopdk FRITE) (1= 3IT(H)?) = O(1/D) (shown
numerically), so that (ng)ss = 1/2.

The Callan-Symanzik equation encodes the fact that
for large bandwidth, (ng)ss takes a universal form, de-
pending only on the external parameters (¢4 and the tem-
peratures and chemical potentials of the leads) and on
two scaling invariants. The first invariant is an emergent

energy scale:
1
U A\ TR
Tk =|1——)D|[ = .

It can be verified that (Da% + BAAQ%) Tk = 0 and that
Tk = A for U = 0. The U-dependent overall scale of T
is arbitrary (as we discuss in more detail below), and we
have chosen it so that the equilibrium susceptibility of the
dot at ¢4 = 0 takes the form [7, 21] —%|T:Ed:0<nd>s_s, =
1/(rTk). The second scaling invariant is the coupling
constant U (or equivalently, ). Thus, staying always in
the large bandwidth regime from now on, we can write:

_ A ) e
<nd>s.s. = fumversal (U7 {TK } ) {TK} ) TK) ) (320)

where the brackets indicate all the channels:
{;F—;} = (IW/Tk, TN/ Tk), {%} =

(1 /Ty oy iNyonae / TH)- Below, we evaluate this
universal function to leading order in U in a few regimes
at zero temperature. First, we make some general
comments on the RG flow of the model and compare our
results with the literature.

(3.19)

3. RG discussion

The RG flow of the model is the following:
ou

S =0, (3.21a)
OlnA U 9
D Ba(U) = - +O0(U?). (3.21b)
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The U-parameter, which does not flow, determines the
direction of flow of A through the beta function Sa (U).
If Ba(U) is negative, then A increases as the bandwidth
D is reduced. While our calculation is only to first order
in U, it is known to all orders that Dg—g =0, i.e. U does
not flow.

While the RG flow of the IRL has been studied by
many methods, the most direct comparison we can make
to the literature is to other works that have found the
flow from the evaluation of an expectation value to lead-
ing order in U. In particular, previous work on the charge
current in the two lead IRL driven by bias has found lin-
ear and logarithmic divergences in the charge current. In
Ref. [4], the linear divergences are removed by a redefi-
nition of € which we expect to be equivalent to what we
did above (although an equation is not given). In Ref.
[10], these divergences are removed by the same shift of
¢ that we used above (in the special case Nigads = 2), al-
beit without the additional shift that we included to put
the resonance at ¢; = 0. In either case, the logarithmic
divergences are accounted for by the Callan-Symanzik
equation, as we did above, with the same result (3.17b)
for the beta function at leading order.

For further comparison with the literature, let us
rewrite our equation for Tx [Eq. (3.19)] in another form:

U A a/2
TK—(1‘¥>D(5> ’
2
1+U/n

The exponent « in the RG invariant Tk [Eq. (3.19)] has
been much discussed in the literature. Various answers
for o as a function of U [or as a function of the single
particle phase shift, which is 0y = arctan(U/2) in our
case| have been found. Our answer, Eq. (3.22b), agrees
with some Bethe ansatz calculations, but not all, and a
different answer has been obtained by bosonization. See
Table T in Ref. [21] for a summary of the literature.
While all calculations agree that o = 2 for zero coupling
(or zero phase shift), there is disagreement already at the
first order correction.

For the purpose of calculating universal quantities, the
precise dependence of v on the coupling constant is only
meaningful within a particular cutoff scheme. This the-
ory has two RG invariants, which we choose as Tx and U,
and they determine results by values assigned to them.
The final outputs of a field theory calculation are func-
tions such as funiversal that have RG invariants as inputs.
The numerical values of the RG invariants are not them-
selves calculable in field theory. Instead, one fixes the
value of the RG invariants by fitting universal functions
to data. One of the advantages of doing a field theory cal-
culation (on what is ultimately a lattice system) is that
one has a great freedom to choose a cutoff scheme that
makes the calculation of universal functions more con-
venient; the price one pays is that only these universal
functions can be compared meaningfully with a lattice
system.

(3.22a)

(3.22b)

where: a =



One technical caveat is that the functional form of «
does matter insofar as it determines the possible values
« can take. This point does not seem to arise in the IRL,
seeing as all of the forms of « in the literature permit «
to range from —oo to oo given U ranging from —oo to co.
Note that our calculation in this paper is only consistent
for a in a narrow range around o = 2, since we took U to
be small; however, the Bethe ansatz result for « is given
by the same Eq. (3.22b) with no restriction on U.

In Ref. [21], Camacho et al. use bosonization, and
hence have a different functional form of « in terms of
U. They emphasize, however, that their final answer for
(Nd)equilibrium at zero temperature agrees exactly with the
Bethe ansatz answer once both are expressed as functions
of o and ¢4/Tk. This agrees with our discussion in the
previous paragraph. To disprove our claim, it would be
necessary to find another universal function whose form
differs between the bosonization and Bethe ansatz calcu-
lations, even after the invariants a and T} are fixed by
matching the answers for (e.g.) (n4)equilibrium-

A stronger claim of Camacho in Ref. [22] is that the
formula for « in terms of U (or rather, in terms of the
phase shift d;/) is scheme-independent, contrary to what
we find in Eq. (3.22b). Though we have not exam-
ined the argument in detail, we wonder if the uncon-
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Similar comments apply to the U-dependent prefactor
in Tk — its precise dependence on U can differ between
schemes.

4. FEwvaluation at zero temperature

We evaluate the steady state occupancy (3.16) at zero
temperature. We then use RG improvement to extract
the universal function (3.20) in a few specific regimes.

The standard method for finding a universal func-
tion from a perturbative result is RG improvement: one
changes the original parameters (D,A) to new param-
eters (D', A’) with the same value of Tk, where D’ is
chosen so as to eliminate large logarithms in the per-
turbation series. The net effect is to delete these large
logarithms and to replace A by the “running” coupling
constant A’. Note that this replacement is only valid
on the part of the answer that satisfies Callan-Symanzik
equation — thus, one must first take D to be large before
applying RG improvement.

In the zero temperature limit, the momentum integrals
in Eq. (3.16) can all be carried out analytically to yield:

ventional cutoff schemes employed in this paper and in 1 1 Nieaas e
the Bethe ansatz might somehow be outside the range of (ng){0) = 3TN Z arctan — A,u,y, (3.23)
cutoff schemes considered in the bosonization calculation leads™ 277
of Ref. [22]. (These cutoff schemes are unconventional in
that the Hamiltonian formally has all energies.) and:
( ) U 1 1 ( Nieaas Nicaas 1 Nicaas €1 — /,L
_ 0 L 0 2 72 2
(a)es. = )%+ o | = 1 (5= 00 Q) X TP+ Y (e Y E )
y=1 yi=1 v2=1
1 1 €d — My, (0) D
+ - — —arctan ———= — (ng)5. | In . (3.24)
2 5 ) i

Note that there are large logarithms with many differ-
ent scales involved, so that there is no one choice of D’
that will eliminate all of them in the general case (arbi-
trary chemical potentials ;). We proceed to specialize
to some specific regimes in which there are just one or
two different large logs to be eliminated.

a. Fquilibrium. Setting all chemical potentials to
zero, we find:

1 1
(ng)ss. = 3 = arctan %d
T
U D €d
———— |€gln —— — Aarctan—| . (3.25
2 €2 + A? d NGEUN. A} ( )

The large logarithm is to be eliminated by the self-
consistent choice D’ = /€ + (A’)2, which determines

the running coupling:

_ Ulh_ 1 (7]
A_{1+7T[1 2ln<1+T12< Tx.  (3.26)

We thus obtain a universal answer, valid to leading order
in U:

1 t €d + U
Zarctan — + ——————
T Tx = 2m2(1+€2/TE)

2

€d €d €d €d
X |:2 (ﬁ — arctan ﬁ) — ﬁ In (1 + ﬁ)] 5 (327)
which agrees with the leading order expansion of the ex-

act equilibrium result from Bethe ansatz [23] (see Ap-
pendix E). This confirms, at least in the zero tempera-

<nd>s.s. -

N =



ture limit and to this order, that in the long time limit
following the quench, the occupancy thermalizes.

We emphasize that the output of our field theory cal-
culation is a two-parameter family of functions of the
physical quantity €4, parameterized by U and Tx. Re-
definitions of U and Tk can change the details of the pa-
rameterization, but not the full family of functions that
is obtained by letting U and Tk range over all allowed
values. We brought our answer to the form (3.27) as a
convenient way of showing that the full family of func-
tions agrees with the Bethe ansatz result in the parameter
range we consider: U small (or equivalently, « close to
2) and Tk arbitrary.

In the U-dependent part of Eq. (3.27), only the coef-
ficients of the arctangent and logarithm terms have uni-
versal meaning. Replacing the term UA/2 by aU (with
a varying parameter a) in the shift (3.15) controls a term
proportional to 1/(1 + €3/T%); we took a = 1/2 to elim-
inate this term, putting the resonance at ¢4 = 0. [This
choice also puts the resonance at ¢; = 0 for arbitrary
temperature, as we showed below Eq. (3.18).] Similarly,
we can adjust the coefficient of the (eq/Tk)/(1+ €2/T%)
term in Eq. (3.27) by varying a parameter b in Tx =
[1+ bU])D(A/D)*; this term controls the dot suscepti-
bility at 4 = 0, and our choice of b = —1/7 normalizes
Tk according to Tgl = —w%hzéd:o(n@s,s.

b. Out of equilibrium — two leads at eq = 0. Con-
sider the two lead model with the leads separated by a
bias voltage V' and with the dot potential set to zero —
that is, Neads = 2, u1 = 0, us = =V, and ¢4 = 0. (The
case of arbitrary €, is also possible, but messier.) The oc-
cupancy (3.24) contains two large logarithms, In % and

In ; we can choose D’ to cancel either one, with

D
VATIVZ?
the same final result (see Fig. 1 as well):

2
1 arctan % U ¥_12< arctan %
(Nass. = 5 — —— K o4
2 2 272 vz
2 1 + T2
K

v
\% T 1 V2 )]
— | arctan — — LS 1—-In(1+ = .
Tk 1+ _7‘{12? { 4 ( Tk
(3.28)

The particular numbers that appear in this answer be-
come meaningful once the values of U and Tk are fixed by
(e.g.) matching the equilibrium answer (3.27) with data.
Note that the contribution of the interaction begins at
order V2, beyond linear response.

The leading correction in U in Eq. (3.28) grows loga-
rithmically with voltage as V/Tx — £oo; this is a con-
sequence of the fact that no choice of D’ can cancel both
of the large logarithms. This implies that some resum-
mation of the series in U is needed to make sense of the
regime of very large voltage. We can characterize the
scale at which the U series breaks down out of equilib-
rium as the voltage V, for which the U correction term
(6ng in Fig. 1) equals 1/2; the result is Vo ~ Txe?/(PU),
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where p = 1/(2m) is the density of states per unit length
in our convention. The number 2 in the exponent is not
sharply defined, since we had to make an arbitrary choice
for what value of the U correction is large enough to
say that the series breaks down. Though our calculation
sends the bandwidth D — oo, we suggest that this scale
Vb could be also be significant in the lattice model if it
lies in the universal regime, i.e. if Vj < Diattice- The
scale Vp may be connected to the power law dependence
on U seen in Ref. [7].

c.  Out of equilibrium — two leads close to the particle-
hole symmetric point. We again consider the two lead
model with the leads separated by a bias voltage V', this
time with €4 close to halfway between the two chem-
ical potentials. That is, we set u1 = €4 + V/2 and
o = €4 — V/2 — 6V. For §V = 0, the steady state
occupancy is its free value, 1/2. Self-consistently setting
D' = /(A’)? +V?2/4, we obtain the following correction
for small 6V:

1 1 U
(Na)ss. =5 — —F———< {1+ =
2 27T(1—|— VQ) ™

K

(3.29)

As before, this expression is valid for V < Txe'/Y) (in
addition to requiring U and 6V/Tk to be small).

B. Steady state current in the two lead AIM

We evaluate the steady state current in the two lead
AIM in the approximation that no more than two quan-
tum numbers can be in a crossing state. We see below
that this approximation encompasses both the regime
of weak coupling (small U/A) and strong coupling with
weak tunneling (U — oo with small A/|e — p]). Our re-
sult for small U agrees with a calculation that we did us-
ing Keldysh perturbation theory (see Appendix F), and
our result for large U reproduces a well-known scaling
law.

Throughout this section, H = Henite v is the two lead
AIM given by Eq. (2.99¢) (with Nigaas = 2). We work
directly in the steady state limit, which means in par-
ticular that the system size is infinite. We therefore use

Dirac normalized operators: cika = [ Tdx ekl (z).

1. Setup and reduction to an overlap

The current operator in the AIM for electrons leav-
ing lead v (with v = 1,2) is well-known to be I, =



na(eq,V=0), pU = 0 1
----- nq4(eq,V=0), pU = 0.1 T
-------- na(€4=0,V), pU = 0 ]
----- - ng(€=0,V), pU = 0.1

0.8

0.6 ..

Ng
0.4

0.2

-4 -2 0 2 4

23

0.02 - S — —

Ong(eq,V=0), pU = 0.1 ]
----- Ong(eq=0,V), pU = 0.1 e

5nd 0.00 - - -

-4 -2 [ 2 4

€4, V [Tk]

FIG. 1: Left: the steady state occupancy ng = (ng)ss. at zero temperature in the two lead IRL, either as a function
of dot potential ¢4 or voltage V. The leads are held at chemical potentials p; = 0 and pe = —V. The equilibrium
(V' =0) curves are given by Eq. (3.27) and in fact are independent of the number of leads, in agreement with the

Bethe ansatz answer from the literature (Appendix E). The nonequilibrium (V' # 0) curves are given by Eq. (3.28).

In both cases, we compare the non-interacting occupancy (pU = 0) with the weakly interacting occupancy (first
order in pU = 0.1), where p = 1/(27) is the density of states per unit length. Right: the weakly interacting case
with the non-interacting occupancy subtracted, i.e. dng = ng — nglu—o. In equilibrium, ény reaches finite limits as
€q/ Tk — +oo. Out of equilibrium, |dng| grows logarithmically as V/Tx — +oo, indicating that some resummation
of the series in pU is needed to make sense of the extremely large voltage regime.

%wl;a(())da + h. c. (see, e.g., Ref. [24]). Since the two
currents are equal in the steady state (I3 = —I2), we can
consider the symmetrized operator:

1
—=
2v2

Our task is to evaluate this operator in the nonequilib-
rium steady state. That is, we wish to evaluate:

*/[\Sym = (w'lra (0) - w;a (O)) da + h.c. (330)

(Isym) = N7 W0 Isym | Vin), (3.31)
where the normalization factor N' = (¥|W¥) is discussed
in more detail below, and where |¥;,) is the Lippmann-
Schwinger “in” state corresponding to two Fermi seas.
That is,

1
|Win) = [¥) + mv|‘1’in>7 (3.32a)
where: |U) = CTYNkNaN . 'CTYlkla1|0>7 (3.32b)
. d
h = —z/dw Z wia(x)aww(:v), (3.32¢)
~v=1,2
V==H-h (3.32d)

The quantum numbers (v;, kj,a;) are arbitrary for the
moment; they will later be specialized to describe two
Fermi seas with an applied bias voltage appearing as the
difference of the chemical potentials.

To simplify the calculation, we now write the expecta-
tion value of the current operator (i.e. a matrix element)
as the derivative of an overlap, using an approach that
we have presented in more generality in Ref. [18]. The

idea is to add the current operator IAsym to the Hamilto-
nian as a source term in such a way that we can read off
the wavefunction for the Hamiltonian (with source) from
our previous results.

Let ¢ be a real variable (the bar is a label and does not
signify complex conjugation) and consider the following
¢-dependent Hamiltonian:

=

v iy
+ 5 (e‘lf‘?5 - 1) U (0)dy + hec.|. (3.33)
Note that setting ¢ = 0 recovers the original Hamilto-
nian. From here on, an overbar means that a quantity
depends on ¢, and removing the bar corresponds to set-
ting ¢ = ¢ = 0. N

We are interested in the expectation value of Igym
in some eigenstate |U(E)) of H with energy E. Since
we work in infinite volume, the energy varies continu-
ously, so there is also a family of eigenstates |¥(FE’))
with varying energy E’. Let |U(E)) be any ¢-dependent
family of eigenstates of H (with energy E) such that
|@(E)>|$:O = |¥(FE)) (a condition that is built-in to our
notation). Then we have the following expression for the
unnormalized expectation value:

(U(B)| Isym|¥(E)) =
d

lim (E— E') 2
E'—FE 8¢ 520

Naively, the right-hand side appears to be zero; how-
ever, we find in practice that the ¢ derivative produces a

T—H+ [ (47— 1) ], (0)d

(B(E)W(E)). (3.34)



1/(E — E’) pole that cancels the prefactor.
The proof of Eq. (3.34) follows from noting that

ISym |¢ O(H — H) and dropping the term

(T(E")|(H — n )5
checked that 6‘3; |\I/( )) is not too singular as ¢ — 0; this

is not an issue in our calculation below, since the depen-
dence on ¢ will be analytic. To avoid any possible issues
with order of limits, we will apply Eq. (3.34) before tak-
ing the thermodynamic limit.

The eigenstate of interest is |U(E)) = |¥;,), which
has energy E = Zjvzl kj. A convenient choice for the
E’-dependent states |¥(E’)) is to simply let the mo-
menta vary; thus, we write |¥{ ) for same Lippmann-
Schwinger state (3.32a) with momenta kq,... kN re-
placed by ki,...,k%. Then the energy E' = ZJ L K
varies continuously.

We have a considerable freedom in constructing the ¢-
dependent states |W(E)). It is convenient to bring the
¢-dependent Hamiltonian (3.33) to the same form as the
original Hamiltonian, allowing us to use the wavefunction
already obtained. To do this, we define a convenient set
of ¢-dependent fields by a unitary transformation:

|\I/( ))|3—o- In principle, it must be

<?l’m> Ul (C”m) , (3.35a)
C2ka C2ka
hore: 71 — L (€727 —eis? 3.35b)
wihere: == \/5 e_iéa ezéa ) ( .
- . 1 /1 -1
which implies: U = 7 (1 1 ) . (3.35¢)
Then we have:
_ L/2 2 —t d — ;
Hz—i/ dz Vool®)=—1,,(z) + €ed! d,
[ SR
Voo~ —t
721/;7 0)d, + h.c.| +Unqny, (3.36)

which is the same Hamiltonian already considered, with
each unbarred electron field replaced by the correspond-
ing barred field. We know the “in” states of this Hamil-
tonian provided that the incoming plane waves are in
the barred basis. Hence, it is convenient to let the ¢-

dependent family of eigenstates be as in Eqs. (3.32a)-
(3.32d), with a bar over everything:
_ _ _ 1 _
U(E)) = Vi) = |¥) + = VIVin), 3.37a
F(E) = ) = 1) + V). (3570
where: [U) =2l , .. —Tnklal|0>, (3.37b)
h= —z/dw Z z/Jw a2, (3.37¢)
~v=1,2
V=H—h. (3.37d)

By construction, these states satisfy the required condi-
tion, namely they reduce to the original state of interest
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(3.32a) at ¢ = 0. Eq. (3.34) then yields:

N o _
Isym) =N"1 i E-FE)— Ul Vi),
< Sy > N all klgniﬂcj( ) 8¢ E:0< 1n| >
(3.38)
Thus, the calculation reduces to finding the overlap

(W] |Wyy,) for ¢ near 0 and E’ near E.

In the expectation value (3.31), one may have ex-
pected the normalization factor N to be (¥, |¥;,); how-
ever, comparison with the time-dependent version of the
calculation presented above shows that the correct nor-
malization is ' = [276(0)]N = (¥|¥). The full over-
lap (¥in|Wiy) seems to contain additional delta func-
tion terms beyond the non-interacting norm [275(0)]Y
(though it could be that these terms have no effect in the
thermodynamic limit).

2. Fvaluation

We evaluate the right-hand side of Eq. (3.38) with
the wavefunction truncated so that no more than two
quantum numbers can be assigned to a crossing state —

.= =0, =2
that is, |Wi,) = [U;,)+|V5,) and i (U] = 3, (U045, (U7
We work to first order in the crossing state, i.e.:

(Tsym) = (Isym)®? + (Tsym)©? + (Iym)*?, (3.39)
where:
(Tsym) %) = [(W]W)] ! lim (B - E')
all k) —k;
6 10
x| (WOEE). (3.40)
99 [5-0

The term (Igym )2 is not kept as it involve the product
of two crossing states. We will see below that in the small
U regime, expanding in crossings amounts to expanding
in U, and our calculation is to first order [25]. For U —
00, the expansion in crossings appears to be an expansion
in powers of A.

The terms of the wavefunction that we need are:

N
HETij;jaj,in |O>a (341)
7j=1
and:
T, _1 mi+ma+1
LA SRR
1<mi<ma<N
N
& _
X H Cyikja;,in |‘I)ekm1amlekmam2,in>. (3.42)
=1
j#gmmw

We can take the adjoint, remove the bar, and relabel each
kj = K to get (Ui, = (W] + (U2



The first contribution to the current, <fsym>(0’0), is the
non-interacting part, and we find that it agrees with the
standard RLM answer. For N electrons, we obtain (see
section D2 in the Appendix):

N

35

m:l

~

<Isym>(0,0) —

DY YT (k) 2. (3.43)

271'5

The Dirac delta term comes from the overlap of two plane
waves of equal momenta (e.g. {cix+, CIM} with &' = k);
we should thus identify 27(0) with the system size L
(which is formally infinite). Taking the arbitrary N quan-
tum numbers to describe two filled Fermi seas replaces:

N
ZX%”, K, Q) — Z Z ZX(%k,a),

y=1,2kek, a

(3.44)

where X is any function and K, is the set of momenta
in the Fermi sea of lead « [spaced by dk < 1/§(0) and
cut off by |k] < D]. We can then generalize to include
temperature; see Eq. (3.6) and the comments below. We
thus obtain:

D

= therm. limit 1
(Tsgm)©0 Mg [ S 306) = 2200 51T ORI
(3.45)
J
N
(Toym) @) = [%5(0)]*2% S tim

mi,mo=1 ml

mg Hk'm2

X <O|C’ym1 k;nl Ay ,inC'ym2 k;nQ Ao 7in|(I)ekm1 Amy €kmo Qmgy 7in>;

where we have used the antisymmetry of the opera-
tors and crossing state to replace the original sum over
my < meo with an unrestricted sum with an extra factor of
1/2. After taking the limits k], — kp,, and k;,,, — ki,

) = [ 2 1209~ 20 ST - 1o |
oy (bt

What does this “expansion in crossings” really mean?
While we cannot give a general answer, we can at least
understand this result for the current by examining the
limits of small and large U.

dk1 de
21 21
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which is twice the standard spinless RLM answer, as ex-
pected from spin degeneracy.

The same identification 1/6(0) «+ 6k was used by
Nishino et al. For further justification, we have repeated
the calculation in our time-dependent formalism, which
permits us to work in a finite system size L before send-
ing L — oo; the final result for the current is the same in
the steady state limit. This is similar to how calculations
with non-normalizable states in single-particle scattering
theory are justified by considering the long time limit of
time-evolving wavepackets.

We proceed to calculate contribution from the first
crossing. We show only the main steps here, leaving
many details in Sec. D2 in the Appendix. We only
need to calculate <fsym>(0’2), since <fgym>(2’0) turns out
to be the complex conjugate. Using Wick’s theorem and
noting that (¥|¥) = [275(0)]", we obtain the following
after some calculation:

0
" 3¢¢0

— K, — K, )=

(3.46)

we again have a summation in which it is clear how to
take the thermodynamic limit using (3.44) and the iden-
tification 6k « 1/6(0). Collecting terms, we find the
following answer for the current:

[f1(k1) + f2(k1)] [f1(k2) — fa(k2)]

> T (k)T (k2) [T (k1) + T(kz)]} + (higher crossings). (3.47)

3. Small U regime

Expanding to
UT [(k1 + k2 —

first order in U  replaces
U)/2] — UT [(k1 + k2)/2]. Then, using



the simple identities T [(k1 + k2)/2] [T (k1) + T (k2)] =
2T (k1)T (k2) and Im [T (k)?] = |T(k)]*Re[T (k)], we

obtain:

o) = [ 2 (100~ i) 700

D27T
ey
8AZ2

This calculation mainly serves as a check on our formal-
ism. We have verified Eq. (3.48) by calculating the
steady state current with Keldysh perturbation theory
(see Appendix F). Indeed, the agreement also holds if we
allow a magnetic field on the dot, i.e. a spin-dependent
dot energy €, (which modifies the crossing state [18]).

We note that the small U expansion of the AIM has
been used in the literature to explore the neighborhood
of the strong coupling fixed point of the Kondo model
both in and out of equilibrium. This proceeds by, e.g.,
assuming the impurity is in a singlet state by a choice of
Green’s function [26], expanding about the Hartree-Fock
solution [27], or using a Fermi liquid theory approach
[28]. In contrast, our result (3.48) describes the AIM
itself in the regime of small U/A.

Since T (k) ~ 1/k for large |k|, there are no divergences
in Eq. (3.48) as the bandwidth D is sent to infinity. This
is consistent with prior work on the AIM (see, e.g., Ref.
20]).

LI falha) + k)] [ (k) ~

< T (k) PIT (k2)PRe [T (k2)] + O(U?).

fa(k2)]
(3.48)

4. Infinite U regime — expansion in crossings

send U — 00, then

U)/2] — —4A, leaving:

If we instead
UT [(k1 + k2 —

<fSym>:/ d [fl( )

D27T

Falh) 3 TP

o / dhy d’jj [f1(k1) + fa(k)] [fa(k2) — fo(ko)]
X Im {7 (k1) T (k) [T (k1) + T (k2)]}

+ (2 or more crossings). (3.49)

This expansion in crossings appears to capture the regime
of small A. We note first that Eq. (3.49) satisfies the
following Callan-Symanzik equation:

(P + ey ) Tavm) =00/D), (3500

2
2 o(2).
€

To show this, we proceed similarly as in the multi- lead
IRL calculation [see Eq. (3.18) and below]. Under D=2 35
the only terms that survive for large bandwidth are those
with kq integrated (since the ks Fermi functions cancel

where: . = (3.50b)
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at ky = —o0) and a single T-matrix in k; [since T (k) ~
2A/k for large |k|]. Thus, we obtain:

8‘3)<st“1> 225
- [ 52 1)~ falla)] i [T(h27) . 350

Then (3.50b) follows from the identity |7 (k)|*> =
%|’T(k)|2Re T(k)= —%Im [’T(k)Q] The associated scal-

ing invariants are A and:

D
A )
which is the standard result [30, 31].

To clarify the meaning of the expansion in crossings,
we consider the zero temperature limit with a voltage

drop across the leads: pp = 0 and pe = —V. Then the
conductance is given by:

€g=¢c¢+—1In (3.52)
7

a1
AV m(e+ V)24 A2

B Ale+V)
m2(e+ V)2 + A2

x |1 D +1 D + finite ]
n————————— n— ni ,
V(e+V)2+ A2 Ver + A2

(3.53)

where the omitted terms are finite as D — oo (or involve
additional crossings). It is seen here that the contribu-
tion from the first crossing (i.e. two quantum numbers in
the crossing state) starts at the third order in A, while
the RLM contribution is second order. By further calcu-
lation, we find that the next contribution (allowing three
quantum numbers to be in crossing states) starts at an-
other order higher (A%).

Strictly speaking, our result should be interpreted as
a power series in A, meaning that we should keep only
up to 0£der A3. Tt is interesting to note, however, that
when (Igym) is calculated to the leading order in cross-
ings (as we did above), the Callan-Symanzik equation
(3.50a) holds to all orders in A. Our demonstration of
the Callan-Symanzik equation did not expand in A. The
expansion in crossings can be thought of as a particu-
lar resummation of terms of the A expansion; the fact
that the Callan-Symanzik equation holds exactly sug-
gests that this resummation may be a useful one.

While much work has been done on the infinite-U AIM,
the most direct comparison we can make to the litera-
ture is to Ref. [32], in which the current is calculated
analytically for U — oo up to order A3. Our result here
disagrees beyond the first order in A. In particular, Ref.
[32] finds a small Kondo peak beginning to develop at
zero bias, which we do not. However, a true compari-
son can only be made once both answers are expressed
in terms of RG invariants, and the result of Ref. [32]
does not seem to have the standard quantity given in
Eq. (3.52) as a scaling invariant.



IV. CONCLUSION AND OUTLOOK

In this paper, we have presented a new method cal-
culating many-body wavefunctions. ~We applied the
time-dependent version of the method to find the time-
evolving wavefunction for the interacting resonant level
model with any number of leads. We also applied
the time-independent version to find the nonequilib-
rium steady state wavefunction of the Anderson impurity
model in the two limits of small U and infinite U. The
methods of Bethe ansatz and the integrability properties
of the models studied made no obvious appearance in the
calculations.

As a preliminary application of these wavefunctions to
the evaluation of observables, we found the steady state
occupancy of the multi-lead IRL to leading order in the
interaction U. We demonstrated universality in and out
of equilibrium, verified our answer in the zero tempera-
ture equilibrium limit by comparison with the literature,
and presented new results out of equilibrium. In the two
lead AIM, we used the NESS wavefunction to evaluate
the steady state current first for small U, then for infinite
U with small A. This provided an example of how we can
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calculate observables directly in steady state nonequilib-
rium without following the time evolution. Our IRL re-
sults can also be obtained this way.

It is our hope that further technology for the eval-
uation of observables using these wavefunctions can be
developed so that some nonperturbative results can be
found in the thermodynamic limit. Also, the general re-
formulation of the many-body Schrodinger equation that
we presented could be of wider use, beyond exact solu-
tions of quantum impurity models.
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Appendix A: Notation for calculations

Throughout the appendices, we use a compressed notation for manipulating lists of indices — see Appendix A of the
previous paper [1] for details. The main points are: (1) boldface letters indicate lists of indices, e.g. m = (1,3,6,7);
(2) Z;(m) indicates the set of all increasing lists of length j chosen from m; and (3) given £ € Z;(m), §gn £ indicates
the sign of the permutation that maps m — £ m/£, i.e. brings the entries of £ to the left of the list while leaving the
remaining entries in order. We define s@ﬁ similarly (bring £ to the right, instead).

It is also convenient to have a notation for a list divided into smaller parts (“cells”) in various ways. Given a list
m, we define a partition of m to be a separation of the list elements into cells of length 2 or greater. Partitions are
denoted by underlined, boldface letters (typically the letter p, as in p). Take m = (1,3,6,7) as an example; the two
partitions of m are p = (1,3,6,7) (one cell) and p = (1,3|6,7) (two cells).

A partition with s cells can be written as p = (p1|...|ps), where each p; is a list. Elements of these lists are
written as p; () = pje = p(jif). The set of all partitions of a list m is written as P(m):

P(m) ={p=(p1|...[ps) [ 1 < s <|m|/2, (p1,...,ps) = m, |p;| =2 for all j}. (A1)
The set of partitions whose last cell has length ¢ is denoted with a subscript ¢:
Py(m) ={p = (p1]...|ps) € P(m) | |ps| = q}. (A2)

Appendix B: Proof of general formalism

We show that the wavefunction construction in Sec. II C satisfies the time-dependent Schrodinger equation. The
demonstration that the time-independent version (Sec. II D) satisfies the time-independent Schrodinger equation can
be obtained by simple adjustments.

The wavefunction construction [Eq. (2.80)] can be written in our compressed notation as:

Y. (gnm)cl,, (1)|Pa, (1), (B1)

N
() = 3 [9n(1)), where: [¥"(1) =
n=0 meZ,(N)
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where |®(t)) = |0) [so that the n = 0 term of the above agrees with the earlier definition Eq. (2.71)]), and where
|®y, (t)) =0 for any a; (so that the n = 1 term of the sum vanishes). The crossing states [Eq. (2.81)] become:

Pam®) = D (5810) D [Xage. (D), (B2)

oE€Sym(n) pPEP(m)

where the unsymmetrized crossing states satisfy [see Eqs. (2.82)-(2.83) and comments below]:

d — B‘()‘r:d)lo‘n( )|onp/(n,1’n)(t)> q= 2
<H — z—) |Xap( ) = {_Aan( )|on2/n(t_)> 3<g<n’ (B3a)
[Xap(t =0)) =0, (B3b)

as well as |x(t)) = [0) and |xa, (t)) = 0. We wish to show that (H —i£)[¥(t)) = 0. Our first task is to show that Eq.
(B3a) implies that the crossing states satisfy the following condition:

(H—z—) B () == 3 (B Auy (Do, () = 3" GERL) By, o, (O)|Ta (). (BY)

2671 (m) LET5(m)

To show this, we note that the sum over all partitions can be separated into sums over partitions with specified length
q of the last cell, i.e. > = 2222 Epepq(m)' Separating the ¢ = 2 term from the others and using Eq. (B3a),

we obtain:

PEP(m)

d red
(=% ) o) == 3 o) 3 BEY e O e ()

oc€Sym(n) PEP2(m)
- Z Sgn 0 Z Z Aap(an) (t) |Xag/p(gn) (t)> (B5)

oceSym(n) =3 pcP,(m)

The two terms on the right-hand side will now be massaged separately. Relabelling 0,1 — ¢; and o, — {2, we
obtain:

st term of (B5) = — > (o) (B, () - B, 0) Y (eno) 3 ) (BGa)

£eT2(m) c€Sym(n—2) PEP(m/£)

=~ Y (5816) Baya,, (1) Pa,, . (). (B6b)

£€75(m)

In the second term, relabelling o, — ¢; and ¢ — ¢ + 1 yields:

2nd term of (B5) = — Z (5g1i £) Aay, (1) Z (sgno Z Z [Xapoo () (BTa)
£€T,(m) oc€Sym(n—1) €Py(m/)
- - Z (ﬁf) azl( )| /e (t)> (B7b>
ZeIl(m)

This completes the proof of Eq. (B4).
The next step is to write down a formula for the action of H — idi

- on a product of ¢, (t) operators. If | X (¢)) is any
time-dependent state and m is any list of indices, then we have:

(-5 ) X0 = ¥ GO, 040, 01X0)

dt
€7, (m)

+ Y (enecl ) (0)Bayan, (OIX®) + b, (1) (H—z—) IX(t)). (BS)

£€I2(m)
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Note that we have used the assumption that any B(t) commutes with any ¢ (¢) [Eq. (2.74)]. Applying Eq. (BS), we
then find:

(=Y ww =3 ¥ mmm (i) el 0100 (B9a)

n=0meZ,(N)

T

G@m) Y @@b)chy,.. A, ()%, 1)

meZ,(N) €7, (N/m)

+ Z (@m) Z (ﬁ £)c] Canym /e(t)BazlaQ ()| Pa (1))

0 mEIn(N) £LeZ>(N/m)

LYY @m0 (#1-i%) a0, (Bob)

n=2meZ, N)

3
I

z
ll.’))—l

n

Note that in the first term, we dropped the n = N part of the sum, since it is zero — if all quantum numbers are
chosen to be put into a crossing state, then there are no ¢/, (t) operators to commute with, so no A(t) is generated. We
also dropped the n = 0 part because Ay, (t)|®(t)) = Aa;(t)|0) = 0 by assumption [Eq. (2.73)]. In the second term,
we dropped the n = N — 1 and n = N parts of the sum, since there must be at least two ¢/, (¢) operators in order to
produce a B(t) operator. In the third term we dropped the n = 0 part, since (H — i%) |<I>( ) = (H - zdt) [0) =0
[recall from Eq. (2.70) that H annihilates the empty state], and the n = 1 part, since |4, (t)) = 0. (We could have
dropped the |®;(t)) contributions to the first two terms of (B9b), but have left them in to simplify the notation.)
We now relabel the summation variables in the first two terms of (B9b) to find:

N-1
first term of (B9b) = > >~ (Sgnm) Y (sghe)ch . (t)Aa,, ()|, (1) (B10a)
n=1 meZ,4+1(N) €7 (m)
N
Z Z Genm)ch, () S (8o Aa,, (1)|Pa,,, (1) (B10b)
n=2me7, £€T; (m)
and:
second term of (B9b) Z Z ($gnm) Z (s@ﬁ)cLN/m(t)BwlaQ(t)|<1>am/l(t)> (Blla)
n=0 meZ, 2(N) £eT>(m)
-y Ym0 3 B By 00 (B11b)
n=2meZ,( LeT5(m)

It is then clear from Eq. (B4) that the first two terms of (B9b) exactly cancel the third. This completes the proof.

Appendix C: Full calculation of nth crossing state

We provide the detailed proof of our solution to the time-dependent Schrodinger equation of the one lead IRL by
verifying that the crossing states satisfy the appropriate inverse problems. The crossing states for the multi-lead IRL
and infinite-U AIM that are stated in the main text can be verified similarly; see Ref. [18] for details.

We prove that the unsymmetrized crossing states of the one lead IRL [defined by Eqs. (2.56), (2.57), and (2.58)]
satisfy the appropriate family of inverse problems, namely [given p € Py(n)]:

d ~B Y (DlXky 0y 1) =2
(H — z—) [Xkp (1)) = { Al )k|xk£/n(t_)/)( ) L (C1a)

Xk, (t = 0)) =0, (C1b)
Xk, (1)) = 10) when p is the empty list. (Cle)
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Throughout, we reduce clutter by using the notation n—1 = (1,...,n— 1), n—2 = (1,...,n—2), and n—q =
(1,...,n — ¢q) (note that the minus sign does not mean removing an element from the list).
In the compressed notation of Appendix A, the crossing state ansatz (2.56) reads:

Xy () = ﬁ /dxn Fiy (t,2n) [@(0 <y <<y < )l (z)
+ %6(%)6(0 <Tpoy < o- <ap <A P (Tn/,)]0). (C2)

This state vanishes at ¢ = 0 by construction [see the discussion below (2.27)]. The main task is to confirm Eq. (Cla).
A straightforward calculation yields:

d 1 d = 0
— = —i| = — T
<H Zdt) |ng(t)> T2 { /dxn il 5 —I—j oz, Fkg(t,xn) 00 <z, < <z <)Y (zn)

. 8 n—1
+ %/dmn,l —— —iz a—t7% Fkg(t,a:nfl,()) O0<zp 1 <<z <t)dPl(xn_1)

v

+1 (—i + %U) /d:vn_z Fioy (1, 20-2,0,0)0(0 < 29 < -+~ <11 < t)dW(o)wT(xn_z)}|o>. (C3)

To derive this, we have noted:
— + E - @(O<I < <z <15) = 5(17 )@(O<I < <z <t) (04)

which leads to a cancellation of unwanted impurity-electron terms [see Eq. (2.28) for the n = 2 case]. We have also
used the averaging prescription to make the following replacement:

1
0(zn)00 < zp < -+ < <t)— 55(xn)®(0 <Tpog << a1 <) (C5)

The first in Eq. (C3) term vanishes because Fj, (t,zn) is a function of coordinate differences only. The second term
vanishes because Fy, (t,7n-1,0) is e "*Tn-at1 times a function of coordinate differences. Thus, we are left with:

. d 1 9 1
(H - za) Xk (1) = ey (—z—i— §U> /dwn_z Flp /o) (t: Zn—q)

X Fpy (b gty o n—2,0,0)00(0 < 2ppn < -+ < 1 < £)dTyT(0)9T (2a-2)|0), (C6)

where we used the product form of F' [Eq. (2.58)]. Let us compare this to the terms we are trying to cancel. If ¢ = 2
[i.e. p(s) = (n—1,n)], we have:

red 1 U
= B Oy (O) = s [ dona Fiyp ()

T(knfl) (eiiknflt — eiiZt) eiik"t@(o < Tn—2 < < T < t)dTwT(O)wT(xn72)|O>a (07)

and so the condition (Cla) holds if we have:
1 . . .
(1 + ZEU) Fron_1in (£,0,0) = UT (kp—1) (e =1t — e7t) g~ knt, (C8)

which has already been shown in the n = 2 calculation [see Eq. (2.30¢)]. If instead ¢ > 3, we have [again using Eq.
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(2.58)):

1 =
A Oy () = 755U [ dons By, (t50-2,0)

X e_ik"tG)(O < Tpg < - <21 < t)dTQ/JT(O)Q/JT(LL'n_z)|O> =
1 4
m EU / dfl?nf]_ FkE/p(S) (t, xnfq)ka(s)/n (t, $n7q+1, ey In—2, O, O)
x e HFtQ0 < g < --- <y < 1)dT(0)YT (20_2)[0), (C9)

and so the condition (Cla) holds if we have:
1 . —
(1 + z§U) Frpoy 6 Tn—gi1s oo 00-2,0,0) = iUFy, . (£, Tn—gt1,- ., Tn—2,0,0)e thnt (C10)

This holds due to the definition (2.57) of the function F for single-celled partitions. We have thus verified Eq. (Cla),
completing the solution.

Appendix D: Further details in the evaluation of observables.
1. Dot occupancy in the multi-lead IRL

We fill in the gap between Eq. (3.12) (the leading order correction to the occupancy at arbitrary time) and Eq.
(3.14b) (the steady state limit). To do this, we need to evaluate the long time limit of Re Q[t; ] k], v5kh; y1k1, v2ka],
where ( is given by Eq. (3.13).

Written in full, Eq. (3.13) from the main text reads:

1 ¢ , , , :
Qt591K 5k k1 vahe) = g [y T () (0 < gmismn) etbatt o e
2]\/vleaxdsA 0

% |:6V/26ik;(t—11) + 1 T (kll) (eikll (t—z1) _ eiz*(t—m1)):| iT* (kﬁé) (eikét _ eiz*t) , (Dl)
N leads

where we can replace Ty — U to get the first order expansion. We can assume k] + k) = k1 + ko, since this is the

only case we need for evaluating (3.12).

Recalling that Im z = —A < 0, we see that there are several terms in the integrand that decay as e ! for large
time; they can all be dropped in the limit. The terms e **(=1) and e*"(*=%1)  which each have absolute value
e~ A=21)  can immediately be neglected, since they are of order one when z; ~ t; however, the factor of e~%**! can
combine with either one of these terms to yield the absolute value e =2, which then can be neglected. The remaining
time-dependent terms are all phases and cancel by assumption (e~ #F1+k2=Fi—k)t — 1) Jeaving:

. BTN o 1 > i(k1+ke—k)—2)x1 | 572 1 ek (1N | 1t
tligloQ(t771k1772k2771k1772]€2) = 72NlcadsA . dzq TUT(kl)e . 5% + oo iT (kl) T (k2) (D2a)
1 1
— e TUT DT ()2 572 T (k). D2b

e T TRIT () [ T 1>] (D2b)

We thus obtain:

tllg.lo Z (sgn0)2Re [Q(t§’71k1a’72k2;’7mkau7021%2)] =
oc€Sym(2)

— %Re {TU [(1 + ljadST*(k1)> (T (k1) = T(ka) — (1 —622) T(kl)] } . (D3)

Since the S-matrix S(k) =1 — 7 (k) is a pure phase, T (k) satisfies a version of the optical theorem:

2Im [T (k)] + [T (k)|* = 0. (D4)
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Repeated use of this identity simplifies (D3) further; to leading order in U, we find:

(D3) = ﬁ{ <1 o[ >|T(k2)|2Re (T (k2] — Re [T (k)] [T (k) 2 <5;’f - o T (k) >}

(D5)
Note that we have a term independent of k; this leads to a linear divergence in bandwidth. Eq. (3.14b) in the main
text follows from noting that fD 4k f(ky) = (D+p)/(27)+0 ( =

= ) [for a Fermi function f(k) with temperature

T and chemical potential ] and recalling the expression (3.9b) for the non-interacting steady state occupancy <nd)§95)_.

2. The current in the two lead AIM

a. Non-interacting contribution to the current. Here, we derive Eq. (3.43) in the main text (the contribution to
the current that does not involve any crossing states). From Eq. (3.41), we obtain:

N
~ 1 a
(Igym)® = —— —  lim (E—E') —_‘ gno) [T{crn b au ins@ 4w i} (D6a)
Y [276(0)]V an &/ —k; 99 [5—0 Uesyzm:(m 71_:[1 Vom Ko, Ymkmam,
al P
1 - k/ ~ ’a ina_T i ) D6b

where we have noted that the “in” operators are Dirac normalized. If any permutation other than the identity is
chosen, then the result is zero in the limit of all k:; — kj.

To evaluate (D6b), we note that the even sector “in” operator is given by Eq. (2.6b) (with barred fields and a spin
index), and the odd sector “in” operator is a simple plane wave. Thus:

_I)ka in — Elka’ EZka,in - _lka /d(E Fk;in(‘r) |:®(O < ‘/L‘)Eia(x) + %6(‘T)djz . (D7)

We then obtain the “in” operators in the lead 1/lead 2 basis by rotation:

?lka,in _ UT ?oka,in ) (D8)
C2ka,in Ceka,in

In particular, we have:

chavi“ = Z M’Iﬁ/cﬁi’k‘“ 'yka in Z c'yka 1n (7 = 17 2)7 (Dg)
Yy=o,e y=o,e
which yields:
{C’yk’a’ ins 'Yka m - Z u"y’y{c"y/k’a/,inaa‘yka,in} ('Y - 17 2) (Dloa)
¥y =0
1 _ _ _

- 5 Z {C"Yk’a/yinvé"yka,in} + (_1)7 ! ({Cok’a’,inv Ceka,in} + {Cek/a’,inv Coka,in}) . (DlOb)

Yy=o,e

We proceed to evaluate the necessary anticommutators in the odd/even basis. We note:
Coka \ _ 77, /4 (Coka) _ cos(ELQ) —1 sin_(E/Q) Coka
(Eeka> uu (Ceka> (—Z Sln(¢/2) COS(¢/2) Ceka )’ (Dlla)
. 0 Coka _ it (01 Coka \ __ i Ceka
hence: 8_5‘5_0 (Eeka) N _5 (1 0) (Ceka N _5 Coka )’ (Dllb)
0

Ta(2) = — Stoa(®). (D11c)
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Applying these to Eq. (D7) yields:

Eoka,in - _Eceka; (D12a)

%
ol =0 2

9 .
—_‘ Ceka,in = ! [Coka + /dx Fyin(2)0(0 < 3:)1/)0a(:17)] ) (D12b)
ole =0 2

We have %'E:o{cﬁk’aﬁimdka,in} = 0 (for ¥ = o or e), since {COk’U/?cZka} = {Cek’a’aclka} = 0. Thus, the odd-odd

and even-even contributions to Eq. (D10b) vanish; the non-vanishing anticommutators under the ¢ derivative are the
odd-even and even-odd combinations. For odd-even, we find:

a% ({cok/a/, o+ / dz Fjin(2)0(0 < x){cok/a/,d)l(x)}) (D13a)

DO .

=t _
- {Cok/a/,in; Ceka,in} —
$=0

= % [2w5(k — k) —iT(k) <7r5(k —K)+ P.V.k%k,ﬂ daa’s (D13b)

where we have recalled that Fy ;,(z) = —i7 (k)e’**; P.V. indicates the principal value. Only the pole in k — k' survives
in the ¥ — k limit:

0 i
1 — kK= ral i il . = — ’
kl/lglk(k k )65 L_O{COk a’,ms Ceka,ln} 2T(k)5aa . (D14>
The even-odd contribution is found similarly:
lim(k—k')i {Cerrar in, .}zlim(k—k’)i {cerar,cl, }
e 85 30 ek’a’,in» Cofq in Py 2 ek’a’s Cokq

# [0 @00 < @)} (D150

= 2T (Kb (D15b)
From Eq. (D10b), we thus find (still for v = 1,2):
lim (k= &) ey, = (=1)7! (ET(k) _ fT*(k)) St (D16a)
K —k ) F=0 Tka, 2 2 2
= LT (D16b)

where we have used the optical identity (D4). Eq. (D6b) then yields Eq. (3.43) in the main text.
b.  Contribution from the first crossing state. We derive Eq. (3.47) in the main text. First, we set up the
calculation in the compact notation of Appendix A. We write the Lippmann-Schwinger “in” state as:

|@in> = |W’yNkNaN,in>7 (D17)

where ywknan are the N arbitrary quantum numbers characterizing the incoming plane waves. In this notation, Eq.
(3.38) from the main text becomes:

_ 9 _
_ —1 3 / .
<ISym> - N all lklg.niﬂcj (E - K ) 85 EZO<\IJ'yNk{\IaN,in|\I/’yNkNaN,m>7 (D18)

and we wish to evaluate the right-hand side to the leading order in an expansion in crossings. For the calculation, it
is convenient to define the overlap of states with two electrons, arbitrary quantum numbers on both sides, and the
zero crossing part subtracted off:

O Sl T, _ T
Qh/lklalv’72k2a27’71k1a17'72k2a2] = <\I]'yik/1a'1'yék’2a’2,in|\I]'ylk1a1v2kgag,in>
) el —f
= (Oleyg 1yt inCygkyal inChykaas inCoikyayinl O) (D19a)

1— 1—
= 59(072) [vikiay, vhkhah; ekiaq, ekaas] + 59(270) [ekla), ekbay; vikiar, yokoas]

1—
+ 19(2)2) [ek)a), ekbal; ekiar, ekaas), (D19b)
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where:
Q0,2)[11k101, Yakaay; ekian, ekaas] = (0]cyr kot inCyykyal,inl Peky arekzas,in) (D20a)
_t _t
Q.0 lekial, ekbay; vikiar, yokoas] = (Peky apekyal inlCykman.inCoikyar.inl0)s (D20b)
Q(2,2) [eklala 6[€2CL2; eklafla ek2a2] = <q)ek£a’16k;a’2,in|q)ek1alek2a2,in>- (D2OC)

The term 5(272) contains a product of two crossing states (one from each wavefunction) and so will be dropped later,
but it is convenient to keep it for the moment. A short calculation shows the following identity:
Jim (ks ks — b — K0k} bkbahi i ran, radaca] = (o21)
— k1
ki*}kQ
where the momenta k1, k2, ¢1, and g2 are arbitrary (and also the spins and lead indices). Note that the bar has been
removed [33].
Next, we apply Wick’s theorem to the overlap of interest, with the wavefunction on each side truncated so that
at most two quantum numbers can be in a crossing state. We use the notation a; = v;k;a;, oy = v;kja; to reduce
clutter, finding:

— —0 _
<\I]a&,in|\I]aN,in> - <\IISVN,1H|\IJ(1NJI]> + Z (@m)(@lm/) Z (SgHU) H{ Ol(N/m/) V;11'17 L(N/m) ,11’1}
m,m’€Z,(N) oc€Sym(2)
x Qaly;am].  (D22)

The first term on the right-hand side, with zero crossings, has already been dealt with. To get the current, we apply
N=im,y K, —k; (E—FE" %|E:O to both sides. If the ¢ derivative acts on one of the anticommutators, then we get

zero due to the identity (D21) (since © gets replaced by 2). Thus, we have to act the derivative on Q; this removes
the bar from all of the anticommutators, diagonalizing the sum (m’ = m and o =identity) and yielding:

/ 8 /

(Tsym) = (Tsym) OO + N2 3" 2060V 2 lim (kiny + by — ki, = Kiny)—=| Qs 0
K —km, 99 [5=0
meZ,(N) m
km2~>km2
= (Tsym) 0 + [276(0)] 2 Z Hm  (kmy + kmy — K, — Kbyy)
K, —km,
1<mi<mo<N , 1
km2—>km2
X _—‘ ﬁhmlk;mam1a7m2k:n2am2§"lekm1am177mzkmzamz]v (D23)
¢ 15=0

where we have written the compact notation in full and recalled that N = [275(0)]". From the definition, Q satisfies
a symmetry property in its quantum numbers that allows us to replace the sum over m; < meo by an unrestricted
sum with an extra factor of 1/2. Comparing to Egs. (3.39) and (D19b), we can then read off:

N
~ 1
<Isym>(EhE2) = [27“5(0)]721 Z k! hm (kwu + kmz - k;?n - k;nz)

—k
mi,mao=1 :nl m1
k., ﬂk,w

) _
X 8_5 _ 9(51752)[7777,1 k;nla/m17 ’7777,2 k;n2am2; ekml aml ’ ekmg amg]? (D24)

where (£1,£2) is (0,2) or (2,0). The (0,2) case is Eq. (3.46) from the main text. It suffices to calculate the (0,2)
term, since the (2,0) term is the complex conjugate. We ignore the (2,2) term, involving €3 2), since it involves a
product of two crossings.

. = . . . . =(red
By antisymmetry, the overlap € o) can be written as the antisymmetrization of some “reduced” overlap QEBCQ)) as
follows:

Q(0 2) (V1K) ay, vokhah; ekiar, ekaas] = Z (sgno)(sgno’)
o,0’€Sym(2)

x Q0.9 oy Ky @ s Vo Ky @ s €Ky Aoy €Kiy G, ], (D25)
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where ﬁggcg)) is only defined modulo antisymmetrization. To specialize the quantum numbers ynknan to the case of

two filled Fermi seas, we replace the sums over quantum numbers according to Eq. (3.44). Relabelling summation
indices, we then obtain:

(Tsym) 2 = 20600)] 2= Y 30 > > (sgno) 11321(kl+k2—k1—k;)

'Yl v2=1,2k1€K,, 1,02 c€Sym(2)

ko €Ky kbh—ko
O Ik ar, yakhas; ek k D26
8¢ (O 2) ’71 101, 7Y2R202; ERg, gy 5 € Ugaag] ( a)
therm. limit 1 dk1 dkg
rm. Jimi Z / - Foyi (k1) frys (K2) Z Z (sgno)
Wlm 1,2 ai,a2 c€Sym(2)

x lim (ky + ko — k) — Kb) Beg)) [viki a1, y2kbas; €ky, a0y, €kgyan, ). (D26b)

K, =k aqs =0

kb —ko
We recall that the two electron crossing state is given by:

|58k1alek2a2,in> = |Yek1alekga2,in> - |Yekgagek1a1,in>’ (D27)

where the unsymmetrized crossing state is given by Eq. (2.108) with a bar over the electron fields:

— b1b = —
|Xek2a2ek1a1,in> = ‘/d‘rld‘r2 Felilleekyzg (‘Tl?x?) 9(0 <x2 < xl)webg (‘TQ)webl (‘Tl)

) — 1
+ %5(1:2)@(0 < @)d] Py, (1) — S50(@)d(@a)dl,d), |[0), (D28)

where the function F' is given in Eq. (2.111).

We proceed to evaluate the reduced function ﬁggcg)) Any terms that are finite in the limit of equal momenta

(k; — kj) can be dropped; we are looking for a real pole, such as 1/(k1 + k2 — K} — k3) (as opposed to a pole off
the real axis). Such a pole is not present in the T-matrix prefactors that appear explicitly in the “in” operators and
crossing state (since Im z = —A # 0), so it can only be produced by the position integral in the overlap itself (see
below). From Eqs. (D25) and (D20a) and the form of the crossing state, we can read off:

Q [71k1a1,72k2a'2;eklal,ekgag] = /dwld:vg Fhibe (21,22)0(0 < 29 < 27)

ekl al ekz a2

—t =t
X {Cvikia’yinv Ve, (xl)}{cvék;a’z,ina Wy, (22)} + (regular), (D29)

where “regular” indicates omitted terms that are finite in the limit of equal momenta. These are the terms involving
. =T

the anticommutators {cy/ s a7 ins Wep, (21) HCysrsas,ins d};} and {¢y/p7 al ins dzl}{cvék;a;ﬂnv dZ2}. In the former case, we

get a single integral over z7 involving F(z1,0), which (due to the factor of z in the exponent in F') produces a

momentum denominator with a complex poles; in the latter case, we just get a constant again with complex poles.

To take the ¢ derivative, we recall that %b:o@ib(x) = %¢Zb($)- This derivative can act on either one of

the anticommutators, setting Ezb = wlb in the other one. In the calculation that follows, we do this derivative,
then relabel variables in one term (using the fact that ﬁggeg)) is only defined up to antisymmetrization), then re-
call the anticommutators {Cv’k’a’7invwgb($)} = %S*(k’)&ba/e_iklw (where S(k) = 1 — T (k) is the S-matrix) and
{¢ykrar im, wlb ()} = %(—1)7 185~ ™ then put in the explicit form of F. The “regular” part is dropped through-



36

out. Following these steps, we find:

red 7
8¢‘ go 2))[’71 101, yakbay; ekiay, ekoag] = 3 /d$1d$2 Feéfélesz(xhﬂ?z)
$=0
x O(0 <2z <) {{ngk;a;,im Ul (@) Heygragim: Th, (@2)} + (0 & 6)} (D30a)
up to antisymm. 7
p to antisy 5 /dwldxg Feélileb@(:ﬁ,xg)@(o <@g < T7)
< [ergmag i T, @) Hesgrgagm: Wy, (22)) = (b1 6 by, 21 45 )] (D30b)
)
= 5 /di[:ldl'g Feblifleebag (,Tl,xg)@(o <29 < LL‘l)
1 / . .
x ﬁs*(k;)ﬁ(_n%—l [5171@/1 Sppay e 171 HET (b 5 by, 1y > xz)} (D30c)
) k ko — 2 X X
= [amdry |~ () AL R 2O it e, i e
2 4N
X P_‘ZE‘ZZ@(O <xp < 1)% 5*(]“/)( 1)t ( keI eiikéxleiikim) ’ (D30d)

The integration over position yields a real pole:

T (k) 1
P.V. . D31
2A Vkl-i-kg—ki—ké ( 3)

/dIldIQ ei(k1+k2fk’17z)ac16i(z7k;)z2@(O <29 < xl) -

Thus, we obtain:

rcd)
li ki + ko — K} — K5)

kz ‘)kz

[V1k1a], vakyah; ekiay, ekaas] =

)
32A2
and then Eq. (D26b) yields [using S*(k) = T*(k)/T (k) and the spin sums P_9'%? =1 and P 7?7 = —1]:

—aias —a1a2

(=) (k) T (ko )UT [(ky + ko — U) /21 S (k)) [T(K)) + T (ky)] P3% | (D32)

= >(0_’2) therm_.;imit { / dkl de

(Isym DA o o [f1(k1) + fa(k1)] [f1(k2) — fa(k2)]

X T (k)T (k)UT [(k1 4+ k2 — U) /2] (T (k1) + T (k2)). (D33)

By taking the adjoint and relabelling, we can read off that <fsym>(2’0) = <fsym>(0’2)*. We thus obtain Eq. (3.47) in
the main text.

Appendix E: Equilibrium occupancy of the IRL from the literature

From Bethe ansatz, a series form is known for the occupancy (ng)equitibrium at zero temperature as a function of eq
in the multi-lead IRL. We show here that the leading order of this series agrees with our result for the leading order
equilibrium occupancy reached as the long time limit following a quench [Eq. (3.27)].

It turns out that in the universal regime, the number of leads does not appear in the answer. The calculation was
first done by Ponomarenko [23]. In the one lead case, Rylands and Andrei [34] calculated the occupancy including
a Luttinger interaction, and Camacho et al. [21] have verified that setting the Luttinger interaction to zero (which
recovers the one lead TRL) results in exact agreement between the answers of Ref. [23] and Ref. [34]. We transcribe
the result from Ref. [21] with some minor changes in notation:

2n+1
) 0<zy<1

b - Yoo hi () (5

n=0

() equitibrium = Na(q) = S h2 () ( 2 (a))_ﬁ 2g>1 (E1)

=
T™hp—o

1— nd(—xd) zq <0,
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where x4 = €4/Tk (note that ey in Ref. [21] is our €4) and:

o 1 ()" TA+2(@2n+1)
h"(a)_ﬁ n! T(1+42:1(2n+1))’ (E22)
1 (=)™ T(1/2 +n/a)

- 2ym n! D(1—21n)’

hZ (o) (E2b)

The quantity « is an RG invariant, with @ = 2 in the non-interacting case (U = 0). In principle the Betha Ansatz «
could differ from our formula (3.22b) for « in the main text, but we find that they are the same (at least to leading

order in U). To compare with our answer for the occupancy in the main text, we expand to linear order about « — 2.
For |zq| < 1, we obtain:

(1 + 2n) 27

n=0

na(zq) = % - i{i +(a—2) (=1)" [1—2In2+9%(2+42n) —¥(3/2+n)] + O ((a — 2)?) }ﬁ““, (E3)

where ¢» = IT" is the digamma. This sum yields (3.27) in the main text once we identify o — 2 = —% at leading order
[in agreement with Eq. (3.22b)]. For x4 > 1, we obtain:

—_1)(n=1)/2 —_1)(n=1)/2
na(zq) = Z {%—l—(a—%%[1—ln2—1n:vd+w(1/2+n/2)—1/1(1+n/2)

n=1,3,...

+0 ((a — 2)2) }x;"

_1)n/2-1
+ Y {(04—2)%—1-0((04—2)2)}:1:;". (E4)

The sum over the & = 2 part yields the standard non-interacting result 1/2 — (1/7) arctan 4. Numerical evaluation
of the & — 2 correction term again agrees with Eq. (3.27) in the main text.

Appendix F: Perturbative check: the current in the Anderson model

We calculate the steady state current in the Anderson model to leading order in U using Keldysh perturbation
theory, confirming the result (3.48) from the main text. Rather than evaluate the current operator directly, we find it
more convenient to use the Meir-Wingreen formula [24], which relates the steady state current to an impurity-impurity
Green’s function.

For this calculation, we allow a magnetic field on the dot; that is, the dot energy can be spin-dependent:

L/2 d v
H©O = —i/ da Ul (@) —ya(z) + ) eqdlid, + | —= I, (0)d, +hee. |, (Fla)
—L/2 VZ;Q v dx ; \/5 V;Q B
HY = Unyny, (F1b)
H=H9 + g, (Flc)

Our conventions in this Appendix depart in two ways from the rest of the paper. First, all time-dependent operators
are in either the Heisenberg picture (subscript H) or the interaction picture (no subscript), with the usual sign (i.e.
eiHt o iH Ot
sign.

Let p be the density matrix describing the two leads each separately in thermal equilibrium, with no tunneling:

on the left, respectively). Second, repeated spin indices are not summed in the absence of a summation

1 1
_ T T
p = €xp T Z (k — 1)1 Clka | @ €xp T Z (k — p2)chp Cona | - (F2)
|k|<D |k|<D

The Fermi functions of the leads are f, (k) = [e(*=#)/Ty 4 1]71 (y = 1,2).

The retarded Green’s function with respect to the time-evolving density matrix p(t) = e ="

pett is given by:

G, (t5t1,12) = ~iO(t — t2)Tr | p(){darr (1), d}y (£2)}] /Trp. (F3)
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This Green’s function, and all others introduced below, is implicitly in the thermodynamic limit (L — oo with fixed
bandwidth D; note in particular that the system size goes to infinity before the evolution time ¢). In the steady state,
we get a function of the time difference only:[35]

Jim GER (t:t1,t2) = G (t1 — to). (F4)
—00 ’ ’

The Meir-Wingreen formula, specialized to the Hamiltonian we consider here, is the following expression for the steady
state current:

hm Isym (t) = —AZ/ dw [f1(w) — f2(w)] Im {gfa(w)} , (F5)
where Tsym(t) = Tr {p(t)fsym} JTrp, Tsym = 5550 (1/;1&(0) - 1/&(0)) dy +hic., and GE (w) = [ dt' e GE, (t'). The

derivation [24] proceeds by applying Keldysh identities to Dyson equations for Green’s functlons [36].
Eq. (F3) is more conveniently written as:

Gl (titr,ta) = GR (t+t1,t +12), (F6)

where G (t1,t2) = —i©(t) — t2)Tr [p {dam(t1), le( )}} /Trp is the retarded Green’s function defined relative to

the initial density matrix p (rather than the time-evolving density matrix). For perturbative evaluation of GF, (t1,t2)
(with 0 < ¢t < t; and with ¢; and to later to be shifted by t), we introduce a Keldysh contour C' that runs from 0 to
t1 (the + branch) and back (the — branch). The Keldysh Green’s functions with respect to p are defined by:

G (b, 1) = —iTr [p To dam (7))l (15°2)| /T, (F7)

where aq and ae are branch indices (4) and T is the path-ordering symbol. The retarded Green’s function is given
y GE, =Gl , - G5 ,, where GI | = G/t and G, = G},. By some standard manipulations, we obtain another

a,a’

form more su1table for perturbatlon theory
G2 (b ta) = —iTr [p To Uoda (8"} (65°)] /Tep, (F8)

where the impurity operators evolve in the interaction picture and U¢ is the interaction picture propagator:

Uc = Te exp [—i /C dt’ H(l)(t’)] . (F9)

Our first task is to expand G, 4 to first order in U in terms of the Keldysh Green’s functions of the two lead RLM,
which are defined as follows:

GO (1, 12) = —iTr [p Tor da(™))d} (15°)] /Tip. (F10)

We write the interaction term in the Hamiltonian as H(!) = Ud};dad;da, where @ is the opposite spin to a (@ = if
a =1 and vice-versa). In the first order correction to the Green’s function, the @ impurity operators contract with

each other, yielding a factor of —iG(E?%<(t’, t"). We find:
Gaalti ta) = GO)(t1, tz) — iU / dt' GO (1) GO) (1, 1) GOt 1) + O(U?), (F11)
C

where Keldysh branch indices have been suppressed. We specialize the left-hand side to the retarded Green’s function,
then use a Langreth rule to obtain:

a,a a,a a,a

GE (t1,t2) = GOE (11, 1) — iU/dt’ GOX (' #)GOE(t,, ) GOR(  t,). (F12)

Note that we have replaced fot Ydtt — [7_dt’ = [dt', since the retarded Green’s functions restrict ¢’ to the interval
0 <ty <t' < t1. The retarded Green’s function of the RLM depends only on the difference of times (see below), so
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we find:

Galolti — t2) =

lim | GOR(E+ byt +t2) — iU / dr’ fol)f(t’,t’)Ga?aR(t+t1,t’)Gg??lR(t’,t+tg)] (F13a)
= GOR(t; —ty) — iU [3320 G0= (t,t)] / dt' GOF(t, — t)GOR( — o). (F13b)
The time integral is a convolution, so the Fourier transform yields:

G (w) = GO — it [ 1im G0 (1.0)] [F0 w)] (F14)

Thus, the only Green’s functions that we need from the two lead RLM are the following:
GO (ty,ty) = —iO(ty — to)e e =t2) = GO (1) — 1), (F15a)
GO (w) = w%ﬂ = 77;(:}) , (F15b)
i Lli}rgo Gé?ﬁ(t,t)} = lim ﬁ[ eH gt g e Ht] Trp (F15¢)
=2t + o) TL, (F150)

where z, = €, — A and T, (k) = 2A/(k — z,). These Green’s functions can be found by conventional means, or by
using the time-dependent operators of Sec. ITA. Eq. (F15d) is the two lead case of the more general Eq. (3.9b) from
the main text.

Using the “optical” identity (D4), we then obtain:

tun G2, (0)] = ~BOE - P [ 8 1) - a0 Ta 0PI PR 7o ). (F16)
Then from (F5), we find the steady state current to first order in U:
D
Jim T = [ 52 () = ()] 3 1Tl
b | R 1w+ R0 ) 3 a6 Taw) PRe T (F17)

This agrees with Eq. (3.48) from the main text once we take the dot energy to be spin-independent [e, = €, hence
To(k) = T (k)]. As stated in the main text, we can also obtain the answer with spin dependence using the wavefunction
method.
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