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Abstract

Berg, Metlitski and Sachdev, Science 338, 1606 (2012), have shown that the exchange of hid-
den spin fluctuations by conduction electrons with two orbitals can result in high-temperature
superconductivity in copper-oxide materials. We introduce a similar model for high-temperature
iron-selenide superconductors that are electron doped. Conduction electrons carry the minimal 3d,.,
and 3d,, iron-atom orbitals. Low-energy hidden spin fluctuations at the checkerboard wavevector
Qar result from nested Fermi surfaces at the center and at the corner of the unfolded (one-iron)
Brillouin zone. Magnetic frustration from super-exchange interactions via the selenium atoms sta-
bilize hidden spin fluctuations at Qar versus true spin fluctuations. At half filling, Eliashberg
theory based purely on the exchange of hidden spin fluctuations reveals a Lifshitz transition to
electron/hole Fermi surface pockets at the corner of the folded (two-iron) Brillouin zone, but with
vanishing spectral weights. The underlying hidden spin-density wave groundstate is therefore a
Mott insulator. Upon electron doping, Eliashberg theory finds that the spectral weights of the hole
Fermi surface pockets remain vanishingly small, while the spectral weights of the larger electron
Fermi surface pockets become appreciable. This prediction is therefore consistent with the obser-
vation of electron Fermi surface pockets alone in electron-doped iron selenide by angle-resolved
photoemission spectroscopy (ARPES). Eliashberg theory also finds an instability to ST— super-
conductivity at electron doping, with isotropic Cooper pairs that alternate in sign between the
visible electron Fermi surface pockets and the faint hole Fermi surface pockets. Comparison with
the isotropic energy gaps observed in electron-doped iron selenide by ARPES and by scanning

tunneling microscopy (STM) is consistent with short-range hidden magnetic order.



I. INTRODUCTION

Electron-doped iron selenides are perhaps the most interesting class of materials inside

1 By contrast with bulk FeSe, which is a low-

the family of iron-based superconductors
temperature superconductor, a monolayer of FeSe on a doped strontium-titanate substrate
becomes a high-temperature superconductor®, with a critical temperature in the range 40-
50 K%7, and possibly higher®. Angle-resolved photoemission spectroscopy (ARPES) reveals
that the substrate injects electrons into the FeSe monolayer that bury the hole bands at the

center of the Brillouin zone below the Fermi level’. ARPES also reveals an energy gap at the

remaining electron-type Fermi surface pockets at the corner of the folded (two-iron) Brillouin

10,11 5,12

zone'! . Tt agrees with the energy gap found by scanning tunneling microscopy (STM)
On the other hand, transport studies find perfect conductivity below the critical temperature
where the gap opens in ARPES and in STM%®. These probes provide compelling evidence
for a superconducting state at high temperature. Electron doping of FeSe layers can also be
achieved by other means, such as by alkali-atom intercalation'™, and by organic-molecule

13715 These systems show the same Lifshitz transition of the Fermi surface

intercalation
topology, where the hole bands are buried below the Fermi level at the I'-point, but where
electron Fermi surface pockets at the corner of the folded Brillouin zone remain. These
systems also show high-temperature superconductivity, with an isotropic energy gap that
opens at the electron-type Fermi surface pockets.

The coincidence of high-temperature superconductivity with the absence of Fermi surface
nesting in electron-doped FeSe is puzzling. High-temperature superconductivity in iron-
pnictide materials occurs only when the Fermi surfaces exhibit partial nesting, for example.
In particular, the end-member compound KFesAs, of the series of iron-pnictide compounds'®
(Ba;_,K,)FesAsy shows hole-type Fermi surface pockets at the center of the Brillouin zone,
but no electron Fermi surface pockets at the corner of the folded Brillouin zone to nest
with!”. It is a low-temperature superconductor with 7, = 3 K, however. Early theoretical
responses to the puzzle posed by electron-doped iron selenide proposed a nodeless D-wave

1819 "with a full gap over each electron pocket that alternates in sign

superconducting state
between them. In the case of bulk electron-doped iron-selenide materials, it was argued that
strong dispersion of the energy bands along the ¢ axis results in inner and outer electron

Fermi surface pockets at the corner of the folded Brillouin zone because of hybridization due



to the two inequivalent iron sites, and that true D-wave nodes appear as a result?’. In the
case of an isolated layer of FeSe, the two electron Fermi surface pockets at the corner of the
two-iron Brillouin zone cross, but do not hybridize, because of glide-reflection symmetry?!.
Inner and outer electron Fermi surface pockets due to hybridization are predicted when
strong enough spin-orbit coupling is included, however, and true D-wave nodes are again
predicted???3. These considerations led to the proposal of the anti-bonding S*~ state. It
is an isotropic Cooper pair state that alternates in sign between the inner and the outer
electron Fermi surfaces at the corner of the folded (two-iron) Brillouin zone?>*'. ARPES
finds no sign of nodes in the gap and no sign of hybridization on the electron Fermi surface
pockets!®t however. Further, STM and the dependence of the specific heat and of nuclear
magnetic resonance (NMR) on temperature are consistent with a gap over the entire Fermi
surface> . These measurements could then rule out the nodeless D-wave state and the
anti-bonding ST state in high-T, iron-selenide superconductors.

Below, we will show that a spin-fermion model over the square lattice that is similar
to that introduced by Berg, Metlitski and Sachdev in the context of copper-oxide high-
temperature superconductors®® harbors an alternative solution to the puzzling isotropic gap
shown by electron-doped iron selenide. The non-interacting electrons are in the principal
3d,. and 3d,. iron orbitals, and they form a semi-metallic Fermi surface that is nested by
the checkerboard wavevector Qar = (7/a,7/a). The latter can result in hidden magnetic
order when magnetic frustration is present, at weak enough Hund’s Rule coupling?. Such
hidden antiferromagnetism is characterized by the most symmetric of three possible order

parameters for a hidden spin density wave (hRSDW):
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where NV is the number of site-orbitals. It is isotropic with respect to rotations of the orbitals
about the z axis, and it therefore does not couple to nematicity. (Cf. refs.?”?.) Based on the
interaction of such fermions with the corresponding hidden spin fluctuations, an Eliashberg
theory for S-wave pairing over the two bands of electrons is developed. Hopping matrix
elements are chosen so that perfect nesting exists at half filling?®. As the interaction grows
strong, we find (7) a Lifshitz transition to electron-type and hole-type Fermi surface pock-
ets at the corner of the folded (two-iron) Brillouin zone. The new Fermi surfaces remain

perfectly nested by Q ar, but their spectral weights are vanishingly small due to strong wave-



function renormalization. Upon electron doping, the hole Fermi surfaces remain faint, while
the electron Fermi surfaces become visible because of only moderate wavefunction renor-
malization. This prediction agrees with previous calculations based on the corresponding
local-moment model?. The Eliashberg theory also reveals (ii) an instability at the renormal-
ized Fermi surface to S*~ pairing that alternates in sign between the visible electron-type
Fermi surfaces and the faint hole-type Fermi surfaces. We shall now provide details of how

such hidden S*~ superconductivity emerges from the two-band Eliashberg theory.

II. BARE NESTED FERMI SURFACES AND HIDDEN SPIN FLUCTUATIONS

The conditions for perfect nesting of the Fermi surfaces in two-orbital hopping Hamilto-
nians for iron selenide will be determined in what follows?¢. Also, the space of hSWD states
generated by rotations of the two isospin degrees of freedom, the d+ and d— orbitals, will

be discussed.

A. Electron Hopping

The electronic kinetic energy is governed by the hopping Hamiltonian

HhOP == Z(t(lxﬂcj,a,scjﬁvs + hC) - Z (tgﬁc;[,a,scjﬂys + h.C.), (1)
(i.d) {(i.0))

where the repeated indices o and § are summed over the iron d+ and d— orbitals, where the
repeated index s is summed over electron spin, and where (7, j) and ({7, j)) represent nearest
neighbor (1) and next-nearest neighbor (2) links on the square lattice of iron atoms. Above,

f

1,0,8

Ci.a,s and ¢ denote annihilation and creation operators for an electron of spin s in orbital
a at site i. We keep only the 3d,, and 3d,. orbitals of the iron atoms, which are the principal
ones in iron selenide. In particular, let us work in the isotropic basis of orbitals d— = (d,, —
idy.) /2 and d+ = (d,.+id,.) /2. The reflection symmetries shown by a single layer of iron
selenide imply that the above intra-orbital and inter-orbital hopping matrix elements show

21,30,31

s-wave and d-wave symmetry, respectively . In particular, nearest neighbor hopping

matrix elements satisfy
(@) =t = t*(9)
(&) =ty = 77 (), (2)
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FIG. 1: Band structure with perfectly nested Fermi surfaces at half filling: e, (k) = 0 and e_(k) =

0, with hopping matrix elements t! = 100 meV, tf = 500 meV, tg =0, and t2l/z = 100 meV.

where tg and ti are real, while next-nearest neighbor hopping matrix elements satisfy
&g =t = 67(g — &)
(@ +y) =%ty = ~t5(§— @), (3)

where tg is real, and where ¢ is pure imaginary.

The above hopping Hamiltonian Hy,, then has intra-orbital and inter-orbital matrix

elements

(k) =— 2t! (cos kya + cos kya) — 2tl(cos ka + cos k_a) (4a)

e1(k) = — 2ti (cos kya — cos kya) — 2ty (coskya — cosk_a) (4b)

with k4 = k, £ k,. It is easily diagonalized by plane waves of ds). and idy ;). orbitals that

are rotated with respect to the principal axes by an angle §(k):
[, dugs))) = N2y e®mi[e®®i d) + Wi d-)),

ik, dy)2)) = N7V2Y 7Rt ®li dt) — e Wi d-)), ()



where N = 2Np, is the number of iron site-orbitals. The phase shift §(k) is set by ¢, (k) =
|1 (k)|e®®). Specifically,

B —ti(cos kya — cos kya)
 \/12(cos kpa — cos kya)? + |2t P(sin kpa)2(sin kya)?
B 2(ty /i)(sin kya)(sin kya)
 /t2(cos kya — cos kya)? + 263 2(sin kya)2(sin kya)?

cos 26(k) ; (6a)

sin 24(k)

(6b)

The phase shift is notably singular at k = 0 and Qar = (7/a,7/a), where the matrix
element ¢, (k) vanishes. The energy eigenvalues of the bonding (+) and anti-bonding (—)
plane waves (5) are respectively given by €4 (k) = ¢(k)+|e (k)| and e_(k) = ¢ (k)—|e L (k)|.

Henceforth, we shall turn off next-nearest neighbor intra-orbital hopping: tg = 0. Notice

that the above energy bands now satisfy the perfect nesting condition

ei(k + Qar) = —cx(k), (7)

where Qar = (7/a,7/a) is the wavevector for the checkerboard on the square lattice of iron
atoms. The Fermi level at half filling therefore lies at eg = 0. Figure 1 displays perfectly
nested electron-type and hole-type Fermi surfaces for hopping parameters t! = 100 meV,
t+ = 500 meV, tg = 0 and t3 /i = 100 meV. Figure 2 shows the density of states of the
bonding (+) band.

B. Extended Hubbard Model

The Hamiltonian of the underlying extended Hubbard model?® has three parts: H =

Hyop + Hy + Hgpex. On-site Coulomb repulsion is counted by the second term??,

Hy = Z [Uoniattia, + JoSid— - Sia+

+Ugniar Mo+ Jo(c] gi g€l a  Coamyciam g+ hec)]. (8)

where n;, s is the occupation operator, and where n;, = 1,44 + Niq . Also, S;, is the
spin operator. Above, Uy > 0 is the intra-orbital on-site Coulomb repulsion energy, while
Uj > 0 is the inter-orbital one. It is worth pointing out the following expression for the sum

of these two on-site repulsion terms in (8):
!/ !/ 1 !
Uonia1tia,, + Usniasia— = (Uo — Ug)ns04Mi 0,y + §Uo ni(n; — 1), 9)

6
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FIG. 2: Density of states of the bonding band evaluated numerically at hopping parameters that
are listed in the caption to Fig. 1: a?D. () = Ng'Y ;. dle — e4(k)]. The unfolded (one-iron)
Brillouin zone is divided into a 10,000 x 10,000 grid, while the J-function is approximated by
(4kpTy) 'sech?(e/2kpTy). Here, kpTy is 3 parts in 10,000 of the bandwidth.

where n; = n; ¢+ + n;q— is the net occupation per iron site <. Above also, Jy is the Hund’s
Rule exchange coupling constant, which has a ferromagnetic (negative) sign, while Jj is
the matrix element for on-site Josephson tunneling between orbitals. The third and last
term in the Hamiltonian represents super-exchange interactions among the iron spins via

the selenium atoms:
Ho = I (S, + Sia) - (Sjae + Syas)
(4,5)

+ TSP (Ssam + Siar) - (Sja- + Sjar)- (10)
((&.3))
Above, Jl(Ser) and Jz(sm) are positive super-exchange coupling constants over nearest neigh-
bor and next-nearest neighbor iron sites.
It is instructive to uncover the energy spectrum of the Hamiltonian Hy at a single iron site
7, at half filling with two electrons. Table I gives the corresponding six-dimensional Hilbert

space in the singlet-triplet /spin-isospin basis. Here, the d+ and the d— orbitals comprise the



I®) | $() /hisospin triplet (I = 1), spin singlet (S = 0)|isospin singlet (I = 0), spin triplet (S = 1)
+1 d+1d+2%(T1¢2 — liT2) %(d+1d—2 —d—1d+2) 1112
0 %(d+1d—2 + d—1d+2)\%§(T1¢2 — l1t2) %(d+1d—2 - d—1d+2)%(T1¢2 + 1iT2)
-1 d_ld_2%(T1¢2 — l1T2) %(d-Hd—z —d—1d+2) 112

TABLE I:. Atomic iron states at half filling. The isospin triplet states violate Hund’s Rule, while

the isospin singlet states obey Hund’s Rule.

isospin-1/2 states. Specifically, the isospin operators along the axes n = 1,2, 3 for a single
electron have the form I = +1|u,)(u,| — Lv,)(v,|, with orbitals (uy,v1) = (dys, dys),
(ug, v9) = (dyrs, dy2), and (us, v3) = (d+,d—). Here, 2’ = (z+y)/vV2 and v = (—z+y)/V2.
The eigenstates of (8) at a single iron site are the product of spin (S = 1) triplet states with
the isospin (I = 0) singlet state

¢o(1,2) = %[un(l)vn@) — vn(D)un(2)]; (11)

and the product of the spin (S = 0) singlet state with the isospin (I = 1) triplet states

on(1,2) = %[un(l)vn@) + v, (Dun(2)], n=1,2,3. (12)

Recall that the isospin singlet pair state ¢g(1,2) is unique up to a phase factor. The orbital
pair states (11) and (12) above satisfy I™¢, = 0 and 1™ ¢, = 0, where 1™ = [™)(1) +
I™(2). And why do the pair states (11) and (12) make up the energy spectrum of Hy?
First, observe that the spin singlet and spin triplet states listed in Table I are all eigenstates
of the Hund’s Rule term in (8), with energy splitting Es(ﬁfglet — Et(?i)plet = —Jy. Second,
notice that all six pair states listed in Table I are eigenstates of the sum (9) of the intra-
orbital and inter-orbital on-site repulsion terms in (8), with energy splitting between the
y = Uy — Uj.
Third, notice that the pair states ¢1(1,2) and ¢5(1,2) are odd and even superpositions of

doubly occupied and singly occupied d+ and d— orbitals, Ec(l(()i) d2) — Ec(l(()i) i

d+(1)d+(2) and d—(1)d—(2). The former pair states, hence, are eigenstates of the on-site
Josephson tunneling terms in (8), with energy splitting Efo) — Eéo) = —2J/. The remaining
pair states ¢g(1,2) and ¢3(1,2) do not participate in on-site Josephson tunneling. Table 1T
lists the atomic energies of these pair states compared to the one along the isospin I®) axis.

Last, we point out that both the on-site Josephson tunneling terms in (8) and the first

term in (9) for the on-site repulsion break isospin rotation invariance. Such symmetry-

8



Isospin Axis of Pair State (n)| S | I AHy
any (0) 1(0 Jo
M 01| Uy—U—J}
1 01| Uy—Ul+J}
16 0|1 0

TABLE II: Relative energy Hy of atomic pair states, ¢, (1,2), compared to that of ¢3(1,2). Recall

that Jy < 0.

breaking contributions in the on-site Hamiltonian Hy are consolidated by the Hamiltonian

Hy = 2+ o I — RIS 1T + (Uo — U LT, (13)

3
7

where I + and I, | are the respective isospin operators for spin-1 and spin-| electrons at iron
site 7. (See Appendix A.) They each represent 2 x 2 isospin operators acting on the d+ and

d— orbitals for an electron of such spin.

C. Hidden Magnetic Order

The true electronic spin at an iron site ¢ is measured by the operator S; = S; 4+ + S;.4—,
with S;, = (7’1/2)2

case, we keep only the principal d— and d+ orbitals, a. Hidden spin excitations must

Iasas s/Ci.a,s’, Where o denote the Pauli matrices. In the present
be orthogonal to true spin excitations. Hidden spin excitations then correspond to “pion”
excitations of the latter isospin degrees of freedom. Table III lists these spin excitations
explicitly, which carry isospin I = 1. They are isospin components of the tensor product
(S®I); = (h/4) Za,a’ 2878, c;a’sas78/7'a7a/ci7a/,sz, where 7 also denote the Pauli matrices. (See
Appendix A.) Notice that hidden spin excitations generated by the (7°) operator 2(S ®
I (3))2- = 8,4+ —Si 4 are the most symmetric ones, showing isotropy about the orbital z axis.
This is displayed explicitly by Table IV, in the row corresponding to the isospin quantization
axis I, where 2(S ® I®); is written in terms of d,, and d,. orbitals. Figure 3 shows
three different hidden spin-density orderings made up, respectively, of the three magnetic
moments 2(S ® I™); over the square lattice 4, with n = 1,2,3. Such hSDW groundstates
have been introduced recently in the context of copper-oxide high-7, superconductors®, of

heavy fermion compounds®?, and of iron-selenide high-7}, superconductors®6:?,



spin operator meson analog| I | I®) |type of spin
c;dJrO' Cidt + c;d_a Ci,d— w 0| O true
cl7d+0 Cidt+ — cl7d_0 Cid— 70 110 hidden
c; 440 Cid— 7t 1| +1| hidden
c; d-O Cidt T 1] -1 hidden

TABLE III: List of spin-excitation operators according to isospin. Above, o denotes the Pauli
matrices for spin, and I and I® denote the isospin quantum numbers. Summation over spin
indices is implicit. Meson analogs are obtained by identifying the d+ orbital with the u© quark and

the d— orbital with the d quark. See Appendix A for a definition of the isospin operator.

In the last case, perfect nesting of electron-type and hole-type Fermi surfaces exists at half
filling and tg = 0, which is displayed by Fig. 1. This implies an instability to a spin-density
wave at the wavevector corresponding to Néel antiferromagnetic order, Qar = (7/a,7/a).
The atomic limit discussed at the end of the previous subsection becomes a useful guide
to determine the relative stability of the four checkerboard spin density waves displayed by
Fig. 3 in the limit of strong on-site repulsion. First, it is important to point out that the
on-site pair states that compose the hSDW groundstates displayed by Figs. 3(b)-(d) can be
expressed as even and odd superpositions of spin singlet and spin triplet states,

%%(L 2)%(%@ —it2) £ %%(L 2)%

where ¢o(1,2) and ¢,(1,2) are orbital pair states given by (11) and (12). Such atomic

(T1d2 + d1T2), (14)

pair states violate Hund’s Rule. The corresponding hSDW groundstates therefore compete
with the conventional SDW groundstate displayed by Fig. 3(a) in the regime of weak
Hund’s Rule coupling. Local-moment Heisenberg models find, in particular, that such hSDW
states are more stable than both the conventional checkerboard and stripe SDW states in
the presence of magnetic frustration (10), at weak enough Hund’s Rule coupling®!. (See
Fig. 7.) And which of the three hSDW states displayed by Figs. 3(b)-(d) is the most
energetically favorable one? Contrasting the corresponding atomic pair states (14) with the
atomic spectrum listed by Table II indicates that the hSDW displayed by Fig. 3(b), which
corresponds to the I®) isospin axis (n = 3), is the lowest in energy at sufficiently large
intra-orbital on-site repulsion: Uy — U] > |J}|. Notice that both the sum of the on-site

repulsion terms (9) and the on-site Josephson tunneling terms in the Hamiltonian (8) break

10



hidden spin operator isospin quantization axis reference
C;[,dmo' Cidy, — C;[,dyzo' Cisd,- M none
cldzza Cid,. + cldyza Ci,dys 12 Berg, Metlitski and Sachdev (2012)
z'(c;dzza Cidy. — c;dyza Cidy,) 16 Rodriguez (2017)

TABLE IV: List of hidden spin-excitation operators by isospin quantization axis. Summation over
spin indices is implicit. Examples of where such hidden spin excitations appear in the literature
are also listed. Note: the spin operator in the second row (I (2)) is diagonal in the orbital basis
rotated by 45 degrees about the z axis; CzT',dx,ZO' Cid,,, — cl7dy,zaci7dy,z, where 2’/ = (z +y)/v/2 and

Y = (—x +1vy)/v/2. See Appendix A for a definition of the isospin operator.

SU(2) isospin rotation invariance. These terms are collected (13) by Hj,. Last, it is worth
re-emphasizing here that the hSDW corresponding to atomic pair states (14) with n = 3 is
notably isotropic with respect to rotations of the orbitals about the z axis.

The long-range hidden Néel order shown by the hSDW state (Fig. 3b) implies low-energy
spinwave excitations that collapse to zero energy at the ordering wavevector Qar. These
hidden spinwaves emerge from the dynamics between the bulk spin, S = 3" .(S;4- + Sia+),
and the hidden ordered magnetic moment®, m(r) = Np' Y., e@armi(S, ;. — S;4). It
is yet another example of antiferromagnetic dynamics first discovered by Anderson®37.
The dynamical propagator for hidden spinwaves can then be defined as :D(q,w) =
(%m*(ﬁ)%m_(w)ﬂqw, where m*(m) = my(w) £ im,(r). Here, we have assumed that
the hSDW spontaneously breaks symmetry along the z axis. Within the random phase ap-

proximation (RPA) of the two-orbital extended Hubbard model, recent calculations of the

dynamical spin susceptibility in the hSDW state, Fig. 3b, yield the universal form?3%37
251)2 _
Dig.w) = E L2 i) (15

at long wavelength and low frequency®®. Above, 2s,A is the magnitude of the hidden ordered
magnetic moment m(m) at an iron site, while y is the spin susceptibility of the hSDW for
external magnetic field applied perpendicular to m(w). The poles in frequency in (15)
disperse as

wi(g) = (clal® + A}, (16)
where ¢ = g+ Qar. Above, the velocity of the hidden spinwaves is given by ¢, = (ps/x1)"?,
where p, is the spin stiffness of the hSDW, while the spin gap A, is null when the hSDW

11
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FIG. 3: Spin/orbital configurations for (a) conventional Néel order, and for hidden Néel order
among orbitals along (b) the I®® isospin axis, along (c) the I(}) isospin axis, and along (d) the I(?)

isospin axis.

state shows long-range order. It can be demonstrated that the spin s; is equal to the spin

per orbital in the local-moment limit described by the two-orbital Heisenberg model®* (74).

III. ELIASHBERG THEORY

After adding on-iron-site Coulomb repulsion (8) and magnetic frustration from super-
exchange via the selenium atoms (10) to the electron hopping Hamiltonian (1), the author
and Melendrez recently showed that the hSDW state, with opposing Néel antiferromagnet
order over the square lattice of iron atoms per d=4 orbital, is stable within the mean-field
approximation at perfect nesting®®. (See Fig. 1.) And after developing an Eliashberg
theory in the particle-hole channel, these authors then showed that coupling to hidden spin
fluctuations, (15) and (16), shifts the two electronic bands by an equal and opposite energy,
leading to electron/hole Fermi surface pockets at the corner of the folded (two-iron) Brillouin
zone. They also notably found that the spectral weight, 1/Z | tends to zero at the new Fermi

surface pockets.

12



Berg, Metlitski and Sachdev have performed determinant quantum Monte Carlo (DQMC)
simulations on a similar model®® that includes weak nesting of Fermi surfaces by the Néel
wavevector Qar and coupling to hidden spin fluctuations with isospin quantum number
I = 0. (See Table IV and Fig. 3d.) They find a quantum-critical phase transition at low
temperature between a hSDW and a D-wave superconductor, with Cooper pairs on nominal
x versus y orbitals that alternate in sign between them. Below, we will show that a similar
quantum-critical phase transition exists upon electron doping of the hSDW state considered
here, with isospin quantum number I® = 0 instead. In particular, an Eliashberg theory in
the conventional particle-particle channel®* 2 will be revealed for electron-doped states that
exhibit only short-range hSDW order. It predicts Cooper pairs that show S-wave symmetry,

however.

A. Hidden Spin Fluctuations and Interaction with Electrons

In the hidden Néel state considered here, with spontaneous symmetry breaking along the

z axis, the propagator for spinwaves is given by

with its form set by (15) and (16). We shall henceforth assume that the spin gap A, grows

= iD(q,w), (17)

q?w

in a continuous fashion from zero upon crossing the quantum critical point. Electron doping
from half filling shall be one of the principal tuning parameters for the quantum-critical
phase transition. (Cf. Fig. 7.) Spin isotropy is recovered upon crossing the quantum

critical point, however. It dictates the form

for the nature of hidden spin fluctuations along the z axis at A, > 0.

_ %iD(q,w), (18)

q7w

As was mentioned earlier, the extended Hubbard model over the square lattice of iron
atoms in FeSe that was introduced in subsection II B at perfect nesting of the Fermi surfaces
(Fig. 1) harbors a hSDW state when magnetic frustration is present®. A mean field theory
approximation of the extended Hubbard model implies an isotropic interaction between spin
fluctuations and electrons of the form He ygw = —> . >, U(m)m; o - 28, 4, where

Ur) = Up + %JO. (19)

13



Here, Uy is the on-site repulsive energy cost for the formation of a spin singlet on the d+
orbital or on the d— orbital, while .J; is the (ferromagnetic) Hund’s Rule spin-exchange cou-
pling constant between these two orbitals. The transverse contributions yield the interaction
H™ = 3.5 Ulr)(m FaSia T mi,Si,), while the longitudinal contributions yield the
interaction H(E hsw = — 2 2o U(m) ;ZQQSZ-’O‘. In the basis of electron energy bands, they

yield the following contribution to the Hamiltonian due to the interaction of electrons with

hidden spin fluctuations:

He(x?{nsw = Nl/g Z Z Z n k )CT(n k) Mn,k:;ﬁ,fc’
+hee] (20)

and

He(zhsw = N1/2 Zzzzm ,q CJr n k:’)cs(n k?)

'Mn,k;ﬁ,fc’ (Sgl’l S)v (21>

where q = k—k' is the momentum transfer, with k' = k' +Qar. Above, cl(n, k) and c,(n, k)
are electron creation and destruction operators for plane-wave states (5). The band indices
n = 1 and n = 2 correspond, respectively, to anti-bonding (—) planewaves in the ds)

orbital and to bonding (4) planewaves in the d,). orbital. Also, 7 denotes the opposite

band. The orbital matrix element that appears in (20) and in (21) is given by?°
My = £ 5info () + 5(k")]. (22)

(See Appendix B.) Above, intra-band transitions are neglected because they do not show
nesting.
We shall now apply the Nambu-Gorkov formalism for paired states*' #*. It then becomes

useful to write the above electron—hidden—spinwave interactions in terms of spinors:

H o = F 5~ w ZZ 7, @) O} (R)7sCr (k) sin[3 (k) +6(k)]

+hel, (23)

and
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with

cr(n, k)
Cok)=| ' (25)
CI(’/L, _k)
and
_ ci(n, k)
Culk) = | (26)
c%(n, —k)

Above, 73 is the Pauli matrix along the z axis, and 7y is the 2 x 2 identity matrix. Also,
the explicit matrix element (22) M,, ;. & has been substituted in. (See Appendix B.) It is
important to point out that the band index n is fized in expression (23) for H, @) above.

e—hsw

The n =1 and the n = 2 expressions are equivalent.

B. Electron Propagators and Eliashberg Equations

Let C,(k,t) and C,(k,t) denote the time evolution of the Nambu-Gorkov spinors,
C.(k) and C,(k), and let Cj(k,t) and Ci(k,t) denote the time evolution of their
conjugates, Ci(k) and Cf(k). The Nambu-Gorkov electron propagators are then
the Fourier transforms iG,(k,w) = [ dt;2e*"2(T[C,(k,t,)C}(k,t2)]) and iG,(k,w) =
[ dty2e™"2(T[C,(k,t,)Cl (k,t2)]), where t;o = t; — t2, and where T is the time-ordering
operator. They are 2 x 2 matrices. In the absence of interactions, their matrix inverses are
then given by

Gol(k,w) = wTy — [en(k) — po] 73. (27)

Following the standard prescription*'42, let us next assume that the matrix inverse of the

Nambu-Gorkov Greens function takes the form
G Hk,w) = Zy(k,w)w o — [en(k) — pn] T3 — Zn(k,w) A, (K) 71 (28)

Here, Z,(k,w) is the wavefunction renormalization, A, (k) is the quasi-particle gap, and

tn — fo is the shift in the energy band. Matrix inversion of (28) yields the Nambu-Gorkov

15



Greens function*' # G = Zi:o GWr,, with components

1 1 1
GO —
" 27, w—En+w+En ’
an 1 1 1 A,
n 22 \w—E, w+E,)E,
1 1 1 W — [
GO = - T H (29)

" 22, \w—FE, w+£E,]| Z,E,’

and GP = 0. Above, the excitation energy is

2
5n(k) — Hn

En(k,w) = Zn(k,w)

+ A2Z(k). (30)

Last, because the spinors (25) and (26) are related by spin flip, and because we assume spin
singlet Cooper pairs, then G is obtained from G by the replacement A,, — —A,,. This yields
GV =gV, al =-cV, &Y =GP, and G = G,

To obtain the Eliashberg equations, recall first the definition of the self-energy correction
per band: G;;! = Gy' — %,,. Comparison of the inverse Greens functions (27) and (28) then

yields the following expression for it*142:
Yolk,w)=[1—Z,(k,w)]wTy — (ttn — o) T3 + Zn(k, w) A, (k) 7. (31)

Next, we neglect vertex corrections from the electron-hidden-spinwave interactions, (23) and
(24). Figure 4 displays the resulting self-consistent approximation. This approximation will

be justified a posteriori in the next section. The self-energy correction is then given by

k w —Z/BZ d2kj/ °°dw )sin2[5(k)+5(k’)]D(q,qo)-
.[Tgc;n(/%/, W) + %Gﬁ(zz', ), (32)

with ¢p = w — ', and with ¢ = k — k/. Observe, finally, that 737,73 = sgn,,7,, where
sgny, = +1 = sgng, and where sgn, = —1 = sgn,. Identifying expressions (31) and (32) for

the self-energy corrections then yields the following self-consistent Eliashberg equations at
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(A) SELF-ENERGY CORRECTION: n=1
’ —Ij- >
= = —f + B I —
1 1 1 2
(B) SELF-ENERGY CORRECTION: n=2
v ’D- >
= S g— + B & —
2 2 1

FIG. 4: Feynman diagrams for electron propagator with purely inter-band scattering, in the absence

of vertex corrections.

zero temperature:

—[Zn(k,w) = Hw =+ /Bz%z/_ wi—i%”) sin?[6(k) + (k)] -

—iy - 1 _
D(q, @)[GF (K. ') + 3G (K )],

K [T do' U (7)., ,
Mo—Mn—+/]3Z(27T)2Z/ o g sin [0(k) +6(K)] -

ey 1 _
D(q, a0)[CF (K. ') + 3G (K. )],

Zn(k,w)A,(k,w) = — /BZ (C;Wk;; z/ ¥ AU () sin?[0(k) + (k)] -

—00

—

oo 2m 2
_ _ 1 _
D(q.q0) (G (ko) = 3G (K ).
(33)
The Greens functions above are listed in (29) and below (30).
Last, it becomes useful to write the propagator for hidden spinwaves (15) as
(2s1)? 1 1 1 (34)

Dig,w) = X 2(q) [w—wilg)  wtw(q)

The integrals over frequency in the Eliasgberg equations above (33) can be evaluated by
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going into the complex plane. Specifically, make the replacement E, — F, — in in the
poles of the electron Greens functions (29), make the replacement w,(q) — wy(g) —in in the
poles of the spin-wave propagator (34), and regularize the contour integrals by including the
factor €7 in the integrands. Here, n — 0+ and 7 — 0+. Application of Cauchy’s residue
theorem yields the following result, which is equivalent to Brillouin-Wigner second-order
perturbation theory?*!:

3 [ &K, | s7sin’[6(k) + 6(K)]
ol = e i/Bz<2w>2U Tz

. 1 1 1
2wi(q) |wy(q) + En(K) —w  wy(q) + Ea(k) +w

3 d2k’ sf sin?[5(k) + 6 (k' ea(k) — s
Ho=Hn =79 /BZ (27) Ui ) [Z,(L(Ii’,tu’; . Z(k’,w)’)E,u k)
1 [ . 1
2wy(q A(k) —w  w(q)+ Ea(k) +w|’
d2k’ s? sin?[6(k) + 6(k')] An(k', W'
R )xi e
1 [ 1 . 1
2wy(q) | wi(q) + En(K) —w  wi(q) + Ex(K) +w

(35)

Above®2, W' = E,(k'). In the previous, the momentum integrals have been shifted by Qar
for convenience in order to exploit perfect nesting (7). Also, the prefactors of 3/2 above are
a result of the identities between G4 and G that are listed below (30). We shall now find

solutions to the Eliashberg equations.

IV. LIFSHITZ TRANSITION AND PAIRING INSTABILITY AT THE FERMI
SURFACE

Henceforth, assume isotropic (S-wave) Cooper pairs. Following the standard
procedure?’*? let us multiply both sides of the Eliashberg equations (35) by d[e,(k) —

tn]/ Dy(pn) and integrate in momentum over the first Brillouin zone. The Eliashberg equa-
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tions (35) thereby reduce to

+Wiop(R) co _
(Zn — Nw = / )dE’Zi—fl / dQUF™™ (Q; pin, )
- 0

Wbottom(ﬁ
1 1 1 (362)
20+ E —w Q+E +w| e
+W¢op(ﬁ) [ee) _ I _
fo — fin = — / da’Z;‘l/ dQUFy™™ (% i, un)EZ, Eff“
_Wbottom(ﬁ) 0 n+-—'n
1 1 1

- b
2|01 E —w Q1 E tw| (36b)

+Wtop(’fl) ) B !

ZyA, =~ / de' 75 / QU Fy™™ (2 i pin) 7

_Wbottom(ﬁ) 0 n
L ! + ! (36¢)
2O+ E —w Q+E +wl| ¢

where
; 1 3 [ &% d?K s? sin?[6(k) + 0(K')]
U2E™ (e, ¢) = ——/ / U?(m)—L :
e =5 e e e T @
Olen(k) — €ldfen(k) — €'10[wi(q) — €,

(37)

and where
By = ([(' = mn) | Z3)? + AZ)V2,

Here, the wavefunction renormalization and the gap are averaged over the new Fermi
surface: Z,(k,w) = [Dy(un)] ' (21)72 [, &Pk Z, (K, w)d[en(k) — ), and Z,A,(k,w) —
(D (1)) 1 (27) 2[5, A%k Z Ay (K, w)den (k) — ). The neglect of angular dependence is
exact for circular Fermi surface pockets at (7w/a,0) and at (0,7/a). This occurs for ps
near the upper band edge of ¢, (k) and for u; near the lower band edge of ¢_(k), in the
absence of nearest-neighbor intra-orbital hopping, t! — 0. Above, we have also approx-

imated the function U 2FO(W_L)(Q; n,€') of € by its value at the renormalized Fermi level,

U2Fy™ (0 pn, 1)

A. Half Filling

One of the central aims of this paper is to reveal a Lifshitz transition from the Fermi

surfaces depicted by Fig. 1 to electron/hole pockets at the corner of the folded (two-iron)
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Brillouin zone. Let us start at half filling: gy = 0. The Fermi surfaces are then set by
e (k) = —v and e,(k) = 4+v, where iy = —v and puy = +v are the shifts in energy of
the anti-bonding (—) band and of the bonding (+) band, respectively. Because of perfect
nesting (7), we have e4(k) — pr = ps — e+(k). The Eliashberg equations (35) are then
symmetric with respect to the permutation of the band indices. We thereby have Z; = Z,
and A; = —A,. These unknowns, in addition to v, are to be determined by the Eliashberg
equations (36a)-(36¢).

The effective spectral weight of the hidden spinwaves, U 2F0(2’1) (€2 pa, 1), can be evaluated
by choosing coordinates for the momentum of the electron, (kj, k), that are respectively
parallel and perpendicular to the Fermi surface of the bonding band (FSy): v = ¢, (k). And
because of perfect nesting (7), it coincides with the Fermi surface of the anti-bonding (—)
band after the momentum is shifted by Qap: k' — k’. (See Figs. 1 and 5.) This yields the

intermediate result

1 3 dk dk; s2 1
U2 (Q: . ) = 3 ]{ I j{ | g2y St L
o ipen) = BNs R, e b, @2” NG

.sinz[( )+ 0k )]
for B0y (k] © @)~ (38)

where v, = 0e, /Ok is the group velocity. Yet the dispersion of the spectrum of hidden
spinwaves follows wy(q) = \/c7|q|*> + A? at the long-wavelength limit. Making the approx-

imation |q| = [kj — kj| at small momentum transfers then yields the following dependence
on frequency for the effective spectral weight: U2F()(2’1)(Q;u2,u1 = ep(v)//Q?* — A? for
Q > Ay, with a constant pre-factor

_ L 3 dky st [sin 20(K)
e NOE. 7{ ent’ L G R (39)

while U2F0(2’1)(Q; pa, 1) = 0 for 0 < Q < A,.

Next, let us assume the trivial solution for the gap equations (36¢): A, = 0. It will be
shown a posterior: that this is indeed the case. We can now find solutions to the remaining
Eliashberg equations (36a) and (36b). In particular, assume that the equal and opposite
shift in energy v of the bands lies near the upper edge Wi, of the bonding band e, (k) at
(r/a,0) and at (0,7/a). (Cf. Fig. 2.) Figure 5 displays the Fermi surfaces in such case.
Substituting in the previous result for the dependence on frequency of U 2FO(2’1)(Q; 2, fi1)
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yields the first Eliashberg equation:

w(Z—-1)= i ) d In

2 Jn, Q2 A2

Here, we have reversed the order of integration: [—Whyottom, +Wiep) s the range of integration

Q4+w W/IZ+Q—-w

: . 40
Q—w W/Z+Q4w (40)

over ¢’ in (36a), where —Whottom and +Wiop denote the minimum and the maximum of the
band €, (k), respectively. Its bandwidth is then W = Wiottom + Wiop. Also, wyy is an ultra-
violet cutoff in frequency for the hidden spinwaves. Expanding the integrand above to linear
order in frequency w then yields ultimately the Eliashberg equation for the wavefunction

renormalization at the Fermi level, w = 0:

Wy ds) 1 1
Z_1:€E/Ab \/ﬁ(ﬁ—m> (41)
Likewise, inverting the order of integration of the second Eliashberg equation (36b) for the
inter-band energy shift yields
W/Z +Q

@uv ds?
V=c¢ In
E/Ab JE A ‘ Q

(42)

at w = 0.

Long-range hSDW order exists at half filling because of perfect nesting (Fig. 5). We must
therefore approach criticality: A, — 0. The Eliashberg equations (41) and (42) predict a
Lifshitz transition of the topology of the Fermi surface that is confirmed by making the
following change of variables: Z = eg/A; and cosh = = /A,. At criticality, A, — 0, they
yield Eliashberg equations

= /W), (43)

where

1= [ dr—e (44)

X )
y + cosh x

J(y) = /000 dxIn (1 + cos?il :)3)’ (44b)

with y = W/ep. The quadratic dependence of eg on Hubbard repulsion (39) implies that

v saturates to Wi, as U(m) diverges. (See Fig. 5.) Dividing the two Eliashberg equations

(43), we then get the transcendental equation

1 w o ](0)_[(y)

Wew ) (45)

Y
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as U(m) — oo. Notice that y depends only on W/Wiop, = (t! + 1)/t in such case. The
definite integrals (44a) and (44b) can be evaluated in closed form. (See Appendix C.)
Numerical solutions to the transcendental equation (45) are listed in Table VI.

Last, what is the energy gap of the superconducting state at half filling, approaching
criticality? Again, the antisymmetry displayed by the gap equations (36¢) at half filling with
respect to the permutation of band indices implies perfect ST— Cooper pairing: A; = +A

and Ay = —A. (Cf. refs.® 1647 and*®.) The last Eliashberg equation (36¢) then reads

ZA / T g [T e 1 (46)
= 8 _
_Wbottom E, Ab Q2 - Alg Q + E,

at the Fermi level, w = 0, where £/ = \/[(¢’ — v)/Z]? + A”. After again making the change

of variable Q2 = Ay cosh(x), the first integral over € in (46) becomes

lima, 0 /OOO d:)sZ—Eb [\/<8/€; V>2 + (%;)2 + cosh x] B = %1}&(2%).

Here we have used lim,./(y) = y 'In(2y). (See Appendix C.) Assume now the simple

Bardeen-Cooper-Schrieffer (BCS) form for the frequency dependence of the gap*!:

Ay for |w| < we,
Alw) = (47)

0  otherwise,
but in the limit w, — 0. It is therefore consistent with the previous solutions for Z and for
v in the normal state. The second integral over €’ in the gap equation (46) then becomes

e 2 2\—1/2 1 We
AO/_ dw'(w? + A2 712 = 2Aysinh~ <A_0)

Here, we have made the change of variable w’ = (¢/ — v)/Z. Substituting in the form of the
wavefunction renormalization Z = eg/A, into the left-hand side of the gap equation (46)

plus some manipulation then yields

Do ®

sinh™* (Z—O) €E

As expected, we therefore have a null gap due to superconductivity, Ay = 0, at half filling,
at criticality.

Finally, the Eliashberg energy scale eg can be easily estimated in the case of small circular

renormalized Fermi surface pockets®S, which occurs as t! — 0. In such case, it becomes
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convenient to re-express (39) as

3 U2 S%k’F
2

2m)3 Dy (v) x L cpvi (48)

EE(I/) = (

where U? is the product of U?(7) with the average of sin?(26) around the hole-type Fermi
surface pockets shown in Fig. 5. Here, kr and vp are the Fermi wavenumber and the
Fermi velocity, respectively. They are given by kp = a~'(27x¢)"/2, where zy denotes the
concentration of electrons/holes in each Fermi surface pocket, and by vp = 2t{a*kp. The
solution to the Eliashberg equations (43) yields eg = W/3. (See Table VI.) Expression (48)

then implies that the effective interaction strength scales as U x(l)/ . Further, expression

(6b) yields the result sin 26(k) = [(t5/i)/2t{](kra)?(sin 2¢), where ¢ is the angle that k
makes about the center of the Fermi surface pocket. The Eliashberg energy scale is thereby

given explicitly by the following expression at criticality?, as t| — 0:

3/2 2 2 112
. 3<x_> Uim) st |t3] (19)

" 32\2r ) @D (v) a®xy (ap/a)ltE]"

The solution eg = W/3 listed in Table VI then yields that the area of the electron/hole
Fermi surface pockets shown in Fig. 5 is related to the Hubbard repulsion by U(m) o z, 84,
We therefore conclude that the effective interaction strength U vanishes with the strength
of the Hubbard repulsion®® as U(7)~'/3. In the case where the spectrum wy(q) of hidden
spin fluctuations is fized, this justifies the neglect of vertex corrections to the self-energy
corrections shown by Fig. 4 at large Hubbard repulsion, U(7) — oc.

As on-site repulsion Uy grows strong, the Eliashberg equations (36a)-(36¢) therefore pre-
dict a Lifshitz transition from unrenormalized Fermi surfaces shown in Fig. 1 to renormalized
Fermi surface pockets show in Fig. 5. The groundstate remains an hSDW at half filling
due to nested Fermi surface pockets at the corner of the folded Brillouin zone. It must be
emphasized, however, that the spectral weight of the renormalized Fermi surface pockets is
vanishingly small: Z=! = A,/eg — 0 at criticality, A, — 0. This implies that the hSDW
state at half filling is in fact a Mott insulator. It is also important to mention that these
results for the Lifshitz transition confirm previous ones that start from the other side of the
QCP at A, = 0. They were based on an Eliashberg theory in the particle-hole channel for
the long-range ordered hSDW state®0.
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FIG. 5: Renormalized electron bands and Fermi surfaces at half filling after the Lifshitz transition
from Fig. 1. The staggered band shift is v = 1.7 eV. The orbital character is only approximate,

although it becomes exact as the area of the Fermi surface pockets vanishes as U(m) diverges.

B. Weak Electron Doping

We will now obtain solutions to the Eliashberg equations (35) at small deviations in the
electron density from half filling. In the normal state, A; = 0 = A, the corresponding

equations for the wavefunction renormalizations and for the band shifts read
7 1 :§/ d2k’2 2 7 sin?[d(k) +0(K)]
2 (2m) XL Znwi(q)
1
wi(q) + e+ (k') — val /Z5]*
3 [ d*F s2 sin?[5(k) + 5(K')]
Uy — (sgnn)py == U?(m)—+ :
e = [ st LR
L senlm— ey (k)] (50b)
wy(q) + e+ (k) — vzl /Z7
Above, v = —uy and v, = 49 are the staggered band shifts. Also, the identity

(50a)

sin[6(k) + 0(k')] = sin[0(k) + 5(k)] (51)

has been applied above in the case n = 1 for the anti-bonding (—) band. (See Appendix B.)

Assume, in particular, that the chemical potential is positive, but small: ug — 0+. Assume,
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next, a linear response 077 and 6 Z5 with respect to the wavefunction renormalization at half
filling, 7, = Z and Zy = Z, along with a linear response dv; and dv, with respect to the
staggered band shifts at half filling, »; = v and 1, = v. Taking a variation of (50a) yields
one linear equation per band, n = 1,2. Adding and subtracting these yields the following

linear relations in terms of even and odd variations with respect to half filling:

Z6Z(+) = ASZ(+) — Bév(+),
0 =AdZ(—)— Bov(-), (52)

where 6Z(£) = $(6Z5 + 0Z,) and dv(+) = 3(0vs £ 011) . Here, we have constants

B[ s k) £ O] L e (K) /2
a=3/ ezl | o @) 2@ + e (&) — o]/ ZP
_ §/ d*k’ U2 (n) 5L s7 sin’[d(k) + (k)] 1 sgn[v — e (k)]

o) @rt T @ Ze) + e (R — oJZF

(53)

Likewise, taking a variation of (50b) yields a second linear equation per band, n = 1,2.
Adding and subtracting these as well yields two more linear relations in terms of even and
odd variations with respect to half filling:
voZ(+)+ Zov(+) = (E—C)ov(+)+ DoZ(+),
Zpg+vdZ(—=)—Zov(-) =(E—-C)ov(—)+DdZ(—). (54)

Here, we have constants

B[Rk, s sinlla(k) + (k)] 1 |
=3 T @ TR
3 [P, - 51 sin®[0(k) + (k)] 1 sgn[v — e (K)]|es (K) —v|/Z
D= | G e 7 ) e
(55)
and
B[R, S s 4 ()] 20y — e (k)
B e e o s o S
Collecting terms in (52) and in (54), we get
52(+) = 2 ov(+) and 0z(+) = 2= Esus) (57)
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in the even channel, and we get

5Z(—) = %sy(—) and  Zpo = Edv(—) — G32(-) (58)

in the odd channel, where FF' = Z — A and G = v — D. These constants are then

B[P s sin?(o(k) + O(K) 1
e e N IESEN ey A

3 &’k - s_%sin2[5(k)+6(k’)] sen[v — e, (K')]

=5 G T L e e

In deriving expression (59), the first Eliashberg equation (50a) at half filling Z — 1 = C
has been approximated by Z = C. This is exact at criticality, A, — 0. And in deriving
expression (60), the second Eliashberg equation (50b) for v at half filling has been applied.

We shall now evaluate the constants above that determine the linear response of the
Eliashberg equations in the normal state driven by weak electron doping with respect to half
filling: (50a) and (50b), as py — 0+. Criticality is again assumed at half filling: A, — 0.
Let us begin by evaluating the constant G' (60). First, average it over the Fermi surface:
G — [Dy(v)] 71 (2m) 72 [, d*k G 6lei (k) — v]. Second, replace the integrals over momentum
with the product of 2 and the spectral density (37) at half filling: U2Fy(Q) = eg//Q2 — A2
for Q@ > A, and U?F,(Q2) = 0 otherwise. This yields

+Wtop

dE,Z_l Sgn(l/ _ 6/>

Wy -
G :/ dQ*Q/ .
Ap V Q2 - Ag —Whottom [Q + |€/ - V|/Z]2

Third, perform the first integral over the energy band ¢, (k) in the limit of strong on-site

(61)

repulsion, U(m) — oo, in which case v approaches the top of the band, Wi,,. It is equal to
Q' —(W/Z+Q)~'. Fourth, make the change of variable Q = Ay cosh(x) and take the limit
Ay — 0. This yields G = egy I(y), where I(y) is the definite integral (44a), with y = W/eg.
A closed-form expression for I(y) is obtained in Appendix C.

The remaining constants can be evaluated in a similar way. In particular, applying the

same set of steps above to the expression for the constant F' (59) yields the definite integral

1€E e 1
F=_—-— 1-— 2
20y Jo ¥ cosha [ (1+ ysech:c)2] (62)

at criticality, A, — 0, where y = W/eg. It is shown in Appendix C that (62) reduces to the
closed-form expression F' = L(eg/A,)[Z — I(y) — yI'(y)], where I'(y) denotes the derivative
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response/variation 0Z ov

A A= —Fwith F =335~ 1(y) —yI'(y)]| B = 3 5[I'(y) — T'(0)]
ov D =v — G with G = egyl(y) E=rz

TABLE V: Coefficients of the linear response to weak electron doping of the Eliashberg equations
(50a) and (50b), at criticality A, — 0: Eqgs. (52) and (54). A closed form expression for the

definite integral I(y) is given in Appendix C, where y = W/eg.

of I(y). Likewise, performing the same set of steps on the expression for the constant B

(53) yields the definite integral

leg [ 1 1
— -t d _
2 A2 /0 v [(cosh z)?  (y+ coshz)? (63)

at criticality. Comparison with the definite integral (44a) therefore yields the expression
B = 3(er/A})[I'(y) — I'(0)]. And recall that a closed-form expression for the constant A is
obtained from that for F' above through the identity A = Z — F'. Last, performing the same
set of steps on the expression for the constant £ (56) yields the definite integral

& 1
E = QE—E dx i

g 4
Ay Jo cosh x WAb (64)

at criticality. This completes the evaluation of the constants that determine the linear
response of the renormalized electronic structure shown in Fig. 5 to weak electron doping
at criticality, A, — 0.

In conclusion, at weak electron doping, the normal-state Eliashberg equations (50a) and
(50b) yield independent linear-response equations in the even and in the odd channels, (57)
and (58). The coefficients of the linear response are summarized by Table V. In the even
channel, we thereby get 6Z(+) = 0 and ov(+) = 0 if BG # (2Z — E)F. Notice that B, G
and F' are positive, while 27 — E = (2eg — meg) /A, is negative by Table VI. The former
inequality is therefore valid, and we get 677 = —§ 75 and dp1 = dpe. And in the odd channel,
(58) yields

B
07 (—) = XB—Ho and O0v(—) = XE lo, (65)
with susceptibility xg = Z/(E — ££). The latter can be calculated from the previous

closed-form expressions for the constants A thru G that are listed in Table V, and the

results are listed in Table VI. Importantly, xg is positive at W/W,,, between 1.0 and 1.5,
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W/Wtop €E/W EE/W XE XEW

1.0 0.343 | 0.366 (2.045] 8.671
1.1 0.298 | 0.303 |2.120| 9.673
1.2 0.261 | 0.255 |2.200(10.780
1.3 0.231 | 0.218 |2.284(12.001
1.4 0.206 | 0.189 |2.373|13.344

1.5 0.185 | 0.165 |2.467(14.821

TABLE VI: Numerical solutions of Eliashberg equations at half filling, at criticality, in the limit
U(m) — oo: Eq. (45). Also listed are the susceptibilities about half filling: du; = xg po = dug and
757 = Xgpo = —621/Z. Note that W/Wiep = 1 + (¢] /).

which corresponds to at most weak eccentricity in the electron/hole Fermi surface pockets
at the corner of the two-iron Brillouin zone. Recall that 6v(—) = (01 + dp») is the average
chemical-potential shift, which is equal to du; = dps. The latter and (65) therefore imply a
rigid shift of the renormalized electronic structure at half filling by a chemical-potential shift
proportional to the electron doping. Figure 6 is such a rigid shift of Fig. 5. Also recall that
0Z(—) = %(522 —0Z7), which is equal to 72y = —0Z;. Upon electron doping, the latter and
(65) imply, on the other hand, that the wavefunction renormalization increases with respect
to Z = eg/A, on the hole Fermi surface pockets (n = 2), while that it decreases with
respect to Z on the electron Fermi surface pockets (n = 1). The magnitude of the equal and
opposite variation in the wavefunction renormalization is best stated as dZ(—)/Z = Xgpuo,
where Xp = £/(E — £E). The values of XgW listed in Table VI suggest that Z; 2 1 and
that Zy ~ 27 at electron doping greater than zy. This will be discussed at length below
and in the next section.

Yet what is the superconducting gap at weak electron doping with respect to half fill-
ing? Inspection of the gap equations in the Eliashberg equations (35) yields that they are
equivalent to the ones at half filling to linear order in the variations 621, 6 Zs, du1 and dus,
and in the gaps A; and As. Because A; and A, are null at half filling, the linear suscep-
tibility of these quantities with electron doping po > 0 is also null. Any superconducting
gap that opens at weak electron doping must therefore depend non-linearly on the doping

concentration. (See Fig. 7.)
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FIG. 6: Renormalized electron bands and Fermi surfaces at electron doping after the Lifshitz

transition. Again, the orbital character is only approximate.
C. DModerate Electron Doping

Let us next seek solutions to the Eliashberg equations, (36a-36¢), at moderate electron
doping & ~ zy. The previous linear response due to weak electron doping predicts a rigid
shift in energy of the renormalized electronic structure at half filling displayed by Fig. 5. It
is depicted by Fig. 6, where the top of the bonding (+) band lies just above the Fermi level.
The previous linear response about half filling also predicts wavefunction renormalizations Z,
and Z; for the bonding band (n = 2) and for the anti-bonding band (n = 1), respectively,
above and below the unique value at half filling. What then does the third Eliashberg
equation for the superconducting gap (36¢) predict at moderate doping?

We shall follow the historical approach for the solution of the Eliashberg equations in the
case of the electron-phonon interaction*! #2452 In particular, before confronting the gap
equation, it is useful first to obtain the wavefunction renormalizations of the two bands at
the Fermi level in the normal state. Neglecting frequency dependence, the first Eliashberg

equation (36a) then yields the following wavefunction renormalizations at the Fermi level,
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way f 1 1
Zn—1= AQUAE™ ()| = — —— . 66
/. : (,u,u)<9 W/an) (66)

Again, the order of integration in (36a) has been reversed. Next, assume weak to mod-
erate wavefunction renormalization in the anti-bonding (—) band and strong wavefunction
renormalization in the bonding (4) band: A\; such that W/Z; > A,, and Ay > 1 such that
W/Zy, < Ay. Here A\, = Z, — 1. Notice that the last inequality is consistent with the
previous results at weak electron doping: eg/A, < Z;. The above Eliashberg equations (66)

then yield the results

Ay /A dQ QU FEY(Q, o, 1), (67)
b
and
~ W[ —2772 1(1,2)
M=o X dQ QUM (Q, pa, pis), (68)
b

or A\ = (W/Z3)A\ Q1. The distribution in the average Q-1 is normalized by the integral
(67) because of the approximate identity U2F0(1’2)(Q, 1, o) = U2F0(2’1)(Q, a2, pi1). By (37),
the latter is due to the approximate identity obeyed by the density of states, D_(u;) =
D, (p2), at g and py near the bottom and near the top of the respective bands €_(k) and
ey (k). Here, also, we have applied the identity (51). Because Ay > 1, we then have that
A = W QL Finally, the initial assumption of moderate \; is confirmed by noting that
W/Zy 2 W/(14+ W Q1) = (Q-1)"! which is much greater than A,.

We shall now show that an instability to S-wave Cooper pairing exists that alternates in
sign between the strong electron-type Fermi surface of the anti-bonding (—) band, n = 1, and
the weak hole-type Fermi surface of the bonding (+) band, n = 2. (See Fig. 6.) In particular,
assume the simple BCS form (47) for the frequency dependence of the respective gaps,

Aj(w) and Ay(w), with frequency cutoffs w.(1) and w.(2). After neglecting the frequency

dependence of the wavefunction renormalizations, the gap equations (36¢) then read

wc(ﬁ) A7 Wuv _ 1
ZoA, = —2 / dF' ———% AQUAE™ (O i, i) ———— .
|An| VE? — A2 Ja, 0 )Q + FE

(69)

Assume, further, the BCS limit: w.(1),w.(2) — 0. Taking the normal-state values for the
wavefunction renormalizations discussed above is then valid. Also, the denominator above,

Q)+ E', can then be replaced by €. After comparison with (67), we thereby arrive at the
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gap equations

we(n) )\2

Za\, = —2/ AP —————A;, (70)
Al B2 — A7

or Ay = —K; /Ay and Ay = —K5 1A, with kernels

/12 2 _A2_
K12 = 2ﬁSinh_l —WC( ) 2

and
’ Z, I |As| |
[ /w2(1) — AZ]
Koy = Qﬁsmh—l w )
7y |A]

(71)

Importantly, these equations imply that A; and A, are of opposite sign! An S™~ pairing
instability therefore exists between the strong and the weak Fermi surfaces shown in Fig. 6.

To obtain explicit solutions of the gap equations, it is useful to multiply and divide these,
which yields

2
Az) - K2,1 (72)

ARy
Taking the product of the above then gives |Ay/A;| = Kyp = 2sinh™![\/w2(1) — A}/|A4]].
Assuming |A;| near w,(1) in turn yields |Ag| & 21/2w.(1)\/wc(1) — [A¢]. Substituting the

1= K172K271 and (

previous into the first gap equation displayed by (72) then yields

Ay [Do] {Wc(Q)}
12— sinh ,
Z1 we(1) |Ag|

(73)

or |As| ~ (Z1/Z3)|A1], with |Aj| = w.(1). This solution thereby confirms the instability of
the Fermi surfaces to ST~ pairing, where the wavefunction renormalization Z; on the larger
electron-type Fermi surface is of moderate size compared to unity, while the wavefunction

renormalization Zs on the smaller hole-type Fermi surface is large compared to unity. (See

Fig. 6.)

V. DISCUSSION

The previous results of electron Fermi surface pockets and faint hole Fermi surface pockets
at the corner of the folded (two-iron) Brillouin zone, with ST~ Cooper pairing that alternates
in sign between them, is compared below to a local-moment model for electron-doped iron

selenide and to high-temperature iron-selenide superconductors themselves.
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A. Comparison with Local-Moment Model

A local-moment model of the electronic physics in electron-doped iron selenide exists that
captures many of the principal features of the above Eliashberg theory?’. It emerges near
half filling in the strong correlation limit, Uy — oo. By (13), isospin symmetry is broken
strongly along the I® axis in such a case. In particular, doubly occupied orbital states
listed in Table I are projected out. The following Hund-Heisenberg model in terms of the

spin operators S; 4+ and S; 4_ then accurately describes the spin dynamics®*:

Hyg = >, JoSia— - Sias + Z@m(J{' SiaSja+JiSia-Sia)
+ 3 iy (A3 Sia s Sja+ 5 Sia - Sia)- (74)

Here the index « is implicitly summed over the iron d+ and d— orbitals. The intra-orbital (||)
and inter-orbital (L) Heisenberg exchange coupling constants are positive, and they satisfy
J1” > Ji- and J. = Jy. The above spin Hamiltonian also contains Hund’s Rule exchange
coupling between the orbitals, with a ferromagnetic coupling constant, Jy, < 0. Again, the
infinite-Uy limit is taken, which means that the formation of spin singlets per site, per d+ or
d— orbital, is suppressed. Electron hopping via the Hamiltonian Hyp (1) is also added at
electron doping, but in the infinite-Uj, limit. Last, notice that orbital swap, d— <> d+, is a
global symmetry of the Hund-Heisenberg Hamiltonian (74). It is therefore most natural to
consider the case where orbital swap P, ; is a global symmetry of the hopping Hamiltonian
Hyop (1) as well. This requires the absence of mixing between the 3d,, and 3d,, orbitals:
ty = 0. The latter restriction for the validity of the two-orbital ¢-J model emerges from the
underlying extended Hubbard model in the large-Uy limit at half filling?®. In such case, for
example, the transverse spin susceptibilities of both models, x|, coincide only in the limit
ty /i — 0.

The author exploited the Schwinger-boson-slave-fermion representation of the correlated

electron to study the above local-moment model?

. Here, the correlated electron fraction-
alizes into a Schwinger boson that carries spin and a slave fermion that carries charge. At
half filling, an hSDW of the type depicted by Fig. 3b is predicted at J{‘ > Jit and at Hund’s

Rule exchange coupling?®3*,

—Jp, below a critical one. In particular, a quantum-critical
point exists at moderate Hund’s Rule coupling —.Jy., where the spin-excitation spectrum

collapses to zero energy at stripe SDW wave numbers (7/a,0) and (0, 7/a). Specifically, the
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FIG. 7: Proposed phase diagram for local-moment model of electron-doped iron selenide (ref.??).
The latter predicts the phase boundary approaching half filling (dashed line), which separates the
hSDW state from the stripe SDW state. The intervening S+~ superconducting phase is predicted

by the Eliashberg Theory introduced in the main text.

QCP occurs at?%34

—Joe = 2(J) = TN + 26t/ (1 — 1)%sg — 4] (75)

in the minimal case where only the ti () = —t; (g) hopping matrix elements are non-zero.
Here, x denotes the concentration of electron doping from half filling, while sy denotes the
spin of the electron. The quantum-critical line (75) is depicted by the dashed line in Fig. 7.
It is possible to identify the critical normal state of the previous Eliashberg theory at half
filling (A, Ay, and Ay — 0) with this QCP.

Both Schwinger-boson-slave-fermion mean field theory about the hidden Néel state and
exact calculations on finite clusters for the above local-moment model find evidence for a
d.. and a d,, Fermi-surface pocket at the corner of the two-iron Brillouin zone, at electron
doping?®. This result agrees with the previous results based on Eliashberg Theory, which
are summarized by Fig. 6. Yet how does the area of the slave-fermion Fermi-surface pockets

compare with that predicted by the previous Eliashberg theory, Fig. 6 ? Because the slave
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fermions do not carry spin, we have by charge conservation that
(D (top) + D_(bottom)]du = 2[D,(0) + D_(0)]uo- (76)

The left-hand and the right-hand sides above correspond, respectively, to the cases where
interactions are turned on (Fig. 5) and turned off (Fig. 1). In the above Eliashberg
theory, (36a)-(36¢) and (37), it has been assumed throughout that D, (¢) = D, (top) and
that D_(e) = D_(bottom), however. Within that approximation, (76) thereby yields the
susceptibility

op
XE = —
Ho

from the Schwinger-boson-slave-fermion mean field theory. It agrees with the corresponding

=2

result from Eliashberg theory listed in Table VI, at hopping matrix element t! — 0, in
which case the renormalized Fermi-surface pockets become perfectly circular as Uy grows
large (zo — 0). This coincides with the hopping parameters studied in the local-moment
model within the mean-field approximation?”, in which case only t{ is non-zero.

And how do the predictions for wavefunction renormalization by the previous Eliashberg
theory compare with the local-moment model?*? A faint hole band with quasi-particle
weight 1/Z, that vanishes at criticality, A, — 0, is predicted by Eliashberg theory. (See
Fig. 6.) It crosses the Fermi level near the corner of the folded (two-iron) Brillouin zone.
At electron doping, both mean field theory and exact calculations on finite clusters find no
evidence for low-energy hole excitations in the two-orbital ¢-J model at momenta (7 /a,0)
and (0,7/a). This is consistent with the previous. Also, in the limit of large electron spin
S0, Schwinger-boson-slave-fermion mean field theory yields a coherent contribution to the
one-particle Greens function equal to Geon(k, w) = so/[w+ 1 —e—(k)]. This is also consistent
with the appreciable quasi-particle weight 1/7; predicted by Eliashberg theory at electron
doping for the electron-type Fermi surface pockets at the corner of the two-iron Brillouin
zone.

Last, exact calculations of the local-moment model for electron-doped FeSe on finite
clusters find evidence for an S-wave Cooper pair at an energy below a continuum of states
near the QCP?°. This is consistent with the prediction made above by Eliashberg theory for
an instability of the Fermi surface to ST~ superconductivity. The former exact calculations

also find a D-wave Cooper pair at an energy below the continuum of states, but lying above
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the S-wave Cooper pair. The separation in energy between the two pair states collapses to
zero at the QCP.

Finally, the Schwinger-boson-slave-fermion mean field theory for the local-moment model
assumes only inter-orbital nearest neighbor hopping between iron atoms® | t{- (&) = —t{(g).
Such hopping of electrons leaves the two sublattices of the hidden Néel order displayed by
Fig. 3b intact. Yet intra-orbital hopping of electrons across next-nearest neighbors, tg,
also leaves the sublattices for hidden Néel order intact. Switching it on then leaves the
predictions for the local-moment model mentioned above® unchanged. Direct calculation
of the Schwinger-boson-slave-fermion mean field theory confirms this claim for |t{| > 2tg.
Because the results of the local-moment model coincide with those of the Eliashberg Theory

for the extended Hubbard model obtained in the previous section, we believe that the latter

can remain valid off perfect nesting (7), at tg # 0.

B. Comparison with Experiment

The prediction displayed by Fig. 6 of electron-type Fermi surface pockets centered at the
corner of the two-iron Brillouin zone agrees with ARPES on electron-doped iron selenide®? 4,
Eliashberg theory also predicts the opening of an S-wave gap over such Fermi surface pockets,
which also agrees with ARPES on these systems? %113 ag well as with STM?>1%15 Electron-
electron interactions are expected to be moderately strong in iron selenide. This rules out
conventional S-wave pairing over the electron Fermi surface pockets in electron-doped iron
selenide. The ST~ Cooper pairing that is predicted here between the electron Fermi surface
pockets and faint hole Fermi surface pockets at the corner of the folded Brillouin zone
therefore potentially resolves the puzzling observations of isotropic pair gaps in electron-
doped iron selenide. In particular, the frequency cutoff for the hidden spin fluctuations that
appears in the gap equations (71)-(73) obtained from Eliashberg Theory is approximately
we(1) =2 2kpicy, = 2(2mw1)%¢y/a in the case of the anti-bonding band, n = 1, where
denotes the concentration of each electron pocket. The Hund-Heisenberg model (74) at half

filling predicts a hidden-spin-wave velocity in the hSDW state of3*

cofa = 251 [(Jl“ - Jf) (%Ja ol g 2J;)} v (77)
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at Jl = J5-. ARPES on electron-doped iron selenide finds a gap in the range A; = 10-20

2I0ILI3 Tt us set J§ = 0 and assume values for the remaining

meV at zero temperature
Heisenberg exchange coupling constants and the Hund’s Rule exchange coupling constant of
order®* | Jo|, JI, J) = J- ~ 100 meV. At moderately small electron pockets, 2(27z;)/2 ~ 1,
this then yields a gap A; = w.(1) that is of order the gap determined by ARPES for low
ordered moments, s; < 1/2.

The spectrum of hidden spin fluctuations centered at the antiferromagnetic wave number
Qar = (m/a,m/a) is what binds together electrons into ST~ Cooper pairs in the present
Eliashberg theory. Recent inelastic neutron scattering studies on intercalated iron selenide®
find low-energy magnetic excitations at wave numbers around Qar, but no low-energy spin
excitations at Qar. Such a ring of low-energy magnetic excitations is in fact consistent with
the low-energy hidden spin fluctuations that are exploited by the present Eliashberg theory.
In particular, both the two-orbital local-moment model discussed above and the underlying
extended Hubbard model for electron-doped iron selenide described in subsection II B predict
that the low-energy hidden spin fluctuations centered at Qar are not observable in the true-
spin channel of the iron atoms?%3®. This leaves a ring of observable spin excitations around

the antiferromagnetic wavevector Qar, in agreement with inelastic neutron scattering®.

C. Iron 3d,, Orbital, Buried Hole Bands, and Polarization Correction

Although the present study suggests that the iron 3d,./3d,. orbitals are the principal
ones in electron-doped iron selenide, ARPES and density-functional theory indicate that
the iron 3d,, orbital also plays an important role’*. Indeed, it is quite possible that the
two 3d,./3d,, bands and the 3d,, band are approximately half filled in electron-doped iron

selenide?!:%%,

Doubly occupied 3d,2_,» and 3d,21,2_9.2 orbitals are consistent with such
fillings among the iron 3d bands. Electron doping could achieve an atomic configuration
[Ar|3d74s? for Fe™, which in turn is consistent with such occupancies among the 3d orbitals.
A relatively flat and hole-type 3d,, band can be added to the present Eliashberg Theory
for 3d,./3d,. electrons interacting with hidden spin fluctuations (Fig. 4). (See ref.’®, Fig.
S1.) Because electrons in the 3d,, band do not interact with hidden spin fluctuations, they

may be considered to be spectators. Weak mixing of the two 3d,,/3d,, bands with the 3d,,

band results in the expected level repulsion of the renormalized electron/hole Fermi surface
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pockets shown in Fig. 5. (See ref.’5, Fig. S3.) This implies that the Lifshitz transition to
such a renormalized band structure at half filling is robust in the presence of weak mixing
with the 3d,, band. Also, within the present Eliashberg Theory, a direct calculation of the
propagator for such 3d,, spectator electrons finds that they inherit divergent wavefunction
renormalization at the Fermi level from the 3d,,/3d,. electrons at half filling. (See ref.%¢
Eq. (520).) In particular, the vanishing quasi-particle weight of the 3d,./3d,. electrons at
the Fermi level, Z~! — 0, implies the vanishing quasi-particle weight of the 3d,, electrons at
the Fermi level. (Cf. ref.5%.) Similar results are obtained when the spin-orbit interaction is
included on iron atoms that are strictly equivalent over the square lattice®®. Last, the tips of
the electron Fermi surface pockets (n = 1) shown in Fig. 5 can acquire 3d,, orbital character
if the electron/hole Fermi surface pockets are large enough. This coincides with predictions
made by band-structure calculations on alkali-atom intercalated iron selenides'®2°,

ARPES on electron-doped iron selenide finds hole-type bands at the center of the unfolded
Brillouin zone that lie below the bottom of the electron-type bands at the corner of the
folded Brillouin zone!%!113:14 - Schwinger-boson-slave-fermion mean field theory of the local-
moment model mentioned previously finds evidence for incoherent hole bands buried below
the Fermi level at the I'-point as well?”. The present calculations based on Eliashberg
theory do not predict such hole-type bands, however. Figure 1 shows bare bonding and
anti-bonding bands near the Fermi level that become degenerate at momenta k = (0,0) and
(m/a,m/a) in the unfolded Brillouin zone. The two bands show opposite curvatures at these
points when the hybridization between the 3d,. and 3d,. orbitals lies inside the window
t! < 2Jty| < |t1|. Tt is possible that including momentum and/or frequency dependence in
the present Eliashberg Theory opens a gap at the Fermi level at these ['-points in momentum
space. Such a calculation lies outside the scope of the present one, however.

Absent from the previous calculations of the electron self-energy corrections within Eliash-
berg Theory, Fig. 4, is the polarization correction®? to the propagator (15) for hidden
spinwaves. Recall the wavefunction renormalization for electrons near the Fermi surface at
half filling: Z = eg/Ay. The former polarization correction therefore vanishes at the QCP,
where A, — 0. Proximity to the QCP is assumed throughout, which justifies the neglect of

the polarization correction to the propagation of hidden spinwaves.

37



VI. CONCLUSIONS

We have shown above how low-energy hidden spin fluctuations near the wavevector for
the checkerboard on the square lattice of iron atoms in electron-doped iron selenide lead to
superconductivity, with isotropic Cooper pairs that alternate in sign between strong electron
Fermi surface pockets and faint hole Fermi surface pockets. (See Fig. 6.) By contrast with
the incipient-band mechanism for S*~ superconductivity*®, the latter do not coincide with
the hole bands buried below the Fermi level at the center of the Brillouin zone. Both electron
and hole Fermi surface pockets lie at the corner of the folded (two-iron) Brillouin zone. A
comparison of the gap that is predicted to open over the electron Fermi surface pockets with
that observed by ARPES*1%11:13 ig consistent with short-range hidden magnetic order, with
a moderate to weak ordered moment.

Like true spin fluctuations in the case of iron-pnictide materials*® 7, the hidden spin
fluctuations studied here are due to nested Fermi surfaces. In the present case, however,
the exchange of hidden spin fluctuations give rise to significant band shifts. In particular,
Eliashberg theory reveals that they incite a Lifshitz transition from nested Fermi surfaces
at the center and at the corner of the unfolded (one-iron) Brillouin zone to nested Fermi
surfaces at the corner of the folded Brillouin zone?. Also, like true spin fluctuations in the
case of iron-pnictide materials** 4757 5% hidden spin fluctuations give rise to repulsive inter-
band interactions between electrons that favor ST~ Cooper pairing between the renormalized
Fermi surface pockets. In the present case, however, orbital matrix elements result in weak
effective inter-band interactions. This justifies the neglect of vertex corrections in Eliashberg
theory*42,

It has also been recently argued by the author that hidden spin fluctuations account for
the ring of low-energy spin excitations at the checkerboard wavevector observed by inelastic

neutron scattering in electron-doped iron selenide38>3.

This, coupled with the prediction
of St~ superconductivity described above, suggests that hidden spin fluctuations play an

important role in high-temperature iron-selenide superconductors.
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Appendix A: Spin and Isospin Operators

The spin operator at iron site ¢ and orbital « is the usual contraction of Pauli matrices

o over spin quantum numbers:
h i
=52 D asTesCias (A1)
s=T)s'=11

The spin operator at iron site ¢ is then
Si = Siat+ + Sia-- (A2)

The isospin operator at iron site ¢ and for spin s, on the other hand, is the contraction of

Pauli matrices 7 over the two orbital quantum numbers:
Z Z zasTOé o' Ciol s+ (A3)
a=d+,d— o’ =d+,d—

The isospin operator at iron site ¢ is then

Last, the operator for the tensor product of the spin with isospin is the contraction of o7

over both the spin and isospin quantum numbers:

(S & I Z Z Z Z Czaso's ' Ta,a/Ciol s (A5)

s=1,] a=d+,d— o’=d+,d— s'=1,]
Appendix B: Orbital Matrix Element

The operators that create the eigenstates (5) of the electron hopping Hamiltonian, Hyp,

are

T( 1/2 Z Z an ci(2a—1)d(k) ik riCI,a,s? (Bl)

i a=0,1
where @ = 0 and 1 index the d— and d+ orbitals, and where n = 1 and 2 index the
anti-bonding and bonding orbitals (—¢)dys). and dgs).. The inverse of the above is then

Zas — N~ 1/22 Z om —z (2a— 1)6(k) zk-mci(n’ k) (BQ)

k n=1,2
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Plugging (B2) and its hermitian conjugate into the expression for the hidden electron spin

operator,

Z Z Z Z a Zq rl 2 z « so-S,S’Ci,a,s’a (B?))

yields the form

ZZZZMMM Wb K)o gcq(n, k),

s’ k nn

with the matrix element?®

—i sin[d(k) — o(K')] for n' =n,
Mn,k;n’,k’ = (B5)
cos|0(k) — d(K')] for n' #n.
Here, k' = k — q. Now replace k' above with k' = k' + Qr. Using the identity

5K+ Qur) = £5 — 3(K) (B6)

yields the equivalent expression?®

+i cos[o(k) + 0(K')] for n' =n,
Mn,k:;n’,l_c’ = (B7)
+sin[d(k) +0(K)] for n' #n.

Here, K =k — q — Qar.

Appendix C: Definite Integrals Approaching Criticality

The following definite integrals appear in the solution of the Eliashberg equations (43)
at half filling, at criticality:

o 1
I(y) = _ 1
() /0 dxy + cosh z’ (C1)

J(y) = /OOO dzln (1 + Coil x) . (C2)

The first one (C1) can be evaluated directly by using the definition cosh x = %z + %z‘l, with

and

z = e”. Changing variables leads to the expression

I(y) = /1 R P (C3)

224+ 2yz+1
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Factorizing the denominator into (z — zy)(z — 2_), with zo = —y £ \/y? — 1, and resolving

the integrand into partial fractions yields

1= [a— (1 . 1) N

Hence, we arrive at the closed-form expression

NS R Y (s)
V-1 \14+y—y/y*—-1

Simplifying the argument of the logarithm above yields the equivalent expression

I(y) =

1 1
I(y) = In . C6
And concerning the second definite integral (C2), notice that (i) dJ/dy = I and (i) J(0) = 0.

The expression
2

T 1
Jy) = 5 +5Mnly— Vy* =P (C7)
satisfies both conditions. It therefore coincides with the definite integral (C2).
Further, the constant F' that appears in the linear response at half filling to electron

doping can also be evaluated in closed form. Expression (62) for it can be re-expressed as

) 1 eg
F = hmAb_}OiKb

/ dxsech x + g/ dz(1 + ysech :c)_1] : (C8)
0 8y 0

where x5 = cosh™'(wy,/Ap). But (1 +ysechz)™ =1 — y(y + cosh )™, which yields the
identity
x2 2
/ dz(1 +ysechz)™ = 2y — y/ dz(y + coshx) ™t
0 0
Substituting it above then yields the closed-form expression

P32 - 1)~ ') (©9)

as A, — 0, where I'(y) is the derivative of (C6).
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