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Recent studies on Ba2CoO4 (BCO) and SrRuO3 (SRO) have unveiled a variety of intriguing
phenomena, such as magnetic polarization on oxygens, unexpected nodes in the spin density profile
along bonds, and unusual zigzag spin patterns in triangular lattices. Here, using simple model
calculations supplemented by DFT we explain the presence of nodes based on the antibonding
character of the dominant singly occupied molecular orbitals along the transition metal (TM) to
oxygen bonds. Our simple model also allows us to explain the net polarization on oxygen as
originated from the hybridization between atoms and mobility of the electrons with spins opposite
to those of the closest TM atoms. Our results are not limited to BCO and SRO but they are generic
and qualitatively predict the net polarization expected on any ligands, according to the spin order
of the closest TM atoms and the number of intermediate ligand atoms. Finally, we propose that a
robust easy-axis anisotropy would suppress the competing 120◦ degree antiferromagnetic order to
stabilize the zigzag pattern order as ground state in a triangular lattice. Our generic predictions
should be applicable to any other compound with characteristics similar to those of BCO and SRO.

I. INTRODUCTION

Due to the interplay of charge, spin, orbital, and lattice
degrees of freedom, the exotic electronic and magnetic
properties of strongly interacting electrons, particularly
transition metal (TM) oxides, have attracted broad inter-
est over decades in the Condensed Matter community [1–
4]. Remarkable phenomena have been unveiled, such as
high critical temperature superconductivity in copper-,
iron-, and nickel-based materials [4–9], colossal magne-
toresistance and phase separation in manganites [3, 10–
13], orbital ordering in perovskites [14–16], spin block
states [17–20], orbital-selective Mott phases [21], ferro-
electricity [22–25] and several others.

In the many oxide materials, the anions O2− play im-
portant roles, not only as ligands that bind to the central
metal atoms when they form coordinated polyhedrons,
but also as bridges that connect these polyhedrons by
either corner-, edge-, or face-sharing geometries. In prin-
ciple, these closed-shell anions should not be magnetic,
such as in the well-known superexchange and double ex-
change models [26, 27]. In several simplified calculations,
their only influence resides in the actual value of the elec-
tronic hopping amplitudes in eV units, such as when one-
orbital Hubbard models are used for cuprates.

However, recent polarized neutron diffraction exper-
iments unveiled the surprise that a robust magnetic
polarization is present in all oxygen sites – contribut-
ing 30% of the total magnetization – in the case of
the metallic ferromagnet SrRuO3 [28]. Previous studies
also found a nonzero magnetization density at the oxy-
gen ions in the yttrium iron garnet [29], Li2CuO2 [30],
La0.8Sr0.2MnO3 [31], YTiO3 [32], and Ca1.5Sr0.5RuO4

[33]. All these materials contain transition metal spins
coupled into a global ferromagnetic (FM) state. A small
magnetization density at the oxygens can also be visu-
ally inferred from the polarization neutron diffraction fig-
ures reported for Sr2IrO4 in a canted antiferromagnetic

(AFM) state [34].

In addition, as a result of the covalent hybridization be-
tween TM and O atoms, the reduction of the magnetic
moment on the TM atoms was reported in AFM materi-
als, such as Sr2CuO3 [35], Ca3Fe2Ge3O12 garnet [36], and
Cr2O3 [37]. All these findings challenge our conventional
assumption regarding the passive role of oxygen, and a
revaluation of the importance of the ligand for magnetic
exchange interactions in these TM oxides is required.

Ba2CoO4 (BCO) provides a more recent example high-
lighting again the unusual role of oxygen. Different
from other well-explored cobalt oxide compounds, BCO,
isostructural to β-Ca2SiO4, is made of nearly isolated
CoO4 tetrahedrons with large distance (∼ 3 Å) between
them, without any corner-, edge-, or face-sharing co-
ordination [38, 39]. In addition, the three-dimensional
(3D) network of nearest-neighbors Co-Co bonds (∼ 5 Å)
forms a distorted triangular lattice with high geometric
frustration, as shown in Fig. 1. Remarkably, an exotic
zigzag AFM order, with the AFM transition tempera-
ture TN ∼ 23 − 26 K, was reported by neutron scat-
tering experiments and X-ray-diffraction measurements,
despite the large distances between adjacent cobalts and
the geometric frustration [40–42]. Experiments also re-
vealed that an uniaxial magnetoelastic coupling occurs
along the a direction [42].

Previous theoretical studies provided qualitative expla-
nations about the spin exchange interactions, which was
assumed to originate from the “super-super-exchange”
mechanism between CoO4 clusters (namely involving two
oxygens as bridge between TM atoms), leading to a BCO
zigzag magnetic structure [43]. Recently, another theo-
retical work suggested, however, that a simplified super-
super-exchange is inappropriate for the description of the
BCO system, because the oxygen magnetic moment was
also considered to provide a substantial contribution to
the total local magnetic moments of each CoO4 ionic
cluster [44]. Furthermore, their density functional the-
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FIG. 1. (a) Three-dimensional illustration of the Co-Co bonds
in BCO and the simplified AFM collinear structure (dubbed
AFM0). (b) Top view of the AFM0 state in the ab-plane
projection. The black dashed lines define the magnetic unit
cell. Red and blue arrows represent opposite directions of the
Co magnetic moments. The numbers label different locations
of Co atoms in the magnetic unit cell, while Ba and O atoms
are not shown here for simplicity. The inequivalent paths
between adjacent Co atoms are also displayed with bars in
different colors (blue, red, green, yellow, and magenta). Note
that the real magnetic structure is slightly noncollinear, while
the AFM0 state constructed here is collinear for simplicity.

ory (DFT) calculations also unveiled another interesting
finding: the spin density exhibits a node between O and
Co atoms, and a similar phenomenon was also found in
SrRuO3 [28, 44].

Considering these interesting developments, both in
experimental and theoretical efforts, several intriguing
questions require a more intuitive theoretical explana-
tion, to gauge to what extend these findings are unique
to BCO or whether they could be present in many other
materials. First, what is the driving force of the mag-
netic polarization on oxygens? Does it really challenge
the standard magnetic model ideas for understanding the

spin exchange interactions? Second, what is the physical
explanation of the presence of nodes in the spin den-
sity along the Co-O bond? Third, in BCO, why the
long-range zigzag spin order can be stabilized in such a
highly geometrically frustrated lattice? What is the role
of anisotropic magnetic interactions?

To answer these questions, here using simple toy model
calculations with the aid of DFT, we carried out sys-
tematic studies to provide intuitive explanations of all
the unusual properties of the BCO system. First of all,
our results based on a simple model provide an inter-
pretation for the presence of nodes in the spin density
along the Co-O pathway based on the role of antibonding
molecular levels within the CoO4 cluster ion. In addi-
tion, our model calculation explains the unexpected net
magnetization present at the ligands. We conclude that
this phenomenon (oxygen ion polarization) should be far
more general than previously anticipated. We provide a
clear rule (as in a theorem) for when oxygen polarization
should be detected in a generic oxide based on whether
the overall magnetic order is FM or AFM, and in the
latter depending on the number of ligands (even or odd)
between TM atoms. Finally, simplified one-orbital Hub-
bard and two-orbital double-exchange models (the latter
in the Appendix) are used to investigate the formation
of the long-range zigzag magnetic order and reveal the
importance of the easy-axis anisotropies on triangular
lattices to alter the balance between the canonical 120◦

antiferromagnetic order expected in directional isotropic
systems vs. the zigzag order found in BCO and in our
calculations. The important issues related to magnetoe-
lastic effects in BCO also unveiled in recent work [44]
would require incorporating the lattice in our theory ef-
fort, and such studies will be carried out in the future.

II. NODE IN THE SPIN DENSITY ALONG
Co-O BONDS IN BCO

In this section, we will provide an explanation for the
discovery of zeros in the spin density along the Co-O di-
rections. First, their existence will be confirmed via DFT
calculations, finding agreement with results presented be-
fore in Ref. [44]. Second, an intuitive explanation will be
provided using a simplified model Hamiltonian and rely-
ing on antibonding molecular orbitals.

A. DFT spin density along Co-O

In the DFT portion of this project, calculations
were carried out using the Vienna ab initio Simulation
Package (VASP) code [45, 46]. The revised Perdew-
Burke-Ernzerhof exchange-correlation density functional
(PBEsol) was adopted for the exchange correlation po-
tential, as implemented in VASP [47, 48]. The total en-
ergy convergence criterion was set to be 10−5 eV during
the self-consistent calculation and the cutoff energy used
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FIG. 2. (a) Line profiles of DFT spin density S(r) vs. distance
r along Co-O bonds for a CoO4 tetrahedron. The four Co-O
bonds provide virtually the same result. (b) Contour plot of
the spin density projected on the Co-O1-O2 plane. The small
illustration on the right shows a sketch of a CoO4 tetrahedron
and the corresponding projected plane that we used, in blue.

for the plane-wave basis set was 550 eV. All calculations
were performed with the experimental crystal structure
fixed, i.e. without atomistic relaxation. For the non-
magnetic phase, the standard primitive unit cell was used
and the corresponding k-mesh employed was 7 × 5 × 3.
From the ab initio ground-state wave function, the max-
imally localized Wannier functions [49] were constructed
using the WANNIER90 code [50] to extract the crystal
field splitting parameters. As for the magnetic phases,
we considered the spin-polarized version of the general-
ized gradient approximation (GGA) potential, which al-
ready accounts for the exchange interaction. Thus, an
additional U parameter was not included in our calcula-
tion. This might underestimate the band gap but still
captures the main physics, as discussed in the rest of the
text. Because a large magnetic unit cell (2a × 1b × 2c)
was adopted for the magnetic phases, the corresponding
k-mesh employed was reduced to 4× 6× 2.

According to experiments [42], the Co spins form a
zigzag-type FM configuration along the b axis, while it
is AFM along the a and c axes. The easy-axis magneti-
zation is primarily pointing along the a direction and
the spin is slightly non-collinear [42]. For simplicity,
Fig. 1 (a) displays the closest collinear AFM0 state that
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FIG. 3. The density of states (DOS) of the simplified collinear
AFM0 state, from our DFT calculations.

we constructed. For a better perspective when focusing
on the ab plane, the two dimensional (2D) spin order is
displayed in Fig. 1 (b). It exhibits a state with a zigzag
intra-chain FM pattern along the b-axis, with an overall
AFM order between these chains.

In Fig. 2 (a), the spin density line profiles along the four
Co-O bonds within a CoO4 tetrahedron are displayed. It
is clear that the spin density is almost isotropic for the
four Co-O bonds. Moreover, an obvious zero, or node,
can be found along the path between Co and O. In ad-
dition, remarkably, even though the initial magnetic mo-
ments on oxygens are set to be zero, a net magnetic mo-
ment spontaneously develops on the oxygens and in the
same direction as that of Co. The magnetic moments
within the default Wigner-Seitz radii of atomic spheres
on Co and O atoms are 2.925 and 0.357 µB per site, re-
spectively. Figure 2 (b) presents the corresponding 2D
contour plot of the spin density projected on the Co-O1-
O2 plane.

As shown in Fig. 3, the corresponding density of states
(DOS) around the Fermi level for the AFM0 state has
a gap ∼ 0.32 eV. Both valence and conduction band are
mainly contributed from the Co(3d) states and the O(2p)
states, while the contribution from Ba is negligible. Obvi-
ously, the Co(3d) states with the O(2p) states are heavily
hybridized particularly for the valence band, which is re-
sponsible for the considerable magnetic moment on the
O atoms, as shown later in this publication.

In summary, our DFT calculations reproduced the re-
sults from a previous study [44], including the large mag-
netization on oxygen and the nodes present in the spin
density along Co-O bonds.

B. Model calculation

To understand intuitively the experimental and DFT
results regarding the presence of a net magnetization on
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oxygens and the presence of nodes in the spin density
along the Co-O bond, a toy model is here employed that
captures the essence of the physics. Understanding intu-
itively the origin of these effects is important because it
will allow us later in the manuscript to generalize to an
arbitrary TM ion with an arbitrary number of oxygens
linking these ions.

As a first step, consider for simplicity a Co atom with
5 active 3d orbitals. Co is placed at the origin of coordi-
nates rCo=(0, 0, 0). The O atom with 3 active 2p orbitals
is located at the typical distance Co-O for AFM Co-O-O-
Co bonds in BCO, namely rO=(1.77 Å, 0, 0). To focus
on the essence of the physics, only the active electrons
will be considered in our simple models: specifically, 7
3d electrons for each Co2+ ion (if S=3/2 is assumed for
the Co-ion spin) and 6 2p electrons for the full-shell O2−.
For the Co-O bond, this gives a total of 13 electrons, for
the Co-O-Co bond 20 electrons, and for the Co-O-O-Co
bond 26 electrons. Moreover, for the positive charge of
the O ion we assume +4 (i.e. the 1s and 2s fully-occupied
orbitals screen the central charge) while for Co we assume
a central charge +9 for the same reason (i.e. the fully oc-
cupied shells n = 1, 2, 3 screen the central charge). This
affects the size of the wave functions we employ. Using
different effective central charges, within reason, lead to
the same qualitative results.

The simple Hamiltonian used here is given by

H =
∑
σ

Hσ (1)

where σ = ±1 are the z-projections of the spin. The
Hamiltonian of each spin sector has a simple tight-
binding hopping term, a Hund coupling at Co aligning
the 3d spins (playing in practice the role of an external
field), as well as crystal-field energy shifts between the
O and Co orbitals, as it is usual in charge transfer com-
pounds, with values deduced from DFT. Specifically,

Hσ =
∑
γ,γ̃

tγγ̃(d†γ,σpγ̃σ + h.c.)

+
∑
γ

(σJH + ∆γ)nγ,σ +
∑
γ̃

∆γ̃nγ̃,σ
(2)

where d†γσ creates an electron with z-axis spin projection

σ at the Co(3d) orbitals γ = x2 − y2, 3z2 − r2, xy, xz, yz
while p†γ̃σ creates an electron with spin σ at the O(2p)
orbitals γ̃ = x, y, z. The hopping amplitudes tγγ̃ cor-
respond to the hybridizations between nearest-neighbors
Co and O atoms. Here nγ,σ (nγ̃,σ) is the number opera-
tor for 3d (2p) electrons with spin σ. JH is the Hund’s
coupling (or could be considered the effective field cre-
ated by the rest of the long-ranged order magnetic state
in the crystal), while ∆γ and ∆γ̃ are the on-site energies
at the Co and O sites, respectively.

The non-zero hoppings obtained from the Slater-
Koster approach can be shown to be tx2−y2,x =
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FIG. 4. Spin density S(r) vs. distance r between a Co at
the origin and an O at r=(1.77 Å, 0, 0), the typical Co-O
distance in BCO for AFM Co-O-O-Co bonds (here first we
focus on one Co-O bond for simplicity). The location of O is
marked by the dashed vertical line. The calculation is exact
and it includes the 5 3d orbitals at Co and the 3 2p orbitals
at O. For this single Co-O bond, 13 electrons were considered
(8 with spin up and 5 with spin down). Results are shown for
two values of the Hund coupling JH . Because the population
of electrons already is unbalanced towards spin up, the role
of JH is not crucial and even zero Hund coupling leads to the
same qualitative physics as a finite Hund coupling. The zero
near the center is our main physical focus, while the zeros
at the Co and O locations are artificial and caused by the
reduced basis used, involving orbitals with nonzero angular
momentum.

√
3(pdσ)/2− (pdπ), t3z2−r2,x = −(pdσ)/2, txy,y = (pdπ),

and txz,z = (pdπ). For simplicity, we set (pdσ) = 1
and (pdπ) = 0, but we confirmed that our results shown
below are qualitatively the same in a range of these cou-
plings (namely as long as the molecular orbitals remain
in the same order as in Fig. 5, to be discussed below).
Here we use the hopping amplitudes based on the Slater-
Koster approach, instead of those from the Wannier90
fitting, because Slater-Koster hoppings are generic, sim-
pler to understand, and applicable to any system. The
on-site energies, i.e. crystal field splitting, from DFT
using Wannier90 are ∆x2−y2 = ∆3z2−r2 = 0 (taken as
reference energy) and ∆xy = ∆xz = ∆yz = 0.42 eV for
cobalt, consistent with the tetrahedral Co environment of
the (CoO4)4− cluster, while for oxygen ∆y = ∆z = −0.27
eV, and ∆x = −1.09 eV.

The Hund’s coupling was set to two values JH = 0 and
−0.5 eV and the results are qualitatively the same. There
is no need to fine tune this coupling for the conclusions
found here. To represent a possible total spin S=3/2 at
Co, as found in experiments, and considering the usual
closed-shell in O2−, we have populated the Co-O bond
system with 8 electrons with spin up and 5 electrons with
spin down. We have verified that the case Co S=5/2
(with 8 spins up and 3 spins down) leads to conclusions
similar to those discussed below.
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In Fig. 4 we show results after diagonalizing the above-
described Hamiltonian. The spin density is shown vs.
position. There are three zeros along the x-axis. Those
at the precise locations of Co and O are trivial: they
are induced by our use of a limited set of orbitals all
with nonzero angular momentum l, which naturally van-
ish when their radial coordinate vanishes. The nontrivial
zero of our focus is approximately in the middle and in
excellent qualitative agreement with previous [44], as well
as our own, DFT results.

To understand intuitively what causes the nontrivial
node in the spin density, consider the molecular orbitals
resulting from diagonalizing the above-described Hamil-
tonian. A typical example is shown in Fig. 5 for JH = 0.
The orientation of the orbitals, their associated wave
function signs, and concomitant overlaps define the typ-
ical bonding, nonbonding, and antibonding characteris-
tics of these molecular orbitals. The diagonalization es-
tablishes that the lowest-energy state is bonding, involv-
ing the O px and Co 3x2−r2 orbitals (3x2−r2 arises from
a linear combination of the standard 3z2−r2 and x2−y2
orbitals). The overlap of these orbitals is the largest and,
thus, leads to the largest hopping amplitude in the model.
The corresponding bonding and antibonding combina-
tions are shown in Fig. 5 and for the population of 13
electrons, they are both doubly occupied. From the bot-
tom, the next levels also correspond to bonding molecular
orbitals made of the specific orbitals indicated in the fig-
ure i.e. xy, py and xz, pz in our compact notation. They
are doubly occupied. However, the antibonding partners
have the highest energy among the molecular orbitals,
and for the number of spins considered here, only spins
up are placed in these antibonding states. Finally, there
are also two nonbonding levels, one doubly occupied and
the other singly occupied.

After this careful analysis, Fig. 5 then contains the in-
tuitive explanation for the zero or node in the spin den-
sity: all the singly occupied levels are either antibonding
or nonbonding. Due to the change in the sign of the
wave function between Co and O for the antibonding
molecular orbitals, the highest-energy antibonding wave
function (singly occupied with a spin up) generates a
zero when the spin density is calculated with the cor-
responding probability densities (wave function absolute
value squared) of each molecular orbital, as sketched in
the top panel of Fig. 5. The singly-occupied nonbonding
state does not contribute along the x-axis either. For
all the doubly-occupied states, the spins up and down
contributions cancel out for the spin density. Thus, in
summary the spin density develops a zero approximately
in the middle between Co and O, as found in DFT, be-
cause of the dominance of antibonding molecular orbitals
for realistic electronic populations of the Co-O bond.

Co                Co-O                             O   

3x2-r2 y2-z2

px

py pz

xy xz yz yz

xy, py xz, pz

3x2-r2, px

y2-z2

3x2-r2, px

xy, py xz, pz

bonding

antibonding

contribute to 

spin density

antibonding

Node

xy/xz py/pz

nonbonding

FIG. 5. Resulting energy level diagram of the molecular or-
bitals for the Co-O bond, arising from our model calculation.
Left: the five 3d orbitals of Co with the tetrahedral crystal-
field splitting. Right: the three 2p orbitals of O, with the
x-axis located along the Co-O bond direction. Middle: en-
ergy level diagram for the Co-O bond molecular orbitals at
JH = 0. The total population of electrons considered is 8 elec-
trons with spin up and 5 electrons with spin down to fill the
energy levels, as shown by the thick arrows. Bonding, non-
bonding, and antibonding levels are marked in orange, blue,
and red, respectively. Only the singly occupied states make
contributions to the spin density. The top panel provides an
intuitive view of the formation of the antibonding state of
xy, py and xz, pz. The node is marked by the green arrow.

III. POLARIZED OXYGEN

Experimental results for SrRuO3 [28] showed that
oxygens carry a finite magnetic moment when the Ru
spins are in a ferromagnetic state. The recent efforts
in Ba2CoO4 [44] have reached similar conclusions using
DFT, namely the presence of a magnetic moment at the
oxygens, but now in a global long-range zigzag antifer-
romagnetic state (discussed more extensively in the next
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section) instead of the FM state of SrRuO3. A priori
finding a magnetic moment at the oxygens is counterin-
tuitive compared with the expected full-shell electronic
structure of the O2− ion, with all active 2p orbitals dou-
bly occupied. However, as explained in the case of the
lone Co-O pair when we discussed the zero in the spin
density in Subsec. II B, we also found a nonzero magnetic
moment at the oxygen merely as a product of electronic
itineracy: the spins down jump from O to Co to optimize
the kinetic energy, thus leaving behind a positive net mo-
ment at the O and reducing the moment at Co. In this
section, we will generalize this last conclusion to other
situations, both for FM and AFM states, now involving
pairs of Co spins.

A. One oxygen as bridge

We will consider first a simple extension of the Co-O
calculations in Fig. 4. We will start with a three-atoms
Co-O-Co arrangement. This qualitatively occurs in per-
ovskite cobaltites but not in Ba2CoO4 where two oxygens
act as bridge between cobalts. But the Co-O-Co exam-
ple discussed here provides a clear starting point and the
double-O bridge will be addressed next. Moreover, any
distance Co-O leads to the same qualitative conclusions.
The calculation now uses 5 3d orbitals in the left Co, 3 2p
orbitals in the central O, and another 5 3d orbitals in the
right Co. The hoppings Co-O and O-Co are the same
by symmetry: for example, the different + and - lobe
signs of the central p orbital along the x-axis is compen-
sated by choosing y2 − x2 for the right Co instead of
x2 − y2 so that bonding orbitals have always the lowest
energies. The diagonalization is now repeated with the
obvious addition of an extra site in the model described
in Subsec. II B, enlarging the Hilbert space. The results
are shown in Fig. 6.

Let us focus first on the Co FM configuration,
Fig. 6 (a). The total population of electrons consid-
ered here is 13 spins up and 7 spins down, with the two
Co spins pointing along the z axis. This is the natural
extension of the previous Co-O calculation. Before the
hopping terms are included, this crudely corresponds to
a total spin S=3/2 at each Co and S=0 at the O. All
the parameters in the model Hamiltonian are the same
as in Subsec. II B. We show results only for one Hund
coupling, but changing JH only alters the quantitative
values of the magnetic moments, but not the qualita-
tive results. Here the resulting spin density is symmetric
with respect to the center. The parallel arrangement of
Co spins continue inducing a finite magnetic moment at
the central oxygen, due to the electronic mobility con-
tained in the tight-binding hopping. Thus, it is natural
that the bridge oxygens, or other ligands, in a FM en-
vironment will develop a net nonzero magnetic moment,
even if the dominant electronic configuration of oxygen
is spinless.

This should occur also in manganites (La,Sr)MnO3
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FIG. 6. Spin density S(r) vs. distance r for a Co-O-Co
cluster, using our simplified model calculation. The O is at
r=(1.77 Å, 0, 0), as in the previous section. The Co’s are
located at the origin and at r=(3.54 Å, 0, 0). Here we simply
doubled the Co-O of the left to create a symmetric bond with
O exactly at the center, as example of the physics we wish to
explain. Other Co-O distances lead to the same conclusions
as long as the bond is left-right symmetric. The location of
O is marked by a dashed vertical line. The calculation is
exact and includes 10 3d orbitals at the two Co’s combined
and 3 2p orbitals at the O. (a) FM case, with 13 spin-up elec-
trons and 7 spin-down electrons, such that the entire Co-O-Co
structure carries a net magnetization. The Hund coupling is
chosen as JH = −2 for both Co’s, merely as example. The
zeros at exactly Co and O locations are artificial due to the
reduced basis used. (b) AFM case, with 10 spin-up electrons
and 10 spin-down electrons (for the AFM case the overall net
magnetization must vanish). The Hund couplings must have
different signs for each Co to simulate the AFM configura-
tion. Here we select as example JH = −1 for the left Co and
JH = +1 for the right one, respectively.

or (La,Ca)MnO3 at hole dopings in their FM state, as
well as in any other ferromagnetic state with any kind
of full-shell ligand as bridge between spins: the a pri-
ori spinless ligand will always develop a net polariza-
tion. Its specific strength may depend on the hopping
values, charge transfer gap, and atomic distances, but
the ligand magnetic moment will always be nonzero in
a FM state. Generic ideas, such as double exchange
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FIG. 7. Spin density S(r) vs. distance r for a Co-O-O-Co
cluster, using our simplified model calculation. The locations
of O’s are marked by dashed vertical lines. The calculation
is exact and it includes 5 3d orbitals at the Co’s and 3 2p
orbitals at the O’s, for a total of 16 orbitals. The Co Hund
coupling JH = −1 for all cases, as example. (a) FM case,
considering overall 16 electrons with spin up and 10 electrons
with spin down. (b) AFM case, considering 13 electrons with
spin up and 13 electrons with spin down (the overall Co-O-
O-Co must have a zero net magnetization for the AFM case).
(c) FM case but with an artificially smaller distance between
the O-O bond to enlarge the spin density at the center which
was exponentially suppressed in (a), and, thus, invisible to
the eye in practice, due to the exponentially localized nature
of the wave functions.
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FIG. 8. Line profiles of DFT spin density S(r) vs. distance r
for a Co-O-O-Co path in BCO. (a) FM case, such as along the
Co14-O-O-Co10 path, corresponding to the red path in Fig. 1
(b). (b) AFM case, such as along the Co14-O-O-Co16 path,
corresponding to the blue path in Fig. 1 (b). The locations
of O’s are marked by vertical dashed lines. Note that the
actual Co14-O-O-Co10 paths are bended in Ba2CoO4 because
the locations of the Co and O are not in a straight line. These
figures show that our simple model and the more sophisticated
DFT calculations qualitatively agree.

that relies on ferromagnetism induced by a large Hund
coupling at the TM, are not qualitatively affected by
the O magnetization, but our results suggest that O
may need to be incorporated for better quantitative pre-
dictions. Other possible real materials examples for
this case are SrRuO3 [28](Fig. 9 (a)), yttrium iron gar-
net [29], Li2CuO2 [30] (Fig. 9 (b)), La0.8Sr0.2MnO3 [31],
YTiO3 [32], Ca1.5Sr0.5RuO4 [33], and Sr2IrO4 [34].

Consider now the case of Fig. 6 (b) with the Co atoms
in an AFM configuration. The central O now has a net
zero magnetic moment because the (very small) positive
magnetization on one side of O exactly cancels the neg-
ative magnetization on the other side of O. While in the
FM arrangement the Co spins favor the positive direction
of the z-axis by breaking the symmetry up-down along
that axis, in the AFM arrangement the central oxygen is
subject to opposite tendencies of equal magnitude. Thus,
its net magnetic moment must be zero, as shown in the
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(a)        SrRuO3               (b) Li2CuO2

(c)      Cr2O3                        (d)       Sr2CuO3

(e)      Ba2CoO4                (f)   Na2Cu2TeO6

J1

FIG. 9. Examples of crystal structures of selected real mate-
rials where our results are applicable. TM-O polyhedrons are
shown in translucent blue. (a)-(d) For the case of one oxygen
as bridge. (e)-(f) For the case of two oxygens as bridge. Note
that one material might include both the one oxygen path
and the two oxygen path. Here we only focus on the most
important path.

calculation and in the figure: the additions of the oxygen
spin density left and right of its center just cancels. Note
that this is different from having zero spin density at all
points in the oxygen range, as for O2−. Point by point,
the spin density is nonzero at the oxygen (although very
small). But still the net result is a zero magnetization
for the oxygens for the Co-O-Co combination. Thus, in
AFM states with one O as bridge, such as in the CuO2

layers of cuprates, experimentally the oxygen should have

no net spin unless there is some lattice distortion that
breaks the parity symmetry of the bond. However, the
spin density S(r) will be small but nonzero, with different
signs left and right. These predictions for S(r) in AFM
bonds for one O as bridge, or more as discussed below,
could be confirmed by polarized neutron diffraction ex-
periment. Possible real materials examples for this case
are Cr2O3 [37] (Fig. 9 (c)), and Sr2CuO3 [35](Fig. 9 (d)).

B. Two oxygens as bridge

Let us address now the specific case of Ba2CoO4 where
the Co spins are bridged by two oxygens, namely where
the AFM order is mediated by super-super-exchange. In
our model we can study the two-oxygens bridge employ-
ing the same approach used before, but now introducing
a third Slater-Koster parameter (ppσ) for the overlaps
between 2p orbitals among the two oxygens at the center
of the Co-O-O-Co structure. In Fig. 7 we show results
both for the FM and AFM Co configurations.

For the FM case, Fig. 7 (a), the results confirm and
extend the conclusions of the study using Co-O and Co-
O-Co: as a consequence of the mobility of electrons via
hopping between atoms, the original finite magnetiza-
tion at the Co sites spreads to the neighboring O sites,
creating a finite spin magnetization at the oxygens simi-
larly as found experimentally in SrRuO3. Because of the
large distance 3.08 Å for FM bonds between the central
oxygens in Ba2CoO4 (3.15 Å for AFM bonds), the spin
density at the center of Fig. 7 (a) is exponentially sup-
pressed, and the two Co-O portions appear as almost dis-
connected. But if we artificially reduce their distance, the
central spin density can become robust and visible. This
is exemplified in Fig. 7 (c) where the O-O distance was
made smaller than Co-O. Possible real materials exam-
ples are CuWO4, CuMoO4-III, and Cu(Mo0.25W0.75)O4

with O-O distance ∼ 2.4 Å [51], but our main goal in
panel (c) is only illustrative. Figure 7 (c) simply dis-
plays qualitatively the essence of our prediction under
general circumstances. All oxygens in between super-
super-exchange coupled transition metal spins, when in a
FM state, will develop a finite polarization due to the in-
fluence of the nearby finite-spin TM ions via the nonzero
tunneling probability for electrons with the opposite spin
to the orientation of the TM spins (the spins up are frozen
by the Pauli’s principle for the number of electrons and
orbitals used here).

For the AFM case, Fig. 7 (b), the result is even more
interesting. Note that now by mere geometry each of the
two oxygens is either closer to one Co or to the other
Co. Thus, each oxygen is influenced differently by the
environment they are immersed in. Thus, as shown in
Fig. 7(b), in the AFM Co-O-O-Co structure now both
oxygens develop a nonzero magnetic moment. Moreover,
these moments have different signs. This is contrary to
AFM Co-O-Co where the central oxygen had a net zero
magnetization, because it is at equal distance from the
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FIG. 10. Line profiles of DFT spin density S(r) vs. distance
r for a Co-O-Ba-O-Co path. Shown is an AFM case, such as
along Co14-O-Ba-O-Co16 in the blue path in Fig. 1. Ba and
O’s are marked by vertical dashed lines. In BCO, the actual
Co14-O-Ba-O-Co16 path is bended i.e. the locations of the Co,
Ba and O atoms are not in a straight line. The main results of
this figure is that oxygens have a net spin while Ba does not
have a net spin (even its spin density S(r) is exponentially
suppressed by the wave functions used). This corresponds
to Fig. 11 (c). Note that in materials with a smaller O-Ba-
O distance the central Ba spin density S(r) would become
visible but their net magnetization would still be zero.

Co atoms. Our predictions are in excellent agreement
with DFT results, as shown in Fig. 8.

Another real material example for having two oxygens
as bridge is the Cu-O-O-Cu J1 path in Na2Cu2TeO6

(Fig. 9 (f)), where we recently also found a small net
magnetization at the oxygens ∼ 0.05 µB for both the FM
or AFM states from DFT calculations [52].

Once again, we remind the readers that the zeros at
exactly the Co and O positions in the model Fig. 7 are
spurious due to the small subset of orbitals used in the
simplistic model. In DFT these spurious zeros are not
present because more orbitals, with plane-wave basis sets
instead of atomic orbital basis sets, contribute to the spin
density while another possible contribution arises from
the compensation portion of the pseudo orbitals inside
the projector augmented wave spheres. Thus, in DFT
only the important nodes between Co and O appear.

C. Three or more oxygens as bridge

The above described results already provide a natural
generalization in case there are materials where the path
between transition metal spins contains more oxygens or
ligands, such as three. A summary of our conclusions is
in Fig. 11 for the cases of 1, 2, and 3 oxygens, and both
for the FM and AFM configurations of transition metal
spins. For each case, the pictorial understanding for the
formation of a net oxygen magnetic polarization is shown
below, respectively. Consider the FM case with only one

ligand as an example. Here the electron movement is
severely restricted by the Pauli principle. In fact, only
the mobility of the electrons with spins down, opposite to
the spins of the single occupied orbitals of the closest TM
atoms, is allowed and it develops a net magnetization on
oxygens. By contrast, for the AFM case with only one
ligand, by symmetry, the mobility of the electrons with
spins down and up cancels out and would not develop a
net magnetization on oxygen.

For the FM configuration, top sketches, our concrete
prediction is that always there will be a net magneti-
zation at the ligands in between transition metals with
nonzero spin. The magnitude will decrease towards the
center, as shown for the case of three oxygens, and it may
become difficult to detect experimentally. But our cal-
culations are intuitively clear, thus we can predict with
confidence that with enough experimental accuracy all
oxygens will display a net magnetic moment, for both an
even or odd number of oxygens, in a FM bond.

For the AFM configuration our general conclusion is
more subtle and shown in the lower panels of Fig. 11.
For the case of an even number of oxygens, as in (b),
both oxygens develop a nonzero magnetic moment as in
the FM case, and as also exemplified in our study of Co-
O-O-Co using the Slater-Koster hoppings. However, for
an odd number of oxygens by symmetry the central one
carries an exactly zero total magnetic moment (unless
the crystal is distorted and the left-right parity symme-
try of the bond is altered). This conclusion for an odd
oxygen number is in Fig. 11 (a), as in Cu-O-Cu for the
cuprates. In Fig. 11 (c), the central oxygen also has a
vanishing magnetic moment, while the other two have a
finite magnetic moment. A possible example of the case
(c) is LaFeAsO along the c-axis, involving an As-O-As
bridge. As another possible example for (c), we use the
spin density of the Co-O-Ba-O-Co link with Ba instead
of O, obtained from DFT, as shown in Fig. 10.

IV. LONG-RANGE ZIGZAG SPIN ORDER

In this section we will discuss the origin of the exotic
zigzag spin pattern found in Ba2CoO4 [42, 44].

A. DFT calculation

By using the same magnetic unit cell as for the
previously-discussed zigzag collinear state AFM0, we also
calculated other three different spin configurations (see
Fig. 12) for comparison, as shown in Table I, AFM0
is confirmed to be the ground state, as in experiments.
Note that in our DFT calculation, the easy-axis mag-
netization is not specified to be along a crystallographic
direction, i.e. the spin has no preferred direction. This
DFT exercise shows that the zigzag order is robust and
our intention in the rest of this section is to provide
an intuitive explanation for why this order arises using
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TM    O      TM          TM O      O TM            TM O     O O TM 

FM

AFM

(a)                                  (b)                      (c)

FIG. 11. Sketches of our general prediction for the net oxygen magnetic polarization corresponding to (a) one, (b) two, and (c)
three oxygens (or other ligands) as bridge between two transition metal (TM) elements with a net spin. Both FM and AFM
configurations in the TMs are considered here. Illustrations of mechanisms for the development of magnetization for each case
are shown below accordingly.

TABLE I. List of DFT calculated energies of four collinear
spin configurations in the same magnetic unit cell. The AFM0
state discussed earlier is the energy reference. All other states
studied have higher energy showing that zigzag is the true
ground state.

Marks Configurations Energy (meV)

AFM0 ↑↓↓↑↑↓↓↑↓↑↑↓↓↑↑↓ 0

FM ↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑ 633

AFM1 ↑↓↓↑↑↓↓↑↑↓↓↑↑↓↓↑ 68

AFM2 ↑↑↑↑↑↑↑↑↓↓↓↓↓↓↓↓ 157

a simple one-orbital Hubbard model adapted to BCO.
In the Appendix, we will also use a two-orbital double-
exchange model not for BCO but in order to illustrate
that in a triangular lattice under fairly general circum-
stances once the canonical large-Hubbard-U 120◦ order is

suppressed by strong easy-axis anisotropies, then zigzag
patterns emerge.

B. One-orbital Hubbard model with easy-axis
anisotropy

To better understand the ground state long-range spin
order of Ba2CoO4 and the importance of the easy-axis
anisotropy, a one-orbital Hubbard model on a triangular
lattice was studied [53]. The model is defined, in stan-
dard notation, as

H = −t
∑
〈i,j〉,σ

(c†iσcjσ + h.c.) + U
∑
i

ni↑nj↓

−A
∑
i

(szi )
2 − µ

∑
i

ni.
(3)
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(a)           AFM1                  (b)           AFM2

b
a

c

FIG. 12. Side view of other spin configurations (a) AFM1 and
(b) AFM2.

The hopping is only between nearest-neighbors, and sites
i and j denote in our case the location of cobalts. Our
conclusion is that in order to understand the global spin
order, the oxygens can return to its simplistic role as elec-
tronic bridges and we can use Hubbard models based on
the TMs only. On the Hamiltonian above, first we per-
formed a Hubbard-Stratonovich transformation followed
by the saddle point approximation for the charge auxil-
iary field to obtain the spin-fermion model shown below
(for details see [54]),

HSF = −t
∑
〈i,j〉,σ

(c†iσcjσ + h.c.) +
∑
i

[−2Umi · si

+
U

2
ni〈ni〉 − 2Amz

i s
z
i ] +

∑
i

[U |mi|2 −
U

4
〈ni〉2

+A(mz
i )

2]− µ
∑
i

ni.

(4)
For simplicity, translational symmetry, and because

there is no reason for a charge density wave to form,
in the local density we assumed 〈ni〉 = n, with n the
average electron filling per site i.e. 1 for the half-filling
case addressed here to avoid the extra complication of
hole or electron doping. We studied the above model by
performing classical Monte Carlo (MC) simulations to
sample the magnetic moment mean-field order parame-
ter mi, re-diagonalizing the fermionic sector at each MC
step. The chemical potential µ is tuned to the targeted
density of electrons. szi is the z-axis spin for the itinerant
fermions, quadratic in the fermionic operators.

We studied 12 × 12 lattices using MC, performing an
annealing procedure from high temperature 1.0t to low
temperature 0.001t. We fixed the anisotropy A = 0.5t
and repeated for various values of U . At T = 0.001t, we
clearly found zigzag-phase tendencies for U ' 3, as shown
in Fig. 13. In practice during the annealing process often
inhomogenous states were found because of the degener-
acy three of the zigzags, with patches of each of the three
states separated by domain walls. For further investiga-

tion and to lower the energy, we fixed the orientation of
the auxiliary spins as in a perfect zigzag phase and also
repeated the procedure for other states that we found are
close in energy, such as the (π, 0) phase (see below) and
120◦-degree phase (either in XZ plane or XY plane) and
performed MC on a single parameter |m| = |mi| at low
temperature T = 0.001t. We found that for A = 0.5t and
1.0t, the zigzag phase is always the lowest in energy for
U ' 3t. Zigzag states were also reported at intermediate
values of U in Ref. [55] using a similar technique.

We also performed calculations, at T = 0.001t, us-
ing the Hamiltonian in momentum space. We minimized
the energy by tuning |m| while fixing the magnetic or-
der to the zigzags patterns (see Fig. 13) as well as to the
competing (π, 0) phases (see Fig. 16). This confirmed
the MC predictions that zigzags have lower energy that
(π, 0) states. However, it must be noted that as U/t
increases the energy gap between the zigzag and (π, 0)
states decreases to very small values, suggesting a high
degeneracy at very large U/t. Thus, the intermediate
U/t regime is physically the most likely range where the
zigzag chains become the ground state. In this region,
we should not use a Heisenberg model description to ad-
dress magnetism in BCO because it will require using
exchange couplings J that are FM. Having FM J ’s can
only be phenomenological, and they do not conceptually
address the far more complex physics unveiled here.

We also show the single-particle density of states calcu-
lated using our momentum-space approach (see Fig. 15),
for zigzag phases at U = 6.0t and employing a 100× 100
system. This clearly displays a robust gap at the chemi-
cal potential establishing that the zigzag phase we found
is an insulator, as in experiments. Related zigzag states
were also found to be insulators [55].

For completeness, we close this subsection discussing
that the zigzag spin states are also ground states of some
multiorbital models unrelated to BCO, as shown in Ap-
pendix VII A. These combinations of results lead us to ar-
gue that the introduction of strong easy-axis anisotropy
tends to favor zigzag structures under general circum-
stances within triangular lattices, as it happens in sim-
pler Ising models also in triangular lattices.

V. CONCLUSIONS

We have shown that our simple model calculations,
supplemented by DFT, provide an intuitive explanation
for the exotic properties of Ba2CoO4. Firstly, we found
the presence of nodes in the spin density along the TM-
O bond, which is a consequence of singly-occupied an-
tibonding molecular orbitals. Secondly, the net mag-
netization exhibited on ligands is found to result from
hybridization between atoms and mobility of the elec-
trons with spins opposite to the spin of the closest TM
atoms. In addition, when TM ions are ferromagnetically
ordered, regardless of the number of intermediate ligands,
a net magnetization will be present in all these ligands,
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(a) Zigzag-1 (b) Zigzag-2 (c) Zigzag-3

FIG. 13. The three degenerate zigzag ground states shown using a triangular 6× 6 cluster as illustration.
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FIG. 14. The energies per site for various ansatz states with
respect to the Zigzag state for anisotropy A = 0.0, 0.5, and
1.0 in unit of t, respectively. System size is fixed to 24 × 24,
and N is number of sites.

although in some cases with very small values.

Interestingly, for the other case of AFM order on the
TM’s, the magnetic polarization on ligands depends on
the number of those ligands. Specifically, when the path
between TM’s has an even number of ligands, such as
two in the super-super-exchange case TM-O-O-TM that
characterizes BCO, a net magnetization should also ap-
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�

FIG. 15. Density of states of the zigzag ground state for a
100 × 100 cluster, using the momentum space approach, at
U = 6t and A = 1.0t.

pear on all the ligands, with different signs. However,
for an odd number of ligands between TM’s, such as
one in the canonical oxide superexchange TM-O-TM pre-
vailing in Cu-O-Cu or Co-O-Co, the net O-polarization
should cancel out in the central ligand by mere symme-
try while it will be nonzero in the other ligands if there
are three or more. Thirdly, based on computer simula-
tions, our results show that the presence of a robust easy-
axis anisotropy plays an important role in stabilizing the
zigzag-pattern spin order on a triangular lattice, as ob-
served experimentally, by destabilizing the more canoni-
cal 120◦ AFM order.

It is important to remark that our results for the oxy-
gen polarization extend also to double perovskites [56–
58]. Moreover, they extend to other anionic ligands
as well, including Cl− in RuCl3, a material recently
widely discussed in the context of exotic spin liquid
states [59, 60]. The Cl ions in RuCl3 should develop
a magnetic moment along the double FM bonds Ru-Cl-
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(a) Straight Line-1 (b) Straight Line-2 (c) Straight Line-3

FIG. 16. Three degenerate (π, 0) “straight lines” states shown in a 6 × 6 cluster. These states are close in energy to the true
zigzag ground states, and they may become ground states under appropriate crystal structure distortions.

Ru of this compound. Note that at low temperatures,
zigzag patterns are also observed in the two-dimensional
honeycomb lattice of RuCl3.

VI. ACKNOWLEDGMENTS

We are particularly thankful to the late W. Plummer
for bringing to our attention the exotic physics of BCO
and for encouraging us to address theoretically its prop-
erties. We are also thankful to J. Zhang for comments
about our manuscript. L.-F.L., N.K., A.C., A.M., and
E.D. were supported by the U.S. Department of Energy
(DOE), Office of Science, Basic Energy Sciences (BES),
Materials Science and Engineering Division. C.S., L.-
F.L. and N.K. acknowledge the resources provided by the
University of Tennessee Advanced Computational Facil-
ity (ACF).

VII. APPENDIX

A. Zigzag states in two-orbital double-exchange
model

In this Appendix, we will show that zigzag states ap-
pear in the context of models for manganites, illustrating
how general our conclusions are. Recent studies by our
group analyzed double-exchange models [3, 61], involv-
ing the two orbitals x2 − y2 and 3z2 − r2 and a classical
spin representing the t2g spin. For this reason, i.e. mere
simplicity, we chose to study this model to provide ad-
ditional evidence that our long-range order conclusions
are not limited to Ba2CoO4 and are generic for mod-
els with strong spin anisotropy. Also for simplicity, the
Jahn-Teller lattice distortions often employed for man-
ganites were not included. The actual Hamiltonian is
rather complex and we will not repeat it here explicitly,
but instead we refer readers to Eq.(1) of Ref. [61] for
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FIG. 17. Total energy of a 4×4 cluster double-exchange model
as discussed in the text vs. JAFM. The blue points are the re-
sult of a MC simulation, namely the numerically exact ground
state energy for the cluster considered, while the colored lines
are the energies of states where the classical t2g spins are
frozen to be ferromagnetic (FM), three zigzag (ZZ) states
(two of them degenerate), or the 120◦-degree non-collinear
AFM state. The two degenerate ZZ states are slightly split
for the visual benefit of the readers.

its particular form and for the 2 × 2 hopping matrices
used. Note that in Ref. [61], as well as in here, we in-
cluded an easy-axis anisotropy −A∑

i(S
z
i )2, usually not

employed in manganites, where the spin is the classical
t2g spin. The inter-orbital hoppings are different by a
sign along the x- and y-axis when using a square lattice,
with all the other values the same. For the present study,
we transformed the square lattice studied in Ref. [61] to
the triangular lattice by simply adding an extra hopping
along only one of the diagonals of the plaquettes (and we
chose the hoppings of that diagonal to be the x-axis hop-
pings, again for mere simplicity). The resulting model,
now on a triangular lattice after adding one plaquette
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diagonal, was studied by MC simulations. The standard
approximation of infinite Hund coupling was used [3].
The selected electronic density is one electron per site,
i.e. half electron per orbital (quarter filling) which is
the electronic density of the eg sector in materials such
as LaMnO3. Thus, there is only one parameter to vary,
the antiferromagnetic coupling JAFM among the classical
spins.

The results of a MC investigation for a 4 × 4 cluster
are in Fig. 17. We used a low temperature T = taa/100,
with taa the hopping among the x2 − y2 orbitals, em-
ploying 10,000 MC steps for thermalization and 50,000
for measurements (keeping only 1 out of 5 lattice config-
urations to avoid autocorrelation errors). At JAFM = 0,
the double-exchange mechanism is known to favor ferro-
magnetism in the vicinity of quarter filling, in agreement
with the physics of materials such as La1−xSrxMnO3 [3].
Even undoped LaMnO3 has planar ferromagnetic ten-
dencies, with the effective interlayer coupling being an-
tiferromagnetic (A-type AFM state). Our simulations
correctly reproduce this limit. However, as JAFM grows
ferromagnetism is penalized, as indicated by the positive
slope in the energy of the ferromagnetic state in Fig. 17.

In the other limit of large JAFM, the typical 120◦-
degree antiferromagnetism of the Heisenberg model on a
triangular lattice dominates. Note that if the anisotropy
A were made much larger, then the 120◦-degree phase
would be suppressed. In practice, the interesting result

is that increasing JAFM from the ferromagnetic regime,
first we observed a transition to precisely the same zigzag
states observed in our mean-field study of the one-orbital
section. In the manganite-like model studied here, the
degeneracy of this state is only 2, as opposed to the 3
found in the previous subsection, because of the arbi-
trary selection of hoppings along the diagonal of the pla-
quettes being those of the x-axis. Thus, in each triangle
two sides have identical hoppings, while one side has in-
terorbital hoppings of different sign. In the one-orbital
model studied before all hoppings in the triangle are the
same, leading to degeneracy 3. For this reason, the three
zigzag states in the double-exchange model all have the
same slope with JAFM but the kinetic energy in such
background is different due to the hoppings used.

Regardless of these small details, clearly the two-
orbital double-exchange model studied here also has a
tendency towards zigzag spin arrangements at intermedi-
ate JAFM, providing another example of the generality of
our results. Note also that for the zigzags to become the
ground state, i.e. having lower energy than states with
straight lines of aligned spins, such as those in Fig. 16,
the intermediate coupling range is important. In extreme
cases of large U , for one orbital, or large JAFM, for two or-
bitals, other states take over or become degenerate with
the zigzags. This illustrates the importance of having
many-body tools able to analyze with accuracy the chal-
lenging intermediate-range coupling which is of much im-
portance to many materials.
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[46] P. E. Blöchl, Phys. Rev. B 50, 17953 (1994).
[47] J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev.

Lett. 77, 3865 (1996).
[48] J. P. Perdew, A. Ruzsinszky, G. I. Csonka, O. A. Vydrov,

G. E. Scuseria, L. A. Constantin, X. Zhou, and K. Burke,
Phys. Rev. Lett. 100, 136406 (2008).

[49] N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847
(1997).

[50] A. A. Mostofi, J. R. Yates, Y.-S. Lee, I. Souza, D. Van-
derbilt, and N. Marzari, Comput. Phys. Commun. 178,
685 (2008).

[51] H.-J. Koo and M.-H. Whangbo, Inorg. Chem. 40, 2161
(2001).

[52] S. Gao, L.-F. Lin, A. F. May, B. K. Rai, Q. Zhang,
E. Dagotto, A. D. Christianson, and M. B. Stone, Phys.
Rev. B 102, 220402(R) (2020).

[53] (1) The contribution to the effective magnetic exchange
from the anion-polarization effect is sufficiently small [62]
that the oxygen-polarization effect can be legitimately
omitted in our Hubbard model analysis when consider-
ing the long range spin order. (2) In the very large U/t
limit, the results for A 6= 0 in the limit when A→ 0 using
our approach do not converge to the exact A = 0 case.
The reason is that in our mean field decomposition ap-
proach we introduce an effective field which captures the
qualitative effect a of generalized single-ion anisotropy
[63].

[54] A. Mukherjee, N. D. Patel, S. Dong, S. Johnston,
A. Moreo, and E. Dagotto, Phys. Rev. B 90, 205133
(2014).

[55] G.-W. Chern, K. Barros, Z. Wang, H. Suwa, and C. D.
Batista, Phys. Rev. B 97, 035120 (2018).

[56] A. E. Taylor, R. Morrow, D. J. Singh, S. Calder, M. D.
Lumsden, P. M. Woodward, and A. D. Christianson,
Phys. Rev. B 91, 100406(R) (2015).

[57] P. Kayser, S. Injac, B. Ranjbar, B. J. Kennedy,
M. Avdeev, and K. Yamaura, Inorg. Chem. 56, 9009
(2017).

[58] S. Vasala and M. Karppinen, Prog. Solid. State Ch. 43,
1 (2015).

[59] L. J. Sandilands, Y. Tian, K. W. Plumb, Y.-J. Kim, and
K. S. Burch, Phys. Rev. Lett. 114, 147201 (2015).

[60] A. Banerjee, C. Bridges, J.-Q. Yan, A. Aczel, L. Li,
M. Stone, G. Granroth, M. Lumsden, Y. Yiu, J. Knolle,
S. Bhattacharjee, D. L. Kovrizhin, R. Moessner, D. A.
Tennant, D. G. Mandrus, and S. E. Nagler, Nat. Mater.
15, 733 (2016).
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