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Materials with ring-shaped electronic bands are promising thermoelectric (TE) candidates, since
their unusual dispersion shape is predicted to give large power factors. In this work, we use den-
sity functional theory to investigate single and double quintuple-layer Bi2Te3, Bi2Se3 and Sb2Te3,
and to compare the TE properties using three scattering approximations: constant relaxation time,
constant mean-free-path, and scattering rates proportional to the density-of-states (so-called DOS
model). Focus is placed on elucidating how these particular dispersion shapes influence the TE
characteristics, and on understanding how each scattering model impacts TE transport. The sin-
gle quintuple-layer materials possess two ring-shaped valence band maxima that provide an abrupt
increase in conducting channels, which benefits power factor. Below the band edge a ring-shaped
minimum is found to further enhance TE performance, within the DOS model, due to a sharp drop
in the DOS and thus scattering. An analytic “octic” dispersion model, designed to capture the ob-
served characteristics of the band structure, is introduced and shown to qualitatively reproduce the
first-principles results. The double quintuple-layer materials display notably worse TE properties,
since their dispersions are significantly modified compared to the single quintuple-layer case and lose
much of the ring-shaped character. Our analysis shows that the benefits of ring-shaped bands are
sensitive to the alignment of the two ring maxima and to the degree of ring anisotropy. Moreover,
the predicted TE performance can vary significantly depending on the choice of scattering approx-
imation, which could benefit from further study to assess the accuracy of these simple scattering
models.

I. INTRODUCTION

Thermoelectric (TE) materials can convert thermal en-
ergy into useful electrical power and thus have the po-
tential to recuperate the large, untapped global energy
source that is waste heat [1]. A major goal is to improve
the thermoelectric conversion efficiency, which is char-
acterized by its figure-of-merit [2] ZT = S2σT/(κe +
κl), where S is the Seebeck coefficient, σ the electri-
cal conductivity, T the temperature, and κe/l the elec-
tronic/lattice thermal conductivity. In the quest to
achieve higher efficiencies, or ZT , there are two broad
strategies based on lowering the lattice thermal conduc-
tivity and increasing the power factor, PF = S2σ. The
former has lead to high ZT in many cases, for example
using nanostructuring [3–5] or highly anharmonic ma-
terials [6–9] to increase phonon scattering and reduce
κl. Approaches for improved PF include (among oth-
ers) distorted electronic states [10, 11], band convergence
[12–14], low electron-phonon coupling materials [15–19],
energy filtering [20–24], modulation doping [25–27] and
unusually shaped electron dispersions.

Focusing on this last strategy, the idea is to identify
or design materials with unique electronic band struc-
tures that benefit power factor, compared to typical ef-
fective mass/parabolic dispersions common in semicon-
ductors. Proposed band structures for high PF include,
for example, non-parabolic bands [28], “pudding-mold”
band [29–31], “camel-back” dispersion [32], semimetals
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[33, 34], topologically-protected states [35, 36], and ring-
shaped bands [37–42] – these dispersions have proper-
ties that help circumvent the σ versus S trade-off [2]
that limits power factor. Similar improvements have
also been proposed in lower dimensional materials, even
those with effective mass bands [43–45]. Focusing specif-
ically on ring-shaped bands (also referred to as “Mexi-
can hat” or “warped” bands), the key characteristic from
this unusual dispersion is a finite number of states at the
band edge (in the shape of a ring) that results in an
abrupt increase in the distribution-of-modes. This fea-
ture allows for simultaneously larger S and σ, compared
to a parabolic band [42]. Ring-shaped bands are often
displayed in two-dimensional few-layer materials, such
as [39]: GaSe, GaS, InSe, InS, Bi2Te3, Bi2Se3, bilayer
graphene with electric field, and elemental Bi.

Most theoretical studies on ring-shaped bands were
carried out using density functional theory (DFT), to ob-
tain detailed and accurate descriptions of the electronic
states, but often rely on simple and approximate scat-
tering models [37, 39–42, 46]; the two most common as-
sume either a constant scattering time or constant mean-
free-path (MFP). Rigorous DFT-based electron-phonon
calculations have shown that the scattering rates are of-
ten better approximated by the electron density-of-states
(DOS) [47–52], compared to either a constant scattering
time or MFP [51]. A recent study, based on analytical
band models, showed that the TE properties can depend
sensitively on the details of the scattering approach, and
that in particular the DOS scattering model (wherein
the scattering rates are assumed to be proportional to
the DOS) predicted significantly better performance for
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ring-shaped bands compared to assuming a constant re-
laxation time or MFP [42].

Motivated by these recent findings, this study focuses
on investigating the TE properties of selected materials
with ring-shaped bands using DFT, and understanding
the differences that arise among the three aforementioned
scattering models – with an emphasis on the DOS scat-
tering model, which has not to our knowledge previously
been used with ring-shaped bands. The materials inves-
tigated in this work are two-dimensional Bi2Te3, Bi2Se3,
and Sb2Te3, in single and double quintuple-layer (QL)
form, which possess warped dispersions originating from
spin-orbit coupling. The paper is outlined as follows.
Section II introduces the theoretical approach and com-
putational details. The results, and accompanying dis-
cussions, are presented in Section III. Finally, our find-
ings are summarized in Section IV.

II. THEORETICAL AND COMPUTATIONAL
APPROACH

A. Transport Formalism

Within the linear transport regime, the electrical con-
ductivity, Seebeck coefficient and electronic thermal con-
ductivity are defined as [53]

σ =

(
2q2

h

)
I0, (1)

S = −
(
kB
q

)
I1
I0
, (2)
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2k2BT

h

(
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I21
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)
, (3)

with the quantity Ij written as

Ij =
h

2

∫ ∞
−∞
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kBT

)j [
−∂f0
∂E

]
dE, (4)

where Σ(E) is the transport distribution, µ the Fermi
level, and f0 the Fermi-Dirac distribution. Σ(E) is the
central quantity as it contains all material properties and
is expressed as [53–55]

Σ(E) =
1

Ω

∑
k,s,n

v2x(k) τ(k) δ(E − ε(k)), (5)

where Ω is the sample volume, ε(k) is the electronic dis-
persion (i.e. band structure), τ(k) is the scattering time
and vx = (1/~)(∂ε/∂kx) is the group velocity along the
direction of transport (here assumed to be the x̂ direc-
tion). The sum is performed over band index n, spin state
s, and all k states in the Brillouin zone (note that the ex-
plicit s and n dependence of the quantities in Eq. (5) is
omitted for clarity).

The TE parameters of a given material depend solely
on its transport distribution, and thus is a useful function

to analyze. As previously discussed [42], two of the de-
sired features for Σ(E) include a large overall magnitude
(i.e. scaling factor), and a highly asymmetry distribu-
tion relative to the Fermi level. The former provides a
large electrical conductivity, and the latter results in a
large (absolute value) Seebeck coefficient. Using these
guidelines, one can easily identify which transport distri-
butions are beneficial for TE transport.

Despite its utility, the transport distribution can be
difficult to interpret physically. Turning to the Landauer
formalism, we find that Σ(E) can be written as the prod-
uct of two physically-intuitive quantities [42, 53, 56]

Σ(E) =
2

h
M(E)λ(E). (6)

The first quantity, M(E), is known as the distribution-
of-modes (or DOM), and is defined as [53]

M(E) =
h

4 Ω

∑
k,s,n

|vx(k)| δ(E − ε(k)). (7)

M(E) can be interpreted physically as the number of
“channels” available for transport, with each channel (or
mode) contributing one quantum of conductance, 2q2/h.
Eq. (7) counts the number of modes (an integer) per
cross-sectional area, which varies with dimensionality –
the units are m−2 in 3D, m−1 in 2D and unitless in 1D
(all cases in this study are in 2D). The second quan-
tity appearing in Eq. (6), λ(E), is the mean-free-path for
backscattering [53]

λ(E) = 2

∑
k,s,n v

2
x(k) τ(k) δ(E − ε(k))∑

k,s,n |vx(k)| δ(E − ε(k))
. (8)

λ(E) is defined as the average distance along the trans-
port direction that an electron with energy E will travel
before scattering changes the sign of its vx component.

When the relaxation time τ(k) is only a function of en-
ergy (as considered in this work), i.e. τ(k) = τ(ε(k)) =
τ(E), the mean-free-path for backscattering can be ex-
pressed as λ(E) = Vλ(E)τ(E) [42]. Vλ(E) is defined as

Vλ(E) = 2

∑
k,s,n v

2
x(k) δ(E − ε(k))∑

k,s,n |vx(k)| δ(E − ε(k))
, (9)

and can be interpreted as an average velocity of carriers,
with energy E, along the transport direction. In this
case, the transport distribution takes on the following
form

Σ(E) =
2

h
M(E)Vλ(E)τ(E), (10)

which has a physically transparent interpretation. Σ(E)
is determined by the number of channels available for
transport, M(E), the average carrier velocity, Vλ(E), and
the average time between scattering events, τ(E).

Both M(E) and Vλ(E) are calculated directly from
a material’s band structure. The carrier relaxation
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Bi2Te3 (1QL) Bi2Se3 (1QL) Sb2Te3 (1QL) Bi2Te3 (2QL) Bi2Se3 (2QL) Sb2Te3 (2QL)

DFT band gap (eV) 0.23 0.45 0.46 0.046 0.09 0.16

GW band gap (eV) 0.64 0.90 0.82 0.06 0.24 0.25

TABLE I. DFT and GW band gaps of single and double QL materials: Bi2Te3, Bi2Se3 and Sb2Te3. The GW band gaps are
taken from Refs. [84, 85].

time, τ(E), however depends on the particular scatter-
ing physics. Rigorous and accurate scattering calcula-
tions of electron-phonon and electron-impurity collision
processes, for example based on DFT, are possible but
fairly computationally intensive [19, 49, 51, 52, 57–60].
As a result, simple scattering approximations are often
adopted. In this work, we compare the results of three
scattering models, based on an assumption of a constant
mean-free-path, constant relaxation time, and scattering
rates proportional to the DOS.

With a constant MFP, λ0, the transport distribution
takes the following simple form

Σcmfp(E) =
2

h
M(E) · λ0, (11)

where λ0 is an adjustable parameter. We will refer to
this scattering approach as the constant MFP (cmfp) ap-
proximation. A constant MFP is physically expected in
the case of a 3D parabolic band with acoustic deforma-
tion potential scattering [61], in which case the scattering

rate is proportional to
√
E. With a constant scattering

time, τ0, the transport distribution is written as

Σcrt(E) =
2

h
M(E) · Vλ(E) · τ0, (12)

where τ0 is an adjustable parameter. This scattering
model will be referred to as the constant relaxation time
(crt) approximation. A constant relaxation time (or rate)
can be justified physically in the case of a 2D parabolic
band with acoustic deformation potential scattering [61],

in which case the MFP is proportional to
√
E. Both

cmfp and crt approximations are reasonable as long as
the MFPs and relaxation times are roughly constant
within the energy range (∼10 kBT ) where transport oc-
curs. While both these simple approximations have a
connection to physical scattering, due to their simplicity
and convenience they are more broadly adopted, includ-
ing cases in which their validity may be questionable.

Lastly, assuming the scattering rates are proportional
to the DOS, the transport distribution is expressed as

ΣDOS(E) =
2

h
M(E) · Vλ(E) · K0

D(E)
, (13)

where K0 is an adjustable parameter. (Note that here we
choose to place K0 in the numerator, while in some pre-
vious studies it appears in the denominator [42, 48, 50].)
This approximation will be referred to as the DOS
model. K0 is inversely related to the deformation po-
tential squared [61], which has been shown to be an im-
portant material descriptor for thermoelectrics [62]. Re-
cent first-principles electron-phonon (el-ph) calculations

have shown that the rigorous scattering rates are well
described by the DOS scattering approximation [47–52].
Physically, electron scattering is expected to scale with
the number of available final states, and should follow the
DOS when the coupling matrix is roughly constant. This
is a decent approximation for non-polar el-ph scattering,
as well as for polar el-ph and electron-impurity scatter-
ing in highly-doped semiconductors in which screening
effects are significant [51, 61]. It is worth mentioning
that the two physical examples described above for the
cmfp and crt approximations are, in fact, specific cases
of DOS scattering. The concept of scattering rates fol-
lowing the electron DOS is not new and goes back to
earlier work [63–65], and has been adopted in a number
of studies [66–69].

In this work, we compare the transport properties aris-
ing from the three scattering models with an emphasis on
the DOS scattering approximation, which has not previ-
ously been used to analyze these materials. We note,
however, that there are limited studies of scattering in
ring-shaped two-dimensional materials [70], thus further
investigation is needed to confirm the validity of the DOS
model for this material class.

B. Numerical Details

All DFT calculations were performed with the Quan-
tum Espresso package [71, 72], using the projec-
tor augmented-wave method [73], the Perdew-Burke-
Ernzerhof (PBE) functional of the generalized gradient
approximation [74], and fixed occupations. Spin-orbit
interaction was included, as well as Grimme-D2 van der
Waals corrections [75]. A plane-wave cutoff energy of
110 Ry and a Monkhorst-Pack [76] generated k-mesh of
11x11x1 were adopted, for all systems studied. A vacuum
layer of 15 Å, along the ẑ direction, was included to pre-
vent interactions between neighboring cells. The experi-
mental lattice constants were used, as has been done pre-
viously [38, 77, 78], corresponding to an in-plane hexago-
nal lattice constant of a= 4.383 Å for Bi2Te3, 4.138 Å for
Bi2Se3 and 4.264 Å for Sb2Te3 [79–81]. The atomic co-
ordinates were relaxed until the forces on the atoms were
less than 0.01 eV/Å. In this study, we focus on single
and double quintuple-layer Bi2Te3, Bi2Se3 and Sb2Te3
– each quintuple layer is five-atoms thick and contains
strong intra-atomic bonds, and the different QLs are held
together via weak van der Waals interaction. The primi-
tive cell of these two-dimensional materials is hexagonal
with each QL containing five atoms: two equivalent Bi
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FIG. 1. Single quintuple-layer Bi2Te3. (a) Electron dispersion along high-symmetry points. (b) Energy contour plot of valence
band. (c) Distribution-of-modes, M(E), (d) average velocity, Vλ(E), and (e) density-of-states, D(E), versus energy, for the
valence states. Shaded regions indicate the energies of the rings and the moat feature.

or Sb sites, two equivalent Te or Se sites (at top/bottom
surface of each QL), and a third inequivalent Te or Se
site (at center of each QL).

The non-self-consistent DOS calculations were per-
formed using the tetrahedron method [82] on a uniform
51×51×1 k-grid. M(E) and Vλ(E) are computed us-
ing the “band counting” method [53, 83], which requires
the eigenenergies on a uniform k-grid with a rectangular
Brillouin zone. In this case, the electron energies for a
rectangular supercell of size a×

√
3a×1 (with double the

area of the primitive cell) were calculated with 115×85×1
k-points.

The scissor operator was used to adjust the DFT-
calculated band gaps to those obtained from the more ac-
curate GW method [84, 85] – see Table I. All dispersion-
related results, including ε(k), M(E), Vλ(E) and D(E),
correspond to the unadjusted DFT band gaps, while the
GW band gaps are adopted for the TE transport cal-
culations (to correct for bipolar effects). When evaluat-
ing ZT , for all the materials considered, we used a lat-
tice thermal conductivity of 1.5 W/m-K obtained from
first-principles phonon transport calculations of single
QL Bi2Te3 [86]. This requires converting our TE pa-
rameters from 2D units to 3D units using the following
films thickness values: 7.61 Å (1QL) and 17.91 Å (2QL)
for Bi2Te3, 7.04 Å (1QL) and 16.60 Å (2QL) for Bi2Se3,
7.47 Å (1QL) and 17.70 Å (2QL) for Sb2Te3. We set the
scattering constants (i.e. λ0, τ0 and K0) for the valence
and conduction states separately, such that the average
MFP for backscattering is equal to 20 nm when the Fermi

level is located at either the valence (Ev) or conduction
(Ec) band edges (see the Supplemental Material [87] for
details on the definition of average MFP for backscatter-
ing and how the scattering parameters are determined).
This choice was motivated by the fact that most TEs pro-
vide optimal performance when the Fermi level is aligned
near the band edges [88, 89]. This constraint connects
the various scattering parameters (one cannot be arbi-
trarily modified relative to the others), and allows us to
make reasonable comparisons among the scattering mod-
els. We note, however, that this choice is not unique and
other constraints could alter the calculated TE proper-
ties. All calculations were performed for T = 300 K.

III. THERMOELECTRIC PROPERTIES

We start by analyzing the thermoelectric properties
for each of the materials (Bi2Te3, Bi2Se3 and Sb2Te3) in
single QL form, then present the results in the case of
double QL.

A. Single Quintuple-Layer Bi2Te3

The band structure for 1QL Bi2Te3 is shown in
Fig. 1(a). The most significant feature is the presence
of not one, but two ring-like features at the valence band
edge. From the band structure, this simply looks like
two valence band maxima, along both Γ→M and Γ→K.
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FIG. 2. Analytic octic band model. (a) Electron dispersion, ε(k), versus k. (b) Distribution-of-modes, M(E), (b) average
velocity, Vλ(E), and (c) density-of-states, D(E), versus energy relative to the valence band edge. To illustrate the shape of the
distributions, we used ε0 = 0.15 eV, ka = 2 and kb = 1, which gives a moat energy of −48 meV.

However, from the contour plot of the valence band pre-
sented in Fig. 1(b), we see that the band edges do not
correspond to points, but rather have a ring-like shape;
specifically a smaller radius (inner) ring and a larger ra-
dius (outer) ring. Since this unusual feature in the band
structure is the main focus of this study, combined with
the fact that our results show that the TE performance
of the “warped” valence states always surpasses those of
the more “regular” conduction states, our analysis will
focus on the transport properties of the valence states.

The resulting electronic properties, including M(E),
Vλ(E) and D(E), are shown Fig. 1(c)-(e). The ring-
like features result in abrupt increases in DOM and DOS
near the band edge. While typical electron dispersions,
such as the parabolic or Kane models (e.g. the conduc-
tion band of 1QL Bi2Te3), possess a vanishing number
of states near the band edge, the valence band of 1QL
Bi2Te3 has a large finite number of states within a few
meV of the band gap. This gives a sharp step-like feature
in the DOM and a spike in the DOS. The large num-
ber of states provided by these ring-like features, origi-
nating from spin-orbit coupling, is the main reason why
these QL materials are promising as high power factor
(PF = S2σ) thermoelectrics [37–40]. Vλ(E), by compar-
ison, increases smoothly as we move away from the band
edge. This happens because Vλ(E) corresponds to an av-
erage velocity over a constant energy surface (as opposed
to a sum like in the case of M(E) or D(E)), and because
the states near the band edge have small velocities.

Previously, a 2D analytic dispersion model containing
a single ring-like band, known as the quartic or Mexican-
hat model, was used to analyze and explore the impact
on the TE properties (see Refs. [39, 42, 90] for details).
The features inM(E), Vλ(E) andD(E), discussed above,
are all in rough agreement with the quartic model near

FIG. 3. Single quintuple-layer Bi2Te3. (a) Transport distri-
bution, Σ(E), of the valence states versus energy. (b) Power
factor, PF , and (c) figure-of-merit, ZT , versus Fermi level
relative to the valence band edge. Comparison of cmfp, crt
and DOS scattering approximations. T = 300 K.
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FIG. 4. Single quintuple-layer Bi2Se3. (a) Electron dispersion along high-symmetry points. (b) Energy contour plot of valence
band. (c) Distribution-of-modes, M(E), (d) average velocity, Vλ(E), and (e) density-of-states, D(E), versus energy, for the
valence states. Shaded regions indicate the energies of the rings and the moat feature.

the band edge. However, slightly away from the band
edge, we observe abrupt decreases in M(E) and D(E)
near 0.05 eV below Ev, and a smaller abrupt increase in
Vλ(E). While the quartic model does predict a discon-
tinuous decrease in D(E) at an energy below the band
edge, it predicts that M(E) and Vλ(E) are continous,
and so cannot explain the observed characteristics. To
gain further insight into the origin of these features, we
examine the contour plot in Fig. 1(b).

The presence of the two aforementioned ring-like local
maxima at the band edge necessarily requires the exis-
tence of a single ring-like local minimum nestled between
them; a feature observed in Fig. 1(b), which we will re-
fer to as the “moat feature” (in light of its topographic
resemblance to a moat). The bottom of the moat lies at
the same energy as the observed discontinuities in M(E),
Vλ(E) and D(E), suggesting they originate from the dis-
appearance of states below −0.05 eV. The near-circular
nature of the moat indicates that this particular constant
energy line is nearly isotropic.

While the aforementioned quartic band model can de-
scribe the impact of ring-like local maxima at the band
edge, it does not capture the effect of a ring-like local
minima at energies below the band edge. To investigate
what effect such a moat feature would have, we introduce
a new analytic dispersion model that we refer to as the
“octic model” (it is an eighth-order polynomial in k):

ε(k) = − ε0
(kakb)4

(
k2 − k2a

)2 (
k2 − k2b

)2
. (14)

The octic model possesses three ring-shaped critical lines
(two maxima and one local minimum) and a single criti-
cal point at k= 0, which are illustrated in Fig. 2(a). The
parameters ka and kb correspond to the radii of the crit-
ical lines at the band edge (ε(k) = 0), i.e. the inner and
outer ring radii. The constant ε0 determines the energy
at the Γ point: ε(k= 0) =−ε0. From the three parame-
ters ε0, ka and kb, the bottom of the moat has an energy
of −ε0(k2a − k2b )4/(16k4ak

4
b ). For comparison, the quar-

tic model captures a single ring-shaped maximum and a
minimum at k= 0.

The resulting M(E), Vλ(E) and D(E) distributions
for the octic model are plotted in Fig. 2(b)-(d), with the
analytic expressions provided in Appendix A and in the
Supplemental Material [87]. The presence of ring-shaped
critical surfaces at the band edge results in a M(E) dis-
tribution that turns on like a step function, just like in
the case of the quartic model. This discontinuity is of
course sharper than the corresponding feature in the case
of 1QL Bi2Te3, since the DFT dispersion shows some
small amount of anisotropy resulting in the energy of a
ring being spread over a couple meV. In our discussion
we will refer to abrupt features, arising from both the
analytic model and the DFT-computed results as being
“discontinuous”, even though only the former is techni-
cally discontinuous.

The octic model also contains a second discontinuity
in M(E) at the location of the moat, in the form of
a step-like decrease. This occurs because a large num-
ber of transport channels, provided by the moat feature,
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FIG. 5. Single quintuple-layer Bi2Se3. (a) Transport distri-
bution, Σ(E), of the valence states versus energy. (b) Power
factor, PF , and (c) figure-of-merit, ZT , versus Fermi level
relative to the valence band edge. Comparison of cmfp, crt
and DOS scattering approximations. T = 300 K.

abruptly vanishes. Again, this discontinuity is also ob-
served in 1QL Bi2Te3. Since these states have small ve-
locities near the bottom of the moat, Vλ(E) discontin-
uously increases below the moat, since the average no
longer includes a large number of zero-velocity states. A
singularity in the DOS occurs at the moat energy, for the
same reason as the observed singularity at the band edge;
any constant energy containing a continuum of critical
points will cause the DOS to diverge (for 2D materials).
Overall, the features in M(E), Vλ(E) and D(E) obtained
from DFT are found to have a strong resemblance with
those from the octic model – confirming that the two
ring-shaped maxima in addition to the ring-shaped min-
imum are key to understanding the observed transport
properties.

Next, we examine the transport distribution of 1QL
Bi2Te3 for each scattering approximation (cmfp, crt,
DOS), which are shown in Fig. 3(a). Firstly, we note
that Σ(E) for each scattering model is qualitatively dif-
ferent at the energy of the moat (−0.05 eV). In the case
of a constant MFP, the transport distribution is simply
proportional to M(E), and hence decreases abruptly just
below the moat energy. With the crt, the transport dis-
tribution is proportional to the product of M(E) and

Vλ(E); the latter of which steps abruptly upwards once
the moat states disappear. The resulting transport dis-
tribution still steps downwards at the moat energy, but
less than in the constant MFP case.

Lastly, with the DOS model, the transport distribution
steps abruptly upwards below the moat due to the dis-
continuity in the D(E) distribution. This results in the
DOS model having the largest magnitude in transport
distribution, compared to the cmfp and crt, over most of
the relevant energy range (several kBT around the Fermi
level), coupled with a sharp rise with increasing hole en-
ergy. Consequently, among the different scattering ap-
proximations, the DOS model predicts the largest power
factor and ZT for 1QL Bi2Te3. This improved PF is
mainly due to a higher Seebeck coefficient from the sharp
rise in ΣDOS(E), which is independent of the scattering
parameter value (σ and S for the 1QL materials are pre-
sented in the Supplemental Material [87]). This shows
that the presence of a moat-like feature can produce an
abrupt decrease in D(E) and increase in Vλ(E), both of
which are desirable for thermoelectric performance. As
such, single QL Bi2Te3 may be a better thermoelectric
than previously predicted using the cmfp and crt approx-
imations.

A similar result was previously shown with the quartic
model, in which an abrupt decrease in DOS (and hence
scattering) provided improved power factor when com-
paring the DOS model to the cmfp and crt [42]. One
difference between the quartic and octic band models is
that the decrease in DOS originates from the removal
of parabolic-like states and ring-like states, respectively.
As a result, only the octic model presents discontinuities
in M(E) and Vλ(E) below the band edge; these sharper
features may be more resilient to small deviations from
isotropicity that spread the critical points of the ring over
a small energy range (as seen in Fig. 1(b)).

B. Single Quintuple-Layer Bi2Se3

Next, we analyze the thermoelectric performance of
single QL Bi2Se3. The electronic structure of this mate-
rial is shown in Fig. 4(a). We observe that the valence
band possesses two ring-like features at the band edge,
analogous to 1QL Bi2Te3. As before, this results in a
rapid increase in M(E) near the band edge. For this case,
however, there are two noticeable “steps” in the DOM.
This occurs because both rings are slightly misaligned in
energy – the inner ring is roughly 0.03 eV below the outer
ring, as seen in Fig. 4(b). This also gives a peak in the
D(E) at the inner and outer ring energies.

Unlike with 1QL Bi2Te3, however, there are no abrupt
features in M(E) and Vλ(E) due to the presence of a
moat feature. To help understand why, we examine the
energy contour plot in Fig. 4(b). We observe a moat fea-
ture that is highly anisotropic, varying in energy between
roughly −0.12 eV and −0.07 eV, as indicated by the pres-
ence of multiple shallow-energy valleys. This anisotropy
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FIG. 6. Single quintuple-layer Sb2Te3. (a) Electron dispersion along high-symmetry points. (b) Energy contour plot of valence
band. (c) Distribution-of-modes, M(E), (d) average velocity, Vλ(E), and (e) density-of-states, D(E), versus energy, for the
valence states. Shaded regions indicate the energies of the rings and the moat feature.

results in a “smearing out” of the sharp features that
would have resulted from a more isotropic moat feature,
as the abrupt disappearance of a large constant energy
surface now happens gradually over an energy range of
non-negligible width.

The resulting transport distributions and thermoelec-
tric properties are shown in Fig. 5. There is a distinct
lack of sharp features in any of the transport distribu-
tions, compared to 1QL Bi2Te3, as a consequence of the
aforementioned anisotropy in the moat feature, in addi-
tion to the misalignment in energy of the inner and outer
rings. Nevertheless, the DOS-model transport distribu-
tion displays the largest values and slope over a signifi-
cant portion of the relevant energy range near the moat
feature (around −0.1 eV), which yields the highest PF
among the scattering models. This suggests that 1QL
Bi2Se3 may also be a better thermoelectric than previ-
ously reported. We note, however, that the relative im-
provement is not as significant as with 1QL Bi2Te3, in-
dicating that the TE characteristics are sensitive to the
degree of anisotropy of the rings/moat and their relative
alignment in energy.

The ΣDOS(E) for 1QL Bi2Te3 benefits from abrupt in-
creases, which help increase its Seebeck coefficient, how-
ever 1QL Bi2Se3 shows larger PF and ZT . This happens
because the transport distribution of 1QL Bi2Se3, while
relatively smooth, has an overall larger magnitude result-
ing in higher conductivity.

C. Single Quintuple-Layer Sb2Te3

The third, and final, single QL material investigated
is Sb2Te3. Its electronic structure properties are pre-
sented in Fig. 6. Similar to the previous two 1QL sys-
tems, there are two ring-like features near the valence
band edge, however the M(E), Vλ(E) and D(E) distri-
butions display sharp features not shared with the other
cases. Namely, we observe large increases in the DOM
and DOS roughly 0.03 eV below the band edge, accompa-
nied with a sharp decrease in Vλ(E). To understand the
origin of these features, we examine the energy contour
plot presented in Fig. 6(b).

As with 1QL Bi2Se3, the inner and outer rings of
1QL Sb2Te3 are slightly misaligned in energy by roughly
0.03 eV. However, the resulting effect on the electronic
distributions is somewhat stronger in this case, because
the inner ring “turns on” before the outer ring (i.e. the
outer ring has lower energy). The outer ring tends to
have a stronger effect since its larger radius includes more
states compared to the inner ring. The sudden con-
tribution from the outer ring, at −0.03 eV, causes the
abrupt increases in M(E) and D(E), which are some-
what washed out due to the anisotropy of the outer ring.
Because the states near the top of the outer ring have
very small velocities, Vλ(E) is dragged down. All these
features are similar to 1QL Bi2Se3, but are more pro-
nounced in this case.

The effect of this lower-energy outer ring is exactly
opposite to that of the moat feature in 1QL Bi2Te3. In
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FIG. 7. Single quintuple-layer Sb2Te3. (a) Transport distri-
bution, Σ(E), of the valence states versus energy. (b) Power
factor, PF , and (c) figure-of-merit, ZT , versus Fermi level
relative to the valence band edge. Comparison of cmfp, crt
and DOS scattering approximations. T = 300 K.

the latter case, the abrupt turn-off of a ring-like disper-
sion feature caused sharp decreases in M(E) and D(E),
and a sharp increase in Vλ(E), whereas in this case the
abrupt turn-on of a ring-like feature has the opposite ef-
fect. Since the moat feature in 1QL Bi2Te3 was shown
to benefit TE performance (within the DOS scattering
model), we anticipate the misaligned outer ring in 1QL
Sb2Te3 may have a detrimental effect. The resulting
transport distributions and their corresponding thermo-
electric properties are shown in Fig. 7.

While ΣDOS(E) takes on the largest values near the
band edge, the increased scattering and decreased veloc-
ity that arise from the outer ring at −0.03 eV causes the
transport distribution to abruptly step down. As a re-
sult, it takes on the smallest value of the three transport
distributions over a significant portion of the relevant en-
ergy range. Moreover, having a segment of the transport
distribution decrease, with increasing hole energy, nega-
tively impacts the Seebeck coefficient. Examining the
PF and ZT distributions, we observe that the DOS-
scattering case predicts the worst performance, for the
reasons outlined above.

From our findings on the single quintuple-layer materi-
als, we conclude that the ring-shaped bands, in addition

to the moat feature, can benefit TE performance. This
mainly comes from abrupt increases in M(E) from the
rings at the band edge, coupled with an abrupt decrease
in D(E) from the moat feature (which decreases the scat-
tering rates with the DOS model). We also found that
these benefits can be sensitive to the relative alignment of
the inner and outer rings, and to the degree of anisotropy
of the rings/moat that smoothes out the desired sharp
features. When comparing the scattering models we ob-
serve larger changes in PF than in ZT . This occurs be-
cause i) the changes in PF are smaller when the Fermi
level is aligned near the peak in ZT (compared to the
variations in maximum PF ), and ii) increases in PF are
partially cancelled by an accompanying increase in κe
(our results show that κe≈κl near the optimum ZT ).

Lastly, with 1QL Bi2Te3 and 1QL Bi2Se3 the DOS
scattering model predicts a peak in PF for a slightly
lower Fermi level compared to the other scattering mod-
els. This happens because the Seebeck coefficient is larger
(see the Supplemental Material [87]), due to the decrease
in DOS from the moat feature, which allows the PF
to continue increasing slightly as the Fermi level moves
deeper before rolling over. With 1QL Sb2Te3, as men-
tioned above, the DOS scattering model yields the small-
est Seebeck coefficient, which results in a PF peak lo-
cated just above the valence band edge in the band gap.
In all cases, the PF maxima from the different scatter-
ing approximations are within a factor of three in hole
concentration.

D. Double Quintuple-Layer Bi2Te3, Bi2Se3 and
Sb2Te3

Next, we analyze the thermoelectric properties of
Bi2Te3, Bi2Se3 and Sb2Te3 in double quintuple-layer
form. The 2QL materials are comprised of two stacked
1QL layers held together via van der Waals interaction.
While the interlayer coupling is relatively weak, as we
will show, this has a significant effect on the electronic
and thermoelectric characteristics.

Figure 8 presents the electron dispersions and energy
contour plots for all three 2QL materials. First, we note
that all three band gaps are significantly smaller than in
the 1QL case. This typically has a negative effect on ther-
moelectric performance, as it increases bipolar effects.
Perhaps more importantly, we observe a dramatic change
in the band structure near the valence band edge. While
the 1QL materials display two ring-shaped maxima, in
the 2QL systems one of the rings is pushed away from
the band edge and loses most of its ring-like character.
Both 2QL Bi2Se3 and Sb2Te3 show a small radius ring
at the band edge, with lower-energy states near −0.1 eV
showing a “starfish”-like shape with six “arms” stretch-
ing out from the zone center. However, the trend is re-
versed with 2QL Bi2Te3, which presents a star-shaped
dispersion near the band edge with a large radius ring
near −0.15 eV.
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FIG. 8. Double quintuple-layer Bi2Te3, Bi2Se3 and Sb2Te3. (a)-(c) Electron dispersion along high-symmetry points. (d)-(f)
Energy contour plot of valence band.

The distribution-of-modes, M(E), average velocity,
Vλ(E), and density-of-states, D(E), for the 2QL materi-
als are shown in Fig. 9(a)-(c). Similar to the 1QL case, all
three 2QL materials display an abrupt increase in M(E)
and D(E) at the band edge. However, in this case the
magnitudes of these discontinuities are not nearly as large
as those of their 1QL counterparts. This is particularly
evident with 2QL Bi2Se3 and Sb2Te3, due to their rings
having small radii and thus containing fewer states. The
starfish-shaped band of 2QL Bi2Te3 includes many states
within a small energy range and results in an apprecia-
ble increase in M(E) (although roughly half the value of
1QL Bi2Te3).

After their small but abrupt initial rise, the M(E)
and D(E) distributions of 2QL Bi2Se3 and Sb2Te3 re-
main roughly constant until approximately −0.1 eV,
at which point we observe sharp increases due to the
“starfish” feature that contributes many states. With
2QL Bi2Te3, however, M(E) and D(E) remain mostly
constant throughout the relevant energy range for trans-
port. Vλ(E) increases gradually from the band edge, then
eventually drops with the presence of a local maxima (e.g.
the starfish feature at roughly −0.1 eV in 2QL Bi2Se3
and Sb2Te3). As mentioned earlier, such features con-
tribute a large number of low-velocity states that drag
down Vλ(E).

Next, we analyze the thermoelectric properties pre-
sented in Fig. 9(d)-(f). Note that we focus here on the
results of the DOS scattering model, which is believed to
be the most physical and accurate (a comparison of all
three scattering models for the 2QL materials is provided
in the Supplemental Material [87]). The transport dis-
tributions for 2QL Bi2Se3 and Sb2Te3 initially rise, but

suddenly decrease below −0.1 eV. This occurs as a result
of the large DOS, and thus scattering, associated with
the starfish feature. Similar behavior is observed with
2QL Bi2Te3, however the decrease is more gradual and
begins below roughly −0.15 eV; this gives a higher Σ(E)
over a larger energy range compared to 2QL Bi2Se3 and
Sb2Te3. These drops in Σ(E), due to sudden increases in
DOS, negatively affect the Seebeck coefficient and con-
ductivity.

The power factor and ZT of 2QL Bi2Te3 are higher
than 2QL Bi2Se3 and Sb2Te3, because the increase in
DOS from the low-energy ring is located far enough from
the Fermi level that it has a minimal negative impact,
unlike the starfish features. A comparison of the dif-
ferent scattering models (see the Supplemental Material
[87]) shows that the ZT values are somewhat similar, but
that the cmfp and crt approximations predict large PF
peaks deeper in the valence band – such peaks are sup-
pressed with the DOS model due to the large number of
states at lower energies. The PF peaks from the differ-
ent scattering models are separated by roughly one order
of magnitude in hole concentration. Finally, comparing
the 2QL materials to their 1QL counterparts, the latter
present overall better TE performance as a result of their
ring-shaped dispersion which is mostly lost when going
to 2QL.

IV. CONCLUSIONS

In this study we employed first-principles model-
ing to calculate the thermoelectric properties of two-
dimensional single and double quintuple-layer Bi2Te3,
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FIG. 9. Double quintuple-layer Bi2Te3, Bi2Se3 and Sb2Te3. (a) Distribution-of-modes, M(E), (b) average velocity, Vλ(E), and
(c) density-of-states, D(E), versus energy, for the valence states. (d) Transport distribution, Σ(E), versus energy. (e) Power
factor, PF , and (c) figure-of-merit, ZT , versus Fermi level. Σ(E), PF and ZT are calculated using the DOS scattering model.
T = 300 K.

Bi2Se3 and Sb2Te3 using the cmfp, crt and DOS scat-
tering approximations. The focus was to investigate
how the unusual ring-shaped dispersions of these ma-
terials impact the TE characteristics and to understand
how the different scattering approximations influence TE
transport – with an emphasis on the DOS scattering
model, which had not (to our knowledge) previously been
adopted when studying these materials.

The single QL materials display two ring-shaped va-
lence band maxima between which is nestled one ring-
shaped local minimum (i.e. the “moat” feature). The
ring-shaped states at the band edge result in discontin-
uous increases in M(E) and D(E) that benefit TE per-
formance. This was previously pointed out [38–40], but
within the discussion of a single ring-shaped maximum.
Interestingly, below the band edge, the moat produces
an abrupt drop in D(E) as those states are removed.
This feature further enhances the power factor and ZT
with the DOS model, as a result of reduced scattering
compared to either the cmfp or crt. To confirm the role
played by the two ring-shaped maxima and single ring-
shaped minimum, we introduced an analytical octic band
model that generally resembles the DFT dispersion. The
octic model is found to reproduce the observed disconti-
nuities in the DFT-computed M(E), Vλ(E) and D(E).

The 1QL materials show high TE performance, with
maximum ZT values above 3 in all cases and PF val-
ues roughly 3-10× larger than those for a 2D parabolic

band (scaled for the same average MFP) [42]. The TE
properties of both 1QL Bi2Te3 and Bi2Se3 vary signifi-
cantly with the choice of scattering model, with the max-
imum values predicted using the DOS model. This arises
because of the discontinuities brought about by the ring-
shaped maxima and moat. Our findings indicate that the
benefits of these unusually-shaped bands are sensitive to
the relative alignment of the both ring maxima and to
the degree of ring anisotropy – the latter smoothes out
the desired abrupt features in the transport distribution.
For these reasons, 1QL Sb2Te3 does not show as much
improvement in PF and ZT with the DOS model, com-
pared to the other 1QL materials.

With the 2QL materials, the electron dispersions are
qualitatively different than their 1QL counterparts. 2QL
Bi2Te3 shows a star-shaped dispersion near the band
edge, with a ring feature near −0.15 eV. 2QL Bi2Se3
and 2QL Sb2Te3 both possess a small ring near the band
edge, with starfish-shaped bands at roughly−0.1 eV. Due
to the relatively large misalignement in energy of these
features, lack of a distinctive minimum (i.e. moat), and
the small radius of the rings at the band edge, these ma-
terials present significantly lower PF and ZT compared
to the 1QL case. Double QL Bi2Te3 shows the best TE
performance, among the 2QL materials, since the star-
shaped dispersion provides a large number of states at the
band edge, similar to a ring-shaped band. The different
scattering models predict widely varying TE properties;
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2QL Bi2Te3 shows the best performance with the DOS
model, while 2QL Bi2Se3 and Sb2Te3 show the worst per-
formance with the DOS model.

When comparing the TE properties, it is important
to remember that the scattering parameters (λ0, τ0 and
K0) act as scaling factors to the transport distributions,
which are fixed by setting the average MFP for backscat-
tering to be 20 nm with the Fermi level at the band edge.
This choice connects the scattering parameters, such that
one cannot be arbitrarily changed relative to the others,
and for a given material yields the same conductivity
when the Fermi level is aligned at the band edge (where
typically the TE properties are near optimal). A differ-
ent choice in constraint could alter the relative scaling of
Σ(E), but not its shape. This means that the particular
values in σ and κe could change (S depends on the shape
of Σ(E), not its magnitude), along with PF and ZT .

Overall, the ring-shaped dispersion materials investi-
gated in this study display high PF compared to more
typical parabolic bands, with the 1QL form of Bi2Te3 and
Bi2Se3 predicted as most promising due to the double-
ring maxima at the band edge in combination with the
local ring minimum. The TE properties are found to be
sensitive to the choice of scattering approximation. This
indicates that further study of rigorous scattering in ring-
shaped dispersions is needed to validate which scattering
model is best. If the DOS scattering model is ultimately

the most physical and accurate, this work suggests that
these materials may be even better thermoelectrics than
previously believed.
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Appendix A: Electronic Properties of the Octic
Band Model

Here we summarize the expressions for M(E), Vλ(E),
and D(E) [42], for the octic dispersion model given by
Eq. (14). More details are provided in the Supplemental
Material [87]. Since the octic model is two-dimensional
and isotropic in k-space, the constant energy surfaces are
circles. There are as many as four constant energy circles
with the octic band model, and their radii in reciprocal
space are given by the following expressions:
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The distribution-of-modes M(E), average velocity
Vλ(E), and density-of-states D(E) can be written com-

pactly in terms of these constant-energy radii. Their ex-
pressions are provided below.
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