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A quantum Langevin model, similar to models from optomechanics, was developed for phonons.
It predicts intermodulation phonon sidebands (IPS) in anharmonic crystals. Ab initio calculations
of anharmonic phonons in rocksalt NaBr showed these spectral features as “many-body effects.”
Modern inelastic neutron scattering measurements on a crystal of NaBr at 300 K revealed diffuse
intensity at high phonon energy from a predicted upper IPS. The transverse optical (TO) part of
the new features originates from phonon intermodulation between the transverse acoustic (TA) and
TO phonons. The longitudinal optical (LO) spectral features originate from three-phonon coupling
between the TA modes and the TO lattice modes. The partner lower IPS proves to be an “intrinsic
localized mode.” Interactions with the thermal bath broaden and redistribute the spectral weight
of the IPS pair. These sidebands are a probe of the anharmonicity and quantum noise of phonons
in NaBr, and suggest novel interactions between photons and phonons.

INTRODUCTION9

Phonons, quantized excitations of vibrational modes10

in crystals, bear resemblance to photons, quantized exci-11

tations of electromagnetic fields. Both obey the Planck12

statistics of bosons, and their quintessential models have13

similar Hamiltonians, H0 = ~ω(a†a+ 1
2 ), where ~ω is the14

energy of an individual phonon or photon, and a†a gives15

the number of them. Phonons and photons exist in differ-16

ent media, so their properties are explained differently.17

For phonons, harmonic equations of motion are formu-18

lated as eigenvalue problems that give dispersions of fre-19

quency versus wavevector, ω(~k) [1, 2]. The degrees of20

freedom in three dimensions allow 3R dispersions, where21

R is the number of atoms in the translationally-periodic22

unit cell. The harmonic model is readily extended to23

a “quasiharmonic model” to account for how frequen-24

cies shift with volume. Anharmonic models based on25

many-body perturbation theory [3–5] can account for26

how phonon frequencies shift with temperature alone,27

and how finite phonon lifetimes originate with interac-28

tions between phonons. Perturbation theory couples the29

phonon modes, but the 3R dispersions are retained. To30

date, these 3R dispersions have been consistent with ex-31

perimental observations. Exceptions are predictions [6, 7]32

and experimental reports of intrinsic localized modes33

(ILM) [8–12]. There are different viewpoints about the34

experimental evidence for ILMs, however [13–15].35

In the newer field of laser-cavity physics, a quantized36

mechanical motion is coupled to photons in a cavity.37

When tuning the laser across the resonant frequency38

of the cavity, cooling or heating of the mechanical sys-39

tem generates sidebands about the main resonance [16–40

23]. Photon-phonon couplings in laser-cavity experi-41

ments have similarities to anharmonic phonon-phonon42

couplings in crystals. The formal similarities motivate43

the question, “Do thermally-driven asymmetric side-44

bands exist in the phonon spectra of anharmonic crys-45

tals?” To date, there has been no experimental evidence46

for this.47

Advances in the sensitivity of methods for inelastic48

neutron scattering (INS) on single-crystals motivated an49

examination of this question. After these experimental50

methods are described, this paper presents a quantum51

Langevin model for equilibrium phonon populations. INS52

data are presented on an anharmonic material, rocksalt53

NaBr, revealing a new diffuse spectral band at 300 K.54

The diffuse band is predicted qualitatively by ab initio55

calculations and perturbation theory with cubic pertur-56

bations to second order. This ab initio method with57

perturbation theory is used for identifying the specific58

phonon energies and branches involved in creating the59

new diffuse band. The quantum Langevin model is not60

limited to small anharmonicity, however. It successfully61

explains the intensity and asymmetry of the intermodu-62

lation phonon sidebands (IPS) through the anharmonic63

coupling of two phonons and their interactions with a64

thermal bath of other phonons in the crystal.65

EXPERIMENTAL MEASUREMENTS AND AB66

INITIO CALCULATIONS67

INS experiments68

The measurements used a high-purity single crystal of69

NaBr. Crystal quality was checked by X-ray and neutron70

diffraction. The single crystal of [001] orientation was71

suspended in an aluminum holder, which was mounted72

in a closed-cycle helium refrigerator for the 10 K mea-73
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surement, and in a low-background electrical resistance74

vacuum furnace for measurements at 300 K.75

The inelastic neutron scattering (INS) data were76

acquired with the time-of-flight Wide Angular-Range77

Chopper Spectrometer, ARCS [24], at the Spallation78

Neutron Source at Oak Ridge National Laboratory, us-79

ing neutrons with an incident energy, Ei, of 50 meV. The80

techniques and material were similar to those reported81

previously [25], but the previous study had a problem-82

atic background at the precise energy transfers of interest83

here [26]. We therefore acquired an entirely new dataset84

with Ei = 50 meV.85

For each measurement, time-of-flight neutron data86

were collected from 201 rotations of the crystal in in-87

crements of 0.5◦ about the vertical axis. Data reduc-88

tion gave the 4D scattering function S(Q, ε), where Q is89

the 3D wave-vector of momentum transfer, and ε is the90

phonon energy (from the neutron energy loss). Measure-91

ments were performed to evaluate the background from92

an empty can. To correct for nonlinearities of the ARCS93

instrument, offsets of the q-grid were corrected to first or-94

der by fitting a set of 76 in situ Bragg diffractions, which95

were transformed to their theoretical positions in the re-96

ciprocal space of the NaBr structure. The linear trans-97

formation matrix had only a small deviation (less than98

0.02) from the identity matrix, showing that the original99

data had good quality and that linear corrections for q-100

offsets were adequate. After subtracting the empty-can101

background and removing multiphonon scattering with102

the incoherent approximation, the higher Brillouin zones103

were folded back [25, 27] into an irreducible wedge in the104

first Brillouin zone to obtain the spectral intensities. Fur-105

ther information about the ARCS background is given in106

the Supplemental Material [28].107

The temperature dependence of the low-energy dy-108

namics of NaBr was measured with higher resolution109

with the HB3 triple axis spectrometer at the High Flux110

Isotope Reactor (HFIR) of Oak Ridge National Labora-111

tory. Pyrolytic graphite PG(002) was used for both the112

monochromator and the analyzer. The spectrometer was113

operated with a filtered, fixed final neutron energy of114

14.7 meV with horizontal collimation 48:40:40:120. The115

NaBr crystal was mounted in a vacuum furnace with116

the (HHL) reflections in the scattering plane. Measure-117

ments were made in transverse geometry near (113) along118

~Q=[H,H, 3] at temperatures from 300 to 723 K.119

Ab initio calculations120

All DFT calculations were performed with the VASP121

package using a plane-wave basis set [29–32] with pro-122

jector augmented wave (PAW) pseudopotentials [33] and123

the Perdew-Burke-Ernzerhof (PBE) exchange correlation124

functional [34]. The Born effective charges and dielectric125

constants were obtained by DFT calculations in VASP126

[35]. A correction for the non-analytical term of the127

long-ranged electrostatics was performed in both quasi-128

harmonic and anharmonic calculations [36]. All calcu-129

lations used a kinetic-energy cutoff of 550 eV, a 5×5×5130

supercell of 250 atoms, and a 3×3×3 k-point grid. The131

phonon self-energy was calculated with a 35×35×35 q-132

grid. Calculations of phonons in the quasiharmonic ap-133

proximation (QHA) used PHONOPY [37]. The QHA134

method allows the frequencies and entropy of phonons to135

vary with volume and thermal occupancy factor. It does136

not include thermal displacements of individual atoms137

off periodic sites, as arise in molecular dyanmics, for ex-138

ample, and the QHA was not accurate for predicting the139

thermal expansion of NaBr [25].140

The stochastically-initialized temperature dependent141

effective potential method (sTDEP) [38–40] method was142

used to accelerate the traditional ab initio molecular dy-143

namics (AIMD) and calculate anharmonic phonon dis-144

persions at finite temperatures. The method for NaBr145

was described previously [25]. In short, the phonon fre-146

quencies were obtained from the dynamical matrix for147

the quadratic force constants, and then corrected by the148

real (∆) and imaginary (iΓ) parts of the phonon self-149

energy from many-body theory [4, 5]. The imaginary150

part, which gives phonon lifetime broadening, was calcu-151

lated with the third-order force constants,152

Γλ(Ω) =
~π
16

∑
λ′λ′′

|Φλλ′λ′′ |2
{

(nλ′ + nλ′′ + 1)× δ(Ω− ωλ′ − ωλ′′)

+(nλ′ − nλ′′)× [δ(Ω− ωλ′ + ωλ′′)− δ(Ω + ωλ′ − ωλ′′)]
}
, (1)

where Ω = E/~) is the probing energy. The real part was
obtained by a Kramers-Kronig transformation

∆(Ω) = P
∫

1

π

Γ(ω)

ω − Ω
dω . (2)

Equation 1 is a sum over all possible three-phonon in-153

teractions, where Φλλ′λ′′ is the three-phonon matrix ele-154

ment obtained from the cubic force constants by Fourier155

transformation, n is the Bose-Einstein thermal occupa-156

tion factor giving the number of phonons in each mode,157



3

and the delta functions conserve energy and momentum.158

Details were given in the supplemental materials in our159

previous work [25].160

QUANTUM LANGEVIN MODEL161

We start with the Hamiltonian of three coupled
phonons denoted as j, j′, and j′′,

Hsys = H0 + ~η
(
â†j + âj

)(
â†j′ + âj′

)(
â†j′′ + âj′′

)
,

(3)

where H0 =
∑
k=j,j′,j′′ ~ωk(â†kâk+ 1

2 ) is the Hamiltonian
for three uncoupled, independent oscillators, and η pa-
rameterizes the coupling strength. However, there is also
a special case where only two types of phonons are in-
volved in this interaction process. Taking j′ = j′′ as an
example, the system Hamiltonian is then

Hsys = H0 + ~
η

2

(
â† + â

)2 (
b̂† + b̂

)
, (4)

where now â denotes the composite phonon mode with
j′ = j′′, b̂ denotes the j mode, and the 1/2 is added for
later convenience. Confining our interest to terms under
the rotating wave approximation (RWA) in quantum op-
tics, we eliminate the terms aab† and a†a†b (and aab and
a†a†b† that do not conserve energy)

Hsys = H0 + ~
η

2

(
â†â+ ââ†

) (
b̂† + b̂

)
. (5)

The general method of input-output theory [16, 41]
gives the Heisenberg-Langevin equations of motion for
the two modes,

˙̂a = −iω1â− iηâ
(
b̂† + b̂

)
− γ1

2
â−√γ1ξ̂1 , (6)

˙̂
b = −iω2b̂− i

η

2

(
â†â+ ââ†

)
− γ2

2
b̂−√γ2ξ̂2 . (7)

Here γ1 and γ2 are decay rates of the two modes, giv-162

ing phonon linewidths in energy. The other phonons163

are modeled as a thermal bath, described by stochastic164

operators ξ1(t) and ξ2(t). These satisfy the correlation165

conditions: 〈ξ̂†(t)ξ̂(t′)〉 = nδ(t − t′) and 〈ξ̂(t)ξ̂†(t′)〉 =166

(n+ 1)δ(t− t′), where n is the equilibrium Planck ther-167

mal occupation factor n = [exp(~ω/kBT ) − 1]−1 (or the168

Bose-Einstein factor for zero chemical potential). These169

correlation conditions apply to both modes 1 and 2; a170

situation that differs from optomechanical systems where171

correlations of the stochastic variable ξ1 for input noise172

of the optical photon do not scale with equilibrium ther-173

mal occupancies. Figure 1a depicts relationships between174

the TA and TO phonons and the thermal bath of other175

phonons, showing correspondences to th physical quan-176

tities of input-output theory.177

Using the concept of intermodulation, a classical anal-
ysis by representing the phonon amplitudes of â as
Fourier decomposition of sidebands [19] shows that â
comprises the frequency components ω1 (first-order),
ω1 ± ω2 (second-order distortion), ω1 ± 2ω2 (third-order
distortion), etc. Second-order effects are identified by
transforming to a frame moving at the central frequency
ω1 by replacing â(t) → [α + ĉ(t)]e−iω1t and ξ̂1(t) →
[ξin + ξ̂1(t)]e−iω1t, where we take α to be real without
loss of generality. This gives linearized equations of mo-
tion

˙̂c = −ig
(
b̂† + b̂

)
− γ1

2
ĉ−√γ1ξ̂1 , (8)

˙̂
b = −iω2b̂− ig

(
ĉ† + ĉ

)
− γ2

2
b̂−√γ2ξ̂2 , (9)

where g = ηα is the coupling strength. A straightforward
calculation (see Supplemental Material [28]) obtained the
symmetrized power spectral density of displacement as

S̄xx[ω] =
~γ1

(
n1 + 1

2

)
2mω1

( ∣∣χa,− + 2iω2g
2χ2

a,−χb,−χ̄b,−
∣∣2

+
∣∣χa,+ − 2iω2g

2χ2
a,+χb,+χ̄b,+

∣∣2 ) , (10)

where the response functions are defined as

χ−1a,± = −i(ω ± ω1) +
γ1
2
, (11)

χ−1b,± = −i(ω ± ω1 − ω2) +
γ2
2
, (12)

χ̄−1b,± = −i(ω ± ω1 + ω2) +
γ2
2
. (13)

The first term in parens in Eq. 10,

S̄(+)
xx [ω] =

~γ1
(
n1 + 1

2

)
2mω1

∣∣χa,− + 2iω2g
2χ2

a,−χb,−χ̄b,−
∣∣2 ,
(14)

contributes spectral weight primarily to the positive fre-178

quency region. The other term S̄
(−)
xx contributes to the179

negative.180

In the absence of phonon coupling, i.e., g = 0, Eq.
14 reduces to the thermal noise spectrum of a damped
harmonic oscillator

S̄(+),th
xx [ω] =

~γ1
(
n1 + 1

2

)
2mω1

1

(ω − ω1)2 + (γ1/2)2
. (15)

Figure 1b shows this is a Lorentzian function centered181

at ω1. Three other cases are shown: weak coupling182

(|g| � γ1), medium coupling (|g| ' γ1), strong cou-183

pling (|g| � γ1). To identify an IPS in a real material,184

the phonon-phonon interactions must be at least in the185

medium coupling regime. Recently, we identified NaBr186

with the rocksalt structure as a highly anharmonic solid187

system [25], so it seemed an appropriate candidate for188

finding phonon intermodulation phenomena.189
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FIG. 1. Phonon self-transduction block diagram and
its features. a, The TO phonons and the TA phonons within
7-9 meV are coupled by phonon-phonon interactions. Mean-
while, they are in thermal equilibrium with the bath, which is
an ensemble of other phonons. b, Power spectral density for
coupling strength |g| from none, weak, intermediate, strong.

RESULTS190

A new spectral feature, labeled “G” (ghost) in Fig. 2b,191

appears at 300 K. It is flat over the Brillouin zone with an192

energy of 25-26 meV. This new feature does not belong to193

any of the six phonon branches expected for the rocksalt194

structure (as in the white dotted lines in Figs. 2c,d from195

the quasiharmonic approximation.196

Figures 2a,c show that at 10 K, the quasiharmonic and197

anharmonic calculations agree well with each other, and198

with the experimental phonon dispersions. At 300 K, the199

quasiharmonic model predicts neither the phonon broad-200

ening, nor most of the thermal energy shift. The an-201

harmonic calculations, however, reproduce these features202

and further predict the ghost intensity around 25 meV,203

in good agreement with experiment. Figure 3 shows that204

the ghost disappears when the calculation neglects the205

three-phonon anharmonic interactions of TA + TO 
206

TO/LO. Moreover, the participating TA phonons were207

shown to have energies between 7 and 9 meV. The diffuse208

features nearly vanish at 10 K. (They should not vanish209

entirely, however, owing to effects of the zero-point oc-210

cupancies of the TA and TO modes [27, 42].) Finally,211

the computations showed that the new features comprise212

optical modes, with polarizations distributed evenly over213

all transverse (two) and longitudinal (one) possibilities.214

Similarly, the calculated ILM near the Γ-point is pro-215

duced by TA + TO 
 TO in the calculation. Although216

the ILM is not definitive in Fig. 2b at 300 K, it is well-217

resolved at higher temperatures in the HB3 data of Fig.218

4. This figure shows the temperature dependence of the219

lower IPS (i.e, the ILM) as observed in the (113) Bril-220

louin zone at (1.2, 1.2, 3.0), along with the TA phonon.221

The spectral weight of this sideband gradually sharpens222

and intensifies with increasing temperature, and it shifts223

slightly to lower energy. The TA mode has an appar-224

ent stiffening with temperature, but this is an artifact225

from thermal expansion [43]. The TA mode also broad-226

ens with increasing temperature, as expected from the227

stronger coupling strength with increasing temperature,228

discussed below. Finally, the LA mode is suppressed in229

the spectra of Fig. 4 because ~Q is nearly perpendicular to230

the polarization vector ~e of the LA mode, i.e., direction of231

atom displacements in the mode. (If the LA mode were232

visible, its temperature dependence would follow approx-233

imately the TA mode.)234

The three phonon modes in Eq. 1 are eigenstates of a235

dynamical matrix. Small anharmonic shifts and broad-236

enings of these eigenstates do not produce new phonon237

branches or spectral features. Our anharmonic calcu-238

lations obtained the diffuse features after applying a239

Kramers-Kronig transformation of Eq. 2 to the imagi-240

nary part of the phonon self energy of Eq. 1. The semi-241

quantitative success is interesting, because the calcula-242

tions also predict a weak ILM [12, 44]. The dispersions243

in Fig. 2c,d are on a logarithmic scale, however, and the244

ILM and ghost modes are much weaker in the calcula-245

tion with perturbation theory than in the experimental246

intensities, discussed with Fig. 5.247

Compared to Eq. 1, the Heisenberg–Langevin Eqs. 6248

and 7 have no implicit assumption that the anharmonic249

perturbation is small. The intensities of the measured250

ghost modes are seen in Fig. 5, which are energy cuts at251

different Q along high-symmetry directions through the252

experimental data of Fig. 2b. The points near X or K253

(see Fig. 5c-g), show an extra peak above 20 meV, which254

is distinct from the highest normal LO phonon branch.255

Phonon centroids were obtained by fitting with the256

Levenberg–Marquardt nonlinear least square method for257

multiple Lorentzian functions, giving the fitting parame-258

ters listed in Table S1 in the Supplementary Information.259

The fitting results were used to obtain average energies260

and linewidths of TO phonons and TA phonons in the261

energy range of 7-9 meV (i.e. ω1, ω2, γ1, γ2) for calculat-262

ing sidebands with the Heisenberg–Langevin model. By263

performing averages over TA and TO peaks that were not264

impaired by overlaps with other peaks, ω1 = 16.97(10),265

ω2 = 8.2(2), γ1 = 3.6(10), γ2 = 3.7(7) meV, where sub-266

scripts 1 and 2 denote TO and TA, respectively The aver-267

age frequency of the ghost mode (ωG) was obtained from268

Fig. 5 panels c,d,e,f,g as ωG = 25.9(5) meV, satisfying269
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300 K

300 K
G G LKX

b

d

G

ILM

a

10 K

G G LKX

c

10 K

FIG. 2. Comparison between experimental and computational phonon dispersions of NaBr. a-b, 2D slices through
the four-dimensional scattering function S(Q, ε), where ε = ~ω, along high symmetry lines in the first Brillouin zone. a,b are
linear plots, with intensities corrected for thermal populations. c-d, Phonons in NaBr calculated with the quasiharmonic
approximation (thin white lines) and the full phonon spectral function with phonon self-energy corrections. Temperatures are
labeled. The intermodulation phonon sideband (IPS) “G” is seen in the experimental and computational results around the X
point at 300 K. The calculation also shows an ILM near the Γ-point at 300 K. c,d are logarithmic plots of spectral weights.

ω1 + ω2 ' ωG.270

The coupling strength was calculated by comparing the271

power intensity between the Heisenberg–Langevin model272

and the measured peak intensities Iexp(ω) at 300 K. Their273

ratio avoids scaling factors274

S̄
(+)
xx [ω1]

S̄
(+)
xx [ω1 + ω2]

=
Iexp(ω1) n(ω1)

Iexp(ω1 + ω2) n(ω1 + ω2) 2/3
.(16)

The terms in the left-hand side are derived in the Supple-275

mental Material [28]. Here n(ω) = [exp(~ω/kBT )− 1]−1276

is the Planck distribution function (the thermal weight277

was corrected for the measured intensity shown in Fig.278

2a,b), and the 2/3 factor is included because two-thirds279

of the IPS feature are G-TO phonons.280

DISCUSSION281

At room temperature, our analysis showed that the282

lower intermodulation phonon sideband (IPS) should not283

be visible as a distinct peak. Also, the ARCS spectrome-284

ter has lower energy resolution at the energy of the lower285

sideband than at the energy of the upper sideband. The286

lower sideband is better seen with the HB3 instrument287

at higher temperatures (Fig. 4).288

The q-dependence of phonons in solids is not consid-289

ered in Eqs. 6 and 7, and the conservation of crystal290

momentum is an added complexity that is not needed291

for other coupled quantum systems [16–23]. Figure 2292

shows that in NaBr, however, the TO phonon branch293

and the upper IPS are largely flat and dispersionless.294

The TA phonons involved in the three-phonon processes295

are in a small energy range of 7-9 meV as shown above296

with Fig. 3. The phonon dispersions (Fig. 2) show that297

most of the TA phonons are in this energy range, forming298
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FIG. 3. Three-phonon processes associated with the IPS and ILM. a, Calculated phonon lineshapes at the high
symmetry points of X, K and Γ. The first two were used to identify the components of the IPS, and the calculated ILM
is shown in the bottom panel. The phonon spectral function was recalculated b, without the three-phonon processes of
TA + TO 
 TO/LO, and c, without TA phonons between 7-9 meV included in the three-phonon processes, compared with the
main result in Fig. 2d. d, Table of phonon processes for IPS and the ILM.
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FIG. 4. Triple-axis energy scan, showing the temperature
dependence of the spectral intensity distribution for the TA
and lower IPS phonons at ~Q = (1.2, 1.2, 3).

plateaus reaching to the Brillouin zone boundary. Most299

TA phonons can be described with an average energy in-300

dependent of q, and hence a coupling strength parameter301

independent of q.302

The conservation of crystal momentum, q + q′ =303

q′′ + kG (k = 0, 1) allows the q′′ of the diffuse modes304

to sweep over all the first Brillouin zone when q′ (TO305

modes) covers the first Brillouin zone, even for a single306

value of q. Finally, the anharmonicity in Na-Br has no307

strong dependence on crystallographic direction, and is308

dominated by first-neighbor interactions [25].309

Consider first the case where TA + TO 
 G-LO and
the interacting TA, TO, and LO diffuse phonon modes
can be treated as individual quantum oscillators with a
coupling coefficient η. The total Hamiltonian is the same
as Eq. 3. After dropping terms that do not conserve
energy,

Hsys = H0 + ~η
(
âj âj′ â

†
j′′ + â†j â

†
j′ âj′′

)
. (17)

This is the same form as for parametric down-conversion310

in nonlinear optics. The mode coupling is enhanced res-311

onantly when ωj′ = ωj′′ − ωj .312

The second case TA + TO 
 G-TO has the same313

transverse polarization for two optical modes. These two314

TO modes can be modeled as a single oscillator. Its spec-315

tral weight is re-distributed in energy owing to strong316

coupling to the TA mode. This is exactly the phonon317

intermodulation mechanism described with the quantum318

Langevin model.319

The Supplemental Material [28] gives more details320

of how experimentally measured parameters of ω1 '321

16.97 meV, ω2 ' 8.2 meV, γ1 ' 3.6 meV and γ2 '322

3.7 meV were used in a numerical analysis that generated323

the spectral shapes of Fig. 1b, with different coupling324

parameters, g. In the weak-coupling case, our measured325

INS spectra would show no features other than the main326

peak at ω = ω1. In the medium-coupling case, the lower327

sideband peak at ω1 − ω2 is only a shoulder on the main328

peak, but the upper sideband with ω1 + ω2 should be329
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FIG. 5. Energy cuts at constant q through experimental dispersions of Fig. 2b. a-j, Experimental data are points;
fitted peaks are in blue, and the cumulative fitting results are in red. k, Table of the q-points for each panel.

distinct. The strong-coupling case shows two symmetric330

sidebands as shoulders on the main peak. The clear, iso-331

lated diffuse intensity “G” in Fig. 2b and weaker ILM332

are consistent with the TA and TO modes being in the333

medium-coupling case. To verify this, we solved numeri-334

cally for the ratio between the heights of the two resonant335

peaks at ω = ω1 and ω = ω1 + ω2 (Eq. 16), to obtain336

the coupling strength parameter |g| ' 3.7 meV, show-337

ing that the system is indeed in the medium-coupling338

domain. This also explains the difference in visibility339

between the ILM and the ghost phonon mode.340

The prior treatment of ILMs [6] considered the dynam-341

ics of a classical system with linear and cubic terms in the342

restoring forces between neighboring atoms, and showed343

the conditions for mode localization. Our approach with344

the quantum Langevin equation is better able to pre-345

dict the spectral shape, providing deeper insights into346

the phonon intermodulation mechanism. Unlike a clas-347

sical intermodulation, phonon intermodulation can have348

an asymmetric quantum effect of enhancing one sideband349

at the expense of the other.350

Our recent work on NaBr used perturbation theory351

to obtain thermal expansion, showing only modest dis-352

agreement with experiment at higher temperatures [25].353

Thermodynamic effects of IPSs deserve more consider-354

ation, but the sidebands do not dominate the phonon355

spectrum, and the average of their energies is approxi-356

mately the same as the average of the intermodulating357

phonons. Thermodynamic properties such as thermal ex-358

pansion may not require precise assessments of sidebands.359
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Other materials with anharmonic phonons should have360

IPSs at modest temperatures. Different alkali halides are361

obvious candidates, as are materials with phonon insta-362

bilities, where nonlinear phonon interactions may gener-363

ate sidebands as the instabilities grow. The sidebands in364

NaBr were from acoustic plus optic modes, but in prin-365

ciple, two anharmonic optic modes could also generate366

sidebands. Anharmonicity may offer a new functionality367

for optical materials in the infrared, or a means to mod-368

ulate visible light in ways that originate with phonon369

interactions, rather than an asymmetry in electronic po-370

larizability. The ghost modes in NaBr decay rapidly into371

TA and TO modes through three-phonon processes. The372

two new phonons are in phase, and would be entangled373

in the Einstein-Podolsky-Rosen sense. Their coherence374

time will be short, however.375

CONCLUSION376

A new band of spectral intensity from high energy377

phonons is predicted and observed in NaBr. It is an inter-378

modulation phonon sideband (IPS) from anharmonic in-379

teractions between normal modes. Its partner, the lower380

sideband, is an intrinsic localized mode (ILM). The trans-381

fer of spectral weight to upper and lower IPSs likely oc-382

curs in other anharmonic materials, but the flat disper-383

sions in NaBr make them easier to observe. The TO384

part of this feature is consistent with an IPS from the385

anharmonic coupling of TO modes and TA modes. The386

LO part is consistent with strong three-phonon process,387

again with anharmonic coupling to the TA modes. The388

spectral shapes and weights of the IPSs are altered by389

the quantum back action from the thermal bath. There390

are similarities to the formation of sidebands in laser-391

cavity experiments, which also depend on anharmonicity392

and quantum force fluctuations from the thermal bath.393

Compared to laser-cavity experiments with photons, the394

anharmonic sidebands in NaBr are a natural process that395

occurs in thermodynamic equilibrium, and both the in-396

teracting modes have the noise spectrum from the ther-397

mal bath. The IPS should be present at 0 K owing to398

couplings to the zero-point levels, and some traces may399

be visible in the dispersions at 10 K. The spectral shapes400

of the two sidebands offer a probe of quantum noise, giv-401

ing parameters for mode coupling, and damping from the402

thermal bath. Perhaps the upper IPS could offer new403

methods for the thermal control of light-matter interac-404

tions.405

∗ btf@caltech.edu406
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