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Abstract

Compositional patterning (CP) in binary alloys during energetic particle irradiation is studied
using a kinetic model that considers two competing kinetic processes, a thermally activated one
promoting macroscopic phase separation (MPS) of the concentration field c(r, t) and a forced one
resulting in finite-range random atomic mixing. The forced mixing is modeled by a Gaussian
relocation distribution with a characteristic distance R. A series of approximate kinetic models are
introduced by expanding the mixing function into a series of n terms, thus replacing the non-local
evaluations of the concentration field c(r’ — r, t) by local derivatives of c¢(r,t). This approach
makes it possible to obtain exact effective potentials and build steady-state diagrams for each
order-n model. Phase field (PF) simulations using these order-n models reveal that near the onset
of patterning, phase evolution is accurately described using an order-3 model, which changes
smoothly from an extended Cahn-Hilliard free energy in the MPS regime to a one-mode Swift-
Hohenberg functional in the CP regime. Deeper into the patterning regime, higher-order models
are required to achieve convergence, yielding square-like concentration profiles characteristic of
a strong segregation regime. These higher-order effective free energies are analogous to
multimodal Swift-Hohenberg functionals. A new definition for the effective interfacial energy is
proposed in the CP regime, since the interfacial area is no longer an excess quantity in that regime,

precluding the use of the standard thermodynamic definition of interfacial energy.



1. Introduction

A remarkable aspect of dissipative systems is their ability to self-organize into stable, non-
equilibrium microstructures [1-4]. In solid elements and alloys, for instance, irradiation with
energetic particles can result in the formation of patterns comprised of voids [5,6], bubbles [7,8]
and nano-precipitates [9], while sustained plastic deformation can lead to dislocation patterning
[10] as well to chemical nanolayering [11]. Modeling and simulations have established that in
many of these cases self-organization results from a dynamic competition between opposing
kinetic processes. External forcing, irradiation or plastic deformation in the above cases, introduces
structural and chemical disorder and drives the system into excited states while thermally activated
processes tend to promote relaxation toward lower free-energy states. For non-equilibrium systems
whose overall evolution is controlled by the minimization of a potential, which then serves as a
Lyapunov potential [4], the challenge is in deriving expressions of the overall, effective potential
in terms of the characteristics and parameters of the competing dynamical processes [12,13].
Furthermore, self-organization into patterns raises additional questions, in particular regarding the
possibility of an apparent negative interfacial energy since patterning results in the spontaneous
creation of interfaces [14].

Phase evolution in model alloys subjected to prolonged irradiation provides an excellent
opportunity to systematically study these various issues, since the relevant elementary processes,
such as the production of point defects and chemical disorder, are now understood on a quantitative
basis, see e.g., Ref. [15]. Earlier work by Nelson et al. [9] indeed established that, at moderate
irradiation temperature, Ni-Al alloys form steady-state compositional patterns whose mesoscopic
length scale is independent of the microstructure of the initial state. It is now known in addition
that irradiation of such y—y’ alloys at low temperatures, where forced mixing dominates the kinetics,
leads to single phase solid solutions, and at very high irradiation temperatures, where thermal
diffusion dominates, macroscopic phase separation ensues [16,17]. More recent experimental
studies performed for a range of dilute Cu-X alloys [18,19], where the solute X is a transition metal,
established that the temperature range for patterning scales with the solute diffusion coefficient, in
agreement with the above picture of competing dynamics. Moreover, recent experimental and
modeling results suggest that compositional patterning can also take place in irradiated Fe-Cr
alloys [20-24]. We further note, as an aside, that the patterning regime is currently of interest from

the practical perspective that the microstructure in this regime is immune to coarsening of



precipitates, and thus it can retain nanoscale features designed and introduced to improve the
material’s properties [19,25].

Modeling and simulations have provided important insights into the origins and
characteristics of compositional patterning. A generic approach is to implement a kinetic model
with distinct dynamics acting in parallel, here adding forced chemical mixing to the thermally
activated diffusion processes [26,27]. The latter dynamics can be included using the so-called
model B [28], as composition is locally conserved by this dynamics. As for the mixing forced by
irradiation, Martin proposed a model that randomly switched neighboring atoms, or “infinite
temperature” dynamics [29], in recognition that energetic recoils are little affected by chemical
interactions. Molecular dynamics have confirmed the ballistic, i.e., random, nature of the forced
mixing in alloys with moderately positive heats of mixing, e.g., = 0.25 eV/atom or less [15,30,31].
Continuum modeling and atomistic simulations have furthermore revealed that if the jump distance
for forced mixing is identical to that for thermal diffusion, i.e., one nearest-neighbor distance,
compositional patterning is not possible since the outcome of the competition between the two
opposing dynamics, the thermal one and the forced one, is trivially determined by the process with
the largest rate. Molecular dynamics simulations of displacement collision cascades have shown,
however, that when the primary recoil energies exceed = 1 keV the forced mixing extends beyond
the short distance of point defect diffusional jumps [15,30,31]. Extending Martin’s approach,
Enrique et al. [32] used a phase field model with two competing dynamics to study the effect of
the finite-range mixing: The thermal dynamics employed Model B, using a Ginzburg-Landau (GL)
free energy, while the forced mixing was modeled using an exponential decay of recoil distances,
with a decay length R. This modeling has made it possible to compute a generic steady-state phase
diagram, see Fig. 1, identifying boundaries separating the regimes of macroscopic phase separation
(MPS) and compositional patterning (CP), and those of patterning and solid solution (SS). Two
parameters control the steady-state microstructure: (i) the relative forcing parametery = I'/M,
where I' 1s the rate of ballistic relocation and M the thermally activated mobility, accelerated by
the supersaturation of point defects under irradiation, and (ii) the characteristic ballistic relocation
range R. It confirmed that R must exceed a critical value R. for patterning to be possible.
Furthermore, close to the critical point (y,, R.) the steady-state compositional profiles take on a
sinewave-like shape, corresponding to the so-called weak segregation regime (WSR), whereas

deeper into the patterning regime, i.e., when R > R, and y > y; but near the y; boundary, the



profile resembles a square-wave, corresponding to the strong segregation regime (SSR) [32-34].
The scaling of the dominant patterning wave vector with y is different in these two regimes. This
driven system can be characterized by an effective potential that plays the role of a Lyapunov
functional for the overall system, i.e.one that continuously decreases with time [4].

Recent works have provided additional insight into the nature of such effective potentials.
By linearizing the non-linear term in the homogeneous GL free energy density, Simeone and
coworkers were able to obtain analytical solutions of the long-time evolution of the structure factor
[35,36] using an asymptotic analysis. The resulting steady-state phase diagrams, see for instance
Fig. 3 in Ref. [35], are overall very similar to that shown in Fig. 1. Moreover, these authors were
able to derive an expression for the effective potential in the patterning regime by performing a
second-order Taylor expansion of the so-called response function around the patterning wave
vector: It was found that the effective potential reduces to a Swift-Hohenberg (SH) one [36], thus
establishing a direct connection between patterning in alloys driven by irradiation and a broad
family of self-organizing systems, see for instance Ref. [3] for a review. It also allowed these
authors to calculate steady-state phase diagrams for 2D and 3D systems, which are similar to those
expected for a conserved SH model, and to determine the nature and symmetry of patterning states
as a function of forcing parameters and alloy composition [36,37]. Several questions however
remain unanswered for the case of alloys under irradiation. First it is not known whether an SH
effective free energy is adequate throughout the whole patterning regime since the derivation relies
on a linearization of the chemical free energy density and on a second-order Taylor expansion of
the response function. Second, this derivation assumes first that the system is in patterning regime—
and thus it is not known what this effective potential becomes when the control parameters are
varied in such a way that the system is taken outside of the patterning regime, for instance into the
macroscopic phase separation regime. Around that boundary, which denotes a discontinuous
transition between steady states, it would be intriguing in particular to determine how the
interfacial energy evolves and whether patterning can be associated with a negative interfacial
energy, as suggested for other systems self-organizing into patterns, see for instance Refs. [38,39].
Lastly, insights into effective potentials for self-organizing dynamical systems can be obtained by
considering frustrated equilibrium systems. Indeed, it has been shown that finite-range forced
mixing is equivalent to introducing effective finite-range repulsive interactions between like atoms

[12]. These effective interactions then compete with the (physical) attractive short-range chemical



interactions present in a phase separating system. From that perspective, a parallel can be drawn
between patterning in such a dynamical system and the formation of modulated phases in
equilibrium systems with frustrated physical interactions [40,41].

In this work, we specifically address the above questions using phase field modeling based
on a Model B dynamics with a Cahn-Hilliard (CH) free energy for the thermal dynamics and a
finite Gaussian mixing for the forced mixing. The manuscript is organized as follows: The details
of forced and thermal dynamics are introduced in Section 2, and we define a series of order-n
kinetic models based on an expansion and truncation of the mixing terms up to order 2n. In Section
3 we use the simplest of such models, the order-3 model, to determine the corresponding steady-
state phase diagram, and we introduce a new definition for interfacial energy in the patterning
regime. We also show that the effective free energy for that order-3 model encompasses both the
CH free energy in the MPS regime and a one-mode SH free energy in the CP regime. In Section
4, we show that far from the critical point (¥, R.), higher-order kinetic models are required to

reproduce the strong segregation regime. These results are then discussed in Section 5.

2. Phase field modeling of ion-beam mixing under irradiation

2.1 A local model for finite-range mixing

As outlined in the introduction, a necessary condition for irradiation induced patterning is that
forced atomic mixing extends beyond a characteristic jump distance, R > R in Fig. 1. We consider
here an A-B binary alloy described by its concentration field ¢(r, t), defined as the atomic fraction
of species B. The finite-range mixing rate was expressed in Ref. [32] using a non-local term,

specifically the convolution of c(r, t) by the relocation distribution wg ():

dc(r,t)
at

|mixing = —T(c(r,t) — f wg (r—r")c(r’,t)dr’) (D)

We introduce here an alternate formulation that expresses the finite-range forced mixing as a local
term involving the concentration field c¢(r, t) and its spatial derivatives. We will show in Section
2.2 that this alternate formulation offers novel physical insight, in particular regarding the question
raised in the introduction about the nature of the effective potential governing the system once the
thermal dynamics is included. Additionally, this approach makes it straightforward to evolve phase

field equations using finite element method-based solvers, as will be illustrated in Section 3.2.



We consider here the case of a Gaussian relocation distribution wg (). We note that
Gaussian mixing is a natural model to capture atomic relocations during thermal spikes, as
indicated in the MD studies on atomic mixing in displacement cascades for Cu [42], Ni [42] and
NiAl [43]. Furthermore, a Gaussian model is advantageous for mathematical reasons that become

clear below. The forced relocation distribution is thus taken as (m is the dimension of the space):

m _m|r—r’|2

wr(r—r') =( - )Ze 2R? (2)

2mR?2

The main idea here is to re-express the mixing term by using the spatial derivatives of c(r,t). A

simple way to do so is to consider the Fourier transform of the mixing rate,

aé(kt) “REZY
ot |mixing =—T(1-e2n Ji(kt) 3)

where ¢(K, t) represents the Fourier transform of the concentration field, and then to expand the

k-space Gaussian in a Taylor series,

aé(kt)
ot

|mixing =¢(k,t) Z;o=1 Dp (—k?)P 4)

where the coefficients D, are defined as:

R2P
Do =1 Gy )

Next, we transform Eq. (4) back to real space to obtain the time evolution equation,

dc(r,t)
at

lmixing = Z;ozl D, v#c(r, t) (6)

It is then instructive to consider successive approximations of the mixing term by
truncating the summation in Eq. (6) and retaining terms only up to p=n. We will refer to these
approximations as order-n mixing models. This truncation is motivated by the fact that, in phase
field modeling, the compositional profile is expected to be a smooth function of position and
therefore the higher-order derivatives should become increasingly less relevant. This point will be
illustrated by phase field simulations for a particular alloy model in Sections 3 and 4. The order-1
model corresponds to the case of a purely diffusive forced mixing, as for instance assumed in
Martin’s effective temperature model for alloys under irradiation [29]. D1 in this case would be the
analog to Martin’s ballistic mixing diffusion coefficient. As noted in earlier work and in the

Introduction, compositional patterning does not take place in this order-1 model [44]. Higher-



order terms in Eq. (6) capture the finite range of the forced mixing introduced by the relocation
distribution wy given by Eq. (2). Note from Eq. (4) that these additional contributions should be
added in pairs, so that the term with the highest power in k& has a negative coefficient, ensuring that
a homogeneous ideal solid solution remains stable against fluctuations of arbitrary large wave
vectors. After the order-1 model, the next physically meaningful approximation to Eq. (6) is thus

an order-3 model, which will be discussed in Section 3.

We note that Eq. (6) was derived by taking advantage of the simple form of wy in k-space.
Alternatively, one can derive Eq. (6) by performing a Taylor expansion of wg in real space, then
iteratively applying the divergence theorem and assuming that the boundary conditions imposed
on the physical domain are such that boundary integrals are null. The derivation through k-space
(Egs. (3)-(6)) is more direct and it highlights the role played by the radius of convergence of the
Taylor series for a Gaussian, which is infinite; Eq. (4) is thus valid for all wave vectors k. In
contrast, if one were to consider a decaying exponential mixing function for wg, as in Refs. [32,45],
its Fourier transform is a Lorentzian, i.e., 1/(1 + R?k?). This function cannot be expanded into a
single Taylor series with a radius of convergence spanning the full range of possible wave vectors,
i.e., from 0 < k?R? < +oo, thus making the present approach impractical for this mixing function.
Our use of a Gaussian mixing function, however, is not a serious limitation as other mixing
distributions with similar physical characteristics could be used. In particular a mixing distribution
that has a unique relocation distance R, i.e., wg(r —r’) = §(Jr — r’'| — R) could be employed
with an order-n expansion since its Fourier transform is proportional to 2(1 — cos(kR)), whose
Taylor expansion in k-space has an infinite radius of convergence. This series is in fact very similar
to the one obtained for the Gaussian mixing function, Eq. (4). Any physical mixing model,
including a decaying exponential, could therefore be considered by simply decomposing it into, or

approximating it with, a series of Dirac mixing distributions with suitable relocation distances.

2.2 An order-n extended Cahn-Hilliard model for alloys under irradiation

We add the thermal component to the evolution equation using the standard Cahn-Hilliard model
[46]:

dc(rt) _ dc(rt) dc(r,t)
at ot |thermal+ At |mixing (7)




dc(rt)
% |thermal V- M( )V_ (8)

F(o)=J, f(c)+§|l7c|2dV )

M (c) is the atomic mobility, which in general depends on c¢(r, t). In this work, the atomic mobility
is assumed to be a constant so that compact analytical results can be obtained. F (c), the free energy
functional of the system, is comprised of a mean-field bulk free energy f (c) and a gradient energy
term accounting for diffuse interfaces. A regular solution model is used, f(c) = Ggc +
G,(1—¢c)+02c(1—c)+kgT [clnc+ (1 — ¢)In(1 — ¢)], to describe a binary immiscible alloy
system. Gg (resp. G,) is the molar Gibbs energy for pure element B (resp. A), Q is the interaction

parameter in kJ/mol, kg the Boltzmann constant, T the absolute temperature.

With an order-n approximation for the forced mixing, the evolution equation in real space

and its linearized form in Fourier space are:

20D — 7 MY (L~ kP2c) + Dy72c + D,V%c + DyVoc + +++ D72 (10
i —Dig2 4 _Dspe ... 4 Dnc_p2yn
w = ek KK k+ Rl A i vl G99 (11)

We refer to such a model as an order-n extended Cahn-Hilliard (ECH) model for alloys under
irradiation. This terminology generalizes the one already used for thermal systems, where the
addition of an inhomogeneity penalty proportional to a Laplacian square, resulting in a k% term in
the kinetic equation in Fourier space, has been referred to as an “Extended Cahn-Hilliard model
[471”.

An effective free-energy-like quantity can be derived for the driven system in the form

Ferr = F +yG withy = I'/M defines a forcing intensity. G is the additional free energy due to

forced mixing. The time evolution of the system is then governed by:

ac(r t)

6Fe
U0~ My =L (12)

The effective free energy for an order-n ECH model takes the following form,

Fers = J, MIVcIZ 2 ||72€|2+---+5—A’;(—1)“‘1|V“‘1c|2 dv (13)

while the effective chemical potential ¢ is given by:



Hepr = LD — 72c + 22 (20 = 1) + 2 7% + 2P 4c + e + 22720 D (14)

The existence of an effective free energy will make it possible to assess the relative stability
of different metastable states generated by the phase field simulations presented in the next
sections. Note that in the above model, point defects are not explicitly considered. It is assumed
that the vacancies and interstitials created by irradiation quickly reach steady state, and thus the
resulting excess of point defects can be captured by simply rescaling M, see for instance Refs.
[48,49]. Elimination of these fast variables, however, excludes any possible coupling between

defects and solute fluxes; these effects will be considered in future work.

3. Compositional patterning close the critical point: an order-3 extended CH

model

As indicated in Section 2.1, the diffusive order-1 model does not predict patterning, and higher-
order compositional inhomogeneity terms in the order-n ECH model should be added for pattern
formation. In this section we focus on the order-3 ECH model as it is the simplest model that
predicts compositional patterning; plus, it yields simple analytical expressions for the phase
boundaries between CP, MPS and SS, namely expressions for y; and y», the critical point of the
onset of patterning (yc, R¢) and the wave vectors ki, ko. We also show that its effective free energy
reduces to a one-mode SH potential inside the patterning regime. We first investigate this order-3
ECH model using a linear stability analysis in Section 3.1, and then employ phase field simulations
in Sections 3.2-3.4 to study the long-term evolution of the system and its steady-state
microstructures. We also report on how the form of the effective free energy changes as the
operating point of the system moves from MPS to CP, and we introduce a new definition for the

effective interfacial energy in the patterning regime.

3.1 Linear stability analysis

The evolution equation for the order-3 ECH model is given by:

20D — g My (LD — kv2c) + D,V + D,V e + D3Ve (15)
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By grouping together terms with the same order of spatial derivative in the RHS of Eq. (15), an
ff

effective bulk free energy fbi];];{ (c), an effective coefficient of gradient energy k;’’, and an
effective second-order inhomogeneity coefficient Kgf ! , are defined as follows:
D
() = f(0)—2c(—0c) (16)
Kfff — e— % (17)
i/ =22 (18)
The effective free energy and chemical potential are:
eff eff
Fors =, fbﬁ{{(c)+”17|7c|2+”27|72c|2] dv (19)
F) eff
Hopy = 2@ _ I p2c 1y (20)

A linear stability analysis is performed to evaluate the response of Eq. (15) to small

wt+ikr

perturbations of the form c(r,t) = ¢ (1 + ee ) The amplification factor w is given by:

wk) % eff ef f
= alcf’z‘”‘kz—lc1 k* — i, k® (21)

a%f

In the absence of irradiation, 22 1s negative as the temperatures and compositions studied here are

always such that the alloy is inside its spinodal, and k is positive. The contributions of % and %

2ceff
to ﬁ and Kff T will reduce these values significantly or even change their signs. i.e., moving

fr

the initial condition out of the spinodal decomposition region and reducing Kf or even making

it negative. In contrast, the sign of Kgf Tis always positive, ensuring that unstable wave vectors
remain bounded. A general evolution of the dispersion equation w (k) is shown in Fig. 2: for small
values of v, y < y;, the linear instability can be classified as a stationary type II instability [3], the
characteristic wavelength of patterning diverges to infinity, as expected for macroscopic phase
separation. For intermediate y,y; < y < ¥,, there exists a band of unstable wave vectors (kq, k)
suggesting compositional patterning with a characteristic wavelength near 2n/k., where k_ is the

wave vector maximizing w(k). For larger values of y (y ~V,), the system undergoes a

11



supercritical pitchfork bifurcation and is reminiscent of a stationary type-I instability in the

analysis of the Swift-Hohenberg equation [3].

Starting from the linearized evolution equation (Eq. (21)), expressions for the important
boundary parameters marked in Fig. 2 can be directly derived (the superscript “linear” is added to
distinguish these values from the ones pertaining to the full steady-state diagram, as in Fig. 1).

linear

First, the boundary between MPS and CP regime, y; , 1s derived by Z—Z changing sign at k =

0. The boundary between CP and SS, y4"¢%"  is determined by Z—z lk=k, = 0 and w(k.) = 0. The

onset of patterning (., R.) is obtained by setting y}™%" = yLn€ar [p the patterning regime, the

boundaries of the range of wave vectors with positive growth rates (k4, k,) are the two positive
real roots of Eq. (21) (see Appendix A for details). While the above linear stability analysis
provides analytical expressions defining the compositional patterning regime, it necessary to
include non-linear effects to determine the exact domain of existence of compositional patterning
as well as to investigate defective patterns. We thus turn to numerical simulations of the full order-

3 ECH model in the next sections.

3.2 Simulation methods

The phase field (PF) equation Eq. (15) lends itself to integration by finite element method (FEM)
based solvers since it is only a function of the local composition and its spatial derivatives. Eq.

(15) can be rewritten with dimensionless units (here m is the dimension of the space):

F _

a—cf = Vlers (22a)
— yR? = C Lo yR* o VR® =4

yeff—(l—m)(l—Zc)+Tln1—_c—K|7 C+m|7 c+m|7c (22b)

where

FotM2 5 oo _Ta’ _ a’ 5 R.om_keT o _ K

t_aoz,v_aov,y_M_Q_y_Q’R_aO’T__(Z’K__anz' (22C)

a, is the grid spacing in PF simulations. The dimensionless form of the effective chemical
potential has four independent parameters, 7, R, T and %, and thus helps to assess the effects of
model parameters on the evolution equation; note that (i) T is proportional to the usual reduced

temperature T /T, in phase transition phenomena, and (ii) M is a function of T so ¥ will be

12



temperature dependent as well. In this work we focus on the effect of forcing parameters y and R.
This choice was guided by the fact that no qualitatively significant effects were observed in the PF
simulations when varying T and & around the values considered here. In particular no new steady

state or new compositional patterning regime were detected.

In the present work we use the FEM framework MOOSE [50] with adaptive meshing and
time stepping to solve the PF Eq. (10), see Supplementary Material [51] for more information
about adaptive meshing and a detailed description of weak forms and solver options in Appendix
B. The atomic mobility and the coefficient of gradient energy are taken from Ref. [52] for the
spinodal decomposition of Fe-Cr. The interaction parameter Q is chosen so that the spinodal
temperature for the equiatomic alloy is Tc= 1022 K. The complete list of materials parameters is
compiled in Table I. Since the present study focuses on the equiatomic composition, it is sufficient
to perform two-dimensional simulations as the most stable steady states in the patterning regime
are lamellar microstructures. We refer to the A-rich and B-rich phases as a and B, respectively,
Furthermore, for simplicity, we vary ¥ and R but keep here the temperature fixed at 700 K (0.68
T¢). At that temperature, the equilibrium atomic fractions of B in a and B phases are 0.0786 and
0.9214, respectively. Separate simulations at other temperatures, from 0.5 T. to 0.75 T¢, did not
reveal any qualitatively different evolutions. Lastly, since we are not interested here in effects of

surfaces or other boundaries, we use periodic boundary conditions.

3.3 Determination of steady states by minimization of Fe

We present in this section the results of phase field simulations of an irradiated AsoBso binary alloy
using an order-3 ECH model. We focus on the patterning regime and pattern morphology near (y«,
R.), the onset of patterning since, as we will show in Section 4, the order-3 ECH model becomes
inaccurate away from this point. We thus choose R = 1.1 R and use a y value between y1¢%" and
y4mear The simulation domain is 30 nm x 30 nm. The initial conditions (ICs) of the simulations
are either a solid solution or a phase-separated bi-layer structure in order to sample broadly
possible steady-state microstructures. For IC = solid solution, the nominal concentration of B is
0.5 everywhere in the domain, but local random fluctuations (with amplitude = 0.05) are

introduced to trigger phase decomposition. For IC = phase separation, two stripes of a and f phases

are separated by a straight interface of width 0.5 nm. Under irradiation, the solid solution
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decomposes and forms a defective lamellar structure with dislocation-like defects, see Fig. 3a,
while for phase separated system decomposes through a series of instabilities into thinner layers,
also forming a defective microstructure, in this case with a transverse long-wavelength (zigzag)

instability, see Fig. 3b.

As observed in patterning systems by both experiments [53-55] and simulations [56,57],
final states are often found to be sensitive to the initial conditions and the size of the simulation
cell. This is illustrated by Figs. 4a-b, where a single bilayer with a large initial composition
difference between the two layers can evolve into a perfect layered structure, while increasing the
number of initial bilayers from 1 to 2 and/or modifying the composition contrast between initial
layers can result in defective layered structures, here with “grain boundaries”. Starting from solid
solutions, changing the random seed for the initial composition fluctuations also produces different
defective layered structures, see Figs. 4c-d. In addition, changing the dimensions of the simulation
cell can also affect the final state, see Fig. 4e, which has the same IC as in Fig. 4a but a larger
simulation cell dimension that leads to a zigzag instability. The exact details of the final state are,
of course, also affected by the numerical tolerance used in the simulations to define convergence
(see Appendix B). The diversity of layered morphologies depicted above thus points to the fact
that there exists many metastable structures in the patterning regime and that the system can be

trapped in any of those structures since the evolution equation used here is deterministic.

In order to determine the true steady state under specific irradiation conditions, we compute
the density of effective free energy F,rr/A (using Eq. (19), 4 is the area of simulation domain).
The minimum in the effective free energy density is found to correspond to a system with

periodically aligned straight stripes, which as shown in Fig. 4a are characterized by a uniform

wavelength. We set this state as the reference state ferficf and report relative free energy densities

feCf’} = Ferr/A — erficf for other defective metastable states. The values of fecfl} of metastable

states shown in Figs. 3 and 4 are listed in Table II. The effective free energy penalty is observed
to increase as more defects/sources of inhomogeneity are present. For example, in Fig. 4c there is

. . . . . CP
a closed circle of B phase on the upper right corner, which results in a small increase of f, ¢
compared to Fig. 4d. A grain boundary in Fig. 4b causes the largest fecfl} whereas zigzag

instabilities in Figs. 3b and 4e introduce only a small energy penalty.
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It is also informative to analyze the compositional profiles in these layered structures. In
all cases one finds profiles that are diffuse with no plateau regions in the middle of the layers, see
for example the compositional profile of B in Fig. 4a. In fact, sampling over a wide range of y in
the CP regime indicates that all compositional profiles can be well fitted by a sinusoidal function,
which is characteristic of the so-called weak segregation regime. This is not surprising since we
have chosen an R value close to Re, R=1.1R.. Additional simulations for larger values of R, e.g.
R= 1.5R: and R=2R., however, indicate that the order-3 ECH model only generates patterns
belonging to the weak segregation regime. This point will be considered in more detail in the

Discussion section.

3.4 Effective interfacial energy

While effective free energies and chemical potentials were introduced in a straightforward manner
in Section 3.1, the existence of a patterning regime calls for a different approach when defining an
effective interfacial energy. Let us consider first the case of systems where macroscopic phases
coexist, starting with systems at thermodynamic equilibrium. The standard thermodynamics
approach defines the interfacial energy as an excess quantity [46,58] since the energy penalty
introduced by the presence of one isolated interface vanishes in the thermodynamic limit. In this

classical analysis, A4 is the interfacial area, o is the interfacial free energy (unit is energy per unit

aGexc
0A

area), and 0 = ( ) , where G¢*¢ is the Gibbs free energy difference between an infinite
T,P,N

physical system with a planar interface and that of a hypothetical system comprised of two semi-
infinite phases with compositions set by the bulk phase diagram. In a two-phase binary alloy AxB1«
described within a Cahn-Hilliard model, the interfacial free energy takes the following expression

[46],
J; odA= [, [f(c) +§|l7c|2 —cus—(1- c),uj] dv (23a)

u4 and ug are the equilibrium chemical potential of A and B species. Considering now a system
with a constant cross-section A4 and variable length L, containing one planar interface parallel to

A, the above equation can be rewritten as:

oA = ALx%fV [f(c)+§|l7€|2—c,u,‘§ —(1—c),uj] dv (23b)
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We then introduce an excess free energy density f¢*¢ as:

fexe = %fv [f(c) +§|l7c|2 —cug —(1— c),uj] av = %fv |Vc|*dv (23¢)

where the last equality derives from the stationarity of the interface [46]. Combining Egs. (23b)

and (23c), one obtains:
fexc — % o (23d)

The interfacial energy can thus be simply determined from PF simulations by calculating f*¢ for

systems of increasing lengths L and using the expression:

o = lim Lfexc (236)

L—>oo

With the parameters used in the present PF model, one finds that at T =700 K, o - V,,, = 577 ] -

nm/mol, where V},, is the molar volume for 3D simulations, or the molar area for 2D simulations.

We can extend the above approach to the order-3 ECH model. Following an analysis of
sharp interface limit of an extended Cahn-Hilliard equation [59-61] (see also Appendix C), the

effective excess free energy density f;7f and the effective interfacial energy o, are now given

by:
fee = = f, (e 1vel? + 2657 |v2c)?) av (24a)
Oery = lim LfGEF (24b)

Egs. (23) and (24) have been used to calculate the effective interfacial energy in order-1, 2, 3 ECH

models, using the compositional profiles obtained from PF simulations of microstructures with

f

planar interfaces, concentrating first on values of y and R for which Kff remains positive. The

patterning case will be studied in the last part of this section. Figs. Sa-c display g5 as a function

of y for the above three ECH models, normalizing g, by the thermal equilibrium value o, at the

same temperature, and normalizing y by €47 for the R value used here. As we can see from the

plots, g/, decreases for all three cases as y increases. In the order-1 model, phase coexistence

under irradiation can be described by an effective interaction term Q,rr = Q — yR?/12, see Eq.

linear

(16), and o.¢¢/0y, = 0 as y/y; — 1 since the latter limit imposes that T/Tf]c !

-1;
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furthermore the reduction in o,¢¢/0y, as T/Tcef T increases is the one expected for a regular
solution model, see for instance Fig. 3 in Ref. [46]. It is also of interest to extend this interfacial
energy analysis in the MPS regime to the order-2 model, even though that model does not provide
a physically correct behavior in the patterning regime. In the order-2 model, phase coexistence
under irradiation involves an effective interaction term ().r and an effective gradient energy

Ir , see Eq. (17), which is reduced as y increases. As a result, the interfacial energy

fr

: e
coefficient, r;

decreases faster than in the order-1 model, and o,¢¢ /0, — 0 when Kf — 0 as seen from Eq.

(17). In the order-3 model (Fig. 5c), the reduction rate of g, /0y, is intermediate between the

previous two cases because of a positive compensation from 2K§f ! |V2c|?. Notice that the PF

simulations yielded compositional patterning for y < y}€97 and the transition to patterning takes

place at a small but non-zero positive interfacial energy (see inset). This is expected as the
transition from MPS to CP is a first-order transition, but weakly first-order here as the system is
very close to the critical point (y¢, Rc). The interfacial energy then gradually decreases to negative
values, before increasing again to zero when system enters solid solution regime. The validity of

Ocfr given by Eq. (24) is however problematic in the patterning regime as discussed next.

In contrast to systems at thermodynamic equilibrium where macroscopic phases coexist,
the interfacial area is an extensive quantity in the CP regime since this area scales with the volume
of the system, and therefore one cannot define the interfacial free energy as an excess quantity.
Furthermore, that approach may be flawed due to the absence of the well-defined bulk, or far-field,
concentration values needed to describe the hypothetical system with a dividing surface used as
reference [62]. In the present work, for instance, all compositional profiles generated by the order-
3 ECH model in the patterning regime have a sinewave-like shape, see Fig. 4a, and it is found that
the compositions at the minima and maxima are not independent from the period of the layered

microstructures, so these extrema values cannot serve as proxies for far-field solutions.

A modified approach is thus proposed, where we consider the dependence of the effective
free energy density with the period of layered structures. Specifically, we employ small simulation
cells of constant cross section 4 and of variable length A, which is chosen to be close to the periods
of layered structures observed in large-cell simulations for the considered values of y and R, see

for instance Fig. 4a. These small simulation cells were initialized with one straight bilayer and
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evolved to reach steady state. A small cross section was used, so as to prevent any interface
instability of the straight interface, and A was varied only around an estimated optimum period so
that no additional bilayer would nucleate, i.e., to suppress an Eckhaus instability. The effective
free energy density was measured at steady state by normalizing the total effective free energy
F,sf defined by Eq. (19) by the area (or volume in 3D) of the simulation cells, i.e., Ferr/A. The

relative effective free energy density feCf’}, defined previously in Section 3.3, was observed to

display a near parabolic dependence with 1/A, see for instance Fig. 6, reaching a minimum at 1/Ac.

We propose to define the effective interfacial free energy in the CP regime as:

O.CP — afecfl} (25)
eff = a@1/2)

While Eq. (25) bears some similarity with the definition used in the MPS regime, see Egs. (23d-
e), we stress that fecfl} 1S not an excess quantity in the thermodynamic sense. Furthermore, a
consequence of this definition is that the most stable periodic layered structure is the one for which
geC]?f = 0. When 1/A is smaller (resp. larger) than 1/A., the effective interfacial energy is negative

(resp. positive), capturing the fact that the system can lower its total effective free energy by

increasing 1/A (resp. decreasing 1/1).

The near parabolic shape of the plot of fecfl} vs. 1/A in Fig. 6 can be rationalized by

considering the fact that in the weak segregation regime, steady-state compositional profiles are
near sinewave functions. It is proposed that stretching or compressing the patterned structure by +

dA results in a similar increase of the effective free energy density, and thus a symmetric plot for

feCf’} G) near its minimum. This rationalization was tested by deriving an analytical expression of

fecfl} (I) using a one-mode approximation, i.e., assuming that the compositional profiles are sine

waves of amplitude a and wave vector k. One modification however had to be made to the order-
3 ECH model for deriving such an expression: The regular solution free energy density, f(c) had
to be replaced by a Landau free energy as in previous analytical works [32,45], since the
logarithmic terms in the configurational entropy in f(c) preclude the derivation of explicit

analytical expressions. As shown in Appendix D, one then obtains the following expression for

ferr (),
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fepr _ 5"

2 _ 1,232
7 = ——(k* —k¢) (26a)
2 i

ke = = (26b)

Clearly, between fecfl} and k? there exhibits a parabolic relationship which scales with the square

of amplitude. At k., the effective free energy density reaches the minimum. As expected, the
effective free energy expression in k-space for the order-3 ECH model in the patterning regime,

Eq. (26), is identical to that expected for the corresponding one-mode SH model [61].

4. Compositional patterning away from the critical point

PF simulations are next employed to investigate the steady states of patterning further away from

the critical point (yc, Rc). As we will show, this requires higher order-n ECH models.

4.1 Convergence of the order-n ECH models with increasing higher order

We consider here the effect of the number of inhomogeneity terms on the steady-state phase
diagram. It will be shown that the further away from the critical point (yc, Rc), the slower the
convergence. We first investigate the question of convergence of the order-n ECH model using a

linear stability analysis, before employing PF simulations.

A stability phase diagram is first built in the R-y space through linear stability analysis of
the full dispersion relation (the full model, see Eq. (3)) and the dispersion relation of the order-n

model (see Eq. (11)). The y#™¢%" boundary and critical point are the same for both the full model

and the order-n model since they are determined by the same equation, so only y4€9" needs to be

determined. The analytical expression of ™% of the full model is collected in Appendix A; for

yimear of the order-n model there is no simple analytical expression so we resort to numerical
methods. The resulting phase diagram is shown in Fig. 7a. It is seen that the order-3 model matches
the full model only very close to the critical point. When R becomes larger, higher-order models

are required, as illustrated with order-11 and order-17 models in Figs. 7a and 7b.
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We then use PF simulations to study the effect of order-n on steady-state microstructures
in the patterning regime by investigating the effective free energy density, characteristic
wavelength A and concentration profile. We conclude that convergence has been achieved when
the above three measures remain essentially unchanged upon further increasing n. Similar to what
was reported in Section 3.4, we use a bilayer structure as the initial condition and we systematically
change the width of bilayer as a way to change the steady-state wavelength .. We compare
different order-n models of R = 1.65R. for y values covering the entire range of CP regime but for
simplicity we discuss below the simulation results obtained for one representative point,

corresponding to a value of yp2, see point P; in Fig. 7a.

The relationships between effective free energy density F,rr/A and A from order-n (n =
11,13, 15,17, 19) ECH models are shown in Fig. 8. All curves are somewhat U-shaped, indicating
Fezr/A of each order-n model reaches a global minimum at different critical wavelength A.. While
all these models agree well with each other at both ends of the range of A values considered here
(A= 3.5 nm or A = 5.5 nm), these curves deviate significantly in the central region (3.5 nm <A <
5.5 nm). As n increases, both the minimum of F,rr/A and Ac shift to smaller values until a
saturation point is reached at A. = 4.43 nm. From model order-15 to order-17, A. is reduced by
3.8 %, from 4.6 nm to 4.43 nm, the minimum of F,¢¢/A is reduced by 0.28 %. From order-17 to
order-19, there is no change in Ac and the minimum of F;r/A is reduced by only 0.047 %. We
therefore conclude that convergence for the minimum of Forf/A and Ac requires an order-17

model for R = 1.65R..

In addition, the steady-state microstructures of patterning in order-n models are examined
and the corresponding line profiles of species B along one period of patterning are compared in
Fig. 9. All profiles belong to the strong segregation regime (SSR) of patterning as there are plateau
regions within a and B phases. In agreement with the results shown for the minimum of F,¢¢/A and
A, the steady-state compositional profiles evolve until order-17, and they remain unchanged upon
further addition of higher-order terms. This can be rationalized by noting that in the strong
segregation regime, higher frequencies are required to accurately reproduce square-wave shaped
profiles. Despite the fairly large number of inhomogeneity terms in these high order-n ECH

models, FEM solvers are found to be very effective in solving the corresponding weak form of the
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phase field equations. For instance, the computational time to reach steady state with the order-19

model is only = 3 times that of the order-3 model at point P».

Based on the analysis and results above, we build the full dynamical phase diagram, which
includes four possible steady states, namely MPS, SSR of CP, WSR of CP, and SS as vy is increased,
see Fig. 10. The kinetic evolutions of the system under various irradiation conditions are presented
in Fig. S1 of Supplementary Material [51]. In contrast to results on patterning near the critical
point (yc, Rc) presented in Section 3, the main difference is the presence of a strong segregation
regime of patterning. The order-3 ECH model, or equivalently kinetic models driven by a one-
mode SH free energy functional, fails to produce this patterning regime. This point will be

considered further in the Discussion.

Another interesting observation is the evolution of interfacial width as a function of y and thus
as the system transitions through different steady states. We used the 10%-90% criterion to
determine the interfacial width, and plotted its relationship with normalized y in Fig. 11. We also
measured the steady-state domain size — the distance between the center of neighboring a and 3
phases, and plotted the ratio of interfacial width to the domain size as a function of y in Fig. 11 as
well. In the MPS regime, as y increases, the interface becomes more diffuse but the ratio of
interfacial width to domain size remains zero because the domain size is infinite in this regime. In
SSR, larger y leads to a substantial increase in both the interfacial width and the ratio. Entering
WSR, however, the interfacial width starts to decrease as y increases. And since the compositional
profile in WSR is approximately a sine wave, the ratio of interfacial width to domain size should
stay very close to a constant, ~0.5903 for a sine wave. Indeed the last three data points shown in
Fig.11 correspond to values of 0.5889, 0.5924 and 0.5934, respectively. We thus propose that the
interfacial width over domain size ratio can be used to distinguish experimentally the weak and

the strong segregation regimes. This point is further discussed in the Discussion section.

4.2 Dependence of effective interfacial energy with y in patterning regime

We next extend the results presented in Section 3.4 for the effective interfacial energy in the
patterning regime with the order-3 ECH model. It is found that in the strong segregation regime

the dependence of fecfl} with 1/A around 1/Ac becomes asymmetric, see Fig. 12, in contrast to the

symmetric behavior measured in the weak segregation regime (Fig. 6), as well as derived
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analytically (Egs. (26a) and (26b)). Specifically, we present in Fig. 12 results from an order-17
ECH model for R = 1.65R., and four y values at points P2, P3, P4 and Ps, see Fig. 12a. Since P is
in WSR regime, the plot of fecfl} versus 1/A is similar to that in Fig. 6 for the order-3 ECH model

so it is not discussed further. Decreasing y to P2, which brings the system into the SSR regime, the
shape of plot has become asymmetric around 1/Ac, see Fig. 12b. For 1/A < 1/A., the absolute value

of the gradient is smaller than for 1/A > 1/A, indicating that fecfl} is less sensitive to the change in

A. Upon further decreasing y to points P; and P4, which are well within the SSR regime, the plots
become even more asymmetric, see Fig. 12¢ and Fig. 12d. For point Ps, which is in the MPS regime,
the curve does not display a U-shape, instead, the effective free energy density monotonically
increases as 1/ increases. These results can be rationalized considering the following points: First
in the MPS regime, 1.e., at Ps, Eq. (24b) predicts that in the limit of infinitely small 1/A (or 1/L),

the slope of effective free energy density versus 1/A approaches g, ¢, and should thus be positive,

since f, 75 is related to effective free energy density through:

£ = =1, Ut © + 171wl + 26571022 — e/ — (1= T av = Fopp /A — g7 (27)

The slope measured at point Ps, 24.3 ] - nm/mol, is indeed in good agreement with the value
measured from Eq. (24b), 22.5 ] - nm/mol. Second, in the SSR, since the compositional profiles
reach plateau values within each phase, see Fig. 9, it is expected that, when interfaces are farther
apart from each other than the optimum distance A./2, the corresponding increase in effective free
energy should be much smaller than the increase brought about by overlapping interface profiles

in the case 1/A > 1/A., and therefore that the plot of fecfl} versus 1/A should no longer be symmetric.

5. Discussion

In this work, we have calculated the evolution of the concentration field c(r,t) in a phase-
separating binary alloy subjected to irradiation where forced atomic replacements are described by
an athermal Gaussian mixing term. For most irradiation collisions, the characteristic length of these
forced displacements, R, extends beyond that of thermal diffusion, i.e., one nearest-neighbor
atomic distance. This separation of length scales makes it difficult to derive an exact explicit
expression of the effective potential governing the overall evolution of this system with two

competing dynamics. This issue has usually been addressed by relying on approximations
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involving linearization of the thermodynamic free energy density either in reciprocal space [32] or
in real space [36]. In this work, we have proposed a different approach: Using an expansion of the
forced mixing kinetics, finite-range mixing is expressed by a series of derivatives of c(r,t)
evaluated at position r, instead of evaluations of ¢(r’, t) at positions r’ far from r. Truncating this
expansion yields a series of approximate mixing models, see Eq. (6). These differential terms can
then be directly incorporated into the Cahn-Hilliard evolution equation used for the
thermodynamics-controlled dynamics, yielding a series of extended Cahn-Hilliard (ECH) models,
see Eq. (10), referred to order-n ECH models. As a result, for each of these order-n ECH models,
exact expressions for the corresponding effective free energies were obtained, see Eq. (13). In
contrast to past works, our approach yields a unique explicit real-space expression of the effective
free energy for all three steady-state regimes. Steady-state concentration profiles were then
calculated using phase field simulations, see Figs. 4 and 9, and used to build steady-state phase
diagrams, see Figs. 7 and 10. It was found that an order-3 model is sufficient to capture the onset
of patterning, where concentration profiles are close to sinewaves, i.e., in the weak segregation
regime. Higher-order models, however, were required to generate the strong segregation regime
expected deep into the patterning regime, as illustrated in Fig. 9. We specifically discuss in this
section two key points: (1) the definition of an effective interfacial free energy in the above driven
alloy system, and (ii) the connection between the present effective free energies with those
obtained in previous models of alloys under irradiation, and more broadly of systems undergoing

patterning.

Defining an effective interfacial free energy for systems that display a transition between
steady states of macroscopic phase separation and compositional patterning is problematic. In the
MPS steady state, i.e., at low forcing intensity y, one can extend the standard thermodynamic
approach to calculate the interfacial free energy by simply using the effective free energy defined
in Eq. (19). The resulting effective interfacial energy g5, defined through Eq. (24b), is found to
decrease as y increases and to reach negative values for y values nearly equal to the one
corresponding to the transition to CP, see Fig. 5(c). The fact that the patterning regime be
associated with a negative interfacial energy may not be too surprising at first since an initially
macroscopic system operating in that regime will spontaneously create new interfaces until

reaching the optimum lamellar structure. Negative interfacial energies have been used or
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calculated in other systems self-organizing into mesoscopic patterns, for instance in active matter
[38,39], although this topic remains controversial [63]. This definition for the effective interfacial
energy, however, cannot be used in the present patterning regime. Firstly, the interfacial area is no
longer an excess quantity. Instead, in the patterning regime, the interfacial area scales with the
volume, i.e., it is now an extensive quantity. Secondly, the steady-state compositional profile does
not admit constant “far-field” solutions as the interface width and phase co-existence length scale
are no longer decoupled. For the nearly sinewave concentration profiles found in the weak
segregation regime, for instance, these two scales are identical, up to factor 2. In contrast, the
existence of far-field solutions that are constant over distances much larger than that of the
interface width is an essential requirement for the derivation of interfacial free energy from phase

field models using a sharp interface limit, see for instance Refs. [59,64] and Appendix C.

We thus introduced in this work an alternative definition of the effective interfacial energy in

the CP regime, aecjff. Since the patterning period A is an internal degree of freedom of the system,

an effective interfacial energy should be related to the dependence of the effective free energy

density with respect to that period. Specifically, we define geC]?f as the partial derivative of the

effective free energy density with respect to 1/4, see Eq. (25), so that geC]?f is properly

dimensioned, i.e., in energy units per (L)@~V, where L is a system length and d the system spatial
dimension. We find that the effective free energy density of a steady-state lamellar phase varies
continuously with its period 4, see Fig. 6, thus ensuring that this partial derivative is well-defined

for the systems of interest here. An important consequence of this definition is that geC]?f = 0 for

the most stable lamellar steady state. This approach is in fact consistent with other approaches used
to study related systems. For example, we already noted in Section 3 that the order-3 ECH free
energy is very similar to the functional form used in some phase-field crystal (PFC) models
[65,66]. Atoms in PFC simulations correspond to spherical precipitates in our work, and
equilibrium PFC states with crystalline order to a patterning regime with periodic structures. Fig.
6 is thus the counterpart of a plot of the system energy per atom as a function of inverse lattice

parameter in PFC. This suggests that the curvature 02f%;/0(1/4)? evaluated at o5y =0,

defining an effective “interfacial modulus”, could be used to characterize the compliance of the
lamellar phase in response to changing its wavelength. Another correspondence can be made with

the concept of defactant introduced by Kirchheim [67,68] and used in particular to rationalize the
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stabilization of nanocrystalline materials to a finite grain size by doping grain boundaries with
suitable solute atoms. Although there is no direct model correspondence here, in part because
including grains of distinct crystallographic orientations in phase field modeling requires the
addition of non-conserved order parameters, Kirchheim reaches a similar conclusion, i.e., that the

effective grain boundary energy should be zero for the most stable nanocrystalline state.

We next turn to the effective free energy potentials derived from order-n models and to their
comparisons with potentials obtained in previous publications on systems undergoing patterning,
in particular alloys under irradiation. As noted above, in the compositional patterning regime, our
order-3 effective free energy, see Eq. (19), is equivalent to the one-mode SH potential [3,61] since
Kff 7 <0 in that regime (note that Eq. (19) differs slightly from the standard one-mode SH free
energy because of the entropic terms in f(c)). Such an effective potential was recently obtained
by Simeone et al. [36] for alloys under irradiation with an exponential-decay forced mixing, by
performing a second-order expansion of the k-space response function around the dominant
patterning wave vector (see Ref. [36] for details). Our order-3 effective free energy is however

more general since it encompasses both the traditional extended CH model in the MPS regime,

where the y values are low enough that Kff S 0, to an SH free energy once the system enters the
patterning regime, i.e., at higher y values. It is intriguing to note that a potential analogous to the
order-3 effective free energy was used to model shape instability in a static but frustrated system,
where phase separation competes with dipole-dipole repulsion. One limitation of those potentials
for alloys under irradiation is that they can only generate patterns that belong to the weak
segregation regime. Higher-order ECH models overcome this limitation by including higher-order
derivatives of the concentration field c(r, t). This is rationalized by considering that higher-order
compositional inhomogeneity terms are able to capture higher-order harmonics, which are required
to generate the square-wave-like profiles of the strong segregation regime. While we not aware of
any systematic parallel with other effective potentials for patterning under irradiation, it is
interesting to note that our order-5 model is very similar to the two-mode SH potential, as detailed
in Appendix D: both potentials include terms up to |[V*c|?, and in both cases the signs of the
coefficients of |V™c|? alternate from negative to positive for n = 1, 2, 3, 4 (see Appendix D for
details). Such two-mode SH potentials have been employed recently for PFC models, in part to

provide more flexibility and accuracy in generating crystalline phases with face-centered cubic
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and close-packed hexagonal lattices [69,70]. Extending further this comparison between the order-
5 model and the two-mode SH potential, we suggest that our order-n effective potentials could be

alternatively defined as multimodal SH potentials with (n — 1)/2 patterning modes.

Next, the present work suggests that, when investigating experimentally compositional
patterning, it would be useful to determine whether the system is in a weak segregation or a strong
segregation regime. This would also help determine whether experimental ballistic relocation
distances can be large enough to stabilize the strong segregation regime. Existing data obtained
from atom probe tomography point to fairly diffuse interfaces, typically = 1-2 nm wide, in the
compositional patterning regime for Fe-Cr [20-23], Cu-Fe [71] and Cu-V [72]. These observations
alone are however not sufficient to conclude that these alloys were in the WSR, since diffuse
interfaces can be found in the SSR, see Fig. 11. A conclusive test however is to determine the ratio
of the interfacial width to the precipitate radius at steady state as a function of the forcing intensity,
as shown in Fig. 11. This sequence of steady states could for instance be obtained by decreasing
the irradiation temperature. In the WSR, this ratio is expected to remain a constant, ~ 0.5903 for a
sine wave; while in the SSR this ratio decreases continuously upon approaching the y; boundary,

where the ratio becomes zero in MPS regime.

Lastly, we point to potential extensions of the present work. In light of the recent steady-state
phase diagram obtained by Luneville et al. [37], it would be interesting to use order-n ECH models
to study non-equiatomic compositions and contrast the evolution of precipitate shapes in the WSR
and SSR regimes. Secondly, since deterministic evolution equations were used in this work, spatial
and temporal correlation events in mixing events were not considered. These correlations could
however be introduced by treating forced mixing events as a stochastic source term, similarly to
what Dubey and El-Azab did for capturing point defect production by displacement cascades [73].
In fact, another significant extension would be to explicitly include the point defects created by
irradiation, as well as the microstructural defects that serve as sinks for those point defects, e.g.,
grain boundaries. This extension would make it possible to include in PF simulations radiation-
induced segregation and precipitation driven by the kinetic coupling of chemical and defect fluxes
to sinks [74]. This is of interest because systems driven by non-zero net fluxes can undergo

nonequilibrium phase transitions distinct than those with zero net fluxes [75,76].
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Conclusion

In this paper we studied macroscopic phase separation (MPS) and compositional patterning (CP)
in a binary alloy subjected to irradiation where finite-range mixing is modeled using a Gaussian
distribution. Using an expansion and truncation of this Gaussian distribution to order n, we
introduced a series of approximate models and were able to define exact effective potentials for
each order-n model. This is in contrast to past approaches that retained an exact expression for
their mixing function, but they could only obtain approximate explicit expressions for the effective
potential governing the overall evolution of the alloy under irradiation. Interestingly, our lowest-
order effective free energy, the order-3 one, yields a one-mode Swift-Hohenberg functional in the
CP regime, in agreement with recent results by Simeone et al. [31] after linearization of the
thermodynamic free energy density. As the irradiation forcing intensity is reduced, the coefficient
of the gradient square inhomogeneity term in this order-3 potential changes sign, from negative to
positive at the transition from CP to MPS, and the effective free energy becomes an extended
Cahn-Hilliard functional. The order-3 effective potential thus provides a unified description of the
effective free energy for the system across the MPS and CP regimes. Phase field simulations for
equiatomic compositions in 2D systems yield regular lamellar phases at steady state in the CP
regime, as expected. Simulations using the order-3 potential, however, generate only sinewave-
like concentration profiles, which are characteristic of the weak segregation regime. Furthermore,
analysis of the convergence of these profiles as the order n increases shows that the order-3
potential is only valid near the onset of patterning, specifically near the critical point (yc, R¢) of the
steady-state phase diagram, see Fig. 10. Deeper into the patterning, higher-order models are
required, and near the MPS-CP boundary, they produce square-wave-like profiles, characteristic
of the strong segregation regime. Drawing from the two-mode SH functionals developed for phase
field crystal models, we showed that our order-n functionals are analogous to multimodal SH
functionals. A second key result from this work concerns effective interfacial energies. Defining
effective interfacial energies for systems in the CP steady state requires a novel approach: In that
regime the interfacial area is no longer an excess quantity as it becomes proportional to the
system’s volume, i.e., an extensive quantity, thus precluding the use of the traditional approach
employed for systems where macroscopic phases co-exist at thermodynamic equilibrium. A new

approach was introduced, defining the effective interfacial energy in the CP regime as the partial
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derivative of the effective free energy density with respect to the inverse of the pattern period.
Using this approach, the most stable lamellar steady state is one for which the effective interfacial
energy is zero. It will be interesting to extend the present work to non-equiatomic compositions
and 3D systems, in order to further assess the influence of the order n on steady-state

microstructures and precipitate composition.
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APPENDIX A: BOUNDARY PARAMETERS BY LINEAR STABILITY ANALYSIS

Derivations of important boundary parameters of steady-state regimes in the dynamical phase
diagram are presented in this appendix. We use Eqg. (21) in Section 3.1 to derive boundary

parameters for the order-3 ECH model: y}™¢%", the boundary between MPS and CP regime, is

corresponding to Z—Z changing signat k = 0, so

n
linear _ __ 6f
1 - RZ

14

dw

y4near the boundary between CP and SS, is determined by d(: lk=k, = 0and w(k.) =0,
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In patterning regime, the boundaries of the range of wave vectors with positive growth rates

(kq, k) are the two positive real roots of Eq. (21),

eff |, eff eff 110
-k = (k52— %
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For patterning regime away from the critical point, in Section 4.1, Eq. (3) is used to derive y4"€e"

of the full model:

" p2\2
, 16K? + (RY”
linear _ 9
)/Z—full model — 4
§KR4

APPENDIX B: NUMERICAL METHODS

Numerical simulations of phase field equations are obtained via an open source, massive parallel
finite element method (FEM) framework, MOQOSE. The FEM scheme is fully coupled and fully
implicit featured with adaptive meshing and timing. For FEM discretization, the residual equation
of the partial differential equation and its variational Galerkin weak form are constructed. ¥, is
used as the test function for the weighted integral residual, and divergence theorem is applied
to lower the order of the derivatives in the usual manner. Since in Eq. (10) there are many higher-
order gradient terms, to avoid the use of computationally expensive higher-order basis functions
for both trial and test functions, we introduce a number of intermediate variables instead to
systematically represent these higher-order gradient terms. This operation can significantly
improve the efficiency of solve convergence but does not impact the accuracy of solution.

Residual equations in a split weak form are (i stands for species of the system):

aCi N
Ry, = (5 ¥m ) + (i1 Vi) = (M- T )
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0fpu _
R, = (( ];bcilk - Hi)»llfm) + (Vey, V(kipm)) — (Ve - 5k Pm)

(*,*) operator represents a volume integral with an inner product and the (*,x) operator
represents a surface integral with an inner product. c¢; is the conserved variable and y; is the
chemical potential. For periodic boundary condition, boundary integral terms are neglected so

we omit the surface integrals:
aCi
Ry, = (S ) + (M7, Vi)

0 fpuik D D D
Rcl-=<( =) )+ ( (e = 37 P Pom | + (57 € = g3 ¥m) = (Pl Vi)

D
Rai“t = (a{*", Pm) + (ﬁg Vey, V¢m> + (Vaian, lem)
i

D
Ragnd = (al'znd, l/)m) + (ﬁ‘l VC[, lem) + (Vai?’rd; lem)
L i

1

D
-3)th — —-2)th
Rai(n—3)th = (ai(n 3t ,l/)m) + (11:4—1 Vcl'; lem) + (Vai(n 2t ) lem)

_ D
Rai(n—z)th = (ai(n Z)th,l/)m) + (—n Ve;, Vl/)m>

M;
af (c;) )
Hi = a—Cl —kV Ci +

D,
2M,;

D,
2M,;

(ZCi - 1) +

Vic, + V2ajst

_ D, _ _
ai(n 3)th — ;Iil VZCl' + Vzai(n 2)th
D
—nVZCi

i

n—2)th
oD

al-l“ to ai(n_z)th are intermediate variables to split the higher-order equations. First-order 2D
Lagrange shape functions are used for all variables, and volume integrals are discretized by
setting the reference elements type as four-node quadrilateral in 2D (QUADA4). The interfacial
thickness (2€) is resolved by more than 10 grid points (much finer than the usual 2§=6Ax criterion),

for a good balance between computational efficiency and numerical accuracy. The method for
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time integration is backward Euler. Solve type for the non-linear system is Newton’s method. The
method carried out to manipulate preconditioning matrix is Additive Schwartz Method (ASM)
which is the only option that works well with the split Cahn-Hilliard equations, and sub-
preconditioning is performed by using LU factorization. The simulations are solved with a non-
linear relative tolerance of 1e-8 and a non-linear absolute tolerance of 1e-9. Adaptive mesh
refinement and timing are implemented to accommodate the large concentration variation
across the interface and to reduce computational time. Parallelism by Message Passing Interface
(MPI) is applied to all simulations, the average degrees of freedom (DOFs) per core is targeted to
be 20,000 for the best computational performance with various domain sizes.

Note that the mixing coefficient D,, in Eq. (5) has different form if the dimension of the
problem changes. For example, in 2D, the denominator becomes 4Pp!, and in 1D it is 2Pp!l. We
can express the forcing parameters y and R based on their relative distance from the critical point,

so that the steady-state phase diagram is not affected by the dimension of the problem.

APPENDIX C: DERIVATION OF INTERFACIAL ENERGY BY SHARP INTERFACE LIMIT OF PF MODEL

This appendix derives interfacial energy in an order-3 ECH model from the sharp interface limit
of PF models of one conserved order parameter with notations used in Refs. [59,61]. Interested
readers are suggested to read the referenced papers for a thorough understanding of the
description of methods shown below.

The free energy functional of an order-3 ECH model is expressed in the form,

Kq

F=“f(c)+ 2€2|l7€|2+

4
Ky€
22 |A c|?|aVv

where cis the fractional concentration of one component in a binary system, f(c) is the bulk free
energy, € is a constant that sets the scale of the interfacial energy, k; and k, are coefficients of
gradient and Laplacian terms. The outer expansions of field variables ¢, chemical potential u and
diffusion flux J follow the treatment in Ref. [59] except no subscripts are needed since there are

only two components in this system. A curvi-linear coordinate (r,s) is used to describe the physical
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interface. In the inner region the derivatives of all fields with respect to r (interface normal) are
much larger than derivatives with respect to s (interface tangent) when curvature vanishes, so a
stretched variable z = r /¢ is introduced. The spatial and time derivatives are expressed in their
transformed form accordingly. One can then express the solutions and fields of the inner and
outer regions by their asymptotic series, and a tilde is used to denote the inner expansions.

In coarsening regime, when driving force or the interface velocity is small, the steady-
state diffusion field is allowed to form in front of the interface. The time derivative operator 9,
can be replaced by a slow time scale, d;4, so the outer equation is,

€0y ==V -], Xxin outer region
For the leading order O(1),
0=-7-J°
The leading order terms of u° and c° are close to equilibrium, so u® = u% —u% = 0and ¢ =
cgq for x in the outer region of the matrix and precipitate phases. For the next-to-the-leading
order, 0(¢g), we have,
£0pCo = —€V - J1

where J1 = MOVu! + MVu® = MOVu! since u® is 0. Therefore, the first-order terms in the bulk
phases are in steady state.

In the inner region, we expand the fields with t replaced by t1 and use k as the mean

curvature, so the Laplacian and bilaplacian operators in curvi-linear coordinates are,

1 2 1 2
l7-l7=§62+grcaz+l7s

1 1 1
v+ =;6; +;K623 —;KZGZZ +EK362+ 1754

and

—_—

0 — ~0) _ 2.0 4.0
U —f,c~(c ) K,105¢c + K,0,¢c
ut = f=(c9)ct — K 02¢t — kyKk,c0 + K02 ct + 2K,K03C0

The inner equations can be written as,

€304, ¢ — £20,470,¢ = 0,(Ma, i) + eMxd,ji + £2V, - (MV,fi)
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For the leading order O(1), we have OZ(MGZ,H) = 0 whichyields ;4‘6 = (0 so the same steady-state
conditions are satisfied on the front as they are in the outer expansion, and u® = 0 applies
everywhere in the domain. For the next-to-leading order O(¢), recall that u° = 0, so we have
aZ(M”OaZ[ﬁ) = 0. Clearly, u!isindependent of z, which is the interface normal direction, so we
have ,Z[f = A(s, t). We can conclude, by matching the outer and inner expansions at O(1)and
0(¢), that:
1. u® = 0 everywhere in the domain (both inner and outer region).
2.4t = A(s, t).

Knowing the relation between ¢ and c?, and that ¢V is the equilibrium concentration at
planar interface so its first, second and higher-order derivatives at infinity have to be zero, we
apply the same projection method to ,Z[f to show:

+0o0 +00
j 1o, c0dz = j fz(c9)é 8,c%dz — j

+ oo

+00
K, 02¢19,c0%dz — j Ky K(@Zﬁ)zdz

+00 +o
+j K, aﬁglazcodz+j 2K, K03¢%0,c%dz
The last term can be replaced by,
+oo . . + o0 —2
j 2k, K03¢99,c0dz = 2kK,1(82c09,cP) |t£—j 2k, k(02c9) dz
+oo —2
= —j 2k, k(02c9) dz

The summation of other three k-independent terms on the RHS is zero when all orders of

concentration gradient terms at infinity are assumed to be zero:

T\~ A T .
| fa@aoda=[ I(r(@)aas

—00

+ oo

+00
= £ ()t j £()a, dz

= — [T f:(c9)a, cldz (C1)
+ 00 _ _ +0oo _ a _
—j K, 02¢10,c%dz = —j Ky azcoa— (9,ct)dz
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+o00
= —k,0,¢c%9,c! If£+j K, 02¢%0,cldz
—00

= f_+;° Ky 02¢%9,cldz (C2)

+ 00 _ _ + 00 _ a _
j K, 04c19,c%dz =j K, azcoa—(az?’cl)dz

— 00

+00
= Kk,0,c903c! |t£—j K, 03¢102c0dz
— 00
+00
= —K,02c%02c! If£+j Ky 02¢103c0dz
— 00

+00
= K,03¢%9,c! |tg—j K, 0,c10%c%dz
— 00

= —["" K, 0,c104c0dz (C3)

Eq. (C1) + Eq.(C2) + Eq. (C3) =
+oo +oo
[ 1@ + 0026 - 08300, s = [ -0, 50z =0

—00

Therefore,

+00
j 10,8dz = FI[E(+00) — (=0)] = —ok

+00
o= j [K1(0,c%)% + 2K, (02¢)?]dz
—o0
In the order-3 ECH model, for straight interfaces with concentration variation along for example,

only the z direction, the interfacial energy o can be expressed as fZ (Kfff|7c|2+

25" |72¢|2) dz. This corresponds to Eq. (24) in the main text.

APPENDIX D: FREE ENERGY FUNCTIONAL IN ORDER-3(5) MODELS AND ONE(TWO)-MODE
SWIFT-HOHENBERG MODELS

This appendix describes similarities and differences between the order-3(5) models and the

one(two)-mode Swift-Hohenberg (SH) models.
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D.1 Comparison between the order-3 model and one-mode SH model

The free energy functional of one-mode SH model is given by [66],

F=[Glat it +72p + 594 av
14

Where a, A, g are constants, q, is the magnitude of critical wave vector, and ¢ is the field
variable related to the density field of the system. This free energy functional constitutes the one-
mode SH equation and it results in the minimization of energy by the formation of periodic

structures with a critical wave vector. Its dimensionless form is:

_ 2 4
F= j l—¥+7— 7|2 +%|v2¢|Zl av
14

Here ¢ is a reduced parameter and is equal to _/1: -, the field variable isy = ¢ /lj - For the
0 0

order-3 model, in order to compare with the one-mode SH model, a Landau polynomial is used
as the bulk free energy instead of regular solution model. Therefore, the total effective free

energy of the order-3 model is,

D K1, K2
Fop = j l—Ac2 + Bc* —ﬁc(l -c) +—2ff |Vc|? + —;ff |l72c|2] dv
v

We now use a one-mode approximation as the compositional profile to derive the
analytical expression of free energy as a function of wave vector k in patterning regimes of the
two models. In patterning regime we assume a 1D parametric function ¢ = ¢ + asin(kx) as the
local composition of B, a is the amplitude and ¢ is the nominal composition of the system. We
then derive the effective free energy per unit length f,¢¢ (k) and the minimum of f,¢( (k) at k..

The difference between these two terms, in one-mode SH model (kZ = 1):

aZ
Af(k) = f(k) = fke) = - (k* = 1)?

In the order-3 model:

35



Af i (k) = fops (k) — fops (k) == k2)2
o k!
©ug

2

Assuming amplitude a is independent of the wave vector and remains a constant, they both show
a parabolic relation between free energy density and k2. This expression corresponds to Eq. (26)

in the main text.
D.2 Comparison between the order-5 model and two-mode SH model

To improve the accuracy of solid-liquid interface properties obtained from quantitative PFC
models, a two-mode SH model was proposed, including a second critical wave vector in addition

to the primary one [77],

= [ e+ a2 + 72007 + 7 4 ) + S gty av
14

where g, is wave vector of the second-mode, and r; is a constant. By varying r;, the relative
amplitude between the primary and secondary modes can be adjusted. The dimensionless two-

mode SH model has a free energy potential of the form:
A D 1
F=J, [2+L — Blvyl2 + S 1v2yp)2 - 2oy + L pyl?| av (D1)

where A= —e+R, +0Q,*, B=R, + Q>+ 0,*, C=1+R, + 40, +Q,*, D =2 + 20,%,
a

£= — ——
2q0%’

R, = % and Q, = %. R, and Q; give the freedom to change the relative amplitude
0 0

and wave vector of the primary and secondary modes. For the order-5 model, the effective

potential is, see Eq. (13):
D
Fepp = J, |fomle () + cd IV 12 +-2 il Il72 1> - 4IV3C|2+jIl74cI2]dV (D2)

Comparing Eq. (D1) and Eq. (D2), it is noted that all coefficients of the compositional derivative

terms in two-mode SH model and the order-5 model have the same signs (recall that Kfff <0in

the patterning regime). A direct mapping of our order-5 model onto the two-mode SH model is
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however not possible. In the two-mode SH model, coefficients are dependent on the relative
amplitude and wavelength of the secondary and the primary modes, and such a constraint is not
applied to the order-5 model. Furthermore, this later model uses more independent parameters

than the two-mode SH model.
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Figures and Tables

Atomic Nominal Gibbs energy of Interaction Temperature Coefficient of
mobility composition of B pure B/A parameter gradient energy
Symbol M c Gg =Gy o) T K
Value 2.2841e-26 0.5 -20 17 700 8.125¢-16
Unit m?mol/]/s - kJ/mol kj/mol K Jm?/mol
TABLE I. Materials parameters used in the order-n ECH model.
‘ IC=MPS IC=S§§
Type of ICs Fig. 4a Fig. 4b Fig. 3b Fig. 4e Fig. 4c Fig. 4d
[ (inm’/mol) 0 0.69+0.006 0.2310.004 0.10£0.002 0.44+0.001 0.27£0.004

TABLE II. Relative effective free energy density f;}’} of defective final states in Figs. 3 and 4 compared to

the perfect lamellar structure in Fig. 4(a) which is set to be the reference state.
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FIG. 1. (a) Steady-state phase diagram in R-y space of an irradiated AsoBso alloy. R and y are normalized
by the critical values. y; is the boundary between MPS and CP regime, two dashed lines are asymptotics
of yi in (b) for R >> R., where CP is in SSR and compositional profile is fitted by a square wave and in
(c) for R ~ R., CP is in WSR and compositional profile is fitted by a sine wave. v, is the boundary between
CP and SS. Insets in (a) are cuts of microstructures of 3D KMC simulations, after Ref. [27].
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k

FIG. 2. (Color online) Effect of y on growth rate w(k) of perturbation wave vectors k to a homogenous

solution. CP regime is corresponding to a window of growing wave vectors (ki, k>).
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Final state

@,

Final state :

Zigzag instability |

FIG. 3. (Color online) Time evolution of concentration field of an AsoBso alloy using the order-3 ECH
model. o and f phases are regions in red and blue, respectively. (a) IC=solid solution with small
Sfluctuation. Snapshots are taken at a fraction of total time t indicated at the top. A topological defect
analogous to “dislocation” is encircled. (b) IC=bi-layer. “Zigzag” instability marked by dashed lines.

43



0.70

c% = 0.3 [Final'state

0.60

Concentration
o
w
o

0.40

0 10 20 30
Distance (nm)

Final state

Disclination

Final state

Dislocation

Disclination

FIG. 4. (Color online) Selected initial and final states with the order-3 ECH model. The final state shown
in (a) is a defect-free lamellar structure with alternating phases characterized by a fixed wavelength A.
Compositional profile of B along the dashed line is shown next to final state. (b) IC=two bi-layers. A
topological defect analogous to “grain boundary” separating two domains of different orientations is
marked. (c) and (d) with IC=solid solution. “Disclinations” are encircled in final state. (e) Same IC as

(a) but in a larger domain.
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FIG. 5. The relationship between 055 / opp andy [ y1

in order-1, 2 and 3 ECH models. Random

mixing decreases interfacial energy in all three cases. (a) Results of the order-1 model. 0,5y approaches

zero at the effective critical temperature Tcef I, (b) The order-2 model. a.5f approaches zero when

Kff T becomes zero. (c) The order-3 model. Steady state enters CP regime when 0,¢ s becomes a small

positive value, see the inset for a magnified view of the transition region.
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FIG. 6. Relative effective free energy density fecfl} vs. 1/ in WSR of patterning with the order-3 ECH

model. The true steady state of CP has the lowest fecfl} and null og5f.
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FIG. 9. Line profiles of species B across one period of patterning in order-n (n = 11, 13, 15, 17, 19) ECH
models, using operating point P; in Fig. 7(a). Insets are magnified views of the interior of each phase,

showing that convergence of the steady-state profiles occurs at n=17.
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FIG. 10. (Color online) Steady-state phase diagram of an irradiated AsoBso alloy. Five selected
irradiation conditions at R=1.65R. are marked by dots and connected to their steady-state

microstructures. Color is rescaled based on the solubility range in each steady state.
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FIG. 11. (Color online) Interfacial width of steady-state microstructures (MPS and CP) as a function of
forcing parameter y by an order-17 ECH model at R=1.65R.. The ratio between interfacial width and
domain size is plotted to the right. Note that unlike the discontinuous transition from MPS to SSR, the
change from SSR to WSR is a gradual one, and thus this gradual change is here represented by a dashed

zone.
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FIG. 12. (a) Steady-state phase diagram highlighting five operating points: P; (WSR), P> (SSR), P3 (SSR),

P, (very close to the border of SSR and MPS), and Ps (MPS). Using the order-17 ECH model, plot of
relative effective free energy density fecfl} vs. 1/ in patterning regime in (b) at P>, (c) at P3; (d) at P,

respectively. (e) Effective free energy density as 1/ for Ps in MPS regime.
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