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We investigate the roles of non-Hermitian topology in spectral properties and entanglement struc-
tures of open systems. In terms of spectral theory, we give a unified understanding of two inter-
pretations of non-Hermitian topology: quantum anomaly and non-Hermitian skin effects, in which
the bulk spectra extremely depend on the boundary conditions. In this context, the fact that the
intrinsic higher-dimensional skin effects under the full open boundary condition need the presence
of the topological defects is understood in terms of the anomalous fermion production such as the
Rubakov-Callan effect in the presence of the magnetic monopole. By using the unified interpretation,
we classify the symmetry-protected and higher-dimensional skin effects. In terms of the entangle-
ment structure, we investigate steady states of fermionic open systems whose Liouvillian (rapidity)
spectra host non-Hermitian topology. We analyze dissipation-driven Majorana steady states in
zero-dimensional open systems and relate them to the Majorana edge modes of topological super-
conductors by using the entanglement entropy. We also analyze a steady state of a one-dimensional
open Fermi system with a non-Hermitian topological spectrum and relate it to the chiral edge states
of the Chern insulator on the basis of the trace index defined from the entanglement spectrum. This
correspondence indicates that the entanglement generates circular nonreciprocal currents under the
periodic boundary condition and the skin-effect voltage with fermion accumulation under the open
boundary condition. Finally, we discuss several related topics such as pseudospectral behaviors of
Liouvillian dynamics and skin effects in interacting systems.

I. INTRODUCTION

Recently, non-Hermitian matrices have been exten-
sively studied in various fields of physics. In terms of the
spectral theory, non-Hermiticity breaks lots of properties
that hold in the Hermitian physics [1–77]. For example,
bulk eigenspectra of non-Hermitian matrices defined on
lattice systems can strongly depend on the boundary con-
ditions, while that of the Hermitian ones do not under
the infinite-volume limit. This phenomenon called the
non-Hermitian skin effect [32–53] has been extensively
studied. The spectral theory of the non-Hermitian skin
effect has been sophisticated in terms of the boundary-
localized modes called non-Bloch wavefunctions [37–42],
while the topological theories about its mathematical
origin [43–45] and symmetry-protected variants [44, 46]
have also been developed. Another example is the excep-
tional point [21–28], where the non-Hermitian matrix is
not diagonalizable, while Hermitian matrices can always
be diagonalized. In both examples, the origin of the ex-
otic behaviors is the nonnormality of the matrix H (i.e.,
[H,H†] 6= 0) [54, 55].
Non-Hermitian matrices play important roles both in

classical [56–62] and quantum systems [6, 21–23, 63–72].
For instance, the Lindblad formalism [73] with the post-
selction [6, 9] or the Green’s function formalism [21–
23, 69] enable one to define quantum systems described
by the non-Hermitian Hamiltonians. In addition, the Li-
ouvillian quantum dynamics can be regarded as a lin-
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iear equation with a non-Hermitian matrix [67, 74]. Al-
though the spectral properties of quantum systems have
been well investigated, the properties of the correspond-
ing quantum states are still unclear. In particular, it
is known that the steady-state properties are not solely
determined by the Liouvillian spectrum [67].

In this paper, we investigate the steady-state proper-
ties of the open systems by using the topology of non-
Hermitian spectra. We focus on the spectral properties
and entanglement structures in the so-called AZ† sym-
metry class [7], which is essentially important for various
quantum systems [23, 67]. In terms of spectral theory,
we give a unified understanding of two interpretations
of the non-Hermitian topology: the quantum anomaly
[75, 76] and the skin effects [44]. In particular, we find
the relationship between the higher-dimensional skin ef-
fects [44] and anomalous fermion production under the
topological defects such as the Rubakov-Callan effect in-
duced by magnetic monopoles [78, 79]. In terms of the
steady-state properties, we investigate quadratic open
Fermi systems [67, 77]. Although the steady-state prop-
erties are not solely determined by the Liouvillian spec-
trum [67] as mentioned above, we identify a role of the
non-Hermitian topology of the Liouvillian spectrum in
the steady state under certain conditions. In particular,
we relate the zero-dimensional Majorana-fermion system
and the one-dimensional complex-fermion system to the
boundary states of the topological superconductor and
the Chern insulator, respectively. These results indicate
that the non-Hermitian topology is important not only
for the spectral properties but also for the quantum states
in open quantum systems.

This paper is organized as follows. In Sec. II, we re-
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view the Lindblad equation and Liouvillian spectrum. In
particular, we focus on the quadratic Fermi systems [77].
By introducing the third quantization [77] for such sys-
tems, one can decompose the Liouvillian eigenvalues into
the eigenvalues of a quadratic non-Hermitian matrix Z
called rapidity spectrum [67]. We also review the sym-
metry class of the non-Hermitian matrix Z [67] called
the AZ† class [7]. In Sec. III, we review two physi-
cal interpretations of the non-Hermitian topology in the
AZ† class and give a new interpretation that combines
them. We first define the “non-Hermitian topology” used
in this paper and review the AZ† classification, which is
identical to that of the anomalous gapless modes in the
corresponding Hermitian class. We then review the non-
Hermitian skin effects and their topological origin. Re-
lating the AZ† classification to the skin effects, we give a
unified understanding of the quantum anomaly and skin
effects. In Sec. IV, we investigate the steady-state quan-
tum entanglement of the zero-dimensional open Fermi
systems, especially about the dissipation-driven Majo-
rana fermion. As mentioned in Ref. [67], the steady-state
properties are not solely determined by the rapidity spec-
trum. We choose appropriate setups and relate them
to the Majorana bound states of the one-dimensional
topological superconductors. In Sec. V, we investigate
the steady-state quantum entanglement of the one- and
higher-dimensional open Fermi systems. We mainly con-
sider the one-dimensional system whose rapidity spec-
trum is described by the Hatano-Nelson model. We again
choose the appropriate setups and relate it to the chiral
edge state of the Chern insulator in terms of the entan-
glement spectrum. In Sec. VI, we discuss several related
topics.

II. QUADRATIC OPEN FERMI SYSTEM AND

AZ† CLASS

In this section, we review open quantum systems of
free fermions described by the Lindblad equation, which
is useful to describe the steady states investigated in the
later sections. First we introduce the Lindblad equa-
tion and corresponding Liouvillian superoperator. Next,
we define the quadratic open Fermi systems [77], the
main targets of this paper. By introducing the third
quantization defined in Ref. [77], one can decompose
the Liouvillian spectrum, which determines the dynam-
ical properties of the Lindblad equation, into the “one-
particle” spectrum of a non-Hermitian matrix (rapidity
spectrum [77]). Finally, we introduce the symmetry class
of the quadratic Liouvillian [67], which is identical to the
AZ† class introduced in Ref. [7].

A. Lindblad equation

In this paper, we consider open quantum systems that
consist of the system and the environment. The starting

point of this paper is the Lindblad equation [73]:

dρ

dt
= −i[H, ρ] +

∑

µ

(

2LµρL
†
µ − {L†

µLµ, ρ}
)

, (1)

where H and ρ are s×s matrices representing the Hamil-
tonian and the density matrix of the system with s being
the Hilbert-space dimension. Couplings between the sys-
tem and the environment are represented by s× s matri-
ces Lµ. The first and second terms represent the unitary
and nonunitary dynamics of the density matrix, respec-
tively. Since the Lindblad equation is linear in ρ, it is
convenient to introduce the Liouvillian superoperator L:

dρ

dt
= Lρ. (2)

By regarding the density matrix ρ as a vector that con-
sists of s2 matrix elements ρi,j , L is represented as a
s2 × s2 matrix whose elements are given by

Lij,kl :=
∑

µ

2Lµ;i,kL
†
µ;l,j − i(H − i

∑

µ

L†
µLµ)i,kδl,j

+ i(H + i
∑

µ

L†
µLµ)l,jδik. (3)

These representations enable one to treat the Lindblad
equation as a linear equation. In other words, the dy-
namics of the system can be understood in terms of the
eigenvalue problem of the Liouvillian matrix:

Lρ(i) = λiρ
(i), (4)

where λi are known to satisfy Re[λi] ≤ 0 [74]. A time-
independent Liouvillian has at least one steady state [74]:

Lρss = 0. (5)

If there is a unique steady state, the time-dependence of
the density matrix is calculated as

ρ(t) = ρss +
∑

i6=0

cie
λitρ(i). (6)

B. Liouvillian of quadratic open Fermi system

For an open system with n complex fermions, the size
of the Hilbert space s is s = 2n, so the Liouvillian su-
peroperator is given by a s2 × s2 = 22n × 22n matrix,
which grows exponentially for large n. Thus, the eigen-
value problem of the Liouvillian superoperator is numer-
ically expensive in general. In the case of quadratic open
Fermi systems defined below, however, the Liouvillian
eigenspectra can be efficiently obtained as follows [77].
A quadratic open Fermi system is defined as a

system whose Hamiltonian/bath operators consist of
quadratic/linear terms of n complex fermions (= 2n Ma-
jorana fermions) [77]:

H =
2n
∑

i,j=1

γiHi,jγj , Lµ =
2n
∑

i=1

lµ,iγi, (7)
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where γi are Majorana fermions satisfying {γi, γj} =
2δij . The Hamiltonian matrix is chosen to be an anti-
symmetric matrix HT = −H . For the quadratic open
Fermi system, Prosen developed the third quantization
formalism, where the 22n-dimensional space of the den-
sity matrix is formally given as the Fock space of virtually
introduced other 2n complex fermions c = (c1, . . . , c2n)
[77]. Note that ci is not a physical particle but a mathe-
matical tool to treat the density matrix ρ as a state vector
on the Fock space. Remarkably, the Liouvillian superop-
erator acts on the Fock space in a quadratic form of c
[67, 77]:

L =
2

i

(

c† c
)

(

−ZT Y
0 Z

)(

c

c†

)

, (8)

Z = H + i Re[M ], Y = 2 Im[M ], (9)

where Mi,j :=
∑

µ lµ,il
∗
µ,j represents dissipation. There-

fore, the Liouvillian eigenspectrum is obtained as a free
fermion spectrum just by diagonalizing the 4n 4n matrix
in Eq. (8).

C. Rapidity and Liouvillian spectra

In the following, we give the expression of the Liou-
villian eigenspectrum by using the third quantization.
By solving the eigenvalue problem of Eq. (8), we obtain
[67, 77]

L =
4

i

2n
∑

i=1

Eiβ̄
†
i βi, (10)

where {Ei} is the eigenspectrum of −Z, or the rapidity
spectrum in Ref. [77] except for constant −i/2. While
Y does not affect the rapidity spectrum, the information
of Y is included in the eigenstates of L. The anti-
commutation relations of fermionic operators are given

by {βi, βj} = {β̄†
i , β̄

†
j} = 0 and {β̄†

i , βj} = δij . Note
that the creation operators need not to be the Hermitian
conjugate of annihilation operators because the matrix
in Eq. (8) is not always a normal matrix, whose Hermi-
tian conjugate commutes with itself such as Hermitian
matrices.
The Fock vacuum of the annihilation operators βi

corresponds to the steady-state density matrix ρss [i.e.,
βiρss = 0]. The 22n eigenstates of the Liouvillian are

constructed by creation operators {β̄†
i }:

β̄†ν1
1 β̄†ν1

2 · · · β̄†ν2n
2n ρss, (11)

where νi ∈ {0, 1}. Thus, the Liouvillian eigenspectrum
is given in terms of the rapidity spectrum (Fig.1) by

λ(ν) =
4

i

2n
∑

i=1

Eiνi. (12)

FIG. 1. Rapidity (left) and Liouvillian (right) spectra of n = 1
open Fermi system. In the third quantization, 22n Liouvillian
eigenstates are created by 2n complex fermions β̄†

i
’s.

Note that the number of eigenstates is reduced if the Li-
ouvillian is not diagonalizalbe. In such a case, the eigen-
states do not span the 22n-dimensional space.
In summary, the dynamics of the quadratic open Fermi

system is reduced to the “one-particle” dynamics in the
third quantization. In this context, the Liouvillian
spectrum describes the “many-body” dynamics of third
quantized fermions. Note that the steady state is unique
if and only if the rapidity spectrum does not contain 0
[77].

D. AZ† symmetry class of rapidity spectrum

We here introduce the symmetry of the open Fermi
system, which plays important roles in non-Hermitian
topological phenomena as discussed in the following sec-
tions. As discussed above, the eigenvalue problem of the
Liouvillian spectrum is related to that of a non-Hermitian
matrix Z, which can be regarded as a generalization of
free Hermitian Hamiltonians. In fact, it is identical to
the Hamiltonian matrix in the absence of the dissipation.
Here we discuss the generalization of Altland-Zirnbauer
(AZ) symmetries [80] of the non-Hermitian matrix Z de-
fined in Eq. (9).
According to Ref. [67], Z is classified in the ten-

fold way that consists of the time-reversal symmetry
(TRS), particle-hole symmetry (PHS), and chiral sym-
metry (CS):

TRS : TZTT−1 = Z, TT ∗ = ±1,

PHS : CZ∗C−1 = −Z, CC∗ = ±1,

CS : ΓZ†Γ−1 = −Z, Γ2 = 1, (13)

where T,C,Γ are unitary matrices. Note that the trans-
pose is not equivalent to the complex conjugation in
the presence of the non-Hermiticity, which indicates that
other types of generalizations of the symmetry operations
can be constructed by replacing ZT (Z∗) with Z∗(ZT ),
apart from the rapidity spectrum [7]. Nevertheless, the
classification based on the symmetries (13) is especially
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important in terms of not only the rapidity spectrum but
also physical interpretations of the non-Hermitian topol-
ogy discussed below. In the following, we call Eq. (13) as
the AZ† symmetries [7], which is identical to the AZ sym-
metries in the absence of the non-Hermiticity, and focus
on the topological phenomena in the AZ† class. For con-
venience, we include the classes A and AIII in the AZ†

class.

III. PHYSICAL INTERPRETATIONS OF

NON-HERMITIAN TOPOLOGY IN AZ† CLASS

In this section, we review and reinterpret the non-
Hermitian topological classification in the AZ† class de-
fined in Eq. (13), which is relevant for various frame-
works such as the quadratic open Fermi system, the
main target of this paper, and the non-Hermitian ef-
fective Hamiltonian defined from the Green’s function
[21–23, 69]. We first review the non-Hermitian topo-
logical classification [6, 7, 9] and its direct relation with
the anomalous gapless modes in the Hermitian systems
[75, 76]. We then review the topological origin of the
non-Hermitian skin effect and its symmetry-protected
and higher-dimensional variants [44]. We also remark
an additional thought on the classification of skin effects,
which is not mentioned in Ref. [44]. Finally, we give
a unified understanding of the anomalous gapless modes
and the skin effects. In particular, we find the relation-
ship between the higher-dimensional skin effects [44] and
the anomalous fermion production under the topological
defects including the Rubakov-Callan effect induced by
the magnetic monopole [78, 79]. By using the unified
interpretation, we classify the symmetry-protected and
higher-dimensional skin effects.

A. Non-Hermitian topology in AZ† class

References [6–8] have classified non-Hermitian matri-
ces (“Hamiltonians”) in two ways, i.e., the point-gap and
line-gap classifications. In the latter scheme, the non-
Hermitian Hamiltonians can be transformed to the Her-
mitian Hamiltonians without closing the gap and violat-
ing the symmetry constraints, which indicates that the
classification table of them is identical to the Hermitian
one [7, 9, 81]. In the following, we regard the former
scheme as the non-Hermitian topological classification.

The (point-gap) non-Hermitian topological classifica-
tion classifies a non-Hermitian Hamiltonian H whose
complex energy spectrum {E} does not contain E = 0
[i.e., detH 6= 0]. References [6–8] have shown the fact
that the classification of H is identical to that of the
doubled Hermitian matrix H̃ :

H̃ :=

(

0 H
H† 0

)

. (14)

TABLE I. Non-Hermitian topological classification for AZ†

class (point-gap classification in Ref. [7]). The time-reversal,
particle-hole, and chiral symmetries are defined in Eq. (13).
This table is identical to the classification table of anomalous
gapless modes in the corresponding Hermitian AZ class. For
the class A, AI†, and AII†, the nontrivial groups also classify
the non-Hermitian skin effects including higher-dimensional
and symmetry-protected variants.

AZ† T C Γ 0 1 2 3 4 5 6 7

A (C1) 0 0 0 0 Z 0 Z 0 Z 0 Z

AIII (C0) 0 0 1 Z 0 Z 0 Z 0 Z 0

AI† (R7) 1 0 0 0 0 0 2Z 0 Z2 Z2 Z

BDI† (R0) 1 1 1 Z 0 0 0 2Z 0 Z2 Z2

D† (R1) 0 1 0 Z2 Z 0 0 0 2Z 0 Z2

DIII† (R2) −1 1 1 Z2 Z2 Z 0 0 0 2Z 0
AII† (R3) −1 0 0 0 Z2 Z2 Z 0 0 0 2Z
CII† (R4) −1 −1 1 2Z 0 Z2 Z2 Z 0 0 0
C† (R5) 0 −1 0 0 2Z 0 Z2 Z2 Z 0 0
CI† (R6) 1 −1 1 0 0 2Z 0 Z2 Z2 Z 0

The time-reversal, particle-hole, and chiral symmetries
of the doubled Hermitian Hamiltonian are expressed
in terms of the AZ† symmetries of the original non-
Hermitian Hamiltonian T , C, and Γ, respectively:

TRS : T̃ H̃∗T̃−1 = H̃, T̃ T̃ ∗ = ±1, T̃ :=

(

0 T
T 0

)

,

PHS : C̃H̃∗C̃−1 = −H̃, C̃C̃∗ = ±1, C̃ :=

(

C 0
0 C

)

,

CS0 : Γ̃0H̃Γ̃−1
0 = −H̃, Γ̃2

0 = 1, Γ̃0 :=

(

0 Γ
Γ 0

)

. (15)

In addition, there arises a chiral symmetry owing to the
doubling process:

CS : Γ̃H̃Γ̃−1 = −H̃, Γ̃2 = 1, Γ̃ :=

(

1 0
0 −1

)

. (16)

Mathematically, the topological classification of the Her-
mitian Hamiltonians is performed by identifying the clas-
sifying space [82–84]. The additional chiral symmetry
that arises from the doubling process shifts the classify-
ing space from Ci/Ri to Ci−1/Ri−1, where C−1 = C1 and
R−1 = R7. Thus the non-Hermitian topological classifi-
cation table in the AZ† class is reduced to the Hermitian
one in the corresponding class shifted by one line (Table
I).

B. Anomalous gapless mode and non-Hermitian

topology

Here we give one physical interpretation of the non-
Hermitian topological classification. References [75]
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has noticed the fact that the classification of the non-
Hermitian topology (Table I) is identical to that of
anomalous gapless modes or quantum anomalies of free
fermion systems, which cannot exist in isolated Hermi-
tian lattice systems but can exist in the d-dimensional
boundaries of the (d + 1)-dimensional Hermitian lattice
systems. In the same context, Ref. [76] has shown
the correspondence between the point-gap classification
and the (real) line-gap classification, which classifies the
anomalous gapless modes in the AZ† class or those in the
corresponding Hermitian AZ class, and summarized it as
the generalized Nielsen-Ninomiya theorem. We here re-
view this correspondence in the class A in one dimension.
In general, the one-dimensional class-A non-Hermitian

topological number is given by the winding number
W (E = 0) of the complex eigenspectral curve(s) around
the origin E = 0 [6], where W (E ∈ C) ∈ Z is defined as

W (E) :=
∑

a

∫ 2π

0

dk

2πi

d

dk
log(Ek,a − E). (17)

Here we assume the periodic boundary condition (PBC),
and Ek,a is the complex energy dispersion with band
indices a. In the same context, Ref. [76] has shown
that this winding number counts the gapless zero modes
(ReE = 0) with ImE > 0/ImE < 0 :

W (0) = −
∑

a,α: ImE>0

νa,α =
∑

a,α: ImE<0

νa,α, (18)

νa,α = sgn (Re [dEk/dk]k=ka,α
), (19)

where the chirality νa,α = ±1 is assigned for the right-
/left-moving chiral zero mode at k = ka,α. The simplest
example is the Hatano-Nelson model [32, 33] without dis-
orders under the PBC:

HHN =
∑

i

[

(t+ g)c†i+1ci + (t− g)c†ici+1

]

, (20)

where (c, c†) are the bosonic/fermionic annihilation and
creation operators, t ∈ R is the Hermitian hopping, and
g ∈ R is the non-Hermitian asymmetric hopping. The
complex energy spectrum is given by {Ek = (t+ g)eik +
(t − g)e−ik | k ∈ [0, 2π)}, which forms an ellipse in
the complex plane. Thus, the non-Hermitian topologi-
cal number of HHN is given by W (0) = sgn(t) sgn(g).
The formula (18) holds in this model [Fig.2 (a)], for ex-
ample for t > 0 and g > 0, W (0) = 1, νk=π/2 = −1 with
E = 2ig, and νk=−π/2 = 1 with E = −2ig.
Bessho and one of the present authors have shown that

similar formulae for non-Hermitian topological numbers
and topological charges of gapless modes in the general
AZ† class hold and summarized them as the generalized
Nielsen-Ninomiya theorem [76]. They have noticed the
fact that any topological phases can be generated by a set
of primitive models in the K-theory classification, which
means that any topological properties including Eq. (18)
and its generalization can be checked by investigating the
primitive models. They have used the primitive models

given in Ref. [75] and proved the generalized Nielsen-
Ninomiya theorem for those models. In classical non-
Hermitian systems, a nontrivial non-Hermitian topology
of the “Hamiltonian” indicates the presence of anomalous
gapless modes that survive in the long-time dynamics. In
quantum systems, on the other hand, the physical con-
sequence should depend on the situation. In the later
sections, we analyze the open Fermi systems with non-
trivial rapidity spectra under certain conditions.

C. Skin effects as non-Hermitian topological

phenomena

The non-Hermitian topology also plays an important
role in the non-Hermitian boundary problems. Here we
briefly review the topological origin of the non-Hermitian
skin effect and its variants [44]. The relationship between
the non-Hermitian skin effect and the winding number
has been noticed by Ref. [6, 43]. The authors and collab-
orators have shown that the physics of the non-Hermitian
skin effect is related to the physics of “exact” zero modes
of a Hermitian topological insulator [44, 55]. By gen-
eralizing this idea to other classes, they have proposed
the symmetry-protected and higher-dimensional variants
[44]. We here briefly review Ref. [44] and remark an
additional thought on the AZ† symmetry. See Ref. [44]
and Appendix A for details.
The non-Hermitian skin effect is a phenomenon in

which the bulk eigenspectrum of a one-dimensional non-
Hermitian lattice Hamiltonian under the open boundary
condition (OBC) is drastically different from that under
the PBC. In general, the OBC spectrum is given by re-
placing the Bloch wave factor eik of the PBC dispersion
E(eik) with the non-Bloch wave factor β ∈ C, whose
trajectory called the generalized Brillouin zone is deter-
mined via the non-Bloch band theory [37–42]. The skin
effect is characterized by the localized ”skin” wavefunc-
tions with |β| 6= 1. For example, the OBC spectrum of
the Hatano-Nelson model (20) is given by replacing eik

of the PBC spectrum with β =
√

|t− g|/|t+ g|eik [Fig.2
(b)].
The key observation to understand this phenomenon is

that the OBC spectral curve of a non-Hermitian Hamil-
tonian has no winding if there is no symmetry except for
the U(1) charge conservation (class A in the AZ† clas-
sification), while the PBC spectrum can have nontrivial
winding as in the case of the Hatano-Nelson model [Fig.2
(b)]. Reference [44] has shown that in the class A, the
non-Hermitian skin effect inevitably occurs if the PBC
curve has a nonzero winding number (17), i.e., the class-
A nontrivial non-Hermitian topological number in Z, and
the OBC spectrum cannot have a nonzero winding num-
ber (Theorem I in Appendix A). This statement is best
expressed in terms of the direct correspondence between
the class-A non-Hermitian skin modes and the boundary
“exact” zero modes of the class-AIII Hermitian topolog-
ical insulator, both of which are classified by the same
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FIG. 2. Non-Hermitian topology and its physical interpretations. (a) Correspondence between the non-Hermitian topology and
the number of anomalous gapless modes (ReE = 0). The PBC spectral curve with the winding number counts the topological
charge of anomalous gapless modes. (b) Topological aspect of the non-Hermitian skin effect. The PBC spectral curve (blue)
with nonzero winding indicates that the OBC spectrum (red) is drastically different from the PBC one. (c) Spectra and
wavefunctions at energy E = 1.948 of one-dimensional Z2 skin effect protected by the AII† time-reversal symmetry, adopted
from [44]. The model is given by Eq. (25) (t = 1, g = 0.3, ∆ = 0.2, δ = (1, 1, 1) × 10−2, δh = 10−3, L = 100). For the Z2

index ν = 1, the OBC spectrum (red) is drastically different from the PBC one (blue), while for ν = 0, the skin effect does not
occur. Also, the Z2 skin effect for ν = 1 is suppressed even by a very small time-reversal breaking term (δh = 10−3). These
results indicate the Z2 nature and symmetry-protected nature of the Hamiltonian (25). Each Z2 skin mode has the Kramers
counterpart localized at the other edge. (d) Spectra and wavefunctions of two-dimensional Z2 skin effect protected by the AII†

time-reversal symmetry, adopted from the supplemental material of [44]. The model is given by Eq. (28) (Γ = 0.5 and L = 20).
Only O(L) modes in O(L2) modes are localized at the boundary and the topological defect (π flux).

winding number (Z). As in the topological classification,
let us consider the doubled Hermitian Hamiltonian of
H − E, where E is an complex eigenenergy of H :

H̃E :=

(

0 H − E
H† − E∗ 0

)

. (21)

IfH−E has nontrivial non-Hermitian topology (W (E) 6=
0), there exist boundary exact zero modes constructed
from the skin mode |E〉 and its left-eigenstate counter-
part (i.e., 〈〈E|H = E〈〈E|):

H̃E

(

0
|E〉

)

= 0, H̃E

(

|E〉〉
0

)

= 0. (22)

These two zero modes are localized at the different
edges, which are nothing but the boundary zero modes
of class-AIII topological insulators. For example, the
doubled Hermitian Hamiltonian of the Hatano-Nelson
model is the Su-Schrieffer-Heeger model [85], a typical
one-dimensional class-AIII Hermitian topological insu-
lator with boundary zero modes. This symmetry shift
from the class A to the class AIII stems from the chi-
ral symmetry (16). Note that this correspondence does
not hold for quasi-zero modes of topological insulators,
which become exact zero modes only in the thermody-
namic limit. Instead, such quasi-zero eigenvalues of topo-
logical insulators correspond to the pseudospectra of the

non-Hermitian Hamiltonian in a similar manner (see Ref.
[55]).

The above correspondence implies that the non-
Hermitian skin effect can be generalized to other symme-
try classes and dimensions by considering the correspon-
dence between non-Hermitian skin modes and topological
exact zero modes. In particular, Ref. [44] has investi-
gated the one- and two-dimensional Z2 skin effects pro-
tected by the time-reversal symmetry, which correspond
to the AII† classification (Table I), while Ref.[86] has
investigated the three-dimensional one in a different con-
text. The doubled Hermitian Hamiltonian for the one-
dimensional class-AII† skin effect is a class-DIII topolog-
ical superconductor, which has Majorana doublets as the
topological zero modes at both edges:

(

0
|E〉

)

,

(

T |E〉∗
0

)

,

(

0
T |E〉〉∗

)

,

(

|E〉〉
0

)

. (23)

Correspondingly, the non-Hermitian skin mode |E〉 has
the Kramers counterpart T |E〉〉∗ localized at the other
edge.

The Z2 index ν (E) of the one-dimensional class-AII†
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skin effect is give by [7, 44]

(−1)
ν(E)

:= sgn

{

Pf [(H (π)− E)T ]

Pf [(H (0)− E)T ]

× exp

[

−1

2

∫ k=π

k=0

d log det [(H (k)− E)T ]

]}

,

(24)

where H(k) is the Bloch Hamiltonian defined from the
PBC Hamiltonian. As an example, let us consider the
stack of the Hatano-Nelson model with the opposite
asymmetric hopping under the mixing term ∆ ∈ R that
preserves time-reversal symmetry:

H (k) =

(

HHN (k) 2∆ sink
2∆ sink HT

HN (−k)

)

, (25)

where we give the model in the momentum space. This
Z2 index is nontrivial for |g| > |∆|. The corresponding
spectra and eigenmodes are shown in Fig.2(c) adopted
from Ref. [44]. If the Z2 index ν = 1, the Z2 skin ef-
fect occurs as we expected. To check the Z2 nature, we
consider the Hamiltonian

Hstack (k) =

(

H (k) iδ · σ
−iδ · σ H (k)

)

. (26)

This model is constructed from two copies of the model
(25) with coupling terms δ ∈ R3 between them, whose
Z2 index is trivial. Owing to the triviality, the Z2 skin
effect is suppressed [Fig.2(c)]. To check the symmetry-
protected nature, we also consider the Hamiltonian (25)
with a small magnetic field δh ∈ R, which breaks the
time-reversal symmetry. In this case, even a small per-
turbation δh destroys the Z2 skin effect [Fig.2(c)]. In the
infinite-volume limit, such a perturbation can be taken as
an infinitesimally small value. The authors have investi-
gated this infinitesimal instability for the model obtained
by setting ∆ = 0 [46]. Remarkably, the order of limits
changes the physics as in the case of the spontaneous
symmetry breaking [87]:

lim
δh→0

lim
L→∞

6= lim
L→∞

lim
δh→0

, (27)

where L is the system size. The left-hand side corre-
sponds to the infinitesimal instability. The Z2 nature
and the infinitesimal instability against the symmetry-
breaking perturbation indicate the symmetry-protected
topological nature of the Z2 skin effect.
More nontrivial phenomena occur in two dimen-

sions. Reference [44] has investigated the following two-
dimensional model of the two-dimensional Z2 skin effect
protected by the time-reversal symmetry in the supple-
mental material:

H (k) = sinkxσx + sin kyσy + iΓ(cos kx + cos ky)σ0,
(28)

where σµ are the Pauli matrices (µ = 0: identity ma-
trix). This model consists of the Hermitian Dirac Hamil-
tonian and the valley-dependent dissipation Γ ∈ R. The

corresponding doubled Hermitian Hamiltonian describes
a class-DIII topological superconductor. Among several
boundary conditions investigated in Ref. [44], the open
boundary condition in both x and y directions (full OBC)
is essentially important. Under this boundary condition,
the skin effect does not occur, which can be explained
in terms of the well-known fact that the two-dimensional
class-DIII topological superconductor, which corresponds
to the doubled Hermitian Hamiltonian in the present
case, cannot have the “exact” Majorana zero modes un-
der the full OBC, and there should be O(1/L) finite gap.
As noted above, the correspondence between skin-modes
and zero modes does not hold for such quasi-zero modes,
which leads to the absence of the skin effect. It is also well
known that the exact zero modes can exist in the presence
of the topological defect (π flux) in a two-dimensional
class-DIII topological superconductor [88]. Thus, the Z2

skin effect occurs in the presence of the π flux even under
the full OBC [Fig.2 (d)]. Remarkably, only O(L) modes
among the O(L2) eigenstates are localized at the bound-
ary or the π flux, while all the eigenstates are localized at
the boundary in the Hatano-Nelson model. In general,
the (d > 1)-dimensional skin effects under the full OBC
need the topological defects, and not all the eigenstates
but O(L) modes are localized, both of which come from
the fact that only the exact zero modes of the topological
boundary states correspond to the skin modes. Note that
we here use the terminology “higher-dimensional skin ef-
fects” as the skin effects protected by the non-Hermitian
topology in the same dimension, and distinguish them
from the skin effects in higher dimensions protected by
lower-dimensional non-Hermitian topology. For exam-
ple, the conventional skin effect can occur in the higher
dimensions if the one-dimensional class-A non-Hermitian
topology in one direction can be defined forH(k‖), where
k
‖ is the co-dimensional momentum.

Finally, we remark an additional thought on the clas-
sification of the skin effects, which was not mentioned
in Ref. [44]. In the construction of the doubled Her-
mitian Hamiltonian (21), the additional constant E can
destroy the symmetry of the non-Hermitian Hamiltonian
H , for example for the particle-hole symmetry in the AZ†

symmetry. Among the various types of the fundamental
symmetry operations raised in the 38-fold classification
[44], only the time-reversal symmetries in the AZ† class
are not broken by adding a constant because the AZ†

time-reversal pair (|E〉, T |E〉〉∗) shares the same complex
eigenenergy. Thus, the above discussion can be applied
for the class A, AI†, and AII† in any dimensions, which
implies that these three classes are essential for the skin-
effect classification (Table I). Note that additional fun-
damental symmetries can give a constraint on the topo-
logical invariants of these three classes and the shape of
the spectrum, which induces the new trivial or nontrivial
classification group, while they might not correspond to
the essentially different phenomena. Also, in the presence
of an on-site unitary symmetry that commutes with the
Hamiltonian, the skin effect can separately occur in each
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eigenspace of the symmetric operation. In Ref. [46], the
stack of the Hatano-Nelson model with spin-dependent
asymmetric hopping terms that commutes with the z-
component spin operator has been investigated, in which
the skin effect is destroyed by an infinitesimally small
perturbation that mixes the different spin sectors.

D. Unified understanding of skin effects and

anomalous gapless modes

As discussed above, the non-Hermitian topology in the
AZ† class detects the anomalous gapless modes, while it
also explains the origin of non-Hermitian skin effects in
the class A, AI†, and AII†. We here give another un-
derstanding of skin effects in terms of anomalous gapless
modes, which unifies the arguments in Refs [44, 75, 76].
Let us again consider the one-dimensional class-A non-

Hermitian topology. For the nontrivial non-Hermitian
topology, chiral modes with nonzero group velocity
should survive in the long-time dynamics, at least in the
classical systems mentioned above. Thus there exists the
non-equilibrium current of chiral modes under the PBC.
If we impose the OBC, on the other hand, such a trans-
port phenomenon induces the accumulation of the modes
at the boundaries, which leads to the class-A skin effect.
In general, the skin effects can be interpreted as a con-

sequence of the anomaly-induced nonequilibrium current
and its accumulation at the boundary or a defect. In
the one-dimensional Z2 skin effect protected by the AII†

symmetry, the accumulation occurs at both of the ends,
which is similar to the spin accumulation in the spin Hall
effect. In the same context, the absence of the higher-
dimensional skin effects under the full OBC with no topo-
logical defect is explained as the absence of the nonzero
net current at the boundary. In the presence of the topo-
logical defects, on the other hand, higher-dimensional
skin effects under the full OBC occur, as we mentioned.
In terms of the anomalous gapless modes, it has been
known that topological defects cause the fermion produc-
tion [78, 79, 89, 90]. Analogous phenomena occur in the
higher-dimensional skin effects under the full OBC. For
example, the class-A three-dimensional skin effect un-
der the topological defect corresponds to the Rubakov-
Callan effect in the quantum field theory, which is ex-
pected to explain the monopole catalysis of the proton
decay [78, 79]. An explicit model of the class-A (also
AII†) three-dimensional skin effect is given by

H(k) = t

3
∑

i=1

sin kiσi + iΓ

3
∑

i=1

cos ki, (29)

where t ∈ R represents the kinetic energy. We perform
a numerical diagonalization under the full OBC and the
magnetic monopole at the center of the system with n =
14. The configuration with the topological defect has
not been investigated in Ref. [86]. To describe the (unit)
monopole magnetic field B = r̂/2r2, we use the following

FIG. 3. Spectrum and skin wavefunctions at E = −0.00041i
of three-dimensional class-A skin effect under the monopole
gauge configuration on lattice with n = 14. The model is
given by Eq. (29). The model parameters are t = ±1 and
Γ = 0.5. The skin wavefunction is localized at the sur-
face/monopole for t = ±1, while the spectrum does not de-
pend on the sgn t.

gauge configuration and the Peierls phase from the site i
to the site j [91]:

A = −1 + cos θ

2
∇φ,

eiθi,j = exp

[

i

∫ j

i

dl ·A
]

, (30)

where (θ, φ) is the spherical angle. The spectrum and
the skin wavefunctions at E = −0.00041i are plotted in
Fig.3. For t = ±1, the wavefunction is localized at the
surface/monopole. This sign dependence indicates the Z

nature of the class-A three-dimensional skin effect (Table
I). As in the case of the two-dimensional skin effect dis-
cussed above, the skin effect does not occur in the absence
of the magnetic monopole. The localization at the sur-
face or the monopole is a non-Hermitian lattice analogue
of the fermion production via the monopole catalysis.
In summary, one can construct non-Hermitian skin

effects corresponding to the anomaly-related transport
phenomena under considered symmetries, dimensions,
and setups. In other words, the classification of the skin
effects is nothing but that of the anomaly-related trans-
port phenomena.

E. Classification of non-Hermitian skin effects

We here discuss the classification of non-Hermitian
skin effects under the fundamental symmetries. In par-
ticular, we discuss the relationship between the intrinsic
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TABLE II. Classification of non-Hermitian skin effects. This
table is identical to the classification table of intrinsic point
gap topology in the AZ† class [44, 92]. A, AI†, and AII†

are the essential classes of non-Hermitian skin effects, and
nontrivial groups in the other classes can be related to those in
the essential three classes. Owing to the equivalence between
the PHS in the AZ† class and the TRS in the AZ class [7],
classification groups for the AI and AII classes are equivalent
to those for the D† and C† classes, respectively.

Symmetry 0 1 2 3 4 5 6 7

A 0 Z 0 Z 0 Z 0 Z

AIII 0 0 0 0 0 0 0 0

AI† 0 0 0 2Z 0 Z2 Z2 Z

BDI† 0 0 0 0 0 0 0 0
D†/AI 0 Z 0 0 0 2Z 0 0
DIII† 0 Z2 Z2 0 0 0 0 0
AII† 0 Z2 Z2 Z 0 0 0 2Z
CII† 0 0 0 0 0 0 0 0

C†/AII 0 2Z 0 0 0 Z 0 0
CI† 0 0 0 0 0 Z2 Z2 0

point gap topology [44, 92] in the AZ† class and the skin-
effect classification.

As noted above, skin effects can be classified by in-
vestigating the anomaly-related transport. Thus, the
skin-effect classification is included in the non-Hermitian
topological classification in the AZ† class (Table I), which
describe anomalous gapless modes. This does not mean
that all of the nontrivial groups in Table I classify the
skin effects. Apparently, the zero-dimensional classifi-
cation does not describe the skin effects because of the
absence of the boundaries. In such a classification, all or
some nontrivial matrices can be adiabatically connected
to the anti-Hermitian topological insulators with keeping
det H 6= 0. Since anti-Hermitian matrices do not show
the skin effects, one should get rid of such cases from
the anomaly classification in order to obtain the skin-
effect classification. References [44, 92] have introduced
the intrinsic non-Hermitian point-gap topology for the
38 symmetry classes, which is defined by the point-gap
groups divided by the subgroups that classify the Her-
mitian and anti-Hermitian topological insulators. In the
case of the AZ† ten-fold classes, the nontrivial point-gap
topology has no subgroup that can be connected to the
Hermitian topological-insulator groups since it character-
izes the Hermitian gapless modes. Thus, the skin-effect
classification is included in the intrinsic point-gap topo-
logical classification in the AZ† class (Table II).

The above discussion narrows down the candidates of
the skin-effect classification groups to the AZ† intrinsic
point-gap ones. As noted in Sec. III C, A, AI†, and AII†

are the essential classes of non-Hermitian skin effects be-
cause one can construct the direct correspondence be-
tween the skin modes and the boundary zero modes of
topological insulators. Correspondingly, the point-gap

classification is identical to the intrinsic point-gap classi-
fication in these three classes. By comparing the genera-
tors of nontrivial groups in these three classes and those
of the other intrinsic point-gap groups, we find that the
skin-effect classification is given by the the AZ† intrin-
sic point-gap classification itself. Note that all of the
nontrivial skin effects are described by the three essen-
tial classes, and an additional particle-hole symmetry just
gives constrains on the topological number and the shape
of the spectrum, as expected in Sec. III C.

IV. NON-HERMITIAN TOPOLOGY AND

ENTANGLEMENT IN ZERO-DIMENSIONAL

OPEN SYSTEMS

In this section, we analyze zero-dimensional open
Fermi systems whose rapidity spectra have nontrivial
non-Hermitian topology, especially the dissipative sys-
tem of Majorana fermion, which is the anomalous zero
mode of the particle-hole symmetry or quantum anomaly
of the O(N) rotational symmetry. It is known that the
steady-state properties are not solely determined by the
rapidity spectral behaviors [67]. Nevertheless, nontrivial
rapidity spectra play an important role in understanding
the quantum entanglement of the steady-state Majorana
system. By choosing certain setups, we relate the steady-
state Majorana fermions to the Majorana boundary zero
modes of the topological superconductors.

A. Background: Andreev vs. Majorana

controversy

We here briefly review the background of the dis-
sipative Majorana system, which is a typical zero-
dimensional open Fermi system. The Majorana fermion,
which is a fermion that is its own antiparticle, is one
of the promising candidates of qubits for the topological
quantum computation [93]. Such a fermion is expected
to appear as the boundary zero modes of the topolog-
ical superconductors and has been extensively studied
in terms of topological physics [93, 94]. However, sev-
eral papers have pointed out that nearly zero energy An-
dreev bound states in topologically trivial phase seem to
reproduce lots of Majorana-like behaviors [95–101]. Ref-
erences [102, 103] have proposed that the following non-
Hermitian Hamiltonian defined from the Green’s function
explains such physics:

H =

(

−iΓR
0 −iE0

iE0 −iΓL
0

)

, (31)

where E0 is the fermion energy, and Γ
R/L
0 are the

Majorana-dependent dissipation. Owing to the different
lifetime of two Majorana fermions, the state is thought to
be similar to the topological boundary Majorana fermion,
though the properties such as the entanglement structure
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TABLE III. Zero-dimensional non-Hermitian topology and its
physical interpretation. The AZ† classification is equivalent
to the AZ Hermitian classification of the zero-energy bound
states [104].

Symmetry Classification Interpretation

AIII Z Chiral Dirac
BDI† Z Chiral Majorana
D†

Z2 Majorana
DIII† Z2 Majorana Kramers
CII† 2Z Chiral Majorana Kramers

of the state is not so clear only from the spectral behav-
ior. In this section, we investigate this physics in terms
of the rapidity spectrum and entanglement structure in
the Lindblad physics.

B. Rapidity spectrum and Majorana zero modes

In the following, we consider the zero-dimensional sys-
tem of the Bogoliubov fermion (α, α†), a superposition of
the electron and hole sectors. Suppose that the loss and
gain are described by the annihilation and creation of a
fermion that consists only of the electron sector. Such a
system is described by the following Lindblad equation:

dρ

dt
=− i[H, ρ] + (1− f(ǫ))

[

2cρc† − {c†c, ρ}
]

+ f(ǫ)
[

2c†ρc− {cc†, ρ}
]

, (32)

c =aγ1 + bγ2, γ1 = α+ α†, γ2 = i(α− α†), (33)

H =− i
ǫ

2
γ1γ2 = ǫα†α+ const., (34)

where f(x) is the Fermi-Dirac distribution function of the
fermionic bath, and γi are the Majorana fermions defined
in the Hilbert space of the system. The model parame-
ters are the excitation energy of the Bogoliubov fermion
ǫ ∈ R, and system-environment couplings a, b ∈ C whose
relative ratio depends on the details of the Bogoliubov
fermion. The rapidity spectrum is given by the eigenspec-
trum of the following non-Hermitian matrix Z defined in
Eq. (9):

Z = −H − iReM = − ǫ

4
τy − ipτx − iqτz − irτ0, (35)

where p = Re[a∗b], q = (|a|2 − |b|2)/2, r = (|a|2+ |b|2)/2,
and τµ are the Pauli matrices (µ = 0: identity matrix).
Remarkably, the non-Hermitian matrix Z does not de-
pend on the distribution function f . The non-Hermitian
matrix (35) has the same form as the non-Hermitian
Hamiltonian (31) except for an additional Pauli matrix
term. The rapidity spectrum is given by

E± = ±
√

(ǫ/4)2 − (p2 + q2)− ir. (36)

Since ǫ, p, q, r ∈ R, E+ = −E∗
− holds, or both of them

are pure imaginary numbers, which is a consequence of
the particle hole symmetry. In the former case, where
the dissipation is sufficiently small with respect to the
excitation energy of the Bogoliubov fermion, the eigen-
vectors correspond to the “complex fermions” in the
third quantization. On the other hand in the latter
case, where the dissipation is large, they correspond to
the “Majorana fermions” with ReE = 0 in the third
quantization. The transition point of these two phases

is at the exceptional point ǫ/4 =
√

p2 + q2, where the
matrix Z is not diagonalizable [Fig.4 (a)].

The transition in the above is regarded as a topological
phase transition in the class D† with the particle-hole
unitary matrix C = τ0. Because of PHS, det[i(Z − EP)]
takes only a real value if the reference energy EP for the
point gap is imaginary. Then, by choosing EP as −ir,
i.e. the energy at the exceptional point, we can captures
the transition at the exceptional point as a topological
phase transition. When the determinant

det[i(Z + ir)] = (ǫ/4)2 − (p2 + q2) (37)

is positive (negative), the system is topologically triv-
ial (non-trivial). The nontrivial topology detects the
anomalous zero modes with ReE = 0, i.e., the Majorana
zero modes. In general, as rapidity spectra of general
quadratic open Fermi systems obey the AZ† symmetry,
the non-Hermitian topology detects anomalous gapless
modes of the third quantized fermions (Table III). How-
ever, it does not directly determine the properties of the
steady state, which is implied by the fact that Z of the
above system does not depend on the distribution func-
tion f . In the following, we investigate the entanglement
structure of the above system.

C. Qubit representation and entanglement

In the following, we investigate the entanglement prop-
erty of the zero-dimensional Majorana system. To con-
sider the entanglement, it is convenient to introduce the
qubit representation. The Hilbert space of the system is
spanned by the basis vectors |0〉 and |1〉 := α†|0〉, where
|0〉 is the Fock vacuum of the Bogoliubov fermion (α, α†).
In this basis, the density matrix of the system and the
system-bath coupling L are expressed as

ρ =

(

ρ00 ρ01
ρ10 ρ11

)

, L =

(

0 x
y 0

)

, (38)

where x = a + ib and y = a − ib. Then the Liouvillian
eigenvalue equation (4) of this system is given by
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−
[

2(1− f)|y|2 + 2f |x|2
]

2(1− f)|x|2 + 2f |y|2
iǫ− (|x|2 + |y|2) 2xy∗
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.

(39)

The Liouvillian spectrum is calculated as
{0,±

√

−ǫ2 + (4p)2 + (4q)2 − 4r,−8r}. In the third
quantization language, these eigenvalues correspond

to the “states” ρss, β̄†
+ρss, β̄†

−ρss, and β̄†
+β̄

†
−ρss, and

are consistent with Eqs. (12) and (36). The Liou-
villian is block-diagonalized into the (ρ00, ρ11) and
(ρ01, ρ10) spaces, which comes from the fact that the
quadratic open Fermi system preserves the parity of the
third-quantized fermions [77].
Next, we analyze the entanglement structure of the

steady state. The explicit form of the steady state (λ =
0) can be obtained by solving the eigenvalue equation
(39):

ρss =

(

F1(x, y) 0
0 F2(x, y)

)

, (40)

where F1(x, y) =
[

(1− f)|x|2 + f |y|2
]

/(|x|2 + |y|2) and

F2(x, y) =
[

(1− f)|y|2 + f |x|2
]

/(|x|2+ |y|2). We use the
property of the density matrix Tr[ρ] = 1. The corre-
sponding von Neumann entanglement entropy is

S = −
2
∑

i=1

Fi(x, y) logFi(x, y). (41)

As expected, the entanglement of the steady state de-
pends on the bath distribution function, while the rapid-
ity spectrum does not. To get rid of the thermal contri-
bution, we set f(ǫ) = 0 or 1. The entanglement entropy
S takes the largest value log 2 at |x| = |y|. This is the
same value as the entanglement entropy of one qubit sub-
system of the Bell states, the maximally entangled states
of the two-qubit system.

D. Topological Majorana fermion vs. steady-state

Majorana fermion

Under the strong dissipation limit |x|, |y| ≫ ǫ, the
steady state is similar to a topological edge state. To
see this, we here review the Kitaev chain [94], a typical
model of a topological superconductor in one dimension:

HKitaev =
−i

2

(

v

n
∑

i=1

γ2i−1γ2i + w

n−1
∑

i=1

γ2iγ2i+1

)

, (42)

where γ2i−1 = αi +α†
i and γ2i = i(αi −α†

i ) with (αi, α
†
i )

being the complex fermion at the site i, v > 0 is the onsite

0 2 4 6 8 10
0.0

0.5

1.0

1.5

2.0

FIG. 4. (a) Rapidity and (b) Liouvillian spectra of steady-
state Majorana fermion system. In the rapidity spectrum, the
topological phase transition occurs at the exceptional point.
In the Liouvillian spectrum, the strong dissipation induces the
steady-state quasi degeneracy. (c) Dissipation-dependence
of entanglement entropy in zero-dimensional Majorana open
Fermi system.

potential, w > 0 is the hopping energy, and n is the
number of sites. This model is topologically nontrivial
for v < w, and there arise unpaired Majorana degrees
of freedom γ′

1, γ
′
2 at the different ends. The low-energy

effective theory of the nontrivial phase restricted in the
lowest two states, which are protected by the large gap,
is described by the unpaired Majorana fermions:

Heff = −i
ǫ

2
γ′
1γ

′
2, (43)

where ǫ is the small gap between the ground state and
the first excited state. In the nontrivial phase under the
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thermodynamic limit (n → ∞), ǫ becomes 0, and the
ground states are doubly degenerated with a finite exci-
tation gap. For v = 0 and w 6= 0, these properties are
unchanged even for n = 2. In the qubit representation,
the four eigenstates of the n = 2 Kitaev chain are given
by the Bell states,

1√
2
(|0〉|0〉+ |1〉|1〉), 1√

2
(|0〉|1〉+ |1〉|0〉),

1√
2
(|0〉|0〉 − |1〉|1〉), 1√

2
(|0〉|1〉 − |1〉|0〉). (44)

The former two states are the degenerated ground states,
and the latter ones are the excited states with the gap
w. Note that both of the ground states are maximally
entangled states in the position space, S = log 2 at sites
1 and 2, and they are in the different sectors of the parity
of the fermion number, which is the conserved quantity
in the superconductor. In the topological quantum com-
putation, the fermion parity is changed under the braid-
ing process of the Majorana fermions at the ends of the
topological superconducting nanowires [93, 94]. The en-
tanglement entropy at the boundary is a signal of the
short-range entangled nature of the symmetry-protected
topological phase.
Now we are in a position to compare the strong dis-

sipation limit of the steady state with the topological
edge states. For simplicity, let us consider the case where
x = y ∈ R and f(ǫ) = 0. The entanglement entropy of
the steady state is again S = log 2, which is the same
value as that of the edge states of topological supercon-
ductors. For 2|a|2 > ǫ, λ =

√

−ǫ2 + (2|a|2)2−2|a|2 corre-
sponds to the Liouvillian excitation that has the longest
lifetime 1/Reλ. In the large dissipation limit (2|a|2 ≫ ǫ),
λ becomes close to 0, which leads to the steady-state
quasi degeneracy [Fig.4 (b)]. The corresponding “eigen-
vector” with the longest lifetime of the Liouvillian super-
operator is given by

ρ+ ∼
(

0 1
1 0

)

. (45)

Remarkably, it mixes the different sectors of the fermion
parity. This fact implies that the presence of the quasi
steady state is a resource of changing the fermion parity
of the system under the perturbation such as Majorana
braiding process discussed above, though the fermion
parity of the total system is masked in the Lindblad for-
malism. These results in the open quantum formalism
would be helpful for deeper understanding of the An-
dreev vs. Majorana controversy.

E. Realistic example of zero-dimensional open

Fermi system

In general, the mismatch of the particle-hole ratio be-
tween the system and environment fermions is the source
of the steady-state quantum entanglement. In the above

model, this ratio is given by hand, though it is a func-
tion of experimentally controllable parameters in actual
situations. We here consider a simple system described
by the following non-Hermitian matrix Z:

Z = − ǫ

4
σ0τy −

∆

4
σyτx − h

4
σxτy − i

g

2
(σzτ0 + σ0τ0),

(46)

where ǫ is the electron energy, δ > 0 is the s-wave super-
conducting paring, h > 0 is the magnetic field, and σµ

and τµ are Pauli matrices in the spin and particle-hole
spaces, respectively. We consider the spin-dependent dis-
sipation g > 0 such as a ferromagnetic metal and a half
metal. To consider the quantum entanglement, we set
f = 0. For simplicity, we consider ǫ = 0. The rapidity
spectrum is given by

E = ± i

2

√

g2 −
(

∆± h

2

)2

− ig

2
. (47)

The non-Hermitian topological transition occurs at g =
|∆ ± h|. Under the large dissipation limit, the ratio be-
tween the longest and the second longest lifetimes be-
comes [(∆ + h)/(∆− h)]2.
The dissipation-dependence of the entanglement en-

tropy S is plotted in Fig.4 (c). Under small but finite
dissipation, the entanglement is about 2 log 2, which is
twice as large as that of the Majorana edge mode dis-
cussed above. Under large-dissipation limit, S becomes
close to log 2 for h/∆ = 1.1, while it is slightly different
from log 2 for h/∆ = 2.0. In the former case, the second
longest lifetime is too far from the longest one to affect
the steady-state entanglement. In this sense, the former
case is more close to the model treated in the previous
subsections.

V. NON-HERMITIAN TOPOLOGY AND

ENTANGLEMENT IN ONE- AND

HIGHER-DIMENSIONAL OPEN SYSTEMS

In this section, we analyze the Lindblad equa-
tion whose rapidity spectrum has one-dimensional non-
Hermitian topology. We again choose an appropriate
setup and relate it to the chiral edge state of the Chern
insulator in terms of the entanglement spectrum. We
also propose several realistic setups including higher-
dimensional systems.

A. Rapidity spectrum and chiral fermion

As the simplest example of nontrivial one-dimensional
non-Hermitian topological systems, we consider an n-site
one-dimensional open Fermi system whose rapidity spec-
trum is described by the Hatano-Nelson model (20) under
the PBC. Suppose that the system is translation invari-
ant. Then the 2n×2n density matrix can be decomposed
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TABLE IV. One-dimensional non-Hermitian topology and its
physical interpretation. The AZ† classification is equivalent
to the AZ Hermitian classification of the anomalous gapless
fermion mode [104].

Symmetry Classification Interpretation

A Z Chiral Dirac
D†

Z Chiral Majorana
DIII† Z2 Helical Majorana
AII† Z2 Helical Dirac
C† 2Z Chiral Dirac

into 2× 2 sectors labeled by momentum k:

ρ =
∏

k

ρk. (48)

We also assume that the system is coupled with two envi-
ronments: a momentum-dependent dissipator and a ther-
mal bath [Fig.5 (a)], and the dynamics of the density ma-
trix is completely decomposed into momentum sectors:

dρk
dt

=− i[Hk, ρk] +
[

2ckρkc
†
k − {c†kck, ρk}

]

+ (1− f(ǫk))
[

2dρkd
† − {d†d, ρk}

]

+ f(ǫk)
[

2d†ρkd− {dd†, ρk}
]

, (49)

ck =

√
g

2
(1 + ie−ik)(γk,1 − iγk,2), (50)

d =
√

g′(γk,1 − iγk,2), (51)

γk,1 =αk + α†
k, γk,2 = i(αk − α†

k), (52)

Hk =− i
ǫk
2
γk,1γk,2 = ǫkα

†
kαk + const., (53)

where ǫk = 2t cos k with t ∈ R being the hopping en-
ergy, f(x) is the Fermi distribution function of the ther-

mal bath, and g, g′ > 0 are the system-dissipator and
system-bath couplings, respectively. For simplicity, we
have assumed the chemical potential of the dissipator is
much lower than that of the system, and the momentum-
dependent dissipation does not contain the distribution
function of the dissipator. The rapidity spectrum is given
by the eigenspectrum of the non-Hermitian matrix Zk:

Zk = −2t cosk

4
τy − i

[g

2
(1 + sink) + g′

]

τ0. (54)

Thus, the rapidity spectrum is given by the stack of two
Hatano-Nelson models with opposite winding numbers:

Ek,± =
±2t cosk − i 2g sin k

4
− i
(

g′ +
g

2

)

. (55)

The system has the U(1) symmetry and is essentially in
the class A, and the class-A non-Hermitian topology can
be separately defined for particle and hole sectors.
In general, one-dimensional non-Hermitian topology

detects the anomalous gapless fermion modes (Table IV).
In the present case, the class-A spectral curve indicates
the presence of the third quantized chiral fermion. The
class-A non-Hermitian topology also predicts the skin ef-
fect as noted in Sec. III. In the following, we analyze the
entanglement structure of this system and its physical
consequence.

B. Qubit representation and entanglement

spectrum

To consider the entanglement, we again introduce the
qubit representation for each momentum. The Hilbert
space of the momentum-resolved system is spanned by

the basis vectors |0〉 and |1〉 := α†
k|0〉, where |0〉 is the

Fock vacuum of the fermion (α, α†). Then the eigenvalue
equation (4) for each momentum is given by







−8g′f(ǫk) 8g′[1− f(ǫk)] + 2gk
iǫk − (4g′ + gk)

−iǫk − (4g′ + gk)
8g′f(ǫk) − [8g′{1− f(ǫk)}+ 2gk]



















ρ
(i)
k,00

ρ
(i)
k,01

ρ
(i)
k,10

ρ
(i)
k,11













= λk,i













ρ
(i)
k,00

ρ
(i)
k,01

ρ
(i)
k,10

ρ
(i)
k,11













, (56)

where gk := g(2 + 2 sink). The Liouvillian spectrum is
calculated as {0,±2t cosk − i(4g′ + gk),−2i(4g′ + gk)}.
The explicit form of steady-state density matrix (λk = 0)
is given by

ρk,ss =
1

4g′ + gk

(

4g′[1− f(ǫk)] + gk 0
0 4g′f(ǫk)

)

. (57)

To investigate the quantum entanglement, we consider
the zero temperature and set f(x) = θ(−x), where θ is
the step function. In the quadratic Fermi system, one
convenient tool to express the quantum entanglement is
the single-particle entanglement spectrum, which is the
occupation number in a single-particle level. In this case,
the momentum-resolved entanglement eigenvalue is given
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FIG. 5. (a) Schematic picture of one-dimensional open Fermi system with class-A non-Hermitian topology. One environment
is a thermal bath with distribution function f(ǫ), and the other environment is the momentum-dependent dissipator whose
chemical potential is much lower than that of the system. The rapidity spectrum is described by the Hatano-Nelson model.
(b) Entanglement spectrum (ES) of n = 100 one-dimensional open Fermi system (58). (c) Dispersion, ES, and trace of ES
of Chern insulator with C = +1. The discontinuity of the ES detects the nontrivial Chern number. (d) Schematic picture of
the spin-momentum-locked band and spin-dependent dissipation. Even the coupling constant g↑ is k-independent, dissipation
is effectively k-dependent owing to the spin-momentum locking. (e) Schematic picture of the two-dimensional class-AII† skin
effect in surface states of a topological insulator.

by

ζk = ρ11k,ss =
4g′θ(−ǫk)

4g′ + gk
. (58)

The entanglement spectrum for t < 0 and g/g′ = 4 is
plotted in Fig.5 (b). The entanglement entropy is given
by

S = −Tr

[(

∏

k

ρk

)

log

(

∏

k

ρk

)]

(59)

with ρk = diag(1− ζk, ζk).

C. Chern insulator vs. steady state

Under the strong dissipation limit g ≫ g′, the entan-
glement structure of the steady state is similar to that of
the Chern insulator, which is a typical topological insu-
lator in the class A. Reference [105] has characterized the
Chern insulator in terms of the entanglement spectrum.
The Chern insulators are classified by the first Chern
number C1 ∈ Z, which is the two-dimensional class-A
topological number. Under the OBC in x direction and
the PBC in y direction, the Chern number counts the
number of chiral edge modes with negative (positive) chi-
rality at the left (right) boundary. Let us consider the
C1 = 1 Chern insulator with the same boundary condi-
tion and divide it into two parts (A and B). A typical
dispersion of the total system and the corresponding en-
tanglement spectrum defined in the region A are shown

in Fig.5 (c). The occupied number of the bulk states
is constant with respect to the momentum, while that
of the edge state at the left boundary is discontinuous
at the Fermi momentum. Remarkably, there arises a
mode at the boundary between A and B that connects
the bulk occupied states and unoccupied states. This
mode indicates the short-range entangled nature of the
(U(1)) symmetry-protected topological phase and cannot
be gapped out without closing the bulk gap. Reference
[105] has proposed the trace index that counts the dis-
continuity:

AU(1) := lim
nx,ny→∞

∑

Kcross,i

ζiKcross+π/Ny
− ζiKcross−π/Ny

=
∑

Kcross

n(−)(Kcross)− n(+)(Kcross), (60)

where Kcross are the Fermi momenta, n(±) is the number
of left-edge states at Kcross with positive/negative chiral-
ity. Reference [105] has shown the equivalence between
the trace index and the Chern number:

AU(1) = C1. (61)

This formula holds for the present case [Fig.5 (c)]. In
summary, the trace index defined in the subsystem de-
tects the symmetry-protected topology of the Chern in-
sulator.

In the following, we introduce the trace index to the
one-dimensional open Fermi system. The trace index for
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Eq. (58) is given by

AU(1) = lim
δ→0

∑

Kcross=±π/2

ζKcross+δ − ζKcross−δ

= 1− g′

g′ + g
. (62)

Unlike an equilibrium insulator, the trace index is not
quantized in general open Fermi systems. However, it
becomes close to unity under the large dissipation limit
g ≫ g′, while it becomes 0 for trivial non-Hermitian
topology (g = 0). In this sense, the entanglement spec-
trum of the steady state with a class-A nontrivial ra-
pidity spectrum behaves as if the mixed state of a half
subsystem of the Chern insulator. Since the trace in-
dex has been defined in other classes such as in the Z2

time-reversal topological insulator [105], similar relations
should hold for other AZ† symmetries.

D. Remark: nonreciprocal current generation and

skin effect

We here discuss the transport properties that originate
from the one-dimensional non-Hermitian topology. In
the above model, the asymmetry of ζk with respect to k
and ǫk causes the nonreciprocal fermionic U(1) current
J and thermal current JE :

J =

∫ π/2

π/2

dk

2π
ζk

dǫk
dk

, (63)

JE =

∫ π/2

π/2

dk

2π
ζkǫk

dǫk
dk

. (64)

The non-equilibrium nature comes from the implicit
“voltage” between the thermal bath and the momentum-
dependent dissipator whose chemical potential is lower
than the band bottom of the one-dimensional system. In
this sense, the current circularly flows in the transverse
direction to the applied voltage. This example indicates
that entanglement structures can be used as the source
of the nonreciprocal current.
If we impose the OBC to the same model, the above

current cannot exist in the presence of the boundaries,
which leads to the fermionic accumulation at the bound-
aries and generates the voltage between the right and left
boundaries in the steady state. This phenomenon might
be related to the fact that the rapidity spectrum suffers
from the class-A skin effect, though the detailed analysis
under the OBC is beyond the scope of this paper.
In other classes and dimensions whose non-Hermitian

topology detect the symmetry-protected or higher-
dimensional skin effects discussed in the section III, other
types of nonequilibrium fermionic current can be dis-
cussed. In the one-dimensional class AII†, the time-
reversal symmetric current such as the spin current flows
under the PBC, and the corresponding accumulation
such as the spin accumulation occurs under the OBC. In

higher dimensions, the current flows in the radial direc-
tion in the presence of a topological defect, which causes
the particle accumulation under the OBC.

Note that in the absence of the applied voltage, the cur-
rent flow under the PBC and the fermionic accumulation
under the OBC do not occur, which is the typical case
where the nontriviality of the rapidity spectrum is not re-
lated to a nontrivial physical phenomenon in the steady
state. If we only consider the momentum-dependent dis-
sipator and its chemical potential is set to be 0 in the
considered system, the model is equivalent to the Hermi-
tian correlated system with momentum-dependent self-
energy. Such a case has been investigated in Ref. [106].

E. Realistic example of one-dimensional open

Fermi system

The Hatano-Nelson model requires the asymmet-
ric hopping term in real space, or equivalently, the
momentun-dependent dissipation in momentum space.
An implementation of such a term is a nontrivial task
in realistic condensed matter physics. However, the
momentum-dependent dissipation can be effectively re-
alized even under the onsite dissipation in multi-band
systems [38, 76, 107, 108]. We here give an intuitive in-
terpretation of this phenomenon.

The trick is similar to a topological superconductor
in which the p-wave paring is effectively realized by the
combination of the s-wave paring and spin-momentum-
locked band [109–112]. As an example, we here consider
the two-band Hamiltonian with spin degree of freedom
σ:

Hk = ǫkσ0 + dk · σ, (65)

where dk = (dxk , d
y
k, d

z
k) is the spin-dependent interac-

tion. The band dispersion is given by Ek,± = ǫk ±
|dk|. The spin polarization of each mode (k,±) is
given by ±dk/(2|dk|). If the spin-rotational symme-
try is completely broken, the spin polarization can de-
pend on the momentum. For example, dk = (h, 0, λk),
the combination of a Rashba spin-orbit interaction and
a time-reversal symmetry-breaking term, which is the
same system as the topological superconducting quan-
tum nanowire [111, 112] except for superconducting
proximity, induces the spin-texture in both bands that
varies continuously in momentum [Fig.5 (d)]. For
such spin-momentum-locked bands, the spin-dependent
momentum-independent dissipation acts as the effec-
tively momentum-dependent dissipation. Under such a
dissipation, the rapidity spectrum can have a nontrivial
winding number, which induces the nonreciprocal cur-
rent under the PBC and fermion accumulation under the
OBC.
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F. Realistic example of two-dimensional open

Fermi systems

In Refs. [44, 75, 76], several massless Dirac systems
that have AZ† non-Hermitian topology, including the
model (28), have been investigated. As in the case of the
model (28), the valley-dependent dissipation can induce
the non-Hermitian topology. The surface states of the
topological insulators and Graphene are good candidates
of two-dimensional AII† non-Hermitian topological sys-
tems. In the former case, the Dirac cones with opposite
chiralities appear on the top and bottom surfaces, which
enables one to connect only one of them to the dissipator
[Fig.5 (e)]. In the latter case, the Dirac cones with differ-
ent chiralities cannot be separated in real space. Thus for
the valley-dependent dissipation, valleytronic techniques
are required. Under the insertion of the π flux, there oc-
curs the anomalous fermion production and current gen-
eration in radial direction, which causes two-dimensional
Z2 skin effect discussed in Sec. III.

VI. RELATED TOPICS AND FUTURE WORKS

In this section, we discuss several related topics.

A. Transient Liouvillian dynamics

While the main target of this paper is the steady state,
the rapidity and Liouvillian spectra are often discussed
in terms of the dynamics, and they are believed to conve-
nient notion for the description of the dynamics. In our
previous paper [55], however, we have pointed out that
the dynamical properties are also affected by the pseu-
dospectrum. We here remark this point and relate it to
recent papers.
Mathematically, ǫ pseudospectrum is defined as

σǫ(H) = {E ∈ C| ‖(H − E)|v〉‖ < ǫ for some |v〉}, (66)

where H is a matrix, and |v〉 is a normalized vector.
By definition, the pseudospectrum is almost an eigen-
value, and is not so important in conventional Hermitian
physics. In fact, in the case of normal matrices (i.e.,
[H,H†] = 0) such as Hermitian matrices, the ǫ pseu-
dospectrum is just the ǫ neighborhood of the spectrum.
However, it is larger than the ǫ neighborhood in the case
of nonnormal matrices. The pseudospectrum becomes
an important factor in the transient dynamics of var-
ious linear equations, while the long-time dynamics is
completely captured in terms of the exact spectrum [54].
Thus the Liouvillian dynamics should be affected by the
pseudospectrum of the Liouvillian superoperator in the
transient region.
The larger the nonnormality of the matrix is, the more

important the pseudospectrum is. In particular, the fol-
lowing relationship holds for a translation-invariant class-

A matrix H under the OBC [44, 54, 55]:

lim
ǫ→0

lim
n→∞

σǫ(H) = σSIBC(H), (67)

where σSIBC(H) is the spectrum under the semi-infinite
boundary condition, in which there is only one open
boundary. According to the index theorem [44, 54, 55,
113], σSIBC(H) is given by the PBC spectrum together
with the region enclosed by the PBC curve with nonzero
winding (see also Theorem II in Appendix A). Thus, un-
der typical class-A non-Hermitian topology, the region of
the pseudospectrum is much larger than the ǫ neighbor-
hood of the spectrum. Similar statements hold for other
classes such as the class AII† [55]. Exceptional points
are also the resource of the nonnormal pseudospectral
behavior.
Reference [68] has investigated the dynamics of the Li-

ouvillian skin effect [66]. They have claimed that the life-
time is not captured by the Liouvillian spectrum. This
might be because their definition of the lifetime captures
the transient region and does not the long-time dynamics.
In this sense, this phenomenon might be closely related
to the notion of the pseudospectrum. Reference [114]
has also investigated the similar physics in different situ-
ations, and discussed the time-scale-dependent definition
of the lifetime, which might be useful to distinguish the
pseudospectral and spectral behaviors.

B. Non-Hermitian model as lattice implementation

of quantum anomaly

It is well known that quantum field theories with
quantum anomaly cannot be implemented in the pure
lattice systems. However, such theories can be imple-
mented by allowing the non-Hermiticity in some sense.
In terms of spectral theories, Refs. [75, 76] have shown
that non-Hermitian topology is related to the quantum
anomaly. Moreover, the present paper has pointed out
that the non-Hermitian skin effects are consequences of
the anomaly-induced transport including the anomalous
fermion production induced by the topological defects in
higher dimensions.
In terms of quantum entanglement, the present paper

has investigated that dissipation-induced steady state in
open Fermi systems can have similar entanglement en-
tropy and spectrum as that of the edge states of topolog-
ical insulators and superconductors. These statements
imply that the quantum field theories with quantum
anomaly can be investigated by introducing the non-
Hermiticity or the open quantum nature.
Since quantum anomaly is also discussed in inter-

acting systems, non-Hermitian topological phenomena
would be generalized to interacting systems by develop-
ing the above ideas. In particular, the anomaly-induced
transport in interacting systems indicates the presence of
the skin effect in the interacting non-Hermitian systems.
Such models could be constructed from the dissipation



17

that induces the imbalance of the lifetime of the quan-
tum anomalous modes with different topological number.
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Appendix A: Topological aspect of class-A

non-Hermitian skin effect

In this section, we briefly review the relationship
between the winding number and the class-A non-
Hermitian skin effect [44]. The conventional (class-A)
non-Hermitian skin effect, where the OBC spectrum is
drastically different from the PBC one, can occur for
one-dimensional non-Hermitian tight-binding models
without any specific symmetry (essentially class A). If
a one-dimensional class-A non-Hermitian Hamiltonian
with finite-range hoppings H has the translation invari-
ance in the bulk, the following theorem holds in the
infinite-volume limit:

Theorem I The OBC spectrum σ(HOBC) cannot
have nonzero winding number. Consequently, if the
PBC spectral curve σ(HPBC) has a nonzero winding
number, the non-Hermitian skin effect inevitably occurs.

Here the winding number of the spectral curve C
around E ∈ C W (E) is defined as

W (E) :=

∮

C

dβ

2πi

d

dβ
log (H (β)− E) , (A1)

where H(β) is given by replacing the Bloch wave factor
eik of the Bloch Hamiltonian H(eik) with the non-Bloch
wave factor β ∈ C.

In the following, we give a brief sketch of the proof of
the Theorem I. The main difficulty to compare the OBC
and PBC spectra comes from the absence of the simple
analytic properties of the OBC spectrum. To avoid
the direct comparison, we introduce the semi-infinite
boundary condition, where the boundary is only at
the left-hand side of the system, and compare it with
the PBC and OBC. The semi-infinite spectrum is
characterized in terms of the PBC curve by the index
theorem in spectral theory: [54, 113]:

Theorem II The spectrum of semi-infinite system
σ(HSIBC) is equal to the PBC spectral curve σ (HPBC)
together with the whole area of E ∈ C enclosed by
σ (HPBC) with W (E) 6= 0. For W (E) < 0 (W (E) > 0),
|E〉 is a right (left) eigenstate of HSIBC localized at the
boundary [i.e., HSIBC |E〉 = E |E〉 (〈E|HSIBC = 〈E|E)].

Remarkably, the semi-infinite spectrum is given by
a two-dimensional region in the complex plane if the
PBC curve has a nonzero winding number. Roughly
speaking, the OBC system has an additional boundary
condition, the OBC spectrum is in the semi-infinite
spectrum:

lim
n→∞

σ (HOBC) ⊂ σ(HSIBC). (A2)

Here we explicitly write the infinite-volume limit limn→∞

with n being the number of sites. For a mathematical
proof, see Refs. [44, 54].
A crucial step is the imaginary gauge transforma-

tion: HOBC → V −1
r HOBCVr and HSIBC → V −1

r HSIBCVr,
where [Vr]i,j = δijr

i with r ∈ (0,∞). For each transfor-
mation, we still have the inclusion in Eq. (A2):

lim
n→∞

σ
(

V −1
r HOBCVr

)

⊂ σ
(

V −1
r HSIBCVr

)

. (A3)

This imaginary gauge transformation does not change the
spectrum of HOBC because the imaginary gauge trans-
formation is a similarity transformation, which preserves
the spectrum of finite-dimensional matrices. However, it
changes the spectrum ofHSIBC. In fact, H (k) changes to
H (k − i log r) through Vr . Nevertheless, Eq. (A3) implies
that the transformed semi-infinite spectrum includes the
spectrum of HOBC for any transformation Vr. Thus, we
have

lim
n→∞

σ (HOBC) ⊂
⋂

r∈(0,∞)

σ
(

V −1
r HSIBCVr

)

. (A4)

Because of Theorem II, when the PBC curve has a
nonzero winding number, right (left) boundary modes
with eigenenergy E appear in the semi-infinite sys-
tem. Let us choose an appropriate imaginary gauge
Vr such that these boundary modes are transformed
to delocalized bulk modes. Then, E is on the edges
of σ

(

V −1
r HSIBCVr

)

, whereas it is originally located in-
side σ (HSIBC). Thus, the intersection of σ (HSIBC) and
σ
(

V −1
r HSIBCVr

)

is strictly smaller than σ (HSIBC). Re-
peating this procedure for all Vr with r ∈ (0,∞), the
right-hand side of Eq. (A4) reaches a curve with no wind-
ing, otherwise a contradiction arises. Since this region
includes the OBC curve because of Eq. (A4), the OBC
spectrum is also a curve with no winding and differ-
ent from the PBC curve with a nonzero winding num-
ber, which implies the inevitable occurrence of the non-
Hermitian skin effect if the PBC curve has a nonzero
winding.
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[59] C. E. Rüter, K. G. Makris, R. El-Ganainy, D. N.
Christodoulides, M. Segev, and D. Kip, Nat. Phys. 6,
192 (2010).

[60] Z. Lin, H. Ramezani, T. Eichelkraut, T. Kottos, H. Cao,
and D. N. Christodoulides, Phys. Rev. Lett. 106, 213901
(2011).

[61] A. Regensburger, C. Bersch, M.-A. Miri, G. On-
ishchukov, D. N. Christodoulides, and U. Peschel, Na-
ture (London) 488, 167 (2012).
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