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We show that annihilating a pair of Dirac fermions implies a topological transition from the
critical semi-metallic phase to an Obstructed Atomic Limit (OAL) insulator phase instead of a
trivial insulator. This is shown to happen because of branch cuts in the phase of the wave functions,
leading to non-trivial Zak phase along certain directions. To this end, we study their Z, invariant
and also study the phase transition using Entanglement Entropy. We use low energy Hamiltonians
and numerical result from model systems to show this effect. These transitions are observed in
realistic materials including strained graphene and buckled honeycomb group-V (Sb/As).

I. INTRODUCTION

There has been a slew of progress in the past years
improving our understanding of topological phases. This
has extended the possibility of having topologically non-
trivial systems which were previously restricted to inter-
nal symmetries[I], to systems that are protected by crys-
talline symmetries[2H5]. Many new possibilities of Sym-
metry Protected Topological phases (SPT) were realized
including multi-pole insulators[t], fragile insulators|T]
and boundary obstructed topological phases [§]. Ref. [9]
showed that by combining crystalline symmetries with
underlying orbital symmetries, one can obtain a class
of topologically non-trivial insulators called “Obstructed
Atomic Limit” (OAL) insulators which are distinct from
trivial “Atomic Insulators” (AI). OAL insulators are sys-
tems where Wannier Charge Centers (WCC) of the occu-
pied band manifold are exponentially localized on Wyck-
off positions that are distinct from the atomic positions.
They thus cannot be adiabatically connected to a phase
where the WCC are located at the atomic positions. This
results in a hybridized insulating state.

These OAL phases of matter often lead to charge frac-
tionalization in co-dimensions > 1 because of the fill-
ing anomaly[I0]. This may in some cases lead to extrin-
sic Higher Order Topologically Insulators (HOTI)[IT] 12]
i.e., systems where the occurrence of zero-energy corner
states or gap-less hinge modes may depend on proper-
ties/symmetries of the boundary.

Meanwhile, Dirac systems are the classic example of
a symmetry-protected gap-less topological phase. These
are systems which have topological charge around nodal
points stabilized by having Time Reversal Symmetry
(TRS) along with a spatial symmetry. Apart from the
ubiquitous example of graphene, we have recently shown
that a slightly buckled honeycomb monolayer of As and
Sb have Dirac nodes, protected by a Cy twofold rotation
and located along high symmetry lines, which can move
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FIG. 1: Phase Diagram of and the

corresponding lower dimensional eigenstates where the

origin is at the center. Green and Red dots in IT & IV

indicate the winding number of +1. Red band denotes
the surface state

along these line and annihilate in pairs.[I3]. There can
also be systems where the nodes are located on a general
point in the Brillouin zone (BZ)[14].

These unpinned Dirac nodes can be gapped out with-
out breaking TRS and the crystal symmetry protecting
them by annihilating them in pairs of opposite topo-
logical charge at the Time Reversal Invariant Momenta
(TRIM). There have been various artificial systems where
this kind of merging has been observed, including the
honeycomb Fermi gas[15] [16], in microwave experimental
systems [I7], and mechanical graphene[l8]. It has also
been shown that electronic 2D graphene[I9], a-(BEDT-
TTF)2I3 [20], phosopherene[2I] also have this feature
upon applying strain. More recently, we showed that
2D group-V buckled honeycomb systems (Sb,As) undergo
the same transitions[I3], 22] and interestingly we found
that they undergo two different merging transitions.

In this paper, we show that topological Dirac semi-
metals necessarily undergo a transition to a topologically
non-trivial OAL phase upon annihilating Dirac cones of
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FIG. 2: (al,a2) The phases 61 of the eigenstates indicated on top for the semimetallic Phases II,IV; (b1,b2) Phases
for the eigenstates for the insulating Phases IIII. The central inset shows the eigenvalues in each limit.

opposite winding number. We start by looking at the low
energy Hamiltonian describing the annihilation physics,
after which we use the Zak phase to understand the topol-
ogy of the system. We will then proceed to use symmetry
indicators to find the topological classification and finally
study the phases using the idea of Entanglement Entropy
(EE). Several examples are presented to illustrate the
theory. Here we study only the annihilaton of a single
Dirac cone pair. The Zak phase then leads to a non-
zero polarization in the non-trival case. In real systems,
the presence of other (rotational) symmetries may lead
to the simultaneous annihilation of several Dirac cone
pairs whose dipoles may then compensate each other and
leave only a net higher multipole. In fact, the examples
of HOTT in Ref. correspond to this scenario and are
hence related generically to annihilation of Dirac cones,
which themselves result from band crossings in the folded
Brillouin zone of a superlattice based on an underlying
simpler crystal structure.

II. PHASE DIAGRAM OF ANNIHILATING
DIRAC CONES

It was shown by G. Montambaux et al. [I9] that the
low energy Hamiltonian close to the annihililation of two
Dirac cones takes the universal form

2

k
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Here mg,p, controls the effective mass (along k) and
velocity (along k) directions. Close to annihilation,
the system takes massless and massive dispersion along
the directions k, and k;, respectively. It is clear that
H obeys Time Reversal Symmetry (TRS), implying
H(k) = H*(—k), has inversion symmetry (Z) given
by o,H(k)o, = H(—k) and chiral symmetry (C) de-
scribed by o, H(k)o, = —H (k). Finally, the system also
has either a mirror(M) or twofold rotaiton Cy symme-
try (which in 2D are equivalent but in 3D are distinct)

that leaves the entire k, = 0 line invariant given by
02 H(ky, ky)oy = H(ky,—ky). This symmetry is the key
that protects and forces the Dirac point to move along k.
Henceforth, unless stated, we assume that these symme-
tries are present throughout the systems that we are talk-
ing about. It has been shown[I9] that the ground state
solution can either be in: (i) the semi-metallic limit with
two sets of oppositely wound Dirac cones at +v/—2m,d
if myd < 0, or (ii) the insulating limit if mzd > 0. We
show that the phase diagram of this Hamiltonian is much
richer, as seen in [Figure 1] Phases I and III, which were
previously thought to be trivial insulators, in fact, belong
to the class of OAL insulators. shows the phase
diagram of H(k,my,d). Phases I (III) correspond to an
insulating state in bulk without (with) boundary states
in the co-dimension=1 system. II (IV) are semi-metallic
systems with two Dirac cones and edge states propagat-
ing outside (in-between) in their co-dimension=1 system.

The difference between these phases are encoded in
the phase of their complex eigenstates. The eigen-
states of Eq(I) are given by |+) = == (1,£e®)) =

' V2
L (1, eloi(’“)) where

V2
6(k) = tan™ (p vhy ) 2)

d+ 52

2m,

and |—), |[+) correspond to the lower and higher eigen-
value, which are

k2 \?
Er=7F (d+ 27;) + k2p2 (3)

shows the phases 01 (k) at each k plotted to-
gether with the eigenvalues (central insert). For Phase

II, the left two panels show the phase of the ground state
(|-)) (in al) and the excited (|+)) in (a2). Note that for
Phase IV, the excited state |[+) is shown in (al) and the
ground state |—) in (a2), but both correspond to mzd <
0, corresponding to the dispersion of two Dirac cones of




opposite winding number. Close to :I:ko = +v/—2m.d,
Eq. can be expanded to H(k) = i—qwam + pykyoy
using k, = £ko+ q,. These phases of the complex eigen-
states describe surfaces in k space which are nothing but
Riemann surfaces when viewing the k;,k, as the real
and imaginary part of a complex number z = k; + ik,,
or rather they represent one principal branch of the Rie-
mann surface.

To understand the mechanism better, we consider
a complex holomorphic function f(z) = (2 — ko e
(z* + ko)~'. 1In the phases II and IV i.e.
in the Dirac cone limit, the complex phases of eigen-
state given in Eq. (hereafter referred to as eigenstate
phases) have the same winding properties as the phases
of +f(z), with + referring to the cases (al), (a2) respec-
tively. As seen from the excited and ground
state wave functions of Phase II) in the semi-metallic
phase have a branch cut along the intervals (—kq, +ko)
and (—oo, —kg) J(ko, +00) respectively, just as the f(z)
function. The excited and ground state phases are re-
lated by a phase shift of 7 and the choice of branch cut
picked up by each eigenstate is determined by the sign of
m, and d. In the limit kg — 0 one reaches the insulating
state. This completely detaches the Riemann surface of
one of the eigenstates and connects it to the next branch.
This results in extending the branch cut from (—oo, 00)
for one of the wave function and closing the branch cut

on the other as seen in in (a) — (b).

To quantify the topology, one can calculate the Zak
phase[24] 25] along the i direction, which for each band

n is given by v = —i fo <unk‘
|unx) is the lattice-periodic part of the wavefunction of
n*" band. We can also Write this in terms of the Wannier
Charge Centers (WCC), z},, defined by »* = 27z}, and

the total Zak phase is v* = ZOCC v,

It is easy to see that the Zak phase along a given di-
rection becomes necessarily non-vanishing when it crosses
through a phase discontinuity. This can happen when the
phase continues to the next complex branch by having a
branch cut as we discussed above.

unk> dk; where

From the previous discussion, v¥(k;) is 0 everywhere
except for the points passing through the branch cut. For
example, in the semi-metallic case, based on the values
of m and d, one gets a non trivial Zak phase either in-
side or outside the Dirac cones. Once the parameters are
tuned to reach either of the insulating phases I/III, one
obtains a Zak phase of 7 or 0 at all values of k,. Non-
trivial Zak phase along this direction indicates a non triv-
ial 1D topology along this path which results in a surface
spectrum in co-dimension > 1. It should be noted that
although the existence of surface states in the OAL limit
is topologically guaranteed, the protection is not. The
protection stems from the underlying symmetry of the
surface termination[26].

Analogous to the SuSchriefferHeeger (SSH) model [27],
the effect of non trivial Zak phase can be captured using
the symmetry indicators at the high symmetry points.

For the present case of a Dirac annihilating system, we
start by looking at the different symmetry groups that
are preserved throughout the BZ. A band crossing at a
generic point along hlgh symmetry line (1) is protected by
a symmetry g € G, (Gl is the little group along ) which
is preserved throughout the high symmetry line. Hence,
the only way to gap this kind of system is to annihi-
late the opposite winding band crossing points with each
other at a TRIM High Symmetry Point (HSP) (P). This
point would have a higher symmetry with little group Gp
such that g € Gl C Gp. Before the annihilation at the
HSP, the bands are made up of two distinct irreducible
representations (irreps), say A, B and along the high sym-
metry line, by a and b. Because of compatibility, a and
b need to have different parity eigenvalue given by +, —.
Another way to see this is to realize that, at the transi-
tion point occurring at the HSP, the two bands have a
massless dispersion along one direction and thus need to
have different inversion eigenvalue in order for the bands
to be degenerate.

This parity switching is not accidental and is deeply
connected to the Zak phase (or polarization) of the sys-
tem. For an inversion symmetric system, one can re-write
the Zak phase along a given direction 7 connecting X; and
Y; by mx; [B, 26] where y; is

H 77] (4)

jE€occ.

and 1;(X;) is the parity eigenvalue of the j** band at X;.
Here, x; is a quantized Zs invariant. The derivation of
the invariant using the sewing matrix theory is given in
Appendix [A] It is trivial to see that one can construct a

Zo invariant ¢ given by

HUJ

Jj€occ

)1 (X1)m; (M)n; (Xz), ()

which distinguishes between Phase I/III (gapped) and
II/IV (gapless).

The possible parity changes at four HSP in an exam-
ple 2D Brillouin zone are illustrated in Fig. a). Start-
ing with phase I, we have all the eigenvalues trivially
equal to each other. Without any parity inversion, this
gapped system is in the “trivial OAL” limit with no edge
states. For Phase III, we have 2 constitutive inversions
that have happened leading to a gap being opened up.
These configurations along with (4]) can be used to deter-
mine whether edge states exist along each direction. For
example, in the first configuration of Phase III shown in
a2), we have I' = X; = —1 while Xo = M = +1,
leading to non-trivial winding throughout the BZ when
cut along b; which again leads to non-trivial Zak phase
throughout the system and thus an edge state. Distin-
guishing Phase II and IV turns out to be more sub-
tle and requires knowledge about the position of gap-

less crossing as shown in b)/(c). For example,
I'=M = X3 = +1 and X; = —1 can correspond to both
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FIG. 3: (a) Possible combinations of parity eigenvalues for different phases. (b)/(c) Distinguishing phase IT and IV
based on position of Dirac cone and corresponding edge states. (b1)/(cl) shows the possible positions of Dirac
crossing for the same parity arrangement. (b2)/(c2) show their respective 1 dimensional band structure when the
system is cut along by direction while (b3)/(c3) shows the same edge spectrum when cut along by direction

Phase IT or IV depending on the position of the Dirac
cone which is shown as a black cross either along M — X1
in Phase IV or along I' — X7 in Phase II.

Figure 3(bl) shows one such configuration of parities
which can be created by two crossing scenarios. In (b1),
we have created a symmetry protected crossing along
X1 — M which changes the parity at X;. This cre-
ates a non trivial Zak phase along I' — X7, the effect of
which can be seen on the corresponding 1D edge states
when projected onto the by direction and thus leads us
to phase IV. The band structure of this 1D system is
schematically shown in (b3). This is in contrast to the
cut along the by direction, where one would just see the
Dirac crossing projected onto X;.

The same configuration shown in (b1l) can be devised
from a protected crossing along I' — X7 which is shown
in (c1). This now creates a non-trivial Zak phase along
along X; — M. Following the same procedure, the re-
sulting edge states are shown in (c2) (phase IT) and (c3).
One could move this protected crossing along X3 — I’
and annihilate them at I' which in-turn switches the
parity at I'. This leads us to a configuration given by
(T, Xy, M, X5) = (=, —, 4+, +) which results in phase III
where now there is a non trivial Zak phase along both
X7 — M and I' — X,. Similarly, annihilating the Dirac
crossing at X instead of I' leads to a switch in parity at
X1 resulting in a trivial phase i.e. phase I

III. PHASE TRANSITIONS AND
ENTANGLEMENT ENTROPY

A key concept relating the different phases described
above is that of atomic orbital hybridization as obstruc-
tions to the atomic limit correspond precisely to cova-
lent bond formation or hybridization of atomic orbitals,
which can be probed using entanglement. Entangle-
ment has been used to understand topological phases
of various systems, including QSHI[2§], Chern insulators
[29] and topological insulators[30H32] and recently even
for higher order topological systems [33] and topological
phase transitions[34) [35] in such systems. This is done
by calculating the entanglement spectrum (ES) of the
system.

Given a ground state wavefunction of a system ¥gg,
one can spatially separate it into two parts A and B.
Then the entanglement spectrum is the eigen-spectrum
of the the correlation matrix

C{} =Tr (pAcch) (6)
where ¢;/ c;r are the annihilation/creation operators and
the density matrix p4 restricts them to the A-part of the
system. for sites € A. The entanglement eigen-spectrum
& of C, for our system cut along a direction, say d, is a
function of k£, , where | is defined w.r.t @. In the thermo-
dynamic limit, most of the eigenvalues lie exponentially
close to 0 and 1[36] while a value of % captures the physics
of the maximally entangled zero mode.



Using &; (k. ), one can define the entanglement entropy
(EE) as

S=-— /B dhs D L6k, logtin, + -

3

(1 =&k, )log (1 — &, )]

S measures the mean degree of entanglement between the
given spatial split with value ranging from 0 to log(2)
with log(2) being maximally entangled. One can see
from the co-dimension=1 spectrum that the phases II,
IV would have contribution to entangled states for some
values of k), while IIT would be maximally entangled
throughout the BZ. From Eq.(]zl)7 this results in

0 a=1I
0< S, <log(2) ae{ILIV} (8)
log(2) a =III,
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FIG. 4: (a) Entanglement entropy S (rescaled from
[0,10g(2)] — [0, 1]) through the path shown in the inset
for strained graphene (b) S (black) and 925 (red) for

the corresponding path in (a) (S is shown in the
background as a dashed line for clarity). (¢) S and

(d)0S throughout the parameter space for strained
graphene, black and white lines in left and right panel
show the transition points from semi-metal to insulator

in bulk.

As an example to illustrate the entanglement spec-
trum, we pick strained anisotropic graphene. The de-
tails of that model are explained in Sec. [VC|] In Fig.
@(a) we show the entanglement entropy S for anisotropic
graphene along four paths moving between the different
phases. These changes are obtained by linearly varying

the hopping parameters of the model to take us from one
phase to the other[37]. Fig. [f{b) shows the first and sec-
ond derivatives of S as we move along the paths. We see
that the values for Phase I (first part of red curve and last
part of yellow curve in (a) are close to zero and show a
first order divergence during the transition shown in the
rightmost and left most panels in (b). In Phase IT and
IV, since we pass through a point where the Dirac cones
are equally spaced apart, we reach S = 1 (points join-
ing red-green/blue-yellow curves). Fig. c) shows the
values of S and |V S| in the entire parameter space. The
divergences in these derivatives of the entanglement en-
tropy indicate the first/second order nature of the phase
transition.

IV. EXAMPLES

In this section, we show various model systems where
these phases can be observed. [V A]illustrates the tran-
sition in 1D while [V B]and [[V C] introduces 2D systems.

A. 1D Example

We start by looking at the 1D SSH system given by
Hssu = (t1 + tacos(k)) o, + tosin(k)oy, (9)

This system, at half filling is metallic for t; —to =9 =0
with a Dirac dispersion and has an insulating phase on
either side of the §. Based on the sign of § the system
can either be in OAL or not and this choice precisely
describes if the system dimerizes within or outside the
unit-cell. This system thus undergoes a phase transition
from I to III when crossing the origin at 6 = 0. This
can be seen by expanding Hgsy near the vicinity of the
Dirac point, where it reduces to (t1 —t2)o, +toko, which
is nothing but the projection of onto the k, axis. This
can also be seen by computing the entanglement entropy,
where one sees a first order divergence with § being the
order parameter as shown in [Figure 5| This is similar to
the transition seen in Sec. [Tl from phase I to III.
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FIG. 5: S (green) and 955 (red) for Hssm

Though this is not an example of moving annihilation
where the Dirac fermions move in k-space as a function of
tuning parameters, this annihilation happens by mixing



Dirac fermions from the 1t BZ and 2"? BZ by doubling
a single atom unit cell and folding the BZ.

B. 2D Example: criss-crossed SSH

Moving to 2D, we here present a simple model in which
we can move the Dirac points. It is a simple extension
of the SSH model that we dub criss-crossed SSH or CC-
SSH and is shown in (left), which indicates the

hopping integrals between sites used in the model.

FIG. 6: left to right Lattice model, log(F; — E3) in k,
red regions indicate Dirac cone locations, and bulk band
structure

Because of the bipartite nature of the CCSSH model,
the Hamiltonian can be written:

H(k) = hy(k)os + hy(k)oy (10)

where
hy(k) = t1 + tacos(ky) + 2tzcos(ky) (11a)
hy (k) = tasin(ky) (11b)

Eq (11a) is almost identical to the SSH Hamiltonian
but with an added t, interaction that is patterned in
a criss-crossed fashion. It is easy to see that the
system has Time Reversal Symmetry (TRS) giving us
H(k) = H*(—k), has inversion symmetry (Z) given
by o, H(k)o, = H(—k) and chiral symmetry (C) as
o, H(k)o, = —H(k). Finally, the system also has a
Mirror/Cy (M) symmetry that leaves the k, = 0 line
invariant and is given by o, H(kz, ky)oe = H(ks, —ky).
shows the band structure for values of the
t-parameters chosen ad-hoc to represent various phases
mentioned in the main text along with log(E; — E3) to
show the occurrence of unpinned Dirac points in the BZ.
The values used are given in As always, because
of Time Reversal Symmetry (TRS), we are guaranteed a
Dirac cone of opposite winding number at —k for each
k. This system can be tuned to realize various phases
mentioned in the text as shown in with ¢'s cho-
sen to provide an example of the discussed phases. We
show the bulk band structure with the Dirac cone and
the gapped system along with the 1D band structure.

We now discuss Fig. |7] systematically. On the left we
consider the chiral case, on the right, the changes due to
breaking the chirality. On the left there are four panels
each corresponding to the indicated phase. Within each
panel, we show the bulk band structure at the top, fol-
lowed by the band structure of a nanoribbon broken along
one direction (second row, left) the full 2D band struc-
ture on a log-scale to identify the Dirac points (red) and
finally, in the third row, the phases of the wave function.
Phases IT and IV represent the protected semi-metallic
regime, where the branch cut occurs either inside(IV)
or outside(II) the Dirac cones. They differ either by (7)
a sign flip of t, or (i) by the choice of the bulk unit
cell used to make the boundary, just as in the SSH case.
Phases I and IIT which are formed upon annihilating the
above Dirac points, form the OAL limit. Which of these
phases is attained can be seen from their respective sur-
face bands. These two phases can again be tuned by
either the relative size of |t1| and |t2| or by the choice
of the bulk unit cell. This same effect can be deduced
from their respective ground state wavefunction’s phases
and calculating the number of branch cuts using v*(k,).
The wavefunctions’s phase of these topologically distinct
phases are shown in the bottom row of each panel of
where one can see the branch cuts in the wave
function plots. These branch cuts correspond to non triv-
ial winding through their corresponding perpendicular k.
This results in the occurence of edge modes in the lower
dimensional spectrum as shown in figure. This brings
us to the important fact that, though the bulk phases
are related by a a phase/unit cell shift, the correspond-
ing lower dimensional (edge) ground state clearly distin-
guishes them.

Now let us look at this as a concrete example of the
symmetry indicators used in the main text. Using our
inversion matrix given by o,, we can get the inversion
eigen value of half filled system at TRIM points by com-
puting sgn[t; + tacos(ky) + 2tzcos(ky)] for (kg ky) =
(T, X1, M, X5) = (0,0),(0,7), (m,m), (m,0). The values
are shown in To make the transition clearer,
we show in the dynamics of parity values close
to trivial and non trivial transitions (Note the linear and
quadratic dispersion at the transition point in the middle
panels).

Next, we elucidate the role of chiral symmetry in the
system. All the examples mentioned above respect chiral
symmetry with o, being the chiral operator. This leads
to the formed surface states being degenerate through-
out the co-dimension > 1 system as seen on the left
side of As it turns out, this is not a necessary
condition for the surface protection. This can be easily
seen by the fact that our invariants (and hence branch
cuts) are unchanged with addition of a chiral breaking
o, term and solely depends on ¢,. To show this we ex-
plicitly break the chiral symmetry by adding a term such
as 2t.cos(ky)o,. [Figure 7|(right) shows the surface spec-
trum where we have broken the chiral symmetry. It is
easy to see that this does not nullify the existence of
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given in text with parameters shown in (right) phase IV — IVa and IIT — IIIa upon breaking chiral
symmetry but preserving inversion.

Phase te t ta te (I, X1, M, X2)
I -0.5 3.0 1.0 0 (+, +, +, +)
I1 0.5 1.0 1.0 0 (+, +, -, +)
111 -0.5 1.0 3.0 0 (+,- - +)
v -0.5 1.0 1.0 0 (+, -+, +)
IlIa -0.5 1.0 3.0 0.5 (+, - - +)
IVa -0.5 1.0 1.0 0.5 (+ -+ +)

TABLE I: Parameters used in along with n(k) Vk € TRIM

edge state, but rather breaks the degeneracy of the edge C. Anisotropic Graphene
state that is guaranteed by chiral symmetry. This breaks
it everywhere except at the point £ = 7(0) in case of This system is shown in a) and the Hamilto-

an odd (even) chiral term as the term goes back to 0 pjan is given by H = hy(k)o, + hy(k)o, with
giving back locally the chiral symmetry. Thus this leads

to an interesting strong crystalline topological insulator 3
state protected by inversion symmetry. This model is hy(k) = —Zticos(éi - k) (12a)
extremely similar to the example proposed by Ref.[2]. i=1

3
hy(k) = = > tisin(d; - k) (12b)
i=1
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FIG. 8: Transition to OAL by annihilating Dirac points.
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phase (I) where the system annihilates the points at X5
(bottom) Non-trivial phase (I) where the system
annihilates the points at I"

o 5= (46.0) 5 = (1) 5= (1)
in Cartesian coordinates and ¢; the anisotropic interac-
tion parameters. The eigenvalues of this system are given

by
Ey = +/hy (k)% + hy(k)? (13)

Note that for ¢ = t5 = t3 we are reduced to isotropic
graphene. The well-known 2D band structure of that case
is here shown in[Figure 9 on the right of the top row. The
color plot on a log-scale of the band structure as func-
tion of k in the (k,, k,)plane clearly shows the location
of the Dirac cones on the corners of the hexagonal Bril-
louin zone. Some of the important results regarding the
entanglement entropy of this system were already shown
in Sec. [ In that case we picked ¢35 = 1 for simplic-
ity although in this section we will consider more general
choices of hopping parameters. It can be shown[38] that
for t3 = 1 when the condition

[tr] =1 < fto] <[t2]+1 (14)

is satisfied, one is guaranteed to find Dirac points at +k
where £k is the solution of

1—15 —t3
k)y=-——1 2
cos (a1 - k) T
t3—13—1
k=21 - 15
cos (as - k) 2, (15)
t—t3-1
COS((al — 32) . k) = #
2to

where aj, as are the lattice vectors. More generally, the
four band structure panels in show the finite
width nanoribbon band structures of the model for dif-
ferent phases in the phase diagram as determined by the
chosen hopping parameters, which are given in Table [[I}

log(E1 — E2)

FIG. 9: (top left:) Anisotropic graphene lattice; (top
right:) log(E — 1 — Es) for the isotropic case
t1 = to = t3 = 1; (middle/bottom:) edge spectrum at ¢

values given in
TABLE II: Parameters used in

Phase t1 ta t3
I 1 1 3
11 -1 1 1
111 1 3 -1
v 1 3 -1

In Sec. [T} the path chosen for the entanglement en-
tropy is an interpolation between the lines connecting
these parameter values in hyper-parameter space. Once
again, one can easily verify the validity of the symme-
try indicator by calculating the inversion eigenvalue at
I', X1, M, X5 marked in the figure. Similarly, the anni-
hilation transition in a honeycomb lattice made up of
Dz — Py — P is observed when one buckles the honeycomb
lattice by moving from DgptoD3; where one still gets
movable Dirac points preserved by Cy symmetry which
has two annihilation transitions at M and I' leading to
the phase ITI[T3].



D. Buckled Group-V materials

In Ref[I3, 22] we studied the topological behavior of
honeycomb monolayer Group-V atoms, especially Sb,
from the completely flat to the equilibrium buckled struc-
ture. We showed that unlike in graphene, the s states of
Sb form essentially decoupled separate bands from the p
orbitals because of their energy separation in the atom.
In the completely flat case, because of horizontal mir-
ror symmetry (Mp,), p. orbitals are completely decouples
from p, , orbitals leading to a semi-metallic system with
uniquely shaped nodal ring. Once the system starts buck-
ling, My}, is broken and the nodal ring gaps throughout
the Brillouin zone, except at 6 points where there are
crossings that are protected by Co symmetry. Since Co
leaves a line along k space invariant, upon further buck-
ling these Dirac cones are unpinned and move along the
symmetry preserving lines. These Dirac cones annihilate
in pairs at two critical angles leading to a completely
gapped but non-trivial OAL system that exhibits edge
states throughout the Brillouin zone but detached from
the bands as described to be generically the case in the
transition from Phase II to Phase III in Fig. [[] Because
of the presence of Sg symmetry in the buckled honey-
comb system, there are multiple annihilations. The in-
terplay with the Sg symmetry results in the net polariza-
tion being zero but still leaves a net quadrupole moment,
whereby the system becomes a HOTI. These 2D mono-
layer group V materials thus form a natural realization
of the annihilation phenomenon discussed in the present

paper.

V. CONCLUSION

We have shown that the annihilation of Dirac fermions,
which can be described by a universal Hamiltonian leads
to non-trivially gapped systems. The annihilation dy-
namics has a rich phase diagram with phases distinguish-
able by the path dependent Zak phase. We showed that
two of the phases correspond to the Obstructed Atomic

on their entanglement entropy. These transitions can be
realized in realistic systems like 2D buckled honneycomb
Sb or As, strained graphene, as well as in artificial sys-
tems. Moreover, since this is a universal property of an-
nihilation, with the recent extension of atomic obstruc-
tion to superconductors[39], this should in principle also
be applicable for more exotic 2D superconducting Dirac

systems[40].
ACKNOWLEDGMENTS

This work was supported by the U.S. Department
of Energy-Basic Energy Sciences under grant No. DE-
SC0008933. The calculations made use of the High Per-
formance Computing Resource in the Core Facility for
Advanced Research Computing at Case Western Reserve
University.

Appendix A: Zak Quantization

In the presence of inversion symmetry, one can cal-
culate the quantized polarization/Zak phase by look-
ing at the parity eigenvalue at the TRIM points[4]].
With the Berry connection defined as Ai](k:) =
—i (u;(k) |0k, | uj(k)), the Polarization along the i'" di-
rection is defined as

1 occ T .
P, = %Z/ dkydko AL (k)
j=17""

1 s .
=5 | dkidko Tx [A],, (k)

(Ala)

(A1b)

—T

Now we use the fact that we have a symmetry that
leaves a line in k space invariant (as our Dirac point
moves to annihilate). Without loss of generality, we call it
mirror symmetry (although it could be a twofold rotation
C5 as well) and we denote the mirror operator by M (and
M in k space), we construct the sewing matrix By as

Limit insulators while the other two are semi-metallic. (Bm)ij (k) := (ui(Mk)] 'i\/( |u; (k) (A2a)
These phases have vastly different ground state wave = (u;(—k)| M |u;(k)) (A2D)
functions in the corresponding co-dimension > 1 system.
We showed the effect of transitions between these phases Applying the mirror operation to (Alb|) we get
J
Pi= [ dhydiey T Kul(k) ‘MTak M‘ u (k)>} (A3a)
21 ) . ! "
i [T t
— 5 | dindky T [(w(m) ‘BM(k)akl BM(k)( tn(ME))| (A3b)
= i fj—ﬂ_ dklde Tr [<ul(7k1, kg) |8kl | Um(fkl, k2)>] —+ i fjﬂ_ dkldkg Tr [BM (k:)Jfé)kl BM(k)] (A?)C)
P x1 — Winding of B (k) along I
1
P =5x (A3d)
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Where x, = o= |7 dkydky Tr [Bag (k) Ok, Bag(K)) .-
Since (Baq)q; is unitary, we can rewrite

Tr [Baa(k) 01, Baa (k)] = Orlog(det[(Ba)ij (K)])  (A4)

Using the fact  Oylog(det[(Ba)ij(k1,0)]) =
Ok, log(det[(Ba)ij(—k1,0)]), we can now calculate
the winding number of the sewing matrix along direction
kl at kg =0

— X, =5 / Dy log(det[Bae k1, 0)])  (A5a)
7r —1Tr

‘ / " Ak log(det[Ba(k1,0)])  (A5D)
T Jo

_ det(Bam(m,0))

A (det(Bm(OO))> (459
- 1 n nn(Xl)

B 71-1 neocc nn(F) (A5d>

The last step is trivial when one notices that the eigen-
value of the M operator is £1 and thus det(Bam(k)) =
[Tjcocc. mi(K). Finally as x  is constant under kz over a

10

smooth gauge[d2], (A5d) is true Vky. This can be rewrit-
ten to get us back to the equation in the main paper
given by

—im n X
In (e XL) =In n]g_lc Zn((rl)) (A6a)
%=1 7;])(();‘)) (A6b)

The same procedure can be used to obtain X,

As noted in Ref.[42] this can be seen intuitively too as
follows. In the presence of Mirror/Cy symmetry, we have
MH (ky, ky)M = H(—ky, ky). It is easy to check that at
TRIM points both inversion and M symmetry map back
the k-points to itself and thus they both make a good
quantum number for the system at TRIM points. This
means that we have [H(k;), M/Z] = 0 Vk; € TRIM,
thus as described in the main text, when the Dirac points
meet at one of these TRIM points, they exchange their
parity eigenvalue creating an inversion or lack thereof.
This entire proof, though it was here given specifically
for 2D systems, can be generalized for 3D systems and
indeed gives more interesting results as one can have two
kinds of symmetries that cause protected semimetals: 1)
Line-invariant symmetries i.e. symmetries that leave a
line in k-space invariant (e.g. Cs), or, 2) plane invariant
symmetries (e.g. Mirror) and thus one could have nodal
loops closing in and Dirac/Weyl semimetals annihilating.
Further work to study these systems is needed.
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