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We present a cyclic+helical symmetry-adapted formulation and large-scale parallel implementa-
tion of real-space Kohn-Sham density functional theory for 1D nanostructures, with application
to the mechanical and electronic response of carbon nanotubes subject to torsional deformations.
Specifically, employing a semilocal exchange-correlation and a local formulation of the electrostat-
ics, we derive symmetry-adapted variants for the energy functional, variational problem governing
the electronic ground state, Kohn-Sham equations, atomic forces, and axial stress, all posed on the
fundamental domain. In addition, we develop a representation for twisted nanotubes of arbitrary
chirality within this framework. We also develop a high-order finite-difference parallel implemen-
tation capable of performing accurate cyclic+helical symmetry-adapted Kohn-Sham calculations in
both the static and dynamic setting, and verify it through numerical tests and comparisons with
established codes. We use this implementation to perform twist-controlled simulations for a rep-
resentative set of achiral and chiral carbon nanotubes, in both the small and large deformation
regimes. In the linear regime, we find that the torsional moduli are proportional to the cube of the
diameter; metallic nanotubes undergo metal-insulator transitions; and both the bandgap as well as
effective mass of charge carriers are proportional to the shear strain and sine of thrice the chiral
angle. In the nonlinear regime, we find that there is significant Poynting effect, particularly at the
ultimate strain, the value of which is determined by the chiral angle; torsional deformations provide
a possible mechanism for the irreversible phase transformation from armchair to zigzag nanotubes;
and both the bandgap as well as effective mass have an oscillatory behavior, with the period for
metal-insulator transitions being inversely proportional to the square of the diameter and sine of
thrice the chiral angle. Wherever available, the results are in good agreement with experimental
observations and measurements. Overall, the current work opens an avenue for the highly accurate
and efficient first principles study of 1D nanostructures that have cyclic and/or helical symmetry,
as well as their response to torsional deformations.

I. INTRODUCTION

Over the course of the past few decades, quantum mechanical calculations based on Kohn-Sham density functional
theory (DFT)"* have become a cornerstone of materials research by virtue of the unique insights they provide and
predictive power they afford. The widespread use of Kohn-Sham DFT — calculations occupy a large fraction of
high-performance computing resources around the world every day” can be attributed to its generality, simplicity,
and high accuracy-to-cost ratio relative to other such ab intio methods’". However, while less costly than wave-
function based alternatives, the solution of the Kohn-Sham equations remains a challenging task, severely restricting
the range of physical systems that can be studied from the first principles of quantum mechanics. In particular, the
computational cost and memory requirements for Kohn-Sham calculations generally scale cubically and quadratically
with system size, respectively’, the associated prefactor being particularly large for systematically improvable dis-
cretizations, generally the preferred choice for such simulations. In addition, the global nature of the orthonormality
constraints on the orbitals limits parallel scalability on large-scale supercomputers”. These restrictions become even
more acute in structural relaxation and quantum molecular dynamics simulations’, wherein the Kohn-Sham equations
may need to be solved tens to several thousands of times.

The planewave pseudopotential method’ has been among the most widely used methods for the solution of the
Kohn-Sham problem” . This is because the associated Fourier basis is complete, orthonormal, and provides spectral
convergence for smooth problems, making the planewave method accurate, simple to use, and efficient on moderate
computational resources through access to effective preconditioning schemes and highly optimized Fast Fourier Trans-
forms. However, the Fourier basis restricts the method to periodic boundary conditions, whereby artificial periodicity
is introduced for finite systems such as clusters as well as semi-infinite systems such as surfaces and nanotubes. More-
over, the global nature of the Fourier basis complicates the development of linear-scaling methods' “~'" and hinders
scalability on parallel computing platforms, restricting the length and time scales accessible. These limitations have
motivated the development of a number of alternative solution strategies that employ systematically improvable, lo-
calized representations' ' ~°'. Among these, perhaps the most mature and widely used to date are the finite-difference
methods”™”” | wherein computational locality is maximized by discretizing all quantities on a uniform real-space grid.
Convergence is therefore controlled by a single parameter and both periodic and Dirichlet boundary conditions are




naturally accommodated, thus enabling the efficient and accurate treatment of finite, semi-infinite, and bulk systems
alike. Moreover, real-space methods are amenable to the development of linear scaling methods™ "', and large-scale
parallel computational resources can be efficiently leveraged by virtue of the method’s simplicity, locality, and freedom
from communication-heavy transforms”*~?*"~*2. Notably, real-space methods can now achieve substantially reduced
solution times compared to established planewave codes in applications to both finite and extended systems.””"

The structural symmetry of atomic systems also provides an attractive avenue for the significant reduction in both
the cost of Kohn-Sham DFT calculations as well as the complexity associated with the analysis of its results. The
most common form of symmetry that is regularly exploited by DFT implementations is translational symmetry, found
in extended systems of various dimensionalities, such as crystals, surfaces, and nanotubes. In particular, the Kohn-
Sham eigenproblem is reduced to a unit cell through the introduction of Bloch periodic boundary conditions on the
orbitals, with the point group symmetries then used to reduce the region in reciprocal space over which Brillouin zone
integration needs to be performed.’ In so doing, the symmetry-adapted eigenproblems at the different Brillouin zone
wavevectors can be solved independently of each other, which not only noticeably reduces the cost of computations,
but also significantly improves its scaling on parallel machines. Since Kohn-Sham implementations employing sys-
tematically improvable discretizations generally work in affine coordinate systems, translational symmetry has been
readily incorporated, given their underlying compatibility. However, most other symmetries commonly found in clus-
ters/molecules and one-dimensional nanostructures are not compatible with affine coordinate systems, and therefore
have not generally been incorporated/exploited. Note that such issues do not arise when the linear combination of
atomic orbitals (LCAO)"" approximation is used, since the basis is automatically compatible with the symmetry of
the system "°, and therefore non-translational symmetries are regularly exploited in quantum chemistry codes” "

One-dimensional nanostructures such as nanotubes, nanowires, and nanocoils have received increased attention over
the past three decades due to their fascinating mechanical, electronic, optical, and thermal properties.”” Indeed, such
structures are not just limited to those synthesized in the laboratory, but are also commonly found in nature, e.g., DNA,
viruses, and proteins. It is common for these systems to possess some form of non-translational symmetry, with cyclic
and helical perhaps the most frequent among the symmorphic and non-symmorphic groups, respectively”’””". Even
otherwise, the close association of bending deformations with cyclic symmetry”’'»’~, and torsional deformations with
helical symmetry”'>°~ make them ubiquitous while studying the response of nanostructures to mechanical deformations.
Indeed, the tremendous simplication afforded by these symmetries has been exploited even in relatively inexpensive
atomistic”’ 77" and tight binding’~"' """ calculations. In the context of Kohn-Sham DFT, cyclic+helical symmetry-
adaption was first introduced within the real-space method as part of application-focused studies”'~"”, however,
details of the methodology are not available in literature. In view of this, a cyclic symmetry-adapted real-space
formulation and implementation was recently developed for 1D nanostructures’’, which was subsequently extended
to cyclic+translational symmetry’ . This framework has most recently been modified, in concurrent development
with the present work, to make it compatible with helical symmetry’'~. However, the formulation is limited to static
calculations involving atomic relaxations alone, while being restricted to achiral °* dipole-free'*” 1D nanostructures
with atoms that have spherically symmetric nonlocal projectors, all in the context of local exchange-correlation
functionals. Moreover, the implementation is in Matlab, which together with the aforementioned limitations, places
restrictions on the physical applications that are accessible.

In this work, we present a cyclic+helical symmetry-adapted formulation and large-scale parallel implementation
of real-space Kohn-Sham DFT for 1D nanostructures, with application to the mechanical and electronic response
of carbon nanotubes subject to torsional deformations. Specifically, we derive symmetry-adapted variants for the
energy functional, electronic ground state’s variational problem, Kohn-Sham equations, atomic forces, and axial
stress, all posed on the fundamental domain, while employing a semilocal exchange-correlation functional and a local
electrostatic formulation. Within this framework, we develop a representation for nanotubes of arbitrary chirality
subject to external twists. We develop a high-order finite-difference parallel implementation capable of performing
cyclic+helical symmetry-adapted Kohn-Sham calculations in both the static and dynamic setting, and verify its
accuracy through numerical tests and comparisons with standard codes. Using this implementaion, we study the
mechanical and electronic response of carbon nanotubes to twist-controlled deformations, at both small and large
deformations. In the linear regime, we find the torsional moduli to be proportional to the cube of the diameter;
metallic nanotubes undergo metal-insulator transitions; and the bandgap as well as effective mass of charge carriers
to be proportional to the shear strain and the sine of thrice the chiral angle. In the nonlinear regime, we find that
there is significant Poynting effect, particularly at the chiral angle dependent ultimate strain; torsional deformations
provide a possible mechanism for the irreversible phase transformation from armchair to zigzag nanotubes; and the
bandgap as well as effective mass have an oscillatory behavior, with the period for metal-insulator transitions being
inversely proportional to the square of the diameter and sine of thrice the chiral angle. To the best of our knowledge,
these results are the first to be obtained in the context of ab initio methods, with the current work being the first to
make predictions on the effective mass variations, Poynting effect at large deformations, and phase transformations
through torsion, at any level of theory.



The remainder of this manuscript is organized as follows. In Section II, we provide the background for real-space
DFT, which is used to develop the cyclic+helical symmetry-adapted formulation in Section ITI. Next, we describe
the symmetry-adapted representation for twisted nanotubes of arbitrary chirality in Section IV. We then discuss the
implementation of the proposed formulation in Section V, whose accuracy and performance are verified in Section V1.
Next, we use the symmetry-adapted framework to study the effect of torsional deformations on carbon nanotubes in
Section VII. Finally, we end with concluding remarks in Section VIII.

II. REAL-SPACE DFT

The energy functional in the framework of finite temperature Kohn-Sham DFT* '’  while neglecting spin and
employing the pseudopotential frozen-core approximation’, can be written in the real-space formalism as

f(\I/, g, 9, R) = Ts(\I’, g) + E;cc(pa VP) + Enl(\lla g, R) + Eel(p7 b, R) - S(g) , (1)

where ¥ = {11, 1)2, ...} is the collection of Kohn-Sham orbitals with occupations g = {g1, g2, . . .}, ¢ is the electrostatic
potential, R = {R4,Ra, ...} is the collection of atomic positions, and p is the electron density:

X) =2 galtn (). (2)

In addition, Ty is the electronic kinetic energy, E,. is a semilocal variant of the exchange-correlation energy, F,; is
the nonlocal pseudopotential energy, F,; is the total electrostatic energy, and S is the electronic entropy energy:
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J p=1
Pap 0. R) =~ [ Vo0 dx+ [ (o) + bx.R)) o) dx + BuR). (©
S(g) = 72kBTZ (gn IOggn + (1 - gn) log(l - gn)) ) (7)

where €2 denotes the domain (with size approaching infinity), the superscript (.)* represents the complex conjugate,
€z¢ 1s the exchange-correlation energy per particle, the summation index J runs over all atoms in €2, P is the number
of projectors associated with the J'* atom—described by functions s, with normalization factors v;,,, b=, b,
is the total pseudocharge density of the nuclei, F,. corrects for the self-interaction and overlap of the individual
pseudocharge densities (Appendix A), and kgT is the smearing, with kg and T denoting the Boltzmann constant
and electronic temperature, respectively.

The constrained variational problem for the electronic ground state can be written as

minmax F(V,g, 6, R) s.t. / i (X)n(x) dx = 0, Vm,n €N;  and 2 Zgn = N,, (8)
Vg ¢ Q n

where 0,,,, is the Kronecker-delta function and N, is the total number of electrons. The corresponding Kohn-Sham
equations take the form:

1
( E_2v2+vwc+¢—‘rv"l>wn = Atn, n=12,... (9)

P A
g"—<1+exp<kBTF>> . Ap issit. Q;g":Ne, (10)

~ VPO R) = p(x) +b(xR), (11)



where H denotes the Hamiltonian with eigenfunctions 1, and eigenvalues \,, Ap is the Fermi level, V. is the
exchange-correlation potential:

O2zc O2zc
=€pet+p—4-—-V- , 12
ép "op (pa(Vp)) (12)

and V,; is the nonlocal pseudopotential operator whose action on any function f is given by:

Py
Varf1 () = D> v Xoap(xRy) / X (¥, Ry) f(y) dy - (13)
J p=1 Q

Once the ground state has been determined, the real-space Hellmann-Feynman atomic forces*® and stress tensor *—
along the directions in which the system is extended—can be calculated to determine the structural ground state or
perform quantum molecular dynamics (QMD) simulations.

IIT. CYCLICH+HELICAL SYMMETRY-ADAPTED REAL-SPACE DFT

In this section, we develop a cyclic+helical symmetry-adapted variant of the real-space Kohn-Sham DFT formulation
outlined in the previous section. Specifically, we first develop a representation for the structure in terms of the
underlying symmetry. Next, we discuss the impact of this symmetry on the electronic quantities, and use it to derive
the symmetry-adapted variational problem on the fundamental domain. Thereafter, we derive the symmetry-adapted
Kohn-Sham equations, the Hellmann-Feynman atomic forces, and the Hellmann-Feynman stress. Finally, we discuss
the manifestation of time-reversal symmetry in the current context.
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FIG. 1: Left: Illustration of a nanotube structure with cyclic+helical symmetry in Cartesian coordinates, where the fundamental
atom is colored red and its cyclic and helical images are colored blue and yellow, respectively. Middle: The nanotube structure in
helical coordinates. Right: Fundamental domain for the nanotube structure in the cyclic+helical symmetry-adapted real-space
DFT formulation.

A. Structural symmetry

Consider an atomic structure which has cyclicthelical symmetry, as illustrated in Fig. 1. In such a system, the
complete set of atoms can be represented as the orbit of the fundamental atoms under the action of the cyclic+helical
symmetry group G, i.e.,

N N
R=|JGoR, = [J{TcuoRs =RERRy +t,:¢=0,1,2,...,.N—1,u € Z}, (14)
J=1 J=1



where R is the set of fundamental atoms with cardinality N, Go R 7 is the orbit of the atom R JE R under the action
of the group:

=T = (R [to) (R2]t,) : (R 6o) € €, (RE[,) €8,(=0,1,2,..., N1, €L}, (15)
written as the direct product of the cyclic and helical (or screw axis) symmetry groups € and 8, respectively

cos(¢O) —sin(¢O) 0

€= {(Rglto) : ¢ =0,1,2,...,M =1}, with B¢ = | sin(¢O) cos(¢O) 0], (16)
0 0 1
cos(pg) —sin(jie) 0 0

8§ ={(RL[t,) - p € Z} , with R = | sin(up) cos(up) O andt,=1{ 0 |. (17)

0 0o 1 pH

Above, (9‘{(%|t0) associated with an integer ( is a rigid body rotation whose action on a point rotates it by an angle ¢ S}
in the counter-clockwise sense about the screw axis, i.e, z3-direction. Similarly, (R%[t,) associated with the integer
u is an isometry (i.e., rigid body motion) whose action on a point rotates it by an angle py in the counter-clockwise
sense about the screw axis, while also simultaneously translating it by pH along the same axis.

B. Electronic symmetry

The real-space Kohn-Sham DFT problem is formulated in terms of the following electronic quantities: electron
density p, pseudocharge density b, electrostatic potential ¢, and Kohn-Sham orbitals . To develop a symmetry-
adapted variant, it is necessary to understand the impact of the cyclict+helical structural symmetry on these electronic
quantities. To do so, we start with the assumption that the electron density is commensurate with the structural
symmetry: p(I'¢c, 0x) = p(x) VT¢, € G, an assumption that is necessary in the current context because of the
inherently nonlinear nature of the Kohn-Sham problem. Indeed, as we show below, the cyclict+helical symmetry
is maintained throughout the DFT simulation, provided that the initial guess for the electron density obeys this
symimetry.

The pseudocharge density b can be shown to inherit the symmetry of the structure:

b(T¢ 0%, R,G) = ZZbJFCu ¢, /ORJ)

J IFC,y ’

N
:Z Z bJXFCiCMJrMORJ)

J=1 FC/ ’

—ZZbJ Leru woRy)

J 11—‘4‘/Y !’
=b(x,R,G) VI¢,€G, (18)

where the second and third equalities follow from the spherical symmetry and closure property of the symmetry group,
respectively.

The electrostatic potential ¢ is the solution of the Poisson problem given in Eq. 11. Since the electron and
pseudocharge densities appearing on the right hand side of this equation are commensurate with the structural
symmetry, it follows that the electrostatic potential also inherits this symmetry:

¢T¢pox)=0o(x) VI, €eg, (19)

which can be shown using the fact that the Laplacian commutes with the symmetry operations of the group G
(Appendix B), and that the solution to the Poisson equation is unique

The Kohn-Sham orbitals ¥ are eigenfunctions of the Hamiltonian H, as described by Eq. 9. Since H commutes with
the symmetry operations of the cyclic+helical group G (Appendix B), it follows that the symmetry-adapted orbitals
transform as the irreducible representation of the group elements’”, satisfying the relation:

Un(Te 0%, v,17) = eSOy () e {0,1,2,..., M~ 1}, ne {—% %} , (20)



where ﬁwn(x, v,n) € ¥ is an orbital characterized by the wavevector (v,7n), with |G| denoting the order of G. It

therefore follows that H can be block-diagonalized using this symmetry-adapted basis and the eigenvalue problems
associated with distinct wavevectors can be solved independently of one another. In view of this, we will henceforth
label the eigenvalue and occupation corresponding to the orbital 1, (v,n) by A.(v,n) and g, (v,n), respectively.

The symmetry in the orbitals can be used to develop the following representation for the electron density:

x) = 22971 |1hn (x) 2
= 1] Zzzgn v,) [t (%, v, )|

uOnnl

n Z][ Zgn () [ (x, v, ) [* iy, (21)

Hnl

where N, ,, represents the number of orbitals associated with the (v,n) wavevector and f denotes the average of the
integral. The third equality in the above equation is obtained by replacing the infinite summation over n with an
integral, a strategy that will used repeatedly henceforth. It then follows that the electron density is commensurate
with the cyclic+helical symmetry of the structure, i.e.,

p(Dc,0%) = p(x) VT, €. (22)

Therefore, the symmetry in the electron density is maintained throughout the solution of the symmetry-adapted
Kohn-Sham problem, provided that the initial electron density has this symmetry, e.g., through superposition of
isolated-atom electron densities, a strategy common to DFT implementations, including the one developed here.

C. Fundamental domain

The symmetry in the electronic quantities is naturally suited for implementation within a coordinate system that is
compatible with the underlying cyclic+helical symmetry. In view of this, we choose a helical coordinate system '~
in which the coordinates (r, 6, z) are related to their Cartesian counterparts (x1, z2,x3) through the relations:

r = \/x%+x%
07 ithxgzo

2)—ax3+k7r;k= 1, ifx; <0 (23)
2, otherwise
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where a € R is the screw displacement or twist parameter, defined as the amount of counter-clockwise rotation about
the screw axis as one translates along it in the positive direction by a unit length. In this coordinate system, based
on the symmetry in the electronic quantities, the fundamental domain can be identified to be the cuboid (Fig. 1):

Q= {(r,é,z)eR3\o<R1§r§R2,0<5§@S2W»OSZSH}a (24)

where an annular region is chosen in the radial direction to enable efficient solution for 1D nanostructures, the focus
of this work. In addition, the maximum polar angle © = 27 /9, where 91 € N is the order of the cyclic group C. The
boundary of €, denoted by 012, is the union of six faces of Q (Fig. 1):

9Q = OR, |JOR, 0o Vg U020 JOZH , (25)

where OR; and OR; denote the surfaces » = Ry and r = Ry, respectively; 09y and 9 denote the surfaces 6 =0 and
6 = ©, respectively; and 92, and dZy denote the surfaces z =0 and z = H, respectlvely



D. Symmetry-adapted energy functional

The symmetry in the electronic quantities is now used to reformulate the real-space Kohn-Sham energy functional
(Eq. 1). Specifically, the symmetry-adapted energy functional over the fundamental domain 2 can be written as:

F(¥,8,6,R,G) = To(V,8) + Erelp, Vp) + En(V,8,R, G) + Eulp, 6, R, G) + S(g)

(26)

where U is the collection of symmetry-adapted orbitals ¢, (x,v,7n), and g is the collection of the corresponding

occupations g, (x,v,n). We now derive the expressions for each of these symmetry-adapted energy terms.

The symmetry-adapted electronic kinetic energy 7T} takes the form:

~G X S mtn [ viemn) (55 ute ) xa

where the last equality is obtained by using the symmetry of the orbitals (Eq. 20).
The symmetry-adapted exchange-correlation energy E,. takes the form:

1
- @1' 3 /  2xelp(x), [V (0] () dx
T o

- / re(p(x), [V p(x)])p(x) dx,

Ene (p,Vp) =

where the last equality is obtained by using the symmetry in the electron density (Eq. 22).
The symmetry-adapted nonlocal pseudopotential energy F,,; takes the form:

S 1
Enl(\pa g, R7 g) = @Enl(\lla g, R)
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mzf 3 o) 353 00| [ T By ] (29)
T n=1 J=1p=1
where the symmetry-adapted nonlocal projector:
%J;p(x7 RJ, g7 v, 77) = Z XJ;p(FC,M 0X, RJ) e—i(V(éj—éJ/)"l'n(ZJ—ZJ/)) , (30)

F(u
RJ/ I‘C “ oRy

with I‘gi = I'm_¢,—p. In deriving Eq. 29, the third equality is obtained by using the identity that each atom and any
of its images—atoms outside the fundamental domain that can be obtained by action of the group G on the atom of
interest—have the same nonlocal pseudopotential energy (Appendix B), and the sixth equality is obtained using the
symmetry in the Kohn-Sham orbitals (Eq. 20).

The symmetry-adapted electrostatic energy E,; takes the form:

1
—F.(p, R
‘g| l(ﬂ )

Eel(97 Ra g) -

/!w )| dx+/( x) + b(x, R, G)) 6(x) dx + Boc(R, G), (31)

where F,. is the self-correction energy per unit cell (Appendix A), and the last equality is obtained by using the
symmetry in the electrostatic potential (Eq. 19) and the electron density (Eq. 22).

The symmetry-adapted electronic entropy energy S takes the form:

S(g) = és(g)
N—-1 Nv,n
_ 2kpT Y (gn(y, n) log gn(v,n) + (1 — gn(v, 1)) log(1 — gn(v, 77))) dn
|g| v=0 n n=1
2hpT o= [T W
- ‘.ﬁ v=0 ][17} n=1 <gn(V7 1)108 g (v, 1) + (1 = gn (v, 1)) log(1 — gu (v, 77))) - %)

The derivation of the symmetry-adapted energy functional and its final form have some key differences/advances
from that proposed very recently'~. First, the derivation here is for cyclic+helical symmetry, whereas only helical
symmetry is considered previously. Second, the current derivation considers semilocal exchange-correlation function-
als, whereas only local exchange-correlation functionals are considered previously. Third, rather than employing the
density matrix, the derivation here is in terms of the orbitals and their occupations, which we believe provides more
physical insights into the symmetry-adaption, since these are the quantities computed within a Kohn-Sham calcula-
tion. Fourth, we perform/derive symmetry-adaption for the electrostatic self-interaction and overlap correction term
(Appendix A), which is found to be critical in obtaining the accurate energy”"-*~. Fifth, we do not restrict the deriva-
tion for the symmetry-adapted nonlocal pseudopotential energy to spherically symmetric projectors. Specifically, in
previous work'“, as currently formulated, the action of symmetry operator in the projector function is transferred
from the spatial coordinate to the atomic position, which is only applicable for spherically-symmetric projectors, i.e.,
chemical elements that only have s-orbital projectors. Indeed, this symmetry-adapted formalism can be generalized
to non spherically-symmetric projectors using the strategy outlined here.

E. Symmetry-adapted Kohn-Sham problem
The symmetry-adapted constrained variational problem for the electronic ground state can now be written as:

minmgxf(‘i',g,(b, R,G) s.t. / Uy (X, v, ) (x,v,n) dx = 6 Vm,n=1,...,N,,, v € {0,... M—1},n e [_
o)

™ 7'('}
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and—Zf Zgnundn N., (33)

v=0 Hnl

where N, is the number of electrons in the fundamental domain. The corresponding Langrangian’" can be defined as:

L(V,8 ¢.R.G)=F(¥,8,6,R Z][ ZA”vn </w (3, )by (x, v, ) dx — 5“> dn

—Ar mZ][ﬁZgnvndn , (34)

H n=1

where \;; and Ap are the Lagrange multipliers used to enforce the constraint of orthonormality on the symmetry-
adapted orbitals and the number of electrons in the fundamental domain, respectively. .

The symmetry-adapted Kohn-Sham equations—obtained by taking variations of £ with respect to ¥ and g—on
the fundamental domain €2, with the prescribed boundary conditions on 0f2, take the form:

[’H(Vﬂl) V2 + Ve +04+V ”")] Yn(x,v,m) = M(vyn) Yn(x,v,m), ve{0,...,.M—1},n € [—%7 %}
B.C. ¢n(rSRlvan7V7n):¢H(T2R2aéaz7yan)zo7
Un(r,0+ 0, 2,0,1) = €O, (1,0, 2,0,m),

d}’ﬂ(rﬂ éa z + H7 V? 77) = einHwn (7’, év Za V? 77) 5 (35)
_ N
)\n : _ )\ 1 . v,n
gn(v,m) = (1 + exp (%)) ,  Ap iss.t. Z ][ Z gn(v,m)d =N,; (36)
H n=1

1 N R
- EVQQZ)(X’ R7 g) = p(X) + b(X7 R7 g) ’
B.C. ¢(r<Ri,0,2R,G)=¢1, 6(r>R20,2R,G) =0,
o(r,0+ 6,2, R,G) = 6(r,0,2,R,G),
o(r,0,z+ H,R,G) = ¢(r,0,2,R,G); (37)
where the exchange-correlation potential:
6Ez6(07 Vp)
op
= ac(p(x), [Vp(x)|) + p(x)

Vae(x) =

Oze(p(x), V(X)) v-( P(x)  Oeac(p(x), [Vp(x)])
Ip(x) Vo) (Vo))

and the symmetry-adapted nonlocal pseudopotential operator:

N Py

VA =303 v X%, Ry, G, v, n)/f)%?;p(y,ﬁﬁg, v,n) f(y,v,n)dy . (39)

J=1p=1

The zero-Dirichlet boundary conditions for the orbitals in the r-direction are due to the exponential decay expected
along any finite direction’"'"—indeed, the values of R; and Ry need to be chosen such that the radial boundaries
are sufficiently far from the atoms—whereas in the 6 and z-directions, they follow from the symmetry in the orbitals
(Eqn. 20). The Dirichlet boundary conditions for the electrostatic potential in the r-direction account for the algebraic
decay (if at all there is any decay) in that direction—the values of ¢; and ¢ can be determined through a Fourier-
based analysis, as shown in Appendix C—whereas in the 6 and z-directions, they follow from the symmetry in the
electrostatic potential (Eqn. 19).
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F. Symmetry-adapted atomic forces

The symmetry-adapted Hellmann-Feynman atomic force can be defined as:

~ A {[1 ~ ]_A{
£(R,G) = — & §R¢ X9

; (40)
G

where f; denotes the force on the atom located at position R J, and G denotes the electronic ground state. The total
force f; can be decomposed into the local (f}) and nonlocal (f7!) components, which arise from the electrostatic and
nonlocal pseudopotential energy terms, respectively.

The symmetry-adapted local component of the force can be derived as:

£L(R.G) = — / wa,fa G)dx + £5°(R, )
J

Aby(x,I71 o R . R
_ _Z/ 06T, o Ra) R Gy dx 4 5 (R.G)
T¢, Q 8RJ

= > WURY /Q Vb, (x, T, o Ry)é(x, R, G) dx + £5°(R, G)
FC,#

b /Q by(x, T2 o R)Vo(x R, G) dx + F°(R, G) (41)
F(:H

where f3¢ arises from the energy term E,. (Appendix A), V is the Cartesian gradient, the third equality is obtained
using the spherical symmetry of by, and the fourth equality is obtained by using divergence theorem and integration
by parts. The last step is motivated by the generally higher smoothness of ¢ relative to b; and the increased efficiency
for evaluation of forces on all atoms.

The symmetry-adapted nonlocal component of the force can be derived as:

. 1 N—1 % Ny,n P]
f}ll(RJ,g) = _4<‘ﬂ Z ][ ) Z gn(v,n) Z'VJ;pRe
v=0 H p=1

T H n=1

a%?}-p(xa RJ7 ga v, 7’) >
: = n(x,v,m)dx ) |d
o[ FEELEE I, v dx ) | d

(/Q%J;p(xaﬁdy gv v, 77)7/):()(» v, 77) dX)

N—1 x Nung P
1 H - . .
= _4<m > ][ i > gn(vm) > vspRe </§ZXJ;p(X7RJ,Q,V, n)n (%, v, ) dX)
v=0"Y"H n=1 p=1
G Teuox,Ry) .0 oq )
; , i(v¢O+nuH)
X . e n(X,v,m)dx | |d
(X )™k nlo ) e ) |
Cp
1 MN—1 % Ny .y Py R
= 4<m Z 7[ . Z gn(y777)27J§PRe (/Q%J;P(XvRJag,an)w:(xvl/vn) dX>
v=0"Y"H n=1 p=1
x <Z RURG /Q Xiip(De e 0%, R ) SO IIG Y, (x w,1) dx)} dn) : (42)
L¢

where the last equality is obtained by using the fact that the projector functions x ., are defined with respect to the

atomic positions, i.e., xy.p(X, lflj) = xJp(x— lflj) This step is motivated by the higher smoothness of the orbitals
relative to the projectors functions, which results in substantially more accurate atomic forces”" "
Therefore, the total symmetry-adapted atomic force along the Cartesian directions takes the form:

£5(R,G) = — > RERS A by(x, T} o Ry)Ve(x, R, G) dx + £5°(R, )
FCYM
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1 N—-1 % Nv,n Py
RIE WA ST s
v=0 H p=1

T H n=1

(/ %J;p(x7 RJv g7 v, 77)1/%*1(& v, 77) dX)
Q

x ( Z %g%% /Q XS;P(FQ/L o X, RJ)ei(VCé+7HJH)V¢n(X7 v, 77) dx)] dﬁ) . (43)
Tep

Note that once the forces on the atoms in the fundamental domain have been determined, the forces on any image
atom in the structure can be evaluated using the symmetry:

£, = RIRD (44)

where £/ is the force on the atom located at R = I‘EL oR;.

The symmetry-adapted force expression derived here has a number of key differences/advances from that proposed
recently“. First, in the local component of the force, we have the gradient on the electrostatic potential, rather than
the pseudocharge. This is desirable because it is not only more efficient, but also because the electrostatic potential is
smoother than the pseudocharge, given the limited smoothness of the local part of the pseudopotential® ““. Second,
we perform/derive symmetry-adaption for the component arising from the electrostatic self-interaction and overlap
correction term (Appendix A), which is found to be critical in obtaining accurate forces”"*. Third, as discussed
above, in the nonlocal component of the force, we have derivatives on the orbitals rather than the projectors, which
provides substantially more accurate forces”" ", Fourth, as discussed previously, we do not assume that the nonlocal
projectors are spherical in nature, therefore not placing any restrictions on the chemical elements that can be studied.

G. Symmetry-adapted axial stress

The symmetry-adapted Hellmann-Feynman stress along the axial direction (i.e., z3-direction) can be defined as:

- o MOLA(Y,8,6,RP,G)
U(R,g)—ﬁ 8ﬂ 621(;17

(45)

where £ denotes the Lagrangian corresponding to an axial stretch by a factor 3, with resultant atom positions
denoted by R?. The factor of 9 in the above expression is needed to account for all the unit cells in the angular
direction. Note that since the system is extended only along one direction, the stress has the units of force in the
current context.

Proceeding along the lines of previous work'", we arrive at the following expression for the symmetry-adapted axial
stress:

N

A o 01 i Neg : :
o(R,G) = Hl ™ m ;} ][}; nzl In (v, 77)/Q |V3¢n(x, v, 77)| dx dn + Ezc(p, Vp) _/QVrC(P(X)aVP(X))P(X) dx

[ _p(x) Oese(p(x), [Vp(x)]) s — B (.5 R
/Q|VP(X)| 9 (IVp(x)]) [Vap(x)|” dx — Eu(¥, 8, R, G)

N—1 .z Nuy N Py
1 H ~ » *
_4<9’I E ][W E gn(VaU)E E vrpRe </QXJ;p(XaRng’V7n)wn(x’y’n)dx>
v=0"Y"H n=1 J=1p=1

Q

s 1 .
x (Z / Xip (T © %, B )PSO (0 1) Vg (x, v,m) dx)]dn) + / Vso(x. R, G)|" dx
Q

Fc,u

1 N . . N . .
_2ZZ/QV;),VJ(X,RJ/)(%B—ZJ/)bJ(X,RJ/)dX+ZZ/QV;;I)J(X,RJ/)(%g—ZJ/)((ﬁ(X,R,g)

J=1 J J=1 J'

)

N A
— ;VJ(X,ﬂJ’))dX‘i‘ %/Q (b(x, R,G) — p(x)) #(x,R,G)dx — % Z Z/ij(x, R )Vy(x,Ryr)dx + o

J=1 J’

(46)



12

where V3 = 8%3 denotes the partial derivative in the 3 direction, .J’ index runs over the J* atom and all its images

in €, and 0P is the stress contribution arising from the energy correction due to the overlapping pseudocharges
Note that the current work is the first to derive the symmetry-adapted stress, the relaxation of which is important in
physical applications, particularly in the context of large deformations.

H. Time-reversal symmetry

In the absence of magnetic fields, the cyclic+helical symmetry-adapted formulation presented above can be further
reduced by employing time-reversal symmetry’. In particular, we have the following relations:

2rs 2ms

An(yvn):)‘n<m_V1H_n)a ¢n(XaV7ﬂ):¢Z(Xam—V7H—n)» SEZ' (47)

Consequently, the number of wavevectors (v,7n) in the first Brillouin zone that need to be considered for the Kohn-
Sham equations as well as the calculation of the electron density, energy, atomic forces, and axial stress are reduced
by a factor of two, approximately.

IV. REPRESENTATION OF TWISTED NANOTUBES IN CYCLIC+HELICAL DFT

In this section, we provide a representation for twisted nanotubes of arbitrary chirality—assumed to be constructed
from 2D systems with honeycomb lattice structure—within the aforedescribed cyclic+helical DFT formalism. Specif-
ically, adopting the helical-angular representation for the untwisted nanotube®”, we identify the fundamental domain
parameters, location of the atoms within the fundamental domain, and the wavevectors (v,7) in the first Brillouin
zone. It is worth noting that the representation for such nanotubes in the cyclic+helical symmetry-adapted formalism
is original to the current work. In addition to the above, we also find the connection between the Brillouin zone
coordinates for the untwisted nanotube and corresponding 2D sheet, in the absence of curvature-induced effects. To
the best of our knowledge, such a connection is also unique to the current work.

A. (n,m) nanotube

We first discuss the construction of a (n,m)-labeled untwisted nanotube from its flat sheet counterpart®™, as
illustrated in Fig. 2. Consider a honeycomb lattice with lattice vectors chosen as:

w=3 6 ] wmegs =

where a is the length of these vectors. The (n,m) nanotube is constructed by rolling a strip of the infinite sheet into
a seamless cylinder along the direction of the chiral vector:

Ch =naj + mag, |Cup|=nd;=avn?2+m?2+nm (49)

where n,m € Z uniquely characterize the nanotube, whose diameter and circumference are denoted by d; and |Cy|,
respectively. The chiral angle is then defined as:

Ch-ar 2n+m
Cha 2v/n2 +m2+nm’

where the bounds between w = 0 (zigzag nanotube) and w = 7/6 (armchair nanotube) account for the symmetry
of the honeycomb lattice, i.e., any nanotube with chiral angle outside these bounds is equivalent to one within the
bounds. In terms of the (n,m) notation, this translates to considering only nanotubes for which n > m > 0, with
(n,0) and (n,n) representing zigzag and armchair variants, respectively. Zigzag and armchair nanotubes are referred
to as achiral nanotubes, whereas all others are collectively referred to as chiral nanotubes.

The periodicity of the nanotube is determined by a vector perpendicular to the chiral vector Cy,, referred to as the
translation vector:

COSWwW =

0<w< =, (50)

SE

T =tia; +tsaz, ti,to €Z, ng(tl,tg) =1, (51)
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FIG. 2: Illustration depicting the construction of a (n,m) nanotube from a 2D honeycomb lattice, and identification of the
nanotube’s fundamental domain and atoms. The lattice vectors for the flat sheet are denoted by a; and a2, with the out-of-
plane displacement represented by §. The chiral vector along which the sheet is rolled is denoted by Cy, whose angle w with
the zigzag axis is referred to as the chiral angle. The nanotube’s axially periodic unit cell that has been unrolled onto the
plane is shown by the rectangle OABC, where T is the translational vector. The corresponding fundamental domain, which
is described by the screw displacement vector S and the vector Cn/ged(n, m), is shaded grey. The front view and top view
of the constructed nanotube of diameter d; are also shown, where H is the height of the fundamental domain, © is the angle
subtended by the fundamental domain at the nanotube center, and the green helix connects the helical images of an atom in
the fundamental domain.

where ged is used to denote the greatest common divisor, and the coefficients:
t1=02m+n)/dr, to=—-(2n+m)/dr, with dr=ged(2m+n,2n+m). (52)
The length of the translational vector is:

_ V3|Gl
==

|T| (53)

B. Fundamental domain and atoms

We now identify the fundamental domain parameters and the location of the fundamental domain atoms for the
twisted (n,m) nanotube within the cyclict+helical symmetry-adapted formalism, as illustrated in Fig. 2. Consider
the untwisted nanotube’s axially periodic unit cell that has been unrolled onto the plane, defined by the vectors Cy
and T. This unit cell has additional symmetry that can be exploited to define the (irreducible) fundamental domain.
There are three such possibilities, among which we choose the one defined by the helical-angular construction®, due
to its compatibility with the cyclic+helical symmetry.

The fundamental domain based on the helical-angular construction of the nanotube is a parallelogram with one side
as the vector %Ch, where 9t = ged(n, m) is the cyclic group order of the nanotube. The other side, denoted by S—the
flat sheet equivalent of the screw displacement vector describing the chirality of the nanotube, can be decomposed as:

S=c1Ch+ 2T =pa; +qaz, ci,c2€(0,1); pgeZ, (54)
where the coefficients

_ S.-Cy _ (pay + qaz) - (na; + mas) _ (2n 4+ m)p + (2m + n)q (55)
|Cnl? |Cnl? Nedr ’

C1
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_ S.T _ (pa1 + qag) - (t1a1 + taaz) _pm—qn
T2 |T|? Ne

C2 5 (56)

with N, = 2(n? +m? + nm)/dg representing the number of hexagons in the periodic unit cell. Since the area per
atom in the fundamental domain as well the periodic unit cell should be the same®", we arrive at the relation:

%cﬂT\ = \/§2>a2 = (g = m = % (57)
Thereafter, it follows from Eqgs. 56 and 57 that:
pm —qn =N, (58)
using which the coefficient ¢; can be written as the following minimization problem:
2ntm .
Cl%%(W) 5.t m;qnez,0<cl<1. (59)

Therefore, the parameters describing the untwisted nanotube’s fundamental domain Q) in the cyclict+helical symmetry-
adapted formalism (Eq. 24) are obtained as:

- 2 /|Cul\ on T\ 9T 1 (2 Cn\ 2
= — —_— = — H:S. —_— — = — p— S' —_— = —
© dt( ‘ﬂ) N (ITI) N, “Tm\a)>\e) T ' (60)

where « represents the chirality of the tube. The values for the inner radius R; and the outer radius Rs of Q) are
chosen so as to allow for sufficient decay of the orbitals. If an external twist of a, is applied on the nanotube, the
twist parameter takes the form:

2
o= 7;;1 tag. (61)

with all fundamental domain parameters remaining the same. Therefore, the cyclic+helical symmetry-adapted frame-
work allows for the handling of both chirality and applied twist through the twist parameter. Indeed, the above
strategy of adding the applied twist to the chirality is not restricted to nanotubes alone, but is generally applicable
to 1D nanostructures subject to torsional deformations.

The locations of the atoms within the fundamental domain of the nanotube are identified as follows. Consider the
J (J € {1,2,...,N}) atom in the fundamental domain of the honeycomb lattice located at g{a; + gjas + J;@s,
where ¢ ; is the out-of-plane displacement of the atom. The corresponding atom’s location within the fundamental
domain of the unrolled nanotube configuration can be written as p{ Cy, + pg T + §7&3, where p{ and py are uniquely
determined by [y, l5 € Z that satisfy the relations:

I+ qi)a1 + (I + ¢ )az) - Ch 1
0< |pf:= (« <=, 62
Lh+ql)ar+ (o +¢)az) - T| N
0< |pg e (it aDm & w)az) T N (63)
T Ne

It follows that the coordinates of the atom in helical coordinates within the fundamental domain of the nanotube are:
ry=di/2+ 0y, §J:27rp1‘]—ap2J|T\, zJ:pg|T|. (64)

The above representation provides tremendous simplification in both the computational cost and interpretation of
results, by significantly reducing the number of atoms in the fundamental domain, particularly in the case of torsional
deformations and/or chiral tubes. Even for untwisted achiral tubes, the representation provides simplification with
respect to the recent cyclic symmetry-adapted method ", by reducing the number of atoms in the fundamental domain
by a factor of two. It is also worth noting that the though the above framework is restricted to nanotubes generated
from honeycomb lattices, which is the focus of this work, it can be easily extended to other 2D lattices with chiralities
that permit the existence of translational symmetry in the direction perpendicular to the chiral vector.
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C. Brillouin zone

In the cyclict+helical symmetry-adapted DFT formalism, the first Brillouin zone of the (n, m)-nanotube takes the
form:

m T
(an)'ye{ow--am_anE[_ﬁ7ﬁi|a (65)
T

0 = ged(n,m), H = "1 (66)

as illustrated in Fig. 3. In the absence of magnetic fields, time reversal symmetry can be used to reduce the Brillouin
zone to approximately half its size, as described in Section IITH. In certain circumstances, it is of interest to know
the connection between the Brillouin zone coordinates for the nanotube and the corresponding 2D honeycomb lattice
structure, since it has the potential to provide fundamental insight into the behavior of the nanotube. For example,
identifying whether the location of the Dirac cones in graphene’s Brillouin zone exist in the nanotube’s Brillouin zone
(discrete in the variable v), can be used to argue whether the nanotube is expected to be metallic or an insulator
In these cases, it also helps identify important wavevectors at which the band structure should be calculated.

-n/H

-n/H

FIG. 3: The first Brillouin zones corresponding to the (i) honeycomb lattice (left, orange), with reciprocal lattice vectors k2
and k5; (ii) nanotube’s axially periodic cell unrolled onto the plane (left, red), with reciprocal lattice vectors k% and k%; (iii)
fundamental domain of the nanotube’s axially periodic cell unrolled onto the plane (left, blue), with reciprocal lattice vectors
kY and k3; and (iv) the nanotube in the helical coordinate system (right), with reciprocal lattice vectors k, and k;. The
dashed lines are used to indicate the discrete nature of the Brillouin zone, with the space between any two such lines indicating
non-existent parts of the Brillouin zone.

In view of the above, we now identify the connection between the untwisted Brillouin zone coordinates of the (n, m)
nanotube and the corresponding honeycomb lattice. Let [c? c5]T denote the fractional coordinates of the point of
interest in the Brillouin zone of the flat sheet with basis vectors a; and as. It follows that

14 1 C?
= (MM, 'My,) | (67)
n Ca

where the transformation matrices:

- % 0 N V3n+m) m-n M _ 2 %% (68)
s\ el 1] TG\ nem VBm)) TR T a1 1)

Note that in cases when LVJ is obtained outside the first Brillouin zone, it needs to be mapped back to within

h h
it. In obtaining the above, we have used the fact that My {24 transforms {g}b} to absolute coordinates in the
2 2
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standard Cartesian coordinate system, then the application of M, ™! transforms the result to a rotated Cartesian
coordinate system that is aligned with the Brillouin zone of the unrolled nanotube’s axially periodic unit cell, and

then the application of Mg transforms the result to the wavevector {Z] in the Brillouin zone of the nanotube. In

certain circumstances, it might be advantageous to know the corresponding coordinates in the Brillouin zone of the
fundamental domain of the flat sheet:

l _ 1 o
[Cg] = (Mp ™~ "My) &l (69)
where the transformation matrix

ciNedp(m—n)
\/g(n-‘rm)‘ﬁ—T

2N2d .2 m-=n
_ a \/‘“2+7c1 e (70)
P — Q‘Ch| N(n—m)—cy1 Nedr(n+m) \/g(n_F m)
m2+C%N§dR2
3

Note that the columns of the matrices M, and My, are nothing but the corresponding reciprocal space unit vectors,
and the columns of My, are the corresponding reciprocal lattice vectors, all of which are illustrated in Fig. 3.
In going from the honeycomb lattice to the lattice generated by the unrolled cylinder, one of the directions with

infinite translational periodicity becomes finite, resulting in the Brillouin zone of the nanotube corresponding to the
h

cyclic symmetry (i.e., v component of the wavevector) being discrete. Therefore, not all {24 have a corresponding
2

[;;] , with the condition for existence of the mapping being;:

nch +meh € 7. (71)

Such a condition has practical utility in predicting the physical behavior of the nanotubes, e.g., the Dirac point in

2n+m

h
graphene at [ }L] = {2/ 3} only gets mapped to the Brillouin zone of the nanotube for =*5* € Z, which is the generally

c

cs 1/3
accepted condition for carbon nanotubes to be metallic™. Note that the above analysis neglects curvature-induced
effects, which in some cases does shift the location of the point within the nanotube’s Brillouin zone.

V. NUMERICAL IMPLEMENTATION

In this section, we describe the implementation of the aforedescribed cyclic+helical symmetry-adapted formulation
within the massively parallel real-space DFT code SPARC®. The developed implementation, which will be henceforth
referred to as Cyclix-DFT, is capable of performing spin-polarized and unpolarized calculations, in both the static
and dynamic setting, for both local and semilocal exchange-correlation functionals.

A. Helical coordinate system

We work in the (r, 0, z) helical coordinate system (Eq. 23), in which the fundamental domain Q) takes a cuboidal
form (Eq. 24). The Laplacian operator in these coordinates can easily be derived from the Laplacian in cylindrical

polar coordinates as:
0? 10 1 0? 02 0?
2 = - il 2 _ —2a—— 2
v or? * r or + (r2 ta ) 002 + 022 aaeaz’ (72)

and the Cartesian gradient operator, when expressed in terms of derivatives with respect to helical coordinate variables,
takes the form:

Ja sin(f + az) 9 o  cos(@+az)d ). ( 0
r a0

5 R . J\ .
V= <COS(9 + az)a ~> &, + (sm(@ + az)g + . 5 &, + —a£ + 82) &, (73)

where €,,, €,,, and €,, are the Cartesian unit vectors.
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B. Real-space discretization

A uniform real-space grid in helical coordinates is used to discretize the fundamental domain €, which translates
to a non-uniform curvilinear grid in Cartesian coordinates that is compatible with the symmetry of the system. Each
grid point is indexed using the triplet (4, j, k), where i = 0,1,...,n,, j =0,1,...,n5 — 1, and £ = 0,1,...,n, — 1,
with n, + 1, ng, and n, representing the number of nodes in the r, 6, and z directions, respectively. The coordinates
of any arbitrary node (4, j, k) are therefore given by (Ry +ih,., jhg, kh.), where h, = (R"‘ le) hj = =, and h,
are the spacing in the 7, 6, and = directions, respectively. Though there is no restriction on the ch01ce of spacing,
it is generally appropriate to employ similar distances between grid points in the different coordinate directions, i.e.,
hi=hy ~ Betlap, o f1 4 Bathe)?

a?h,, where h will henceforth be referred to as the mesh size.
We use centered ﬁnite-dlfferences to approximate derivatives arising in the Laplacian and gradient operators:

i o o . 1 & o o Lo - o
V2f|( J:k) ~> wy, (f(z+p737k) 4 gl me)) + 7 pr,r (f(z+m,k) _ gt m,k)) +Y w; (f(z,y+p,k) 4 O pyk))
p=0 p=1 p=0
no . . 8f (4,—p,k)
S o o) S, (2 o
p=0

No

Vf|(i>j7k) z(cos(e( GIk) L plidk Zw ( z+p,j7k) _ f(i—P7j7k))

(4,5+p,k) 6f
- 0z

sin(é(i’jvk) + az(laﬂvk)

- (3R Zf‘f ) (f(”“’k — fl- pk)) )exl
=1
No
+ (sm(e( k) 4 (Bok Z ( FltPaR) f(i—m',k))
Cos(a(ljk +Oézl‘7k Mo . L )
S $ g (s ) Y

No No
+ <—azu7p,a ( FldtpR) _ fu,j—p,k)) +3 iy ( Flisidtp) fu,j,k—p))) &ay (75)
p=1 p=1

where the superscript (.)(*7%) denotes the value of the quantity at the node (i, j, k), f is any arbitrary function, n, is
half the order of the finite-difference, and the weights for s € {r,0, z} can be written as

N G ) A G7Y) p=12...,n
pee hep  (no —p)!(no +p)!’ e
1 a1
Wo.s = —72 77 (76)
h? il
2,
Wps = ——,p=1,2,...,n,.
P hsp

Note that as written in Eq. 74, the mixed derivative term in the Laplacian is evaluated in O(n,) fashion by the
sequential application of the associated first-order derivatives®’. Also note that the discrete Laplacian and therefore
the Hamiltonian are non-Hermitian in the current setting, even though the continuous operators from which they
arise are Hermitian. We have found that this artifact of the finite-difference discretization does not impact the results,
in agreement with previous work that also employ curvilinear coordinates within the real-space method' "

We approximate integrals over the fundamental domain 2 using the following quadrature rule:

n, Ng—ln,—

/Qf(x)dxz 3 Zﬂ”“

i=0 j=0 k=0

O(z1, w2, 3)

a(r,0,2)

hrhgh,

Ny n9,1 n,—1

= hehgh. Y Y (Ry +ihy) fO7R) (77)

i=0 j=0 k=0
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O(z1,22,23)

20d.2) denotes the Jacobian of the transformation between Cartesian and helical coordinates.

where ‘

C. Brillouin zone sampling

The Brillouin zone variables 7 and v correspond to the helical and cyclic symmetry, respectively. Integrals over 7
are approximated using a Monkhorst-Pack® type trapezoidal quadrature rule:

Ny
F)ydn =~ wy, f(m), (78)
b=1

H
where N,, denotes the number of nodes in the grid (i.e., number of n-points), with n, and w,, denoting their locations
and weights, respectively. Though the Brilluoin zone corresponding to the cyclic group symmetry is inherently discrete,
it can become very dense for the systems with large cyclic group order. In such cases, given the expected smoothness
of the quantities over the variable v, the following approximation can be employed:

1 N—-1 N,
51 2 ) =Y wn fm), (79)
v=0 b=1

where v, € V C {0,1,--- ,91 — 1} are the nodes, w,, are the quadrature weights, and N, is the cardinality of the set
V), i.e., number of v-points. Note that though this approximation has not been employed in the current work since
the nanotubes studied here have relatively small cyclic group order, its efficacy has been verified for nanotubes with
large cyclic group order. Also note that time reversal symmetry is used to reduce the total number of Brillouin zone
sampling points by a factor of ~ 2, as discussed in Section III H.

D. Electronic ground state

The electronic ground state is calculated using a fixed-point iteration with respect to the density /potential, referred
to as the self-consistent field (SCF) method.” The superposition of the isolated-atom electron densities is used as an
initial guess for the SCF iteration, which is accelerated using the restarted variant”’ of the Periodic Pulay mixing
scheme’! in conjunction with a real-space preconditioner’”. The pseudocharges are placed on the grid by applying the
discrete Laplacian on the local part of the pseudopotential®®. In each SCF iteration, a partial diagonalization of the

linear eigenproblem is performed using the CheFSI method”?”*, with multiple Chebyshev filtering steps performed
in the first iteration of the simulation’”; and the linear system corresponding to the Poisson problem solved using the
Alternating Anderson-Richardson (AAR) iterative method”®”", with Laplacian-vector products performed in matrix-

free fashion and the Dirichlet boundary conditions imposed by introducing a compensating charge density*’. Within
the CheFSI method, we employ the Lanczos method for determining the Chebyshev bounds, Brent’s method”® for
calculation of the Fermi level, and LAPACK" routines for solving the subspace eigenproblem. The Hamiltonian-vector
products are performed in a matrix-free fashion, using the finite-difference stencil for the Laplacian and the outer
product nature of the nonlocal pseudopotential operator. Again, boundary conditions on the orbitals are imposed for
the Laplacian during application of the stencil. The ground-state energy is calculated using the symmetry-adapted
energy functional in Eq. 26, which is efficiently implemented via a correction’ to the Harris-Foulkes functional'’%'"*,
The Generalized Gradient Approximation (GGA) exchange-correlation has a dependence on Vp(x), which is not
commensurate with the underlying symmetry. In particular, it satisfies the relation: I'¢ , o (Vp(x)) = %é%g(Vp(x)),
which is employed during implementation. If instead, the standard definition of the gradient is employed, highly
inaccurate results can be obtained, particularly for the force, which can then manifest itself in all ground state quan-
tities/properties. For example, consider GeS and GeSe nanotubes of diameters d; = 7.28 and 7.22 nm, respectively,
obtained by rolling the corresponding atomic monolayers'’%'%?, Upon rolling, on using the standard and symmetry-
adapted transformations for the real-space gradient, the error in the force with respect to well-converged SPARC
calculations is ~ 1 x 1072 and ~ 5 x 10~ Ha/Bohr, respectively. This shows that more than two orders of magnitude
inaccuracy in the force can result from the use of the incorrect transformation for the gradient. In terms of the
bending modulus for 2D materials — computed from the ground state energy of nanotubes with different radii'?? —
the values for GeS and GeSe obtained using the standard definition of the gradient are 4.37 and 4.45 eV, respectively,
which are more then three times the values reported'’” when the correct transformation for the gradient is used.
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E. Structural relaxation and QMD

Cyclix-DFT can perform simultaneous atom and cell relaxation to determine the structural ground state. The code
is equipped with a variety of atomic relaxation algorithms, including non-linear conjugate gradient ", LBFGS'",
and FIRE'"" | with charge density extrapolated from previous atomic configurations to accelerate SCF convergence
While performing atomic relaxation, to avoid inconsistencies with the search directions, positions and forces on the
atoms that were originally in the fundamental domain are used in the relaxation algorithms, with Eq. 44 used to
calculate the forces on atoms that may have moved out during the simulation. For cell relaxation, we use Brent’s
method to calculate the equilibrium length of the unit cell in the axial direction.

Cyclix DFT can also perform symmetry-adapted quantum molecular dynamics (QMD) simulations to study the
dynamics of systems with cyclic+helical symmetry. Similar to structural relaxation, charge extrapolation is used to
accelerate the SCF convergence in future QMD steps, and forces on the atoms that were originally in the fundamental
domain are used for the dynamical evolution, with Eq. 44 again used to calculate the forces on atoms that may have
moved out during the simulation. Note that in both structural relaxation and QMD, the symmetry of the system with
respect to the unit cell is maintained throughout the simulation. Also note that, though not demonstrated in this
work, Cyclix-DFT is capable of performing non-equilibrium molecular dynamics, wherein the applied twist is varied
during the QMD simulation

F. Parallelization

Cyclix-DFT employs multiple levels of parallelization that varies between different parts of the code to maximize
parallel scalability. Specifically, the charge densities and effective potential—sum of the exchange-correlation potential
and the electrostatic potential obtained via the solution of the Poisson equation—are computed using a Cartesian
topology of processors that is formed by embedding a three-dimensional processor grid into the MPT COMM WORLD
communicator. The CheFSI algorithm employs a DFT-specific eigensolver topology that is created by first splitting
the MPI COMM WORLD communicator into multiple spin groups, then splitting each spin group into multiple
Brillouin zone sampling groups, then splitting each Brillouin zone sampling group into multiple band groups, and
finally, embedding each band group with a Cartesian topology. Therefore, the total number of processors employed
in the eigensolver topology are split as:

N, = NSPin  NBZ x Band o Domain (80)

Spi 5 . . . . . .
where NpP*", NP?, NP4, and Np°"'* are the number of spin, Brillouin zone integration, band, and domain commu-
nicators (groups), respectively.

VI. ACCURACY AND PERFORMANCE

In this section, we study the accuracy and performance of the Cyclix-DFT code using the chiral (18,9) single-
walled carbon nanotube (CNT) as the representative example. In all calculations, we choose a two-atom unit
cell, twelfth-order accurate finite-difference discretization, Local Density Approximation (LDA)” of the exchange-
correlation functional with the Perdew-Wang parametrization'”” of the correlation energy as calculated by Ceperley
and Alder''”, Fermi-Dirac smearing of kT = 0.001 Ha, and the Optimized Norm Conserving Vanderbilt (ONCV)
pseudopotential

A. Accuracy and convergence

We start by verifying the convergence of the computed energy, atomic forces, and axial stress with respect to
Brillouin zone integration, vacuum in the radial direction, and spatial discretization. In order to have numerically
significant values for the forces and stress, the unit cell is perturbed from its equilibrium configuration along the axial
direction. First, we verify convergence with respect to Brillouin zone integration, i.e., value of N,, while choosing the
mesh size and vacuum to be h = 0.2 Bohr and 10 Bohr, respectively. It is clear from the results in Fig. 4a that there
is a systematic convergence in all quantities to reference values obtained at IV, = 300. Next, we verify convergence
with vacuum, while choosing h = 0.2 Bohr and V,, = 30. We observe from the results presented in Fig. 4b that there
is exponential convergence in all quantities to reference values obtained at a vacuum of 12 Bohr. Finally, we verify
convergence with respect to mesh size, while employing N,, = 30 and a vacuum of 10 Bohr. It is clear from the results
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in Fig. 4c that there is a systematic convergence in all quantities to reference values obtained at h = 0.1 Bohr. On
performing a linear fit to this data, we find convergence rates of approximately O(9), O(11), and O(9) in the energy,
forces, and stress, respectively, similar to those obtained by SPARC for affine coordinate systems®*"**". These results
verify the effectiveness of the real-space formulation for non-uniform curvilinear grids arising in the helical coordinate

system, with previous such studies generally restricted to uniform Cartesian grids®*7*7.
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FIG. 4: Convergence of energy, atomic forces, and axial stress with respect to number of n-points, vacuum size in the radial
direction, and mesh size for the (18,9) CNT. The error in the energy, forces, and stress are defined to be the magnitude of the
difference, maximum difference in any component, and percentage difference, respectively.

The energy, atomic forces, and axial stress computed by Cyclix-DFT are in very good agreement with those com-
puted by the real-space DFT code SPARC®*""® and the planewave code ABINIT'''. For instance, on choosing
h = 0.2 Bohr, N,, = 49, and a vacuum of 10 Bohr in Cyclix-DFT, the agreement with well-converged SPARC results
is 4 x 107° Ha/atom, 4 x 10~* Ha/Bohr, and 0.3% in the energy, forces, and stress, respectively. The corresponding
agreement with well-converged ABINIT results is 3 x 1075 Ha/atom, 4 x 10~* Ha/Bohr, and 0.3%, respectively. The
agreement is equally good for the choice of the semilocal PBE''” GGA exchange-correlation functional, e.g. on choos-
ing h = 0.175 Bohr, N,, = 49, and a vacuum of 10 Bohr in Cyclix-DFT, the agreement with well-converged SPARC
results is 3x 1076 Ha/atom, 5x 10~% Ha/Bohr, and 0.5% in the energy, forces and stress, respectively. The correspond-
ing agreement with well-converged ABINIT results is 5 x 10~° Ha/atom, 4 x 10~* Ha/Bohr, and 0.5%, respectively.
The agreement between Cyclix-DFT and SPARC/ABINIT gets even better on further increasing the accuracy of
computations in each code. Note that the accuracy of Cyclix-DFT has been verified against SPARC/ABINIT for
many other nanotubes (e.g. transition metal dichalcogenides), details of which have been omitted here for the sake
of brevity. To verify the applicability and accuracy of Cyclix-DFT for other types of systems, we perform a similar
test for a carbon nanocoil in Appendix E.



21

B. Structural relaxation

Next, we study the capability of Cyclix-DFT in performing symmetry-adapted structural relaxations by verifying the
consistency of the computed energy, atomic forces, and axial stress. Specifically, we evaluate the numerical derivative
of the energy with respect to the atomic perturbations and compare it with the computed forces, and also evaluate
the numerical derivative of the energy with respect to the perturbations in unit cell length along the axial direction
and compare it with the computed stress. The results so obtained are presented in Fig. 5, from which it is clear that
there is very good agreement between the numerical derivatives of the energy and the computed forces/stress, with
negligible eggbox effect’'® — phenomenon arising due to the spatial discretization breaking the underlying symmetry
of the system. In particular, the energy minima with respect to atomic positions and unit cell length are in good
agreement with the zero force and stress configurations, respectively, verifying the capability of Cyclix-DFT to perform
symmetry-adapted structural relaxations. Note that though this work focuses on static calculations, Cyclix-DFT is
also capable of performing quantum molecular dynamics (QMD) simulations, as demonstrated in Appendix D. Also
note that the current work is the first to perform such consistency studies when working in curvilinear coordinates.
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FIG. 5: Consistency of the computed energy, atomic forces, and axial stress in Cyclix-DFT for the (18,9) CNT. The markers
represent the computed forces (fi1, f2, and f3) and stress (o), whereas the corresponding curves represent the derivatives of the
cublic spline fit to the energy with respect to the atomic position and perturbations in the axial unit cell length, respectively .

C. Scaling and performance

We finally study the parallel scaling and performance of Cyclix-DFT to demonstrate the range and type of sys-
tems/simulations that are accessible to Cyclix-DFT, as well as the gains relative to state-of-the-art DFT codes. Rather
than perform a weak scaling test with respect to the number of atoms, as is typically the norm, we perform it with
respect to the number of points sampled in the Brillouin zone. This is because the scaling with the number of fun-
damental domain atoms—quadratic for small to moderate-sized systems, while approaching cubic for larger system
sizes’*’—is expected to be very similar to the underlying SPARC code, and is therefore not repeated here for the
sake of brevity. Additionally, the number of Brillouin zone points sampled in the cyclic+helical symmetry-adapted
DFT formalism is generally indicative of the size and complexity of the system being studied.

The scaling tests are performed using a mesh size of h = 0.2 Bohr, N, = 9, and a vacuum of 7 Bohr, values that are
representative of practical simulations. For the strong scaling test, we choose N, = 60, while increasing the number
of processors from 1 to 1080, whereas for the weak scaling test, we increase the value of N, from 2 to 2500, while
proportionally increasing the number of processors between 3 and 3750. In Fig. 6, we present the wall time per SCF
iteration so obtained, with O(6 — 8) iterations required to determine the electronic ground state, the exact number
determined by the SCF tolerance. It is clear from Fig. 6 that Cyclix-DFT demonstrates excellent strong scaling, with
50% efficiency even on increasing the number of processors by three orders of magnitude. In addition, Cyclix-DFT
demonstrates excellent weak scaling, with 80% efficiency even on increasing the number of Brillouin zone points by
three orders of magnitude. The deviation from the ideal scaling, which increases with the number of processors, can
be attributed to the time associated with global parallel communications.

The theoretical estimate for increase in efficiency within Cyclix-DFT after cyclic+helical symmetry-adaption is at

least a factor of O (:g: ), with larger factors appearing as the system size increases, a consequence of different parts of
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FIG. 6: Parallel scaling of a single SCF iteration in Cyclix-DFT for the (18,9) CNT, with the dashed line representing the
ideal scaling. The number of points in Brillouin zone correspond to those obtained after time-reversal symmetry.

the DFT implementation having different scaling with system size and that too with significantly different prefactors.
Here, 2] and |€2| denote the volume of the original and fundamental domains, respectively. For the (18,9) nanotube
studied here, this translates to a O(126) speedup within Cyclix-DFT, which is actually manifested in computations.
In terms of its comparison with SPARC, which itself outperforms established state-of-the-art DFT codes by more
than an order of magnitude, Cyclix-DFT is faster by factor of O(13) in terms of CPU time. The aforementioned
theoretical estimate does not directly translate between the two codes, a consequence of a number of factors, including
the following: the lesser vacuum in Cyclix-DFT due to the domain being an annular region; the larger number of
states employed in Cyclix-DF'T, since precise values for the number of occupied states at each wavevector N, ,, are not
known apriori; the fewer number of SCF iterations required in Cyclix-DFT, since charge sloshing effects are reduced;
the larger number of operations involved in the Laplacian-vector/matrix products for Cyclix-DFT, a consequence of
the cylindrical nature of the coordinate system; and the finer mesh in the z-direction required by Cyclix-DFT as
the twist parameter a increases, which in combination with the cylindrical nature of the coordinate system, results
in the requirement of a larger degree for the Chebyshev polynomial within the CheFSI eigensolver. Indeed, as the

inner radius of the annular region increases, the theoretical estimate is readily achieved, with an additional O (1\%)

speedup possible by using Brillouin zone sampling for v (Eq. 79), making Cyclix-DFT ideally suited for the study of
large-diameter 1D hollow nanostructures. It is worth noting that in the presence of practically relevant applied twists,
the speedups achieved by Cyclix-DFT relative to standard codes are expected to be many orders of magnitude and
more, given the tremendously large unit cells required for prescribing translational symmetry.

As suggested by the results in Fig. 6, Cyclix-DFT can solve the symmetry-adapted Kohn-Sham problem in O(1)
minute on O(100 — 1000) processors, resources that are commonly available to researchers. In terms of time to
solution, this represents a O(100 — 1000) factor speedup over the recently developed symmetry-adapted Matlab
implementation’™. In particular, employing the same numerical parameters as in previous work’”, i.e., mesh size
h = 0.4 Bohr, N,, = 11, and o = 0.001 rad/Bohr, Cyclix-DFT performs force relaxation for a phosphorene nanotube
of diameter d; = 1.7 nm in 62 seconds on 360 processors, while the Matlab implementation takes a few hours’?,
indicating a O(100 — 1000) speedup. Indeed, the exact speedup is dependent on the system of interest and number of
processors available.

VII. TORSIONAL DEFORMATION OF CARBON NANOTUBES

In this section, we use Cyclix-DFT to study the mechanical and electronic response of carbon nanotubes (CNTSs) to
torsional deformations. Specifically, we perform twist-controlled numerical experiments for the following representative
set of CNTs: (16,0), (20,0), and (27,0) zigzag nanotubes of type I, type II, and type III, respectively,”" with
diameters d; = 1.25, 1.56, and 2.10 nm, respectively; (18,9) and (22,11) chiral nanotubes with d; = 1.85 and 2.26 nm,
respectively; and (13,13) armchair nanotube with d; = 1.75 nm. In particular, we choose 2-atom unit cells described
by the formalism presented in Section IV, and determine the ground state for the applied twist, while maintaining the
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total twist per unit cell (i.e., a«H) constant during cell relaxation. We initially restrict the values of the applied twist
to the small deformation regime where CNTs are expected to be stable”""*''" (Sections VIIA and VIIB), before
studying their response in the large deformation regime (Section VIIC). Note that such calculations are beyond the
reach of standard DFT methods. Therefore, to the best of our knowledge, the results presented here are the first to
be obtained via ab initio methods, and are therefore likely to be quantitatively more accurate than previous efforts
that employ lower levels of theory.

In all calculations, we employ the LDA exchange-correlation functional,” """ which provides an accurate represen-
tation of the mechanical and electronic response for CNTs''°. In addition, we employ the ONCV pseudopotential®',
whose transferability in the current context has been verified through comparisons'" with all-electron calculations
for the equilibrium structure of graphene, the flat sheet analogue of CNTs. Also, we perform spin-unpolarized calcu-
lations, having verified that spin does not have any impact on the results. For the numerical parameters, we choose
mesh size of h = 0.2 Bohr, vacuum size of 10 Bohr in the radial direction, the number of n-points for Brillouin zone
integration N,, = 70, Fermi-Dirac smearing of kgT = 0.001 Ha, atomic relaxation tolerance on the force of 5 x 10™*
Ha/Bohr, and cell relaxation tolerance on the stress of 1 x 107> Ha/Bohr. Given the availability of resources and
the relatively large number of wavevectors that need to be considered, the simulations are mainly parallelized over
Brillouin zone sampling, i.e., N, = N}J%.

A. Strain energy: Torsional modulus

The strain energy density &5+ associated with torsional deformations can be defined as the increase in the ground
state energy of the system upon applying the external twist «,, divided by the length of the unit cell in the axial
direction, i.e., H. The corresponding torsional modulus Kiyist can then be defined as:

2
0 5twist

Ktwist(aa) = Wu (81)

where the dependence on «, is used to signify that the behavior might be nonlinear. We study the mechanical
response of the chosen CNTs by considering twists in the regime 0 < «, < 0.04 rad/nm, commensurate with those
found in experiments' . We find that the nanotubes demonstrate linear response, i.e., strain energy has a quadratic
dependence on the external twist, as shown by results in the inset of Fig. 7. Therefore, the torsional modulus for
each nanotube is constant for the twists considered, whereby its value can be interpreted as that corresponding to the
asymptotic zero-twist limit. We evaluate this value of Kiyist for each of the CNTs using a curve fit to the data, the
variation of which with respect to their diameter d; is presented in Fig. 7. In particular, we find that:

Kiwist ~ Cd3, € =0.733156 keV/nm’ (82)

indicating that the torsional moduli vary cubically with the diameter of the nanotubes, as predicted by continuum
mechanics. This suggests that the moduli of CNTs are independent of their chirality, a result in agreement with
previous atomistic calculations’”. Indeed, the above equation can be used to estimate the torsional modulus of any
CNT from first principles, making it valuable in this regard. It can also be used to predict the shear modulus, a
quantity of interest for higher scale theories such as continuum mechanics. In particular, we obtain a value of 0.44
TPa, which is in good agreement with experimental measurements (0.41 TPa''") as well as tight binding calculations
(0.46""). The significant difference from atomistic calculations’ of 0.25 TPa is likely due to the inaccuracy of the
chosen empirical potential. Note that in calculating the shear modulus, the thickness of CNTs needs to be assumed,
which has been chosen to be the same '’ for all shear moduli values discussed here.

B. Bandgap and effective mass

We now study the electronic response of the CNTs to torsional deformations. Specifically, we determine the
variation in bandgap and effective mass of the charge carriers, i.e., electrons and holes, for external twists in the
regime 0 < o, < 0.04 rad/nm. In the current context, the bandgap E, is defined to be the difference between the
lowest unoccupied and highest occupied orbitals, when all wavevectors (v,7) in the Brillouin zone are considered. In
practice, this is achieved by computing the band structure at the ground state on a dense set of 7-points, chosen
in the vicinity of the n-point that correlates with the Dirac cone in graphene’s Brillouin zone, determined using the
procedure outlined in Section IV C. The effective mass of charge carriers in the cyclic+helical symmetry-adapted
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formulation takes the form:

- (M>l 7 (83)

on?

(vm)=@*n*)

where £ is the reduced Planck’s constant, n is an index that corresponds to the highest occupied orbital for holes and
lowest unoccupied orbital for electrons, A, (v,n) is the eigenvalue of the symmetry-adapted Hamiltonian H®*", and
(v*, ™) corresponds to the location of the bandgap. The effective mass relates to the electrical transport properties of
semiconducting materials, as it is inversely proportional to the mobility of the charge carriers, which in turn influences
the diffusivity of the charge carriers and the electrical conductivity of the material.

In Fig. 8a, we plot the variation in bandgap E, with shear strain:

v = 1ozdt ) (84)
2
from which the following observations can be made. First, in the absence of torsional deformations, the (13,13),
(27,0), and (18,9) nanotubes are metallic, whereas the (16,0), (20,0), and (22,11) nanotubes are insulating, which
is in agreement with the well established criterion for predicting whether a nanotube is metallic or an insulator, i.e.,
a (n,m) CNT is metallic if n — m is a multiple of 3, else it is an insulator.”* Second, all bandgaps are direct, while
following the following law for the difference in bandgap from the untwisted configuration:

AE, ~ 3tyysin(3w), to=3.14¢€V, (85)

where ¢y can be interpreted as the hopping parameter, and w is the chiral angle of the nanotube. This relationship is in
good agreement with that predicted using the Hiickel tight-binding model '© as well as experimental measurements’ ',
where the hopping parameters are determined to be 2.66 and 2.70 eV, respectively. Third and finally, we notice that
zigzag CNTs are inert to small torsional deformations, which is also in agreement with literature

In Fig. 8b, we plot the variation in effective mass m* of charge carriers with shear strain . Note that a common
plot is used for both charge carriers, since we have found that the effective mass of electrons and holes is nearly
identical. It is clear from the results that the variation in the effective mass with twist for the chosen CNTs follows
a similar trend as the corresponding bandgap. Therefore, we can arrive at the following law for the difference in the
effective mass from the untwisted configuration:

Am* = +Cvsin(3w), C =128 m,, (86)

where m, is the electron’s mass and =+ signs correspond to electrons and holes, respectively. Though the variation
of effective mass with uniaxial deformations of CNTs has been studied before''’, to the best of our knowledge, the
corresponding study for torsional deformations has not been performed heretofore. Note that the effective mass of the
charge carriers for untwisted zigzag type I and II nanotubes are in good agreement with previous work “”. Also note
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that the effective mass is not well defined for the metallic CNTs due to the linear nature of the dispersion relationship.
However, the first derivative can be used to calculate the Fermi velocity, for which we obtain ~ 8.3 x 105 m/s, a result
that is in good agreement with the experimental value of 8.1 x 10° m/s
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FIG. 8: Variation of bandgap E,; and effective mass of charge carriers m* with torsional deformation. The solid lines in (a)
and (b) correspond to the laws for bandgap and effective mass that have been presented in Egs. 85 and 86, respectively.

It is clear from the results above that the (13,13) and (18,9) CNTs display a metal to insulator transition on
application of torsional deformations. In Fig. 9, choosing the (18,9) nanotube as a representative example, while
considering the untwisted (y = 0%) and highest twisted (v = 2.8%) configurations, we plot at ¥ = 3 the band
structure diagram and density of states (DOS) corresponding to the highest occupied and lowest unoccupied orbitals.
For calculating the DOS, we use the relation:

D()\) = ]\z ; > Aiﬁ exp l— (A_AX(””)) 1 , (87)

where IV, is the number of n-points, the index n runs over the orbitals for which the density of states is being plotted,
and A is the width of the Gaussian used to smear the Dirac delta function, for which a value of 0.027 eV is employed
here. It is clear from the figure that the application of the torsional deformation opens a bandgap of 0.24 eV. The
peaks in the DOS correspond to Van Hove singularities, which occur at the extrema points of the band structure
diagram. In particular, the similar magnitudes of the two peaks at the bandgap location provides further evidence
that the effective mass of electrons and holes is similar. Therefore, it can be concluded that torsional deformations
can cause metal to insulator transition in CNTs without changing the relative effective mass of the charge carriers, a
result that has implications for nanoelectromechanical devices

C. Large deformation behavior

We now study the mechanical and electronic response of the chosen CNTs to large torsional deformations. In this
regime, atomistic calculations suggest that instabilities can develop, accompanied with the breaking of the underlying
symmetry.” "~ However, we still employ the 2-atom unit cell, thereby maintaining the original cyclic+helical symmetry
throughout each simulation. This is motivated by the desire to develop a fundamental understanding of the ideal
behavior of CNTs when subject to large twists, knowledge of which is also likely important in experiments/applications
where these instabilities can be suppressed. Indeed, the ability to perform linear response calculations within the
current first principles symmetry-adapted formalism will provide an avenue for identifying the onset and nature of
the instabilities from first principles, making it a worthy subject for future research.

1.  Mechanical response

First, we discuss the mechanical response of the CNTs when subject to large torsional deformations, the results for
which are summarized in Fig. 10. The strain energy density increases monotonically until it reaches a maximum value
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FIG. 9: Band structure diagram (left) and density of states (right) corresponding to the highest occupied and lowest unoccupied
orbitals at v = 3 for the (18,9) CNT, at both the untwisted (7 = 0%) and highest twisted (y = 2.8%) configurations.

— the corresponding twist is referred to as the ultimate twist — with the rate of increase being higher for nanotubes
with larger diameter, suggesting that the torsional modulus also increases with diameter in the nonlinear regime. The
drop in strain energy density beyond the ultimate twist can be attributed to the use of the undeformed axial length
(i.e., H) in the engineering definition of the energy density, which does not account for the significant change in length
that occurs during large torsional deformations, particularly at the ultimate twist.

The appearance of axial strains during torsional deformations is a consequence of the Poynting effect””. This effect,
while negligible at small twists, continuously increases with the applied twist, and has a sudden jump at the ultimate
twist, where a necking-type phenomenon is observed. The results suggest that the amount of axial strain at the
ultimate twist is dependent on the chiral angle, as evidenced by the three zigzag CNT's all having similar axial strain,
and the two chiral CNTs both having similar axial strain at the ultimate twist. We also find that the ultimate strain,
which is the shear strain at the ultimate twist, decreases as the chiral angle increases, with the ultimate twist being
inversely proportional to the diameter for zigzag nanotubes.

The drop in strain energy density and corresponding increase in axial strain at the ultimate twist is noticeably
larger for the (13,13) nanotube relative to the other CNTs. This is a consequence of the phase transformation of the
(13,13) armchair nanotube into the (13,0) zigzag nanotube, which is irreversible from a geometric viewpoint in the
context of twist-controlled numerical experiments. We have verified that such an irreversible phase transformation is
not just restricted to the (13,13) nanotube, but is also applicable to other armchair nanotubes, namely the (16, 16)
and (17,17) nanotubes. This is in agreement with past studies that suggest CNTs are susceptible to irreversible phase
transformations “°, with the plastic dilation arising from dislocations suggested as a possible avenue™ . It can therefore
be concluded that torsional deformations provide a possible mechanism for the irreversible phase transformation from
armchair to zigzag nanotubes.

It is worth noting that to the best of our knowledge, irrespective of the level of theory, the current work is the first
to (i) quantify the Poynting effect at large torsional deformations, particularly at the ultimate strain, and (ii) discover
that irreversible phase transformation from armchair to zigzag nanotubes can be achieved via torsional deformations.

2. Electronic response

Finally, we discuss the electronic response of the chosen CNTs when subject to large torsional deformations, the
results for which are presented in Fig. 11. Since the effective mass of the charge carriers follows the same trend
as the bandgap, it has been omitted from the figure for the sake of clarity. It is clear that the bandgap shows an
oscillatory behavior, in agreement with experiments ~*. In particular, the period for the metal-insulator transition of
the armchair and chiral nanotubes follows the law:

4a

Ao ———
“ d? sin(3w) ’ (88)

which is also in good agreement with experimental measurements.' ~* Recall that a is the nearest neighbor bond length
in the CNT. In addition to the above, it is worth noting that among zigzag nanotubes, while type I (i.e., (16,0))
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FIG. 10: Variation of strain energy density (hollow markers) and axial strain (filled markers) with respect to applied twist for
the CNTs. The phase transformation from the armchair to zigzag nanotube is illustrated at the bottom right of the figure.

and type III (i.e., (27,0)) display an increase followed by decrease of bandgap with twist, the type II (i.e., (20,0))
nanotube exhibits the opposite behavior.
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FIG. 11: Variation of bandgap with respect to applied twist for the CNTs.

VIII. CONCLUDING REMARKS

In this work, we have developed a cyclict+helical symmetry-adapted formulation and large-scale parallel imple-
mentation of real-space Kohn-Sham DFT for 1D nanostructures, and applied it to study the mechanical and elec-
tronic response of CNTs subject to torsional deformations. Specifically, utilizing a local electrostatic formulation
and a semilocal exchange-correlation, we have derived symmetry-adapted versions for the energy functional, varia-
tional problem governing the electronic ground state, Kohn-Sham equations, Hellmann-Feynman atomic forces, and
Hellmann-Feynman axial stress, all written in terms of quantities restricted to the fundamental domain. We have
also developed a representation for twisted nanotubes of arbitrary chirality within this framework. In addition, we
have developed a high-order finite-difference parallel implementation capable of performing accurate cyclic+helical
symmetry-adapted Kohn-Sham calculations in both the static and dynamic setting, which we have verified through
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numerical tests and comparisons with traditional DFT codes. Using this implementation, we have performed twist-
controlled numerical experiments for a representative set of chiral and achiral carbon nanotubes, in both the small
and large deformation regimes. In the linear regime, we have found that the torsional moduli are proportional to the
cube of the diameter; metallic nanotubes undergo metal-insulator transitions; and both the effective mass as well as
bandgap are proportional to the shear strain and sine of thrice the chiral angle. In the nonlinear regime, we have found
that there is significant Poynting effect, particularly at the chiral angle dependent ultimate strain; torsional deforma-
tions provide a possible mechanism for the irreversible phase transformation from armchair to zigzag nanotubes; and
both the effective mass as well as bandgap have an oscillatory behavior, with the period for metal-insulator transitions
being inversely proportional to the square of the diameter and sine of thrice the chiral angle. Wherever available, we
have found that all the results are in good agreement with literature, including theoretical and experimental studies.
We note that these results are the first to be obtained from DFT, with the current work being the first to make pre-
dictions on the effective mass variations, Poynting effect at large strains, and phase transformations through torsional
deformations, at any level of theory.

The current work opens an avenue for the accurate and highly efficient first principles study of 1D nanostructures
that have cyclic and/or helical symmetry. Applications of this framework are not just limited to systems that inher-
ently have these symmetries’''”, e.g., nanotubes, nanowires, nanosprings, nanohelices, nanorings, nanocoils, spirals,
nanovines, DNA, proteins, and viruses, but also those that result from the application of bending and torsional defor-
mations. In particular, the application of torsional deformations for 1D nanostructures and the application of bending
deformations for 2D nanostructures results in systems with these symmetries’">'">*'"“. Given the large number of
such systems and their exotic properties, the current work also provides an avenue for the study of many interesting
electromechanical couplings, e.g., the flexoelectric effect arising due to the bending of 2D materials'”>'“">*~. To this
end, a cyclic+helical symmetry-adapted linear response formalism is likely to serve as an important tool, making it
worthy topic for future work.
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Appendix A: Electrostatic self-interaction and overlap correction

The electrostatic energy term that corrects for the self-interaction and overlap of the individual pseudocharge
densities can be written as™"

1 ~ 1 - _
E..(R) = 7/ (b(x, R) + b(x,R)) Vo(x,R)dx — - Z/ by(x, Ry)V;(x, Ry) dx, (A1)
2 /o 22 Jq
where b = > by is the total reference pseudocharge density due to all nuclei, with by = 1 V2VJ being the

reference pseudocharge density of the J** nucleus corresponding to the potential f/], and V., = Z J(V] —Vy). Recall
that b =), by is the total pseudocharge density, where by = ——VQVJ is the pseudocharge density of the J*® nucleus
with pseudopotential V.

The symmetry-adapted expression for the energy can be derived as follows:

. 1
SC(R’ g) = @Esca-:{)
1 /1 B )
_|Q|<2§/1“4,M0Q((XRQ)+Z)(XRQ)> .(x,R,G) dx—;r; Z/F“OQ x,T ,oRJ)
X

Vi(x, FE%M oRy) dx)

|g|< Z/ F<#0xRQ)+b(F<;t0ng)> (Fgﬂong dx**Z Z Z

J=1T . 1 Tcy
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/ Z)J(FC uwOX, ].—‘7/1 , © RJ)‘?J(FC u o X, Fil , 0 R[) dX)
a ’ [ ’ ¢hp

:%/Q((ngHb(ng)) “(x,R,G)d 2|g|zzz/bJ L eRy)

1F/ 'FCH

XVJ( O]:_A{J)dx

X F<+c

:%/ﬁ((xRQH—b(ng)) (x,R,G) x—fZZ/bJ T L oR)Vi(x,T7 L oRy)dx, (A2)

J=1T¢,

where we have used the fact that b, b, and V, inherit the symmetry of the structure, and that by and V; are spherically
symmetric.

The symmetry-adapted expression for the corresponding atomic force can be derived as follows:

£4(R.G) = —aEzgm
! N
- *%/Q <(8b(gle 9) | (;RP; g)) Vo(x,R,G) + (b(X, R,G) + b(x, Rg)) avgg‘ﬁi{’ g)) dx
; ;z / (85“"’;% R g T oRy) + 5y o Ry ;;{J ° RJ)) ax
-1 > / < (ab"(x’gg oR) 85‘]("’;% ° RJ)) VixR.9) + (b(x R.9) + B(x. R.0))
Mot Teye Rﬂ) g Y (ag"(x’;% R rh o) e o T fm) ix
—;Z%gsﬁ%</ ((Vb](x To ) oRy)+ Vby(x, T oRJ))V(x R,G) ( (x,R,G) +b(x,R Q))
e

X VVCJ(X, FZL e} RJ)) dx — /Q (VBJ(X, FC_’L (e} ﬁJ)VJ(X7 FE,;IL o RJ) + BJ(X7 Fg_,;lL o RJ)VVJ(X, F;L o RJ)) dX)

:_729{#5%/(bJ(x,rgioRJ)+6J(x,rg oRy)) VVe(x, R, G)dx + - Z%“mc/Q(b(x,f{,g)+l;(x,lf{,g)>

Cen Fc w
X VVes(x,T ) o Ry)dx, (A3)

where we have used the fact that b; and V) are spherically symmetric. In addition, we have used integration by parts
and the divergence theorem.

It is worth noting that the current work is the first to derive the cyclic+helical symmetry-adapted variants of the
electrostatic overlap and self-interaction correction energy, and the associated atomic force. In particular, symmetry-
adaption of this term is missing from previous works based on cyclic'’ and helical symmetry'“. As demonstrated
previously”"°, these terms are particularly important in obtaining accurate results while employing the real-space
local electrostatic formulation®" ', a feature common to all these works.

Appendix B: Commutation of Hamiltonian and cyclic+helical symmetry operator

‘We now show that the Hamiltonian
1
’H:_§V2+Vm+¢+vm, (B1)

commutes with the cyclic+helical symmetry operator I'c , € G. To do so, we need to show that the commutator of
H and I'¢

H.Teul =Hl¢u—Te M
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1 1
= (—2V2 + Ve + (Z) + an> FQM — FQM (—2V2 + Vie + 0+ Vm)

1
= _5 [V2 ’FC,M} + [Vﬁb’c ’ FQM] + [¢ ’ F&H] + [an 7FC7M] , (B2)
is equal to zero. In proving this identity below, we use x to represent the position vector and f to denote any arbitrary

function on which the Hamiltonian and symmetry operators act.
The commutation relationship for the first term in Eq. B2 can be derived as follows:

x[[V2, T lf) = | ) = T V2
- / (x| V%) (< Tl £) d’ — (x| ulg) [ / Wy dx' =T, |g) = V2| )
Q Q

= /Q(x\Vﬂx’)f(F;L ox')dx’ — g(FaL 0 X)

0 o 9

2 - 1 9. ER 9.
- f( ¢ M ’ X) (FQH ° X) [vx N 8331 Cax + 31‘2 Cea + 8.%‘3 eIS]
= V2 F(RMRS ) — g(R, "R %)

T

= sz (m;“méc) (9‘{;#9{(54) Vyf(y) —9(y) [y — m;ﬂmécx}
= V2f(y) - g(y)
- (B3)

where the sixth equality is obtained by using the chain rule, and the seventh equality is obtained by using the
orthonormality of the rotation matrices.
The commutation relationship for the second term in Eq. B2 can be derived as follows:

l[Vee Do, If) = (elVaeleul ) — (I, Vael )
= /Q<X|VIC|X/><X/|F§’H|]£> dxl - <X|FC’#|9> |:|g> = Vmc|f>:|
= [ Vel (0] 0 x) dx —g(r ) o)

= ch(x)f(rg_ ox
= Vmc(x)f(rg

9Tz, 0x)
Voo T, 0 %) f(TZ,, 0%)
O2c(p(y): [Vyp(y)l)

) =
x) —

= Vee(®) f(y) = | €2c(p(¥); [Vyp(¥)]) + p(y)

Ip(y)
- oly) _ deelply): | Vyp(y)) L
Vy - (IVyp W o(IVyp(y)D) VyP(Y)))f(Y) [yffgu ]
B a9, [Vp(0)]) + p(ix) el [V C)

Ip(x)

—— C)T v.. ( p(x)  Oeze(p(x), |[Vxp(x)]) (;ﬁ;uméc)T pr(X)> )f(Y)

© [Vxp(x)| 0 (|[Vxp(x)])

= Va0 £(5) — ae(p(x), [Vp()]) + p(ax) 2l V(D)

Ip(x)
o (P Pl V()
Vx <pr(x) 9 (|Vxp(x)|) Vil )> )
= Vee(X) f(y) — Vae (%) f(y)
_o, (B4)

where the fourth equality is obtained using the fact that V.. is a diagonal operator, and the seventh equality is
obtained by using the fact that electron density and the norm of its gradient are commensurate with the symmetry
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of the structure, while the gradient of the electron density transforms as the position vector when acted upon by the
symmetry operator.
The commutation relationship for the third term in Eq. B2 can be derived as follows:

(/16 Tl f) = (16T ul) — (xID bl F)
— [ b (< el % = (il [|g> - ¢|f>}

= ¢(x) (T} 0x) — (L', 0x)f(T;} 0x)
= ¢(x) (T, 0x) — ¢(x) f(T,, 0 %)
=0, (B5)

where the third equality is obtained using the fact that ¢ is a diagonal operator, and the fourth equality is obtained
by using the fact that ¢ is commensurate with the symmetry of the structure (Eq. 19).
The commutation relationship for the fourth term in Eq. B2 can be derived as follows:

X[WVar . e ull £) = XVl ul £) = (x[Te, Vil £)

Py Py
= (x| Z Z'YJ;p|XJ;p><XJ;p|PC’#f> — (x[T¢,u Z Z'VJ;p|XJ;p><XJ;p

f
J p=1 J p=1
Pa PJ
=D WXl Ry) / Xop @ RATeuf () dy = 3D arn &0 uxr) (Xl f)
J p=1 Q J p=1
Py Py
= Z Z'YJ;pXJ;p(Xa Rj) / Xik];p(Y7 RJ)f(Fg_,L oy)dy — Z Z'YJ;IJXJ;IJ(FE,L ox,Ry)(xusiplf)
J p=1 Q J p=1
P P
= Z Z’YJ;pXJ;p(X, R;) /71 X?;p(rc,u oz, Ry)f(z)dz — Z Z'YJ;PXJ;}?(FE,L ox,Ry)(Xusplf)
J p=1 Il J p=1
Py Ps
= ZZ’VJ;;)XJ;;D()Q RI)/ Xjk];p(]-—‘c,u OZaRJ)f(Z) dz — ZZ'YJ;[)XJ;Z?(FE,}L OXaRJ)<XJ§P|f>
J p=1 Q J p=1
PJ P
=3 rpxsp(xRy) / X5p(CepozTepoRy)f(2)dz =Y Y vrpxswTe 0%, T} 0 Ryn) (Xl f)
J p=1 Q J p=1
Py ) B Pg ) -
= Z ZW;PXJ;:U(X’ RJ)/ X2 Ry e COF12) f(2) da — Z Z VaipXrrsp (6, R ) (COTHO (x| f)
J p=1 Q J p=1
Py 4 ~ P 4 ~
= Z Z VIpX T (X, RJ)e_zmp(Ce—i_Ma) (Xsplf) = Z Z VI Xap(X, RJ”)e—zmp(CG-&-uw) (X7l )
J p=1 J p=1
Py ‘ ~ Ps ‘ ~
=N X (K Ry )e O (1) =T s (X, R )e 0TI (3 | f)
J p=1 J p=1
0, (B6)

where the sixth equality is obtained by using the fact that the domain remains unchanged upon the action of the
symmetry operator; the seventh equality is obtained by using the fact that every atom can be uniquely written as the
action of a symmetry operator on some other atom in the system; the eighth equality is obtained by using the fact
that every nonlocal projector can be written as the product of a radial function and a spherical harmonic, and the
action of I'¢ ,, on spherical harmonics results in picking up of a constant phase factor eimp(CO+1e) where my, is the
magnetic quantum number associated with the p” projector of the atom; and the ninth equality is obtained using
the fact that all images of an atom have the same normalization constant and projectors.
It therefore follows from Eqs. B2—B5 that

[H ) FCM] =0, (B7)
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thereby proving that the Hamiltonian operator commutes with the cyclict+helical symmetry operators. Note that
the current work is the first to prove this result, with previous works on cyclic'* and helical © symmetry-adaption
assuming its validity. Indeed, the current proof directly extends to the local exchange-correlation functionals adopted
there'“) which offers considerable simplification in this regard.

Appendix C: Radial boundary conditions for electrostatic potential

The Dirichlet boundary conditions prescribed on the electrostatic potential ¢—solution of the symmetry-adapted
Poisson problem (Eq. 37)—in the radial direction are of the form:

¢(T§R17éaz>ﬂ7g):¢17 ¢(TZR2,é7Z,R,g):¢2. (Cl)

where appropriate values of ¢; and ¢, need to determined. The simplest choice is ¢; = ¢2 = 0, an approximation
adopted in previous work'"'“, which is likely to work well in systems that do not have a significant dipole moment
across the surfaces of the structure. However, when such a dipole moment exists, as is commonly encountered in
1D nanostructures due to the flexoelectric effect’ =" “»' " convergence of the results with vacuum can be extremely
slow, if at all. This is a consequence of an artificial electric field being introduced across the surfaces of the structure
when zero-Dirichlet boundary conditions are employed. To overcome this, here we develop boundary conditions that
account for the dipole moment contribution to the electrostatic potential.

As shown in Section 111 B, the electrostatic potential ¢, electron density p, and pseudocharge density b inherit the
symmetry of the structure, i.e., for f € {¢, p, b}, we have the following relations in helical coordinates:

f(r,0+06,2) = f(r,0,z), f(r0,z+H)=f(r0,z). (C2)

Given the periodic nature of the function in the the 6 and z directions, it admits a Fourier decomposition of the form:

0.2 =Fw)+ Y () exp ( S 27;?) , (3)

m,neZ\0

where

_ 1 - -
f(r)= éH/Z/éf(r,&z)dﬁdz. (C4)

Substituting this expansion for p, b, and ¢ into the Poisson equation (Eq. 37), we arrive at the following differential
equation involving the first term in each Fourier expansion:

(450 10 ek <C5>

whose solution in integral form can be written as

o(r) = —477/ (p(r") +b(r")) G(r,r") dr’, (C6)
where the Green’s function
1 fIns', forr<ro’

G A JF— ’ . Cc7
(r,7) 2 {lnr, for r > 1/ (©7)

Thereafter, we arrive at the following boundary conditions:
61 =d(r < Ry) = 2/ (p(r") + b(r")) Inv" dr’ (C8)

R
o = P(r > Rg) = 2lnr/ (p(r") +b(r")) dr’. (C9)
R,y

Note that we have neglected the higher-order terms in the expansion, since the current approximation already provides
rapid convergence with vacuum for systems with a dipole moment. Also note that a procedure similar to the one
described here has been used previously to obtain the boundary conditions for slabs in real-space DFT
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Appendix D: Symmetry-adapted quantum molecular dynamics

We now demonstrate that Cyclix-DF'T is capable of performing symmetry-adapted quantum molecular dynamics
(QMD) simulations. For this study, we perform a NVE microcanonical ensemble simulation for the (16,0) CNT with
a 32-atom unit cell generated by applying the symmetry operation I'¢ ,, on the fundamental domain and atoms of the
nanotube, where ¢ € {0,1} and u € {0,1,---,7}. Note that even though the nanotube is achiral, the above choice
results in o # 0, making it representative of general QMD simulations within Cyclix-DFT. We employ a mesh size of
0.25 Bohr, vacuum of 7 Bohr, NNV,, = 1 for Brillouin zone integration, initial ionic temperature of 315.773 K, time step
of 1 fs, initial velocities randomly assigned according to Maxwell-Boltzmann distribution, and the Leapfrog method
to integrate the equations of motion. In Fig. 12, we present the evolution of the total energy of the system, which is the
sum of the electronic Helmholtz free energy and the ionic kinetic energy. It is clear that there is excellent conservation
in the total energy, with the standard deviation and drift being 5.2 x 107° Ha/atom and 6 x 10~° Ha/atom-ps,
respectively, further verifying that there is no systematic error in the formulation and implementation of Cyclix
DFT. Therefore, Cyclix-DFT can be used to efficiently study the dynamic behavior of systems with cyclic+helical
symmetry. In particular, the highly efficient nature of Cyclix DFT, where the wall time associated with the solution of
the Kohn-Sham equations can be brought down to a few seconds, enables simulations that were previously intractable.
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FIG. 12: Variation in total energy for a 32-atom unit cell of a (16,0) carbon nanotube during a NVE symmetry-adapted QMD
simulation. The inset magnifies the variation in total energy between 0.5 and 0.7 ps.

Appendix E: Cyclic+helical symmetry-adapted study of carbon nanocoil

FIG. 13: Illustration of a carbon nanocoil.

In this work, we have focused on applying the cyclic+helical symmetry-adapted formulation and implementation of
Kohn-Sham DFT to carbon nanotubes. However, the method is not restricted to this type of system, and is generally
applicable all 1D nanostructures that have cyclic and/or helical symmetry. To demonstrate this, we now verify the
accuracy of Cyclix-DFT for carbon nanocoils'**' . Specifically, we consider a prototype carbon nanocoil with N = 1
atom in the fundamental domain, 91 = 1 cyclic group order, and intrinsic twist of @ = 0.2094 rad/Bohr, as illustrated
in Fig. 13. We compare the results obtained by Cyclix-DFT with highly converged SPARC®”**’ and ABINIT
calculations, while employing a mesh-size of 0.2 Bohr and 60 n—points in Cyclix DFT. In comparison to SPARC,
we find that there is very good agreement of 4 x 10~° Ha/atom, 1 x 1075 Ha/Bohr, and 0.1% in energy, forces,
and stress, respectively. The corresponding agreement with ABINIT is 2 x 10~° Ha/atom, 2 x 10~% Ha/Bohr, and
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0.1%, respectively. These differences are well within the accuracy targeted in DFT calculations, further verifying the
accuracy of the proposed symmetry-adapted formulation and implementation.
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