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Abstract

We consider a Hamiltonian description of the vibrations of a clamped, elastic circular plate.
The Hamiltonian of this system features a potential energy with two distinct contributions: one
that depends on the local mean curvature of the plate, and a second that depends on its Gaussian
curvature. We quantize this model using a complete, orthonormal set of eigenfunctions for the
clamped, vibrating plate. The resulting quanta are the flexural phonons of the thin circular plate.
As an application, we use this quantized description to calculate the fluctuations in displacement of
the plate for arbitrary temperature. We compare the fluctuation profile with that from an elastic
membrane under tension. At low temperature, we find that while both profiles have a circular ring
of local maxima, the ring in the membrane profile is much more pronounced and sharper. We also

note that with increasing temperature the plate profile develops two additional rings of extrema.



I. INTRODUCTION

Vibrating mesoscopic beams, membranes, and plates are now frequently used as elements
of so-called “hybrid” quantum devices and precision sensors. In an effort to understand
these devices in detail, it is worthwhile to develop a fully quantum mechanical model of
the dynamics of these elements. In addition to aiding in the development of new quantum
technologies, such descriptions of the quantum dynamics of mesoscopic elastic solids might
be used to conceive of fundamental tests of quantum theory that create, entangle, and control
nonclassical mechanical states of the solid'2.

Experimental studies of suspended graphene samples® prompted prior theoretical work*
to quantize the vibrations of a clamped elastic membrane under tension. These results were
subsequently applied in studies of quantum sticking of ultracold atoms to suspended 2D
materials® 7.

Recent experimental work has demonstrated that it is now possible to probe Fock states
of mechanical “quantum drums”® and acoustic resonators?. While the vibrations of single-
layer and multilayer graphene have been previously analyzed using continuum elasticity
theory!?, such a classical description is insufficient to describe low temperature systems with
a small, definite number of flexural phonons where quantization is important. In addition to
multilayer 2D materials, the results obtained in this work on the quantization of the flexural
modes of thin elastic plates will have application to low temperature optomechanical systems
that use, for example, thin films of silicon nitride*! %5,

We begin by employing canonical quantization methods to construct a quantum me-
chanical description of a thin, circular, vibrating elastic plate subject to clamped boundary
conditions. As an application of this quantum description, we calculate both the zero-point
and thermal fluctuations of the plate, and we compare these results with those from a 2D
elastic membrane under tension, a model previously used to describe the vibrational dynam-

ics of suspended single-layer graphene.

II. LAGRANGIAN

We start by summarizing the Lagrangian description of the classical flexural vibrations

of a thin elastic plate. Let u(r,d,t) be the elastic displacement field normal to the plate in
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FIG. 1. Sketch of an elastic plate (radius a, thickness h) in equilibrium.

equilibrium (see Fig. 1). The Lagrange density!® is given by

1 du\> D ,_, \2 2u\®  8%ud’u
E—T—U——ph(at) —E(V ) _D(l_y)[<0x5y) " 9oy (1)

where p is the volume mass density, v is the Poisson ratio, and the flexural rigidity D is

related to the Young’s modulus E by D = For a thin plate, the displacement is

B
12(1—12)"
uniform along the plate thickness h. Hence, V? here is the 2D Laplacian.

We note that the strain energy density U contains two contributions: one that depends
on the mean curvature of the plate V?u, and a second proportional to its Gaussian curvature
K = (uiy — UgzUyy). This is in contrast to the strain energy density of an elastic membrane
under tension which depends on the square of the magnitude of the displacement gradient?
|Vul?.

We adopt the harmonic approximation for the elastic energy density and neglect any
anharmonic contributions. We recognize that the harmonic approximation can fail for two-

dimensional systems'”

as a result of strong nonlinear interactions between long-wavelength
fluctuations of displacement of the plate; however, by estimating the effect of the leading-
order anharmonic contribution with perturbation theory, we find that such anharmonic
interactions are vanishingly small for finite, mesoscopic-sized films where the flexural rigidity
is large compared to the thermal energy, D > kgT'(a/h)>.

The equation of motion follows directly from this Lagrange density
0?u D

8t2 V4u =0 (2)

where o = ph and V* = V2V



TABLE I. Lowest eigenvalues k,,,a for root condition of Eq. 6.

n m=0 m=1 m=2 m=3 m=4
1 3.196 4.611 5.906 7.144 8.347
2 6.306 7.799 9.197 10.536 11.837
3 9.439 10.958 12.402 13.795 15.150
4 12.577 14.109 15.579 17.005 18.396

For time-harmonic solutions of the form

u(r,t) = w(r,0)e ™" (3)
Eq. 2 becomes

(V* = kYHw(r,0) =0 (4)
where k* = 2. For a clamped plate, the following boundary conditions are imposed:

D
w(a,d) = aw§:,9)|rza = 0 where a is the radius of the circular plate. For the plate to be

considered “thin,” the radius must satisfy the condition a > h.

Regularity at the plate’s center leaves a solution to Eq. 4 of the following form
Wiy (1,0) = (A I (k1) + B L (k7)) exp(imB) (5)
The boundary conditions yield the additional constraint on allowable values of k; namely,
I (ka) Jmir(ka) + Jp(ka) Iy (ka) =0 (6)

A selected set of the lowest eigenvalues satisfying this root condition is given in Table I.

The flexural modes of the thin plate are thus given by

Wy (L) = Rmn(r)eime

= N {Jm(kmnr) - (%) Jm(/fmnr)] eimb (7)

where k,,, is a solution to the root condition of Eq. 6.

We choose the normalization of the normal mode solutions w,,,, so that

/w:nn(r)wm’n’ (I‘)d27“ = 5mm’5nn/ (8)



m=20

n=2=0

m=20 -

n=3 00

L
b

FIG. 2. Plot of selected low frequency eigenmodes w,y,y, (r) for the vibrating plate.

The following normalization constant results

B 1 I (kmna)
Nonn = \/7m2 o (kn@) [ (kmna) 9)

where f(A) = 27N T (A) + Jne1 (N Tnst (A) + Jonst (A Tt ().

It is worth noting that for circularly symmetric solutions (m = 0), the normalization

constant simplifies considerably. With the use of Bessel function recursion relations, we
obtain
1 1

Non = 2102 | Jo(kona)|

(10)

III. HAMILTONIAN

We now turn to the Hamiltonian density which is constructed from the Lagrange density

of Eq. 1. We obtain that

1., Doy B 0 (1ou\\* Puf1ou 10
M=l g (Vi) + 00 ’”[(E(;%)) o \ror o) W

where the canonical momentum density is II(r,¢) = %. (We have rewritten the Gaussian

curvature contribution to the strain energy density of the plate in polar coordinates.)

The displacement field u can be expanded in normal modes. Thus,

u = Z Zanwmn (12)

m=—oo n=1
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Using the 2D divergence theorem, it can be shown that
/(V2u)2d27" = /uV2V2u d*r (13)

Hence, using the equation of motion (Eq. 2) and orthonormality of the normal modes, we

obtain that

/ (V2uldr = Y ) QuaQunkiy, (14)

m=—oo n=1

(We use notation where m = —m.)
Expanding the momentum density II in normal modes
oo oo
S 3" Pt 19
m=—o0 n=1
we obtain that the kinetic energy goes as

1

1
— [ I?d*r = — P,.Pun 16
20 " 20; ( )

The total Gaussian curvature contribution to the potential energy will vanish by an

application of the Gauss-Bonnet theorem®®

/ Kd*r + / kyds = 2w\ (17)
M oM

The Euler characteristic x s for the manifold M (a closed circular disk) is 1, and the geodesic
curvature of the circular boundary k, = 1/a. Thus, [ Kd*r = 0.

The Hamiltonian then may be rewritten as

H Z ( Pmnpmn + mn Qﬁ’QOn) (18)

IV. CANONICAL QUANTIZATION

To formulate a quantum description, we introduce in the usual way? the creation and

annihilation operators for the vibrational modes

b = JT o /T Qun
bjm - _i\/ 2th Boin + \/TQWL (19)
We impose the canonical commutation relation between displacement and momentum
density
[u(r), TI(x")] = ihd(r — r') (20)
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and obtain the following Hamiltonian
1
H="% hwpn| bl byn + = 21
5~ o (Bt + 3 (21)

The displacement field u(r) can then be written in quantized form

u(r) = Z(Umn(r)bmn + U;:Ln<r)bjnn) (22)

where U, (r) = w/ﬁwmn(r).

This result differs from the corresponding result of an elastic membrane under tension in
two important ways: (1) we observe that the flexural phonons of the plate have a different
(quadratic) dispersion from the linear dispersion of transverse acoustic phonons for the
membrane under tension, and (2) the spatial (radial) character of the normal modes w,,
also differs. We will see that these differences lead to contrasting behavior in the pattern of

fluctuations of the surface.

V. FLUCTUATIONS OF THE PLATE

As an application of the quantum description of the flexural vibrations of the thin elastic
plate, we calculate the fluctuations in the displacement of the plate. We then compare the
result to the corresponding quantity for a 2D membrane. From Eq. (22), we obtain the

thermal average of the square of the displacement (u?(r))r as

<u2<r>>T=Z( i )rRmn<r>P<2<bLnbm>T+1>

- 20Wmn,
hz 2 Bha}mn
— ; (20wmn) | Ry (1) cothy( 5 ) (23)

The function (u?(r))r is independent of angle # and is a varying function of distance from
the center (see Fig. 3). We will refer to this function as the fluctuation profile.
For the case of the center of the plate, the thermal average of the square of the displace-

ment (u%(0))7 becomes

(W2 (0)r = 3 [Un(0)f coth( T (21)
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FIG. 3. Plot of thermal average of the squared displacement (scaled) (u?(r))7/{u?(0))7 versus
(reduced) radius r/a for (top row) a silicon nitride plate with ©, = 80 mK (with 6. = fw./kp)
and (bottom row) an elastic membrane under tension. Both have radius of @ = 1um. The plot
is obtained by a partial sum of Eq. 23. The truncated series includes over 3,200 terms and is

converged to better than 1%.

TABLE II. Comparison of fluctuations of displacement (u2(0))7 for a membrane and a thin plate.

System T=0 T> 0p
fiw kgT w
Membrane 4M€§ 27rBU 2 ( Ti))

Plate \/ % In (L:Tf) \/16,1% (ka)

We evaluate the sum using the continuum approximation, valid for mesoscopic-sized plates.

Using a vibrational density of symmetric (m = 0) flexural modes D(w) = (%) %w_%, Eq. 24
becomes
wp hw
(2(0))y ~ / D) | U ()2 coth(ﬁT) (25)

where w = ak? with a = \/g . The low-frequency cutoff w, is a result of the finite size of
the plate. Thus, w, o« 1/a?, a result of the quadratic dispersion of the flexural modes. We

take the high-frequency cutoff wp to be the Debye frequency for the plate.
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FIG. 4. Plot of thermal average of the squared displacement of the center of the plate (scaled)
(u*(0))r/ud versus temperature T' (K) for a silicon nitride plate (top). Derivative with respect to
temperature of the average squared displacement at the center versus temperature T (bottom).

We take ©p = 850 K (Ref. 19), ©, = 100 mK (solid), 300 mK (dashed), and 800 mK (dot-dashed).

The zero-point fluctuation scale is set by u3 = \/#.

We consider U, (0) in the continuum approximation to obtain U(w). The root condition

Eq. 6 for large ka has the asymptotic form tan(ka — w/4) = —1. Thus, |Jo(ka)| = /= in

a

the continuum approximation. Using the asymptotic form for .J,,, and I,,,, we find that U is



given by

=

16a202aw

/ “D dw Bhw
6472 JD/ _C oth( 2 )
=y 167T20'D < hw, )’ >0 (27)

where ©p is the Debye temperature of the plate.

R ) (26)

Thus, (u*(0))r becomes

h
dovsa

For a 2D membrane under tension*, U = and the density of symmetric modes is
D= where v, is the transverse speed of sound of the membrane. This yields an average

square displacement of the center given by

“b hw
2 ~ h —B
(u*(0))r /w dw p— coth( 5 )
kT w
N27fjvzln(w]j>, T 6p (28)

The fluctuations of the plate’s center grow inversely with the low-frequency cutoff w.., while
the fluctuations of a 2D membrane grow logarithmically with w.. At low temperatures such
that kg1 < hw,, the membrane fluctuations approach a finite limit as w. — 0. In contrast,
the plate fluctuations at low temperature diverge logarithmically as w. — 0. We summarize
these results in Table IT and Fig. 4.

We observe from Fig. 3 that the fluctuation profiles have their maximum value away from
the center. A power series expansion of Eq. 23 about the center reveals that this is a result
of contributions to the displacement fluctuations from m # 0 modes. The low temperature
membrane profile in Fig. 3 clearly shows this maximum near r ~ 0.2a. With rotational
invariance of the fluctuation profile, this maximum away from the center forms a ring of
extrema.

In summary, we have constructed a quantum description of the mechanical vibrations of
a thin mesoscopic plate. Using canonical quantization, we have obtained a description of
the displacement field in terms of flexural phonons. As an application of quantization, we
have calculated the thermal expectation value of the square of the displacement field for a

circular sample of suspended silicon nitride with radius of 1 um.
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We compare the shape of the fluctuation profile with that of an elastic membrane under
tension. We observe sharper features in the fluctuation profile of the membrane in com-
parison to the profile of the plate. We attribute this difference to the difference in form of
the strain energy density. For the plate, this energy density depends on the square of the
mean curvature of the displacement field. This tends to smooth out, for example, the sharp
local maximum present in the membrane whose strain energy density varies as the square
magnitude of the gradient of displacement. We also note that the plate tends to develop a
ring of local minima in the fluctuation profile at r ~ a/2 with increasing temperature (see

Fig. 3 top row, right panel), a feature absent in the membrane profile.
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