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Knowledge of the phonon mean free path (MFP) holds the key to understanding the thermal prop-
erties of materials and nanostructures. Although several experiments measured the phonon MFP
in bulk silicon, MFP spectra in thin membranes have not been directly measured experimentally
yet. In this work, we experimentally probe the phonon MFP spectra in suspended silicon mem-
branes. First, we measure the thermal conductivity of membranes with arrays of slits at different
temperatures. Next, we develop a fully analytical procedure to extract the accumulated thermal
conductivity as a function of the MFP. The measured phonon MFP in 145-nm-thick membranes
with the surface roughness of 0.2 nm is shorter than that in bulk due to the scattering at the mem-
brane boundaries. At room temperature, the phonon MFP does not exceed 400 nm. However, at
4 K, the MFP becomes longer, and some phonons can travel ballistically for up to one micrometer.
These results thus shed light on the long-lasting question of the range of ballistic phonon transport
at different temperatures in nanostructures based on silicon membranes.

I. INTRODUCTION

Understanding heat conduction in semiconductors is
crucial for solving heat dissipation problems in mod-
ern microelectronics. The thermal properties of semi-
conductors are largely defined by the spectral quantity
called phonon mean free path (MFP)—the average dis-
tance that a phonon can travel between scattering events.
For the practical applications in thermal engineering, re-
searchers use the cumulative MFP spectra that show how
much phonons with a given MFP contribute to the total
thermal conductivity.

In the past few years, cumulative MFP spectra have
been studied in various bulk materials [1–7]. However,
modern microelectronic devices, MEMS, and NEMS of-
ten rely on thin films and membranes rather than on bulk
materials. In thin two-dimensional structures, phonons
experience additional scattering on the top and bottom
surfaces [8–10]. Such surface scattering events should
limit the phonon MFP in membranes as compared to bulk
material [11], thus reducing the thermal conductivity and
limiting the ballistic heat conduction. Indeed, the exper-
imentally measured thermal conductivity of thin mem-
branes are consistent with the MFP spectrum in bulk,
assuming that the spectrum is limited by the membrane
thickness [4].

To directly obtain the phonon MFP spectrum in mem-
branes, researchers used various simulation methods [10–
12]. However, no experimental study attempted direct
measurements of the phonon MFP spectra of thin mem-

branes because setting up an MFP probing experiment
on suspended membranes is challenging. Recently, Hao
et al. [13] proposed a semi-numerical procedure to ex-
tract accumulated MFP spectra from the thermal con-
ductivity measured on membranes with arrays of narrow
slits with varied width of the passage.

In this work, we apply and extend this method to ex-
tract phonon MFP spectra from experimental data un-
der a fully analytical approach. First, we measure the
thermal conductivity of membranes with slits at differ-
ent temperatures. Then, we use the improved analytical
method to extract MFP spectra from our experimental
data. The cumulative MFP spectra show how the MFPs
in a thin membrane differ from that in bulk and increase
as the temperature is decreased.

II. METHODS

A. Measurement technique

The thermal conductivity of our samples was measured
using the micro time-domain thermoreflectance method
(µTDTR). In this all-optical method, pulses of the pump
laser periodically heat an aluminum pad in the center of
the samples, as shown in Fig. 1(a), while the continuous-
wave probe beam measures the reflectance of the pad.
The reflectance of the pad is proportional to its tem-
perature via the thermoreflectance coefficient. Thus,
the method allows measuring the gradual decrease in
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FIG. 1. (a) Scheme of the experimental setup showing the
laser beams focused via an optical objective on the suspended
bridge. (b) Scanning electron microscope image of a typical
sample under investigation.

temperature as heat dissipates from the metal pad af-
ter each pulse of the pump beam. Exponential fitting
exp(−t/τ) of this temperature decrease yields the ther-
mal decay time (τ)—the characteristic time of heat dissi-
pation through the bridge supporting the aluminum pad.

The thermal conductivity was extracted from the mea-
sured decay time by simulating the same experiment us-
ing the finite element method. In contrast with our previ-
ous works, here we simulate the membranes without slits
and thus extract the effective thermal conductivity, i.e.
thermal conductivity without taking into account mate-
rial removal. In the simulations, the thermal conductiv-
ity assigned to the membrane serves as a free parameter,
whereas heat capacity is equal to that of bulk silicon at
the corresponding temperature. Thus, varying the ther-
mal conductivity, we can always obtain a value at which
the simulation reproduces the experimentally measured
cooling curve. More details on this experimental method
can be found in our previous work [14].

B. Sample fabrication

Our samples were fabricated using the standard top-
down fabrication methods on a silicon-on-insulator wafer.
The wafer had a top 145-nm-thick monocrystalline silicon
layer with atomically smooth (σ = 0.2 nm) top and bot-
tom surfaces [15, 16] First, we deposited aluminum pads
on the surface of silicon. Next, we used electron-beam
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FIG. 2. Comparison of the predictions of the original semi-
numerical approach proposed by Hao et al. [13] with those
of our fully analytical method. Our Eq. 3 fits well the data
obtained via simulations in [13] and the extracted MFP accu-
mulation function (inset) agrees with that extracted by using
the semi-numerical approach.

lithography and reactive ion etching to draw and etch
the pattern around the aluminum pads, and thus create
a bridge with the arrays of slits and the aluminum pad in
the middle. Finally, we exposed the wafer to the vapor of
hydrofluoric acid to remove the sacrificial SiO2 layer un-
der the bridge and suspend the structure. To avoid the
formation of native oxide that might affect the surface
phonon scattering [17, 18], the samples were placed into
the low-pressure cryostat right after the oxide etching.
More details on the fabrication process can be found in
our previous work [19].

Figure 1(b) shows a typical sample consisting of a 145-
nm-thick membrane with arrays of 150-nm-wide slits. To
study how the MFP analysis would depend on the scale
of the slit array, we fabricated two sets of samples with
periods in both directions (p) of the slit arrays equal to
500 and 1000 nm. The roughness of the sidewall of the
slits is estimated to be more than 2 nm. Thus we assume
that the surface is purely diffusive at least at 150 and 300
K. However, this assumption may not be entirely correct
at the temperature of 4 K, where phonon wavelengths
become long enough for non-diffusive surface scattering,
and the data at 4 K should be considered with caution.

To obtain an MFP spectrum, we must measure the
thermal conductivity values on samples with different
width of passage between the slits (w). Thus, for each
period, we prepared samples with different widths of the
passage. To ensure the accuracy of our measurements,
we fabricated and measured three copies of each sample.
The reported thermal conductivity is then obtained as
an average of three independent measurements with the
error bars showing the standard deviation.
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FIG. 3. Normalized effective thermal conductivity of membranes with arrays of slits having periods of (a) 500 nm and (b)
1000 nm measured at 4, 150, and 300 K. Dashed lines shows the best fits of the data with Eq. 3. Solid lines show the volume
reduction functions H(w).

C. Mean free path analysis

To extract the MFP cumulative function from the mea-
sured effective thermal conductivity, we use the approach
developed by Hao et al. [13]. This approach is based on
the assumption that phonon scattering on the membrane
boundaries suppresses the thermal conductivity indepen-
dently from the phonon scattering on the slits. This as-
sumption is generally correct only for very thick mem-
branes [20]. For our 145-nm-thick membrane, this as-
sumption still does not introduce any significant error at
temperatures of 150 and 300 K, but be can lead to up to
10% error for the data obtained at 4 K.

Based on some analytical considerations, Hao et al.[13]
showed that the effective thermal conductivity κeff (w)
normalized by the thermal conductivity kref of a mem-
brane without slits is related to the MFP cummulative
function F (Λ) by:

κeff
κref

= H(w)a(w)

∫ ∞
0

F (Λ)dΛ

(1 + a(w)Λ)2
, (1)

where a(w) = (4p/3L)×H(w)/(w×A). Here, L is the
length of the system, which in our case is the same as the
period p, in other words, the length of one period in the
heat flux direction. The function H(w) accounts for the
reduction of material volume, i.e. the bulk porosity effect
that causes the suppression of thermal conduction simply
due to the material removal and bending of the heat flux
lines. We obtained the H(w) function for our samples
by simulating a unit cell of the structure using the finite
element method implemented in Comsol Multiphysics.

The factor A accounts for the difference between an an-
alytically calculated [13] limiting dimension for a single
narrow slit (Lc) and the generally unknown limiting di-
mension of the experimentally studied array of slits (L∗c).

Hue and Cao [21] showed that the difference in the limit-
ing dimension for two-dimensional arrays of holes can be
accounted for by a geometrical factor (A) as L∗c = A×Lc.
To obtain this factor, we applied the Callaway-Holland
model, in which the relaxation time of the boundary scat-
tering was used as a free parameter (Appendix A). Thus,
we found A = 0.7 and 0.6 for arrays with p = 500 and
1000 nm, respectively.

To improve the computational efficiency of the original
semi-numerical approach [13], we propose to simplify the
method and use an analytical expression for the F (Λ)
function. Indeed, as F (Λ) monotonically increases with
Λ between zero and unity, its general behavior can be
expressed as [22]:

F (Λ) = −Λ

α
W0

[
− α

2Λ
exp(−α

Λ
) erfc(

Λ0 − Λ√
2β

)

]
, (2)

where W0 is the Lambert function of order zero, erfc
is the complementary error function, and α, β, and Λ0

are fitting parameters. Appendix B details the rationale
for using Eq. 2 and tolerance to the fitting parameters.
Inserting Eq. 2 into Eq. 1, we obtain:

κeff
κref

= H(w)

∫ 1

0

G(x, α′, β′, γ′)dx, (3)

where α′ = αa(w), β′ = βa(w), and γ′ = 1 + Λ0a(w)
are non-dimensional parameters, x = (1+a(ω)Λ)−1, and

G(x, α′, β′, γ′) =
1− x−1

α′
W0×

×
[
− α′

2(1− x−1)
exp(

α′

1− x−1
) erfc(

γ′ − x−1√
2β′

)

]
.

(4)
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The non-dimensional Eqs. 3 and 4 are used to deter-
mine α, β, and Λ0 by fitting the experimentally measured
κeff (w)/κref values. To illustrate this method, Fig. 2
shows the data reported by Hao et al. [13] and the fit
that we obtained using Eq. 3. To justify the use of the
generalized analytical form of F (Λ), we also compare the
extracted MFP spectra. The inset of Fig. 2 shows that
our analytical approach yields an accurate match of the
MFP spectrum obtained numerically by Hao et al. [13].

III. RESULTS AND DISCUSSION

Figure 3 shows the effective thermal conductivity
(κeff ) of samples with periods of 500 and 1000 nm mea-
sured at 4, 150, and 300 K and normalized by the ther-
mal conductivity of membranes without slits (κref ). The
membrane thermal conductivity was 0.044, 110.3, and
71.3 Wm−1K−1 at 4, 150, and 300 K, respectively. These
values are consistent with the theoretically predicted 100
Wm−1K−1 [10] at 150 K and 60 – 75 Wm−1K−1 [10–12]
at 300 K.

The thermal conductivity increases proportionally
with the width of passage between the slits (w).

These curves essentially reflect the dependence of ther-
mal conductivity on the phonon MFP as wider passages
allow for longer free flights of phonons. As such, this de-
pendence lies in the core of our method. The slope of
this dependence naturally lowers as the temperature is
decreased. Indeed, at lower temperatures, phonons tend
to have longer MFP [2–4]. Thus, passages of the same
width cut a more substantial part of the MFP spectrum
at 4 K than at 300 K. This effect allows probing MFP
spectra at different temperatures.

Fitting the curves in Fig. 3 using Eq. 3, we obtained
the non-dimensional parameters α, β, and Λ0, and used
them to reconstruct the thermal conductivity accumula-
tion functions F (Λ). Figure 4 shows the extracted cu-
mulative MFP spectra F (Λ) for samples with periods of
500 and 1000 nm at 4, 150, and 300 K. The curves ob-
tained for two different periods are reasonably similar.
The agreement between two data sets is not surprising
as both sample sets have passage widths (w) covering
most of the range of probed MFPs. For this reason, the
best agreement between two data sets is obtained at 150
K, when both sample sets cover nearly the entire MFP
range. On the contrary, some disagreement occurs at 4
and 300 K, as we expect a better result from samples
with wider and narrower passages, correspondingly.

At room temperature, the range of measured MFPs
spans from 10 to 400 nm. This range is more than
twice shorter than that in bulk silicon, where phonons
with MFP longer than 800 nm may contribute to 37 –
47% of the thermal conductivity [10, 23]. Such a short
MFP explains why heat conduction in membrane-based
structures usually appears diffusive at 300 K [24–26].
For example, recent experiments could not detect any
signs of phonon interference in phononic crystals [27, 28]
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FIG. 4. Cumulative thermal conductivity of silicon mem-
branes as a function of the phonon MFP obtained for sam-
ples with periods of 500 nm (solid lines) and 1000 nm (dashed
lines) at 4, 150, and 300 K. For comparison, curves theoret-
ically obtained in the literature for membranes of different
thickness [10–12] and the bulk [10, 23] are also shown.

or nanomeshes [29] with the periodicity of a few hun-
dred nanometers. Similarly, experiments on 400-nm-long
nanowires could not detect any signs of ballistic phonon
transport at this scale [19]. However, this MFP range
contrasts with observations by Johnson et al. [30], who
measured quasi-ballistic heat conduction in silicon mem-
branes at room temperature at the length-scale up to five
micrometers.

The measured cumulative MFP spectra generally re-
semble the theoretical predictions for membranes at room
temperature [10–12]. However, in contrast with our re-
sults, the simulations tend to predict significant contribu-
tion (10 – 30 %) from phonons with the MFP longer than
400 nm. Conversely, simulations by Wang and Huang
[10] suggest that up to 70% of the total thermal energy
is carried by phonons with the MFP shorter than 100
nm in 130-nm-thick membranes, while our measurements
show only up to 50% contribution. The discrepancy with
this prediction might be due to the purely diffusive sur-
face scattering assumed in the simulations [10]. Indeed,
recent experiments suggest that the scattering is partly
specular even at room temperature [31].

As we decrease the temperature, the MFPs become
longer. At 150 K, the short side of the MFP spectrum
shifts towards longer MFPs so that 70% of heat is car-
ried by phonons with MFP longer than 100 nm. Yet,
the longest MFPs remain below 400 nm, which is much
shorter than the MFP in bulk silicon at this temperature
(10−1 – 103 µm) [7]. At 4 K, almost all the phonons
have the MFP longer than 100 nm but still shorter than
600 nm. Thus, the phonon MFP in membranes remains
strongly suppressed as compared to that in bulk even at
4 K, when the surface phonon scattering should be pre-
dominantly specular [19].

Nevertheless, MFPs in the 100 – 600 nm range are suf-
ficiently long for multiple elastic reflections of phonons,
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provided that reflecting surfaces are smooth enough.
Such multiple reflections might cause phonon interference
in the periodic membrane-based nanostructures with sur-
face quality higher than in the present work. Indeed, low-
temperature experiments recently showed various effect
taking advantage of long MFP: quasi-ballistic conduc-
tion [14, 32], partly [27] or fully [33, 34] coherent heat
conduction in phononic crystals, ballistic heat guiding
and focusing [16]. Moreover, the measured 100 – 600
nm range of phonon MFPs at 4 K is consistent with the
strength of ballistic heat conduction measured in silicon
nanowires [19], where roughly 25% of phonons had MFPs
longer than 800 nm and 55% had MFPs shorter than 400
nm at 4 K.

IV. CONCLUSIONS

We have experimentally probed the phonon MFP spec-
tra in 145-nm-thick silicon membranes with the surface
roughness of 0.2 nm at different temperatures. Our
experiments and subsequent analysis showed that the
phonon MFPs in membranes are much shorter than in
bulk due to the phonon surface scattering induced by
the top and bottom boundaries of the membrane. At
room temperature, the 90% of heat is carried by phonons
with MFPs in the 30 – 300 nm range. At lower tem-
peratures, MFPs become longer as internal and diffuse
scattering processes weaken. The MFPs measured at 4
K are in the 100 – 600 nm range, which is wide enough
to involve ballistic or coherent heat conduction in realis-
tic membrane-based nanostructures. These data explain
why room-temperature heat conduction appears diffu-
sive at the length scales of several hundreds of nanome-
ters, whereas low-temperature heat conduction at this
scale becomes quasi-ballistic. In the future, the proposed
methods could be applied to investigate the MFP spec-
tra in materials with long bulk MFPs (BAs, SiC, or BN),
which will help to find better materials for future micro-
electronics.

APPENDIX A

Assuming that L∗c = A×Lc [21], we can extract the ge-
ometrical factor A by fitting the experimentally measured
thermal conductivity to the Callaway-Holland model, de-
scribed in our previous work [35]. Here, we used the re-
laxation time representing the surface scattering (τs) as
a fitting parameter. Taking into account that Lc for an
ideal case [13] is essentially Lc = 3w/(4H(w)), we can
write the relaxation time as τs = A × Lc/v, where v is
the phonon group velocity. Thus, using the geometrical

factor A as the only fitting parameter, we obtained the
best fits for data sets with p = 500 and 1000 nm for A
= 0.6 and 0.7, respectively, as shown in Fig. 5. Future
theoretical works should try to evaluate L∗c directly from
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Holland model.

Monte Carlo simulations of realistic two-dimensional ge-
ometries.

APPENDIX B

Figure 6 shows the sensitivity of the MFP spectra to
the various fitting parameters in Eq. 2. The functional
form of F (Λ) in Eq. 2 was chosen because of two rea-
sons: First, this function was derived by taking into ac-
count rigorous statistical considerations for a monotonic
increase between 0 and 1, as detailed in Ref. [22]. Sec-
ond, the three parameters α, β and Λ0 of F (Λ) drive
its respective changes at short, long, and intermediate
ranges of the MFP spectra. Thus, Eq. 2 enables us to
accurately describe the features of a cumulative function
in the whole interval of MFPs. Moreover, note that the
general behavior of F (Λ) cannot be reproduced by one
or two parameters, and multiple combinations of these
three parameters are not expected to provide similar fits
to the experimental data.
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