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We study the effective symmetry profiles of superconducting pair correlations and the flow of charge super-
current in ballistic Weyl semimetal systems with a tilted dispersion relation. Utilizing a microscopic method
in the ballistic regime and starting from both opposite-pseudospin (the band degree of freedom) and equal-
pseudospin phonon-mediated opposite-spin electron-electron couplings, we calculate the anomalous Green’s
function to study various superconducting pair correlations that Weyl semimetal systems may develop. The
momentum-space profile reveals that by properly manipulating the parameters of Weyl semimetal systems, in-
cluding the tilting parameter, the effective symmetry class of even-parity s-wave (odd-parity p-wave) supercon-
ducting correlations can be converted into a d-wave (f-wave) symmetry class that consists of equal-pseudospin
and opposite-pseudospin channels. We also find that the supercurrent in a ballistic Weyl Josephson junction
can be made to vanish or switch directions, depending on the tilt of the Weyl cones, in addition to the relevant
parameters characterizing the Weyl semimetal and junction. We show that inversion symmetry breaking terms
introduce transitions that result in the appearance of self-biased current at zero difference between the macro-
scopic phases of the superconducting segments, creating a ¢, Josephson state. Weyl semimetal systems are
shown to offer several experimentally tunable parameters to control the induction of higher harmonics into the

current phase relations.

I. INTRODUCTION

A Weyl semimetal (WS) is a topologically nontrivial phase
of matter that has been heavily pursued experimentally and
theoretically.!~3 The band structure in these materials exhibits
Weyl points, where the conduction and valence bands inter-
sect. Around these points, the energy dispersion of the quasi-
particle excitations has a conical profile. The Weyl points
only appear in pairs, which are identified by Weyl fermions
in real space, or a source or sink of Berry curvature in mo-
mentum space.*> This topological phase results in the band
structure in the bulk of Weyl semimetals being gapless, al-
though Fermi arc states connect pairs of Weyl points.® As
has been widely discussed, the presence of gapless surface
states opens up transport channels free from backscattering.
For a conventional type-I1 WS, the Fermi surface is point-like,
where electron and hole states occupy separate energy ranges
above or below the Weyl point.” By tilting the Weyl cones
through the tilt parameter 5, a type-II WS emerges with an
open Fermi surface containing electron and hole pockets near
the Weyl points.® Recently, some experimental signatures of
the type-Il WS phase have been reported.” Also, the optical
properties of type-I1 WSs have been investigated,'*! includ-
ing how tilt affects optical conductivity'?, absorption'"!3, and
Hall conductivity.'?

If the Weyl semimetal is intrinsically superconducting, or
becomes so through proximity effects, it can host surface-
localized Majorana fermions with zero energy.'*?%?® Since
Majorana fermions follow non-Abelian statistics and are their
own antiparticles, superconducting Weyl systems are an-
ticipated to play a promising role in topological quantum
computing.'>"'® Experimentally, superconductivity in Weyl
materials has been discovered in a variety of settings, includ-
ing in MoTe, under pressure, and in TaAs by photoemission
spectroscopy.'>?” It was reported that surface superconduc-
tivity can be induced in NbAs through ion irradiation.”’ Re-

cently, Nb-doped Bi,Se; and the heavy fermion superconduc-
tor UPt; were predicted to be Weyl superconductors.?? Apart
from naturally occurring materials, superconductivity in Weyl
semimetals may also be realized through doping?*>>. These
intriguing phenomena have motivated a significant wave of
interest to the Weyl metal systems both theoretically and
experimentally, '-26-30:33-65

When discussing the superconducting state of a Weyl
semimetal, the symmetry of the electron-electron coupling po-
tential, A, is an important property that gives insight into the
nature of the pairing correlations. Moreover, when a relation-
ship exists between the quasiparticle excitations in the Weyl
phase and the pair correlations, a more complete understand-
ing of the underlying electronic structure can be obtained. As
a typical example, hybrid superconducting systems contain-
ing inhomogenous ferromagnets can generate odd-frequency
equal-spin triplet pairs. In these systems, the triplet pairs are
accompanied by a zero energy peak in the density of states,
which might be a signature of spin-triplet superconducting
correlations. For an overview of this phenomenon see Refs.
66-71 and references therein. The dominant pairing symme-
try in a system however, depends on many factors, includ-
ing the band structure and strength of the pairing interactions.
Thus, by implementing complimentary experimental probes
that identify thermodynamic or spectroscopic signatures, the
pairing symmetries and associated pairing mechanisms and
types of interactions can be clarified.

A macroscopic quantum effect that can reveal experimental
signatures of the electronic properties of the Weyl semimetal
is the Josephson current, which arises from a phase dif-
ference across two superconducting segments in a junction.
Applications involving Josephson junctions has grown due
to their impact and potential improvements in next genera-
tion superconducting computing, nonvolatile memories, and
magnetometers,’> where single flux quantum circuits contain
numerous arrangements of Josephson junctions to improve



speed and sensitivity. To determine the thermodynamic prop-
erties of practical cryogenic Weyl devices, it is crucial to un-
derstand the behavior of charge current flow in these types of
systems.

This paper contains two main parts. Since the supercon-
ducting pair correlations can reveal hints of the host material,
including lattice interactions, electronic structure, and pairing
mechanism, the symmetry of the superconducting correlations
can play a significant role in most experimental tests. Thus,
first we study the symmetry profiles of the superconducting
correlations that a tilted WS (in the type-I and type-II phases)
might develop through opposite-pseudospin (Pspin - the band
degree of freedom) and equal-pseudospin phonon-mediated
opposite-spin electron-electron coupling. In order to study
the symmetries of the superconducting correlations, we con-
struct the Green’s function in the ballistic regime. We derive
analytical expressions for the Green’s function components
and explore both analytically and numerically the behavior
of the pair correlations for a variety of WS system parame-
ters. Our results show that, depending on the parameters, a
WS can support superconducting pair correlations with effec-
tive s-wave and p-wave symmetry classes that are even-parity
and odd-parity, consisting of opposite-Pspin and equal-Pspin
channels. Importantly, we find that by properly tuning the
parameters of a WS, including the tilting parameter 3, the ef-
fective s-wave and p-wave symmetry classes can evolve into
d-wave and f-wave classes. Thus, our results suggest that this
type of superconducting WS platform can serve as a “switch”
that converts the symmetry classes of the superconducting
correlations. These predictions can be confirmed by high
resolution angular point-contact spectroscopy experiments or
Meissner-effect based experiments that are suitable to perform
the directional-dependency of superconducting correlations.
The findings here may also stimulate further studies involv-
ing scenarios similar to a recent experiment where supercon-
ductivity in a Weyl semimetal subject to external strain was
studied®.

The second part of this paper is devoted to the transport of
dissipationless charge current. We make use of wavefunctions
derived from an exact diagonalization of the Bogoliubov-de
Gennes Hamiltonian, without applying any simplifying ap-
proximations. A phase difference ¢ is established across a
Josephson junction to study the behavior of the supercurrent
in a superconductor (S)-normal metal (N)- superconductor (S)
junction. We consider the situation where superconductivity
arises from unequal spin quasiparticles belonging to different
Pspins. We find that by varying various parameters, including
3, and the inversion breaking parameters of the WS, the sys-
tem can experience a transition whereby the current reverses
direction and changes its periodicity from 27 to 4r at the re-
versal points. The inclusion of a proper inversion breaking
parameter creates a situation where a self-biased current can
flow through the junction with ¢ = 0, creating a ¢, Josephson
state. Our results demonstrate that the self-biased supercur-
rent is controllable by different parameters of the WS junction,
including $ and junction length. In contrast to previous works
where an exchange field is a necessary ingredient?$2%77-7%,
the ¢y state explored here relies on inherent parameters of

the WS Josephson junction independent of the density of non-
magnetic impurities and disorder that might be introduced in
the system?’. Our results in the ballistic regime are consistent
with those explored in the diffusive limit of the quasiclassical
regime?’.

In Sec. II, we outline the model Hamiltonian used and we
establish the Green’s function formalism for calculating the
pairing correlations that can inhabit a Weyl semimetal with
the possibility of a tilting parameter that can render the WS to
a type-II phase. We also discuss the opposite-Pspin and equal-
Pspin phonon-mediated electron-electron coupling model that
is used to derive the components of the Green’s function. We
next utilize a quantum mechanical approach to find the super-
current in a Josephson junction structure comprised of a WS.
In Sec. III, we present results for both the pairing correlation
symmetries, and the current phase relations for the charge su-
percurrent. Finally, concluding remarks are given in Sec. IV.

II. METHODS

To model a superconducting WS system, supporting type-I
and type-II phases®®*?, we use the following Bogoliubov-de
Gennes Hamiltonian in the Nambu space:
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in which u is the chemical potential, k is the momentum of
quasiparticles, A is the superconducting gap, and T repre-
sents the transpose. The effective Hamiltonian H.g in the low-
energy regime, can be then expressed as,
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where the associated 1 X 8 field operator for this Hamiltonian
is given by . = [k, -k, and ), = (Wl ¥, wh, ¥ in
which the Pspin (the band degree of freedom) and spin indices
are denoted by A, B and T, |, respectively.

The diagonal block elements of Eq. (1) are explicitly ex-
pressed as:

H(k) =B +yr.)(k: — Q) + n(k; + k)T +

ack Ty + ayky Ty + azk T, ©)
where the two Weyl points are separated by Q in momentum
space. We will consider a broad range of orbital parameters
@y, and tilt of the Weyl cones, i.e., 8, which is responsi-
ble for driving the system into the type-II phase. We will
also consider both positive and negative values of the band-
structure parameters 3 and vy, with the latter being responsible
for breaking time reversal symmetry and band splitting. Also,
a nonzero «; shifts the Weyl nodes in energies while a,, can
induce a gap at the nodes. The dimension of §,y,n is eV-A2
and a, , , possess eV-A unit. Also, the chemical potential that
enters the formalism later is in the units of eV and the mo-
menta are scaled using A 283!



In what follows, we consider a situation where the super-
conductivity is a consequence of (1) opposite-Pspin and (2)
equal-Pspin phonon-mediated mechanism. We also consider a
model of opposite-spin electron-electron interactions through-
out the paper. The first type of pairing mechanism is charac-
terized by the following two-electron amplitudes:

Al wy, ) + he. )

where AAf is the gap representing BCS spin-singlet phonon
mediatec{ electron-electron coupling between the A and B
Pspins. The second type of pairing mechanism can be ex-
pressed by

AN whwh,) + he. (5a)
APE(wiwy, ) + he. (5b)

where A%4 and A?P correspond to the gap for BCS spin-singlet
phonon mediated electron-electron coupling for each Pspin.
In the following, to simplify notation, we suppress the indices
so that when applicable, A‘?f = Aand A?f = AfB = A

We next consider the Green’s functions %or the Weyl
semimetal system in the presence of superconductivity. The
normal Green’s functions g and the anomalous Green’s func-

tions f are defined as follows:
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where 7 is the time ordering operator, and 7, 7’ are the imagi-
nary times. Here, p, o’ and o, o’ denote the spin and Pspin in-
dices and (...) denotes thermodynamic averaging. In particle-
hole space, the Green’s function satisfies,

A(r) — iw, Ar) o
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)

in which w, = 7(2n + 1)kpT is the Matsubara frequency, n €
Z, kp is the Boltzman constant, T is temperature, 7¢ is the
time reversal operator, and A(r) is the superconducting gap
in real space. Note that the Hamiltonian in real space H(r) is
obtained by replacing ik = (0, 8y, 0;) in H(k), in Eq. (3). The
matrix form of the Green’s function reads:

v/, , g(iwn;l',l") f(ia)n;r,r’)
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where we denote the 4 X 4 matrices by the symbol, .. , and
8 X 8 matrices by the symbol, .7. .

In order to calculate the supercurrent flowing through a
Weyl semimetal Josephson junction, we assume a steady state
situation where the charge density p in the system is constant
in time, namely dp/d, = 0. To ultimately calculate the charge
current density, we employ the quantum mechanical definition

of the time-evolution of p for a generic system that ensures
charge conservation in the steady state, namely:
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Here Hypyopr is the component form of Eq. (1) with the
Pspin, spin, and particle-hole (v, v") indices written explicitly.
We now use the law of current conservation to arrive at the
following quantum mechanical expression for the current den-
sity:

J = [darid @ HEWE) - Y H@IE)L  (10)

where H(r) is given by Eq. (1), after the substitution ik =
(Ox, 8y, 0;). The arrows point to the specific wavefunctions
that are acted on by the derivative operators in the Hamil-
tonian. Note that any property of the system (including
anisotropy and inhomogeneity) are indeed imbedded within
the Hamiltonian of the system, associated wavefunctions, and
boundary conditions (see below for more details).

III. RESULTS AND DISCUSSIONS

In this section we present results that depict representative
behavior of the pair correlation profiles that may evolve in
Weyl semimetal systems. We examine the momentum-space
profiles and show that by varying experimentally relevant pa-
rameters, the effective symmetry classes of the superconduct-
ing correlations can undergo significant transformations. To
compliment this, the charge supercurrent flow is then stud-
ied in a ballistic SNS Josephson structure, where a phase dif-
ference between the two superconducting electrodes is estab-
lished. The direction and periodicity of supercurrent flow, and
the possible emergence of 0-r transitions are investigated as
a function of orbital effects, as well as tilt and spacing of the
Weyl cones.

A. Symmetry profile of superconducting pair correlations

Here we present the anomalous Green’s function f(iw; k)
and explore different symmetries that may arise by manipu-
lating the Weyl semimetal material parameters. In the calcu-
lations that follow, we consider a representative node sepa-
ration corresponding to Q = 0.4x, and note that our conclu-
sions are independent of this specific choice. For simplicity,
we consider the zeroth mode of the Matsubara frequency, fol-
lowing the fact that parity is not affected by the frequency do-
main. Each component of f(iw; k) describes a specific pairing
correlation function. To further simplify our calculations, we
consider a system that is invariant in all directions so that the
momenta K, ,, . are good quantum numbers and can be treated
algebraically in momentum space. By solving Eq. (7) in con-
junction with the opposite-Pspin phonon mediated coupling
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FIG. 1. (Color online). Real and imaginary parts of the superconducting correlations for the opposite-pseudospin phonon mediated electron-
electron interaction plotted as a function of momenta k, and k.. For illustrative purposes, the momentum component k, is set to zero. The
following pair correlations are shown: fTAlA and fTAlB. (a)-(b) (y > B) We use the representative parameters y = 1.3, 8 = 0.1, @, = @, = 0.2,
pu=05n=1,and Q = 0.4x. (c)-(d) (y < B) We use the representative parameters y = 0.1, 8 = 1.3, @, = @, = 0.2, u = 0.5, 7 = 1, and
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FIG. 2. (Color online). Real and imaginary parts of the superconducting correlations for the equal-pseudospin phonon mediated electron-
electron interaction plotted as a function of momenta k, and k. The following pair correlations are shown: fﬁ"‘ and fTAf . The parameters here

are the same as in Fig. 1.

of Eq. (4), we end up with the following expressions for the superconducting correlations:

F =0
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a2, (12 + k) + a2k + 2azk.(u — BQ) - 2upQ|
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FIG. 3. (Color online). Real and imaginary parts of the superconducting correlations f{lA and T“f plotted as a function of momenta k,

and k. (a)-(b) The opposite-pseudospin phonon mediated electron-electron interaction is considered and parameters are identical to those of
Figs. 1(a)-1(b) except we now set y = —1.3. (c¢)-(d) The equal-pseudospin phonon mediated electron-electron interaction is set and parameters
are identical to those of Figs. 2(a)-2(b), except now we flip the sign of y to minus y = —1.3.

in which D is given by:

D =(k; + k), (—1° + (k3 + kD, + A + 2u(BQ — iw,) + (ko + A + (B +Y)Q — iw,) (k.o + A = BQ + yQ + iw,))+
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where we have defined Q = k? — 0%, and A = (k} + k7). In a
similar fashion, and using the symmetry relations appropriate
for the Green’s function components, one can obtain the other
components of f(iw; k). We have derived all components of
g(iw; k), however for the purposes shown in this work, the
components presented above are adequate.

Here, we have set a, = @, = a,, to further simplify our
expressions. Note that if we set ay, = 0, Eq. (12) reduces to,

D =N+ (—p+ka, —A+BQ—yQ + iw,) (13)
U=k, — A = (B+Y)Q+ iw,), (14)

and we also find,
fﬁA =0, (15a)
jﬁf =0, (15b)
fﬁB =0, (15¢)
R =5 (15d)

As seen, the orbital term is indeed responsible for inducing
equal-Pspin pair correlations in WS so that fTAlAis directly
proportional to a,,. The expression governing the equal-
Pspin component of the anomalous Green’s function (when

12)

@y # 0) in Eq. (11b) has several important features: The nu-
merator is proportional to _ = k,—ik,, which is of odd-parity,
and corresponds to an effective p-wave symmetry (p, — ipy).
The second term in parentheses, 9_, containing Q and A, is
of even-parity and has a symmetry expressible in the form
lal(k3 + k3) % |blkZ, where a and b are coefficients that depend
on 1,7y, and B. Specifically, from 9., we find that a = 1 and
b = (y — B). Hence, depending on the choice of parameters
(for example, in the regime where 5 > y or 8 < ), the sym-
metry classification for the second term can be of the s-wave
(|a|(k)26 + kﬁ) + |b|k§) or d-wave (|a|(k)26 + k}z,) - |b|kZ2) types. De-
pending on the symmetry of 9_, the numerator of Eq. (11b)
belongs to the p-wave or f-wave symmetry classes. The com-
plete symmetry profiles of flATA’BB depend also on the sym-
metry of the denominator 9. Therefore, in what follows, we
study effective symmetries of the superconducting pair cor-
relations. Upon variations of the parameters 7,7y, and 8 in
Egs. (11b) and (11d), it is evident that the cumulative effect
on fﬁA and fTAlB is to produce a spatial symmetry that can
be classified as effectively p-wave and f-wave. Although D
can have an effective s-wave symmetry, depending on 7, y, 3,
if . is nonzero, the overall symmetry of f44 and fiP can
change as seen in Egs. (12) and (13). Although more lengthy,



an analysis of the components fT | » and fﬁA reveals similar
possibilities. For instance, if we set @, = 0, we see that the
numerators of fTBf can show either s-wave or d-wave effec-
tive symmetries, depending again, on the parameters 7, y, and
. Thus, for the phonon mediated unequal-Pspin scenario, the
superconducting pairing correlations can change their effec-
tive spatial symmetry profiles from one symmetry class to an-
other, simply by manipulating the material parameters of a
Weyl semimetal. As recently demonstrated, control of these
parameters is possible by, for example, applying strain to the
system.”®3! Also, unconventional pairings and their symme-
tries were recently studied in systems with and without the
lack of inversion symmetry.’*7 It is also worth noting that
our results above illustrate that superconding Weyl semimet-
als can develop odd-frequency symmetries.”®

To further shed light on the symmetry profiles of these su-
perconducting correlations, in Figs. 1-3, we present a few
representative profiles for the real and imaginary parts of the
equal-Pspin and opposite-Pspin components as a function of
the momenta k, and k,. The upper row of panels corresponds
to the real parts, while the bottom row is for the imaginary
parts. For simplicity, we consider zero momentum along y,
ky, = 0. We also consider here two regimes (8 <y and 8 > )
and equal strengths of the orbital parameters: a, = a,, = 0.2.
In Figs. 1(a)-1(b) we implement a representative set of param-
eters: y=13,8=0.1,u=0.5,7=1,and Q = 0.47. As seen
in Figs. 1(b1) and 1(b2), the effective symmetry of the f;"
correlations are of the s-wave type, which is indeed fully con-
sistent with our discussion of Eq. (11d). Likewise, Figs. 1(al)
and 1(a2) show that the effective symmetry of both imaginary
and real parts of f;|* are of the p-wave type, consistent with
Egs. (11b). We note that here we consider the regime where

y > p.

In order to illustrate how the effective d-wave and f-wave
symmetries might evolve, we now set y = 0.1 and 8 = 1.3,
corresponding to the y < § regime. Note that, according to

D = — (—ky + iky )y (ky

We see that this kind of pairing interaction results in com-
plicated expressions for the superconducting correlations,
specifically for the denominator. Therefore, we evaluate them
numerically in Fig. 2. Similar to the previous case, if we set
@y = 0, the expressions simplify considerably:

fTT = (18a)
AA A

le :5’ (18b)

.ﬂ3= (18¢)

P = (184d)

the discussion above, one is able to achieve similar symmetry
changes in the effective symmetry profiles (described below)
by tuning and/or reversing the sign of the parameters vy, 7,
and . The resultant superconducting correlations are shown
in Figs. 1(c)-1(d). We clearly observe in Figs. 1(bl), 1(b2),
1(d1), and 1(d2) that the previous effective s-wave symme-
try has transformed into an effective d-wave class. Likewise,
Figs. 1(al), 1(a2), 1(cl), and 1(c2) illustrate that the previous
effective p-wave symmetry has become of the f-wave type,
which arises from the multiplication of terms with effective
p-wave and d-wave symmetries, as discussed in connection
with Eqs. (11b) and (11d). As for the effects of increasing the
tilt parameter S, Egs. (11) reveal that there are two competing
effects that determine the final symmetry of the pair correla-
tions: As 8 increases, the pair correlations involving the term
(v — B) decrease their s-wave character [lal(k} + k7) + |bIkZ],
which is countered by the parameter y and drives the correla-
tions into a d-wave symmetry class [Ial(kﬁ + k%) - |b|k§]. Thus,
a multitude of possibilities arise for the pair correlation sym-
metries depending on the material properties and whether the
Weyl semimetal is type-I or type-II.

To gain additional insight, we have also calculated the
superconducting pairing correlations starting from an equal-
Pspin scenario given by Eq. (5). After performing the calcu-
lations, we find the following expressions for the components
of anomalous Green’s function:

fTT = (16a)
fTAlA ZB[A((kx — iky)ag, + A%+ (u+ A+

(=B + Q) - (k. + iw,)")], (16b)
fA =0, (16¢)

1
[20y Ak (u + kocrz —

f'=-p

— ) + iky(A + yQ + iw,))],
(16d)

— iky)ary A + (ki + iky) ey (—7 + (k5 + k), + 2u(BQ — iwy,) + (ko + A + (B +Y)Q — iw,)
(koo + A = BQ+yQ + iwy))) + A ((ky + iky) oy + A + (—p + A + (B+7)Q)
(N (u+ ke, + A = BQ+yQ + iw,) + (W = (K + k)ers,
(k.a, + A — BQ + yQ + iw,) + u(—2BQ + 2iw,))(—u — ka, + A+ (B + ¥)Q + iw,))(—u + ko, — A + BQ —

— (ke; — iwy)*)+

—(kya, + A+ (B+y)Q —iw,)

YQ + iwy).
(17)
D =N +(—u+A+B+y)Q)°* - (ka, —iwy)*.  (19)

In agreement with our initial assumption for the electron-
electron interactions [i.e., Eq. (5)], we find that fT AA (or equiv-

alently fBB) is the only nonzero component with even-parity
when a,; = 0, which is evidently of the s-wave type. In Fig. 2,
we have plotted the equal-Pspin and opposite-Pspin compo-
nents of Green’s function as a function of k., k;, where k, = 0.
The parameters set are identical to that used in Fig. 1. As
seen in Figs. 2(a)-2(b) and 2(c)-2(d), when we move from the
y > B regime to the regime where y < (3, only fTAlB shows a

discernible change in its spatial symmetry, while fTAlA remains
almost entirely intact. This is in contrast to the previous cases



where both components f;\® and f;* show changes in their
symmetries. Nevertheless, we can conclude that the symmetry
change is robust and can occur for the two electron-electron
interaction scenarios considered in this paper (see also the fol-
lowing discussions).

Figure 3 illustrates the pairing correlations ﬁB and ﬁA,

where we have simply flipped the sign of y = —1.3, and
kept 8 = 0.1 unchanged. In Figs. 3(a)-3(b), we plot the
correlations for when the interaction between electrons with
opposite spins are of the opposite-Pspins [Eq. (4)]. In con-
trast, Figs. 3(c)-3(d) correspond to equal-Pspin opposite-spin
electron-electron interactions. It can be seen that by flipping
the sign of y, one can achieve pronounced symmetry changes
in the superconducting correlations. The same feature can be
observed when the sign of 3 is reversed in the opposite regime
where § > y (not shown).

Note that the possibility of symmetry change in spatial pro-
files of pair correlations relies on a sign change of the mo-
menta coefficients. Such situations can be precisely deter-
mined by first-principles calculations; e.g., when the system
experiences external strain or is subject to doping and inter-
calation. A practical example is when a black phosphorus
monolayer is under the application of an external strain, as
was recently discussed?®!. The band-structure parameters
were obtained using density-functional-theory computations,
and symmetry calculations demonstrated that the momenta
coefficients can change sign depending on the strength and
direction of the applied in-plane strain. Hence, angular point-
contact tunneling spectroscopy experiments or Meissner ef-
fect imaging are ideal probes to confirm the symmetry-change
predictions discussed above.

An important phenomenon that can be additionally ac-
counted for in our calculations and serve as a controlling pa-
rameter, is an exchange field*®?°. Although we have not ex-
plicitly written it in our formulations, to incorporate an ex-
change field with three nonzero components #;, the terms
hypx + hypy + h_p; should be attached to each Pspin [see Refs.
28-31], in which p; are Pauli matrices in spin space. We have
investigated the superconducting pair correlations when the
exchange field is nonzero in different directions. Our results
(not shown) illustrate that the change of symmetry classes pre-
dicted above occurs for the spin-triplet superconducting cor-
relations as well in the presence of an exchange field.

Our theoretical methods may also be extended to a scenario
similar to the one investigated in a recent experiment that ob-
served controlled superconductivity in MoTe, by the applica-
tion of an external mechanical strain®. It was observed that by
the application of strain to MoTe,, the superconducting criti-
cal temperature 7' increased. In consideration of this, it would
be of interest to study T for WS systems over a broad range
of material and geometrical parameters. In this case, the su-
perconducting gap function should be solved self-consistently
to extract 7., which is however, a nontrivial and formidable
task that is postponed for future works.58!

Superconductor Superconductor

Weyl Semimetal

FIG. 4. (Color online). Schematic of a Weyl semimetal Josephson
junction. The junction interfaces lie in the xy plane, with the normal
to the interfaces along the z direction. The interfaces between the
normal state Weyl semimetal and the superconductors are located
at z = =d/2. The width of the junction is W and the macroscopic
phase of the left and right superconductors are labeled by ¢; and ¢,,
respectively.

B. Charge Supercurrent

We now proceed to investigate the supercurrent flow
through a Weyl Josephson junction. We consider a SNS type
structure with a phase difference ¢ = ¢; — ¢, established be-
tween the two superconducting electrodes [see Fig. 4]. To
compute the total charge current, we take the current density
perpendicular to the interface, which is in our case J,, and

integrate over the x direction, i.e., I(p) = fOWX dxJ,(x,z, ).
Note that the current is independent of the z-coordinate as re-
quired by charge conservation. Upon diagonalizing H(r), we
calculate the spinors ¥, within each region. Next, in or-
der to obtain appropriate wavefunction in the normal region
of the Josephson configuration, we match wavefunctions at
the left J;(z = —d/2) = §.(z = —d/2) and right bound-
aries Y,(z = +d/2) = ¥(z = +d/2), and apply the con-
tinuity condition 0 H;(k)W; = Ok H.(k),, at the left and
right superconductor interfaces. At the left boundary, H; and
H, correspond to the Hamiltonians of the superconducting
and normal regions (iJ; and i), are their associated wavefunc-
tions), respectively, whereas at the right boundary they rep-
resent the Hamiltonians of the normal and superconducting
regions, respectively. We note that, in order to accommo-
date a wide range of parameters without missing the impor-
tant physics, we make no assumptions and approximations
regarding the strength of the parameters involved that would
normally simplify the wavefunctions. For example, the quasi-
classical approximation assumes that y is largest energy in the
system, which considerably simplifies the wavefunctions, but
at the cost of losing important information for regimes where
u is small?*?°, The resultant analytic expressions involving
1 x 8 spinors are therefore very cumbersome, and we omit the
explicit expressions, presenting numerical results only when
evaluating observable quantities. The junction length is fixed
at a finite representative value (d ~ 7.5 nm), and we assume
that the junction width W is sufficiently large (W =~ 100 nm)
so that boundary effects along the width direction are negli-
gible. The central junction segment is undoped with uy = 0,



FIG. 5. (Color online). Current density flowing in the z direction, J,(¢), as a function of superconducting phase difference ¢ applied across
the junction for various values of the tilting parameter 8 and separation of Weyl nodes Q (see legends). In (a) the orbital term «, is set zero. In
(b) the orbital term «, possesses a representative finite value of 0.2. In (c) we set @, zero and vary Q. The other parameters are set as follows:

v=05p8=02,a,,=1,andnp = 1.

while the chemical potential in the superconducting segments
have the representative value us = 0.4. It is assumed that su-
perconductivity is induced into the Weyl semimetal by virtue
of proximity effects. From the component of the current den-
sity normal to the interfaces, J;, the charge current flowing
through the junction corresponds to 2eJ,|A|W/h. As seen from
the components of the Hamiltonian in Eq. (3), the conical tilt-
ing parameter 8 and the inversion symmetry breaking terms
Qyy, @, are expected to strongly influence the flow of charge
through the junction.

We show in Fig. 5, the supercurrent density J; as a function
of ¢ for a moderate range of the Weyl cone tilting parameter 5
(see legend). Two different anisotropic states are considered:
(a) where the orbital term vanishes a, = 0, and (b) @, = 0.2.
When the orbital term is set to zero, we see in Fig. 5(a) that the
supercurrent profile has the conventional sinusoidal 27 period-
icity. Increasing the tilt of the Weyl cones is shown to cause
a non-monotonic variation in the amplitudes. Indeed, by tun-
ing 3 appropriately, the current can almost vanish or change
direction altogether. Note that the current-phase periodicity
changes to 4r by the presence of higher harmonics at the cur-
rent reversal points®®?°. The appearance of higher order har-
monics in the current-phase-relation can be made more pro-
nounced by manipulating the WS parameter set (not shown).
Next, in Fig. 5(b) the inversion symmetry breaking term takes
a representative value corresponding to @; = 0.2. By in-
troducing a z-component to the inversion symmetry breaking
term, the current-phase-relation undergoes a phase shift lead-
ing to a nonvanishing current at ¢ = 0, 7, creating a ¢-state.
Our results are consistent with recent findings in quasiclas-
sical Weyl semimetal systems containing disorder?’. Within
a quasiclassical approach, it was found that supercurrent can
flow through a triplet channel, and the ¢, state is independent
of the diffusion constant, demonstrating that this self-biased
current can occur regardless of the density of nonmagnetic

impurities and disorder in WS systems. Hence, the predicted
robust self-biased current should be experimentally accessible
over a wide range of parameters.>’-?%77-79-8283 It is worth men-
tioning that in a recent experiment,®’ this self-biased current
was observed using a Bi,Se; platform, which is in agreement
with theoretical predictions for topological insulator Joseph-
son junctions’’~7°,

We also see that for type-II Weyl semimetals, increases in
the conical tilt leads to a nontrivial current density that is
accompanied by the appearance of additional harmonics. In
Fig. 5(c), we investigate the effects of varying the Weyl node
separation parameter Q. Here we set @, = 0, and 8 = 0.2.
We clearly see that this parameter can also control the direc-
tion and magnitude of the supercurrent, as well as the appear-
ance of higher harmonics. In addition, the junction thick-
ness d can be exploited for controlling these phenomena in
the supercurrent (not shown). Hence, our results demonstrate
that a Josephson junction made of a type-I or type-II Weyl
semimetal offers experimentally accessible parameters that
can essentially act as control knobs to tune the supercurrent
behavior. In many instances, these parameters are externally
controllable, e.g., by applying an external strain®®?. For the
exhibited sign reversals, manifestation of higher harmonics,
and induction of a ¢ state in the supercurrents shown above,
no exchange interaction or Zeeman field was involved. This
is in contrast to previously proposed platforms where the ex-
change field is an essential ingredient, and which might com-
plicate experimental situations.

An experimentally relevant quantity is the critical super-
current (maximum of the charge supercurrent defined by
max(|J,(¢)])) that can vary when one of the junction param-
eters changes. The generic behaviour of the critical supercur-
rent in the Weyl semimetal Josephson junction we considered
can be inferred from Fig. 5. For example, from Fig. 5(a) it is
clear that the critical current in such a junction oscillates as a
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FIG. 6. (Color online). Critical charge current density Jp,, flowing
across the Josephson junction shown in Fig. 5 as a function of junc-
tion thickness d. In (a) we set Q = 0.4 and (b) Q = 0.77 and show
the influence of the tilting parameter 8 on the critical supercurrent.
The rest of junction’s parameters are set as follows: y = 0.5, o, = 1,
a,=0,andn = 1.

function of 8. The behaviour of the critical current can sim-
ilarly be seen by considering other parameters, such as Q (in
Fig. 5(c)). These findings are summarized in the critical cur-
rent plots shown in Fig. 6. In order to be consistent with the
current phase relations presented in Fig. 5, we use identical
parameters in Fig. 6. In Fig. 6(a) we set Q = 0.4x and in 6(b)
Q = 0.7n. The critical supercurrent is shown as a function of
junction thickness d for various values of the tilting parame-
ter 8 = 0.1,0.2,0.3,0.4,0.45,0.55. We see that the supercur-
rent undergoes multiple O-7 reversals by varying the junction
thickness. Depending on Q and the value for 7y, increasing the
tilting parameter beyond a threshold value causes the critical
supercurrent to change its behaviour drastically, as it reduces
to a simple decaying function. This behaviour is originated
from the now dominated tilting parameter, which is consistent
with Ref.?’. Increasing § results in amplifying the magnitude
of critical supercurrent. It is worth mentioning that we have
purposefully chosen the orientation of the junction length to
be along the z direction. Because the Hamiltonian in Eq. (1) is
not isotropic, the most interesting features of current transport
in the model Weyl semimetal we consider appears when the
current flows in the z direction. The behavior follows from

the interplay of broken time reversal and inversion symme-
tries in this specific direction. From Eq. (1), it is apparent
that the interesting phenomena presented in Fig. 5 are absent
when the Josephson junction is directed either along x or y,
so that the SN and NS interfaces are oriented along z (y or x
orientations, respectively). In particular, the appearance of the
¢ self-biased Josephson state is specific to the charge current
component flowing in the z direction in our model Hamilto-
nian [Eq. (1)]. Lastly, it is worth mentioning that recent exper-
iments on Cd3;As; semimetal Josephson junctions have found
4r periodic current phase relations®*#3. This 47 periodic cur-
rent phase relation is attributed to the presence of topological
superconductivity. Note that a 4 periodic current phase re-
lation can also appear in a ballistic Josephson junction made
of surface states of a three-dimensional topological insulator,
and persist even in the quasiclassical regime where the chem-
ical potential is large compared to other energy scales’®.

IV. CONCLUSIONS

Starting from equal-pseudospin and unequal-pseudospin
phonon mediated spin-singlet electron pair couplings, we
have studied the effective superconducting correlations that
can exist in a Weyl semimetal system with the possible tilt-
ing of the Weyl cones, rendering the WS into type-II phase.
We have considered a situation where the quasiparticle mo-
menta are good quantum numbers, and derived the compo-
nents of the Green’s function that allow us to investigate the
effective symmetry profiles of various superconducting cor-
relations. Our results demonstrate that by properly engineer-
ing a Weyl semimetal system using intrinsic, and externally
controllable parameters, the superconducting correlations can
change symmetries from effective s-wave and p-wave classes
to d-wave and f-wave types. Our results may provide a the-
oretical scenario for a recent experiment where it was ob-
served that superconductivity in the MoTe, Weyl semimetal
depends on the applied strain of the system®. By diagonal-
izing the Bogoliubov-de Gennes Hamiltonian and deriving
the corresponding wavefunctions®®? (without any simplify-
ing approximations’), we also found the supercurrent flow
within a Josephson junction comprised of a ballistic Weyl
semimetal. We demonstrated that a Weyl semimetal Joseph-
son junction presents a practical platform to create a device
that has several tunable parameters which control the direc-
tion and periodicity of supercurrent flow, induce multiple 0-r
crossovers in the critical charge current, and generates a ¢
Josephson state.
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