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In the superconducting regime of FeTe(;_,)Se., there exist two types of vortices which are dis-
tinct by the presence or absence of zero energy states in their core. To understand their origin,
we examine the interplay of Zeeman coupling and superconducting pairings in three-dimensional
metals with band inversion. Weak Zeeman fields are found to suppress the intra-orbital spin-singlet
pairing, known to localize the states at the ends of the vortices on the surface. On the other hand,
an orbital-triplet pairing is shown to be stable against Zeeman interactions, but leads to delocal-
ized zero-energy Majorana modes which extend through the vortex. In contrast, the finite-energy
vortex modes remain localized at the vortex ends even when the pairing is of orbital-triplet form.
Phenomenologically, this manifests as an observed disappearance of zero-bias peaks within the cores
of topological vortices upon increase of the applied magnetic field. The presence of magnetic im-
purities in FeTe(;_,)Se,, which are attracted to the vortices, would lead to such Zeeman-induced
delocalization of Majorana modes in a fraction of vortices that capture a large enough number of
magnetic impurities. Our results provide an explanation to the dichotomy between topological and

non-topological vortices recently observed in FeTe(;_z)Sez.

Introduction: To date, one of the major impediments
in the search for Majorana fermions (MFs) is the re-
quired intrinsict* or induced® ¥ topological superconduc-
tivity. Of the available materials that possess topology,
superconductivity and magnetism, iron-based supercon-
ductors are of recent interest”19, In particular, the FeTe
0.555¢€0.45 (FTS) has recently been shown to have the
band inversion that results in a helical, topologically-
protected, Dirac cone on the surface’®  The phe-
nomenology of vortices, proliferated in the presence of
magnetic fields, is also noteworthy in FTS2*23 The low
charge density in FTS is experimentally advantageous
as it results in large Caroli-de Gennes-Matricon (CDM)
vortex mode gaps? which facilitates the spectral detec-
tion of zero-energy vortex modes via scanning tunneling
microscopy (STM).

While the evidence of MF's in FTS has been observed, a
comprehensive understanding of the salient physics of the
vortex composition is lacking. More precisely, the energy
spectra of the vortices follow two different hierarchies rel-
ative to the CDM vortex gap, § = %2, where A is the
bulk superconducting gap and p is the chemical potential.
The trivial vortex energy spectrum scales as (n + 1/2)4,
(with n € Z) which does not include the zero mode,
whereas the topological vortices follow nd. Addition-
ally, the percentage of vortices with zero-energy modes
decreases as the perpendicular magnetic field increases,
even-though the inter-vortex distances are larger than the
superconducting coherence length?!21i23126 Nore over,

the distribution of vortices with and without zero mode
has no correlation with the charge disorder on the surface
of the material?t. These features, on aggregate, suggest
that the properties that distinguish the two classes of vor-
tices stem from the bulk properties of individual vortex
rather than those of the surface states. In particular the
effects of magnetic field, beyond generation of vortices,
might crucially affect the properties of superconducting
state and the vortices.

Motivated by experimental observations, we examine
the effects of Zeeman coupling on the vortex modes in
FTS. As the topological properties of FTS are driven by
band inversion, we eschew more complex band models
and utilize a simple model of a doped 3D time-reversal
symmetric (TRS) topological insulator (TI) which has
been used as an appropriate toy model to investigate the
properties of vortices in FTS2729  Due to the strong
spin-orbit coupling, Zeeman field splits the the degener-
ate Fermi surface in TRS TT into two helical Fermi sur-
faces with opposite helicity=!. In this letter, we show that
the split Fermi surfaces prefer an orbital-triplet supercon-
ducting pairing which delocalizes the MF modes at the
ends of the vortices on the surface. To make direct con-
nection with the dichotomy of vortices in FTS we note
that the Zeeman field would result from the magnetic
impurities along the vortex coré®¥32, Interestingly, such
magnetic Fe impurities are known to exists in FTS3354
and interact with the vortices®L. In addition, increase of
magnetic field naturally leads to enhancement of Zeeman



coupling which further destabilize the topological vor-
tices, as is experimentally observed. We should also note
that neutron scattering measurements have shown the
evidence of ferromagnetic clusters of Fe atoms in FTS%.,
Therefore, the decrease of the concentration of the Fe
impurities is directly linked to the increase of the frac-
tion of topologicla vortices. Observation of the clusters
of vortices, with and without zero energy vortex modes,
would further support our theory.

Model Hamiltonian: The 3D TRS TI is rep-
resented by the tight-binding Hamiltonian Hyx =
Dk 1/)11 [Txdx.0 + my T, — ] Yy where Pauli matrices o;
and 7; act on spin and orbital space respectively, di, =
2tsin(k;), mx = M 4+ mqg ), cos(k;) and M, my, t are
parameters of the model and g is the chemical poten-
tial. By varying the parameters, this model Hamiltonian
represents both strong and week TRS TIs*2. The tight-
binding model is used for the numerical calculations while
our analytical results are based on the effective model

H = hwpTo - K+ miTs, (1)

where my, = m-ek? is the effective mass term and k is the
momentum relative to the center of the Brillouin zone.
The trivial (topological) insulator corresponds to me > 0
(< 0). Without loss of generality, we take hvg = 1.

With the Hamiltonian defined, we begin our analysis
in the metallic phase, when g > |m|. The model dis-
plays two degenerate Fermi surfaces that split by a Zee-
man field Az. Since the bulk band structure gap is large
compared with superconducting gap, we use the effective
Hamiltonian resulting from projecting the Hamiltonian
in Eq. into the states at the two Fermi surfaces:

H= /d3kfli [(Bx — p) vo + dk - V] fx. (2)

Here v; are the identity or Pauli matrices acting on
the the space of two Fermi surfaces. The vector dyx =

Az my Koty 0. k= represents the Zeeman field
2 "B 0w ) TP

and fy is the Fermion fields 1y projected onto the Fermi
surfaces. The two fermi spin-split fermi surfaces are
identified by diagonalizing the projected Hamitonian
in the v space.

Previous analysis®® identified two types of su-
perconductivity in doped TIs which are ener-
getically  favorable: intra-orbital spin  singlet,

[ eyt Airgo,pTT + H.c., and inter-orbital orbital-
triplet spin-singlet, f dzkwliTzawa_Tk + H.c.. Hence-
forth, we will refer to these superconducting pairings
as intra-orbital singlet and inter-orbital triplet pairings,
respectively.

Upon projection onto the Fermi surfaces the supercon-
ducting pairing potentials assume the following form,

Aq

- / dPxfle ey, f1T (3)

where for the intra-orbital singlet pairing @ = 1 and for
inter-orbital triplet pairing o = 0. Examination of the
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FIG. 1. Phase boundaries between regions with supercon-
ducting order parameters A; or Ay as function of the ratio
U/V of interaction strengths of each channel and the field
magnitude, Az (Red solid curve). The blue dashed line is
guide for the eye of the case when Az = 0. The parameters
of the Hamiltonian are m = —0.5 and € = 0.5. Increased
Zeeman coupling results in larger regions where inter-orbital
triplet pairing is the ground state.

with the kinetic Hamiltonian in Eq. (2| shows that the
intra-orbital singlet pairing, A;, corresponds to pairing
electrons between different Zeeman split fermi surfaces.
In contrast, the inter-orbital triplet pairing, Ay, pairs
electrons solely within each of the Zeeman split Fermi
surfaces. Thus, the effect of Zeeman coupling is to break
the TRS within the model and imbalance the two pairing
potentials in the favor of Ay which couples the electrons
solely within each Zeeman split Fermi surface3”.

To examine the outlined effect of Zeeman coupling on
the dominant form of superconducting pairing, we utilize
a linear gap equation®? to determine the critical temper-
atures of the two superconducting pairings2®:38-40, The
corresponding U — V' model, in which U and V are the
intra and inter orbital interaction, leads to the equation

superconducting pairing term in Eq. in comparison
2)

Ux—1 Uxo

det Vys Vi —1 =

I, V=1 (4

Here x, x1 and x2 are the superconducting suscepti-
bilities characterizing intra-orbital spin-singlet pairing
and xqo describes the inter-orbital spin triplet pairing.
x = — [5, D(€)tanh (£/2T) /2€dE is the standard s-
wave susceptibility, D(&) is the density of states and wp
is the Debye frequency.

By numerically solving the U — V' Eq. , we ob-
tain the critical temperature 7T, for each pairing channel.
Fig. [1] shows the resulting phase boundaries that delin-
eate the regions where either Ag or A; correspond to
higher critical temperature and so is the dominant form
of pairing. In Fig. [I} we plot the phase boundary as we
vary Az and the ratio U/V. It is evident in Fig. [1] that
the inclusion of the Zeeman effect results in the enhance-
ment of the triplet (Ag) pairing and the suppression of
the singlet one (A1) at a given chemical potential.

Vortex Modes: Having established the phase diagram
of the superconducting pairing, we proceed to study the
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FIG. 2. Dependence of the vortex modes energies on the

chemical potential p obtained from the 3D lattice model with
periodic boundary conditions along the z-direction for k. = 0.
(a) Intra-orbital singlet pairing A; = 0.4 for Az = 0. (b)
Inter-orbital triplet pairing Ag = 0.4 and Az = 0.2. The
parameters for the model are: M = 4.5, mp = —2.0 and
t = 1.0 with the calculation performed on a 48 x 48 lattice in
the = — y plane. We observe a zero-energy mode state exists
for all chemical potentials inside the conduction band when
the pairing is inter-orbital triplet type.

internal structure of the vortices as we insert a m-flux-
tube into the pairing potential: A, (1) = |A,(r)|e??41H42,
Since the coherence length FTS is in the range of 2 —
10 nm 2025 and the observed distance between vortices
is around 30 nm for magnetic fields up to 6 T2H22 we dis-
regard inter-vortex hybridization effects and concentrate
on the physical properties of single vortex. We fix k, = 0
as we are interested in points where the topological Zo
index changes and this only occurs at k, = 0 or 7. Since
the vortex modes stem from states close to the Fermi en-
ergy, their wave functions can be expressed in terms of
a superposition of the TT conduction band eigenstates in
cylindrical coordinates x?,*". Here Is are angular mo-
mentum quantum numbers and v = + correspond to the
two energy bands of Hamiltonian which are split by
Zeeman coupling.

Given the rotational symmetry of the vortex profile,
the vortex modes with different Is do not hybridize and
the vortex Hamiltonian decouples into sectors with fixed
l. Also, for inter-orbital triplet pairing, the vortex does
not mix the v’s. On the other hand®?, the translation
symmetry in the plane perpendicular to the vortex is
broken and different radial momenta k, as well as Nambu
particle-hole states are mixed by the vortex. The effec-
tive vortex Hamiltonian acting in the radial momentum
and Nambu particle-hole spaces takes the form of a 1D
Jackiw-Rebbi model*3

Ao, (k AV v
2% ) 1,20 (i) + LB, (). (5)
€o €o :
The II matrices act on a Nambu space, &y is the
superconducting coherence length and Ag), (k) /& =
k + g%‘i‘u — p. The Jackiw-Rebbi lowest-energy solu-
tions are localized at the Fermi surface where the co-
efficient A, (k%) changes sign. These states have the

HY =TI,

v
kY +k
v

kY —k

form e Ak (K (1, 1)T in Nambu particle-hole ba-

sis and has energy E} (kr). Notice that vortex-mode
wave functions are exponentially localized around Fermi
wavevector. Since the BdG Hamiltonian in equation
(5) is in the bases of TI conduction band states, the
full wave function of the two vortex modes (each asso-
ciated with one Zeeman split Fermi surface) takes the
form Wy (I,7) ~ xi/},. () (1,1)% where (1,1)71-; is the
spinor in Nambu particle-hole space. Previously, a sim-
ilar result was obtained for the intra-orbital spin-singlet
caset™2 Tn that case, solutions where again centered
at the metallic phase Fermi surface, with corresponding
energies By = ﬁ(Qﬂ'l#*ﬂ'ﬁ*Vd)B). ¢p is a Berry-phase-
like term which permits zero-modes whenever ¢p = 7.
In contrast, for the inter-orbital triplet case, the energies
of the vortex modes are £y, = ﬁ (2xl). Therefore, in

the inter-orbital triplet case, a zero-energy channel exists
along the vortex which delocalizes the MF's on the sample
surface and suppresses the zero-bias signal in STM.

In Fig. 2| we verify the analytic results using a 3D lat-
tice model with periodic boundary conditions along the
z-direction. Fig. 2| (a) shows the spectrum of the vortex
modes for the intra-orbital singlet pairing where the vor-
tex gap closes solely when ¢ = 7. In contrast, Fig. [2[(b)
shows that for the inter-orbital triplet pairing, once the
chemical potential is in the conduction band the system
develops vortex zero modes which remain gapless for all
chemical potentials. Thus, increasing the Zeeman cou-
pling results in a shift of the Fermi surfaces that destabi-
lize the intra-orbital singlet pairing in favor of the inter-
orbital triplet pairing leading to the omnipresence of a
zero mode in the vortex core.

In Fig. [3] we examine the manifestation of the change
in superconducting pairing by inserting a vortex in the
tight-binding lattice model. We set p = 1.1¢, where ¢ is
hoping amplitude in the lattice model. For small Zeeman
couping, the intra-orbital singlet channel is dominant and
the MF's are localized at the ends of the vortex on the
surface. As the Zeeman splitting is increased, we desta-
bilize the intra-orbital singlet pairing channel in favor of
the inter-orbital triplet pairing allowing MF's to penetrate
into the bulk. At sufficiently high Zeeman coupling, the
intra-orital singlet pairing is fully suppressed and MFs
on the surface delocalize through the vortex modes and
extend into the bulk of the superconductor. As will be
shown below, this mechanism would only delocalize the
Majorana zero modes and not the finite energy states.

Effective 1D Vortex Model: Using the vortex mode
wavefunctions Y, (I,7), we now derive an effective
Hamiltonian for the modes along the vortex line con-
necting the sample surfaces 4. To this end, we calculate
the matrix elements of the k,-dependent terms in Hamil-
tonian, Eq. , within the space of the two families of
vortex modes WY, (I, 7). Defining n; as Pauli matrices act-
ing on the space of the two sets of modes, the effective
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FIG. 3. Spatial profile of the lowest energy vortex mode in
3D slab geometry for different values of parameter o, which
controls the amplitude of the inter-orbital triplet pairing Ay =
aAY, intra-orbital s-wave A; = (1 — &)A{ and Zeeman field
Ay = aA% around the vortex. The calculation is performed
on a 24 x24 % 24. The parameters used are: ;= 1.1, A} = 0.4,
A =04, AY =02, M =45, mg=—2.0and ¢t = 1.0.

vortex Hamiltonians have the general form

_ BN+ B

4 _
+ (El2‘El + 6~lk7,§> Nz _f)zkznx

(6)
Here, E}Y are the energies of [-th vortex modes coming
from the Fermi surface corresponding to v = 4 and in-
crease monotonically with [ for fixed v. € and v, are pa-
rameters of the k,-dependent terms, projected into the
lth vortex mode. Nambu particle-hole symmetry is given
by P~ HL (k.)|P = H,'(~k,) = —H},(k.), which im-
plies Efl = —EljE and € = —é_; as shown in“Y. For each
1 # 0, Eq. @ realizes a Z5 topological state with modes
with angular momentum [ localized at the ends of the
vortex and finite energy if (E;f — E; )& < (5. Since
the Zeeman field is along the flux line we have k:; <kp,
which implies sgn(E;" — E;") = sgn(l) and reduces the
above condition to € < 0; this is true for FTS, whose nor-
mal state corresponds to a doped TI. The particle-hole
partner of these states corresponds to angular momen-
tum —![. The perturbations could modify the energy of
these modes in pair such that particle-hole symmetry is
respected.

In contrast, Nambu particle-hole symmetry implies
E(j)[ = 0 as well as ¢¢ = 0, so the vortex is gapless
when the pairing is purely of inter-orbital triplet form.
As shown in Fig. b), the effective vortex Hamiltonian
for the zero energy states is linearly dispersing with mo-
mentum along the vortex. However, Nambu symmetry
permits a mass term o< 7n,; indeed, the remnant singlet
pairing outside of the vortex induces the scattering be-
tween vortex modes coming from different Fermi surfaces,
producing a term nyA;/”:”O. AYT® is k,-independent,
thus making the vortex topologically trivial and devoid
of zero modes at its ends.
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FIG. 4. k, momentum dependence of the vortex modes for

(a) intra-orbital s-wave pairing A; = 0.4 and (b) inter-orbital
triplet pairing A¢ = 0.4 with Az = 0.2 and the chemical
potential set to be u = 1.1. Additional parameters of the
model are the same as in Fig. [2}

We note that the energy levels at the vortex ends, ¢,
are equally spaced and are labeled by integers [ which
corresponds to angular momentum associated with the
rotational symmetry of the vortex. The only patterns
for such vortex mode energies that are consistent with
particle-hole symmetry are ; o<l and ¢, o< [ + 1/2. The
former contains a zero mode while the latter does not.
Since, as argued above, the vortex is topologically trivial
and lacks zero modes at its ends when the Zeeman-driven
orbital-triplet pairing dominates, &; o< [4+1/2 in this case.
On the other hand, if the intra-orbital singlet pairing
dominates, the vortex ends up being topological and its
ends have a spectrum containing the zero modes*! and
satisfies £; o< {. These results are in accordance with the

two types of vortex spectra seen in reference2.

A Zeeman coupling in the vortex regions can be medi-
ated by the magnetic impurities present along the vortex.
For such effect to have notable experimental signature,
however, it is crucial for the vortices to be attracted to
the magnetic atoms. The comparison of energies of states
where the vortices are far from the the magnetic impu-
rities with the case where vortex is passing through the
impurity is the direct method to examine the vortex im-
purity interactions. In addition to the surface tension of a
vortex, the energy of in-gap Shiba states at the magnetic
impurity site? 8 and the CDM modes define the energy
cost of the vortex creation. A recent study directly com-
pared the energy of these in gap states for the case where
the vortex and impurity are at the same location with
the energy for the isolated vortex and impurity=!. This
study, which was performed for strongly spin-orbit cou-
pled materials and aimed to study the effect of magnetic
impurities in FTS, showed that the the sum of the energy
of the CDM and Shiba modes decreases when the vortex
passes through the impurity. This general reduction in
energy resulting from placing a vortex on the impurity
provides a strong suggestion for the attractive interac-
tion between vortices and impurities. The result of this
attraction motivate our considerations which, as seen,
leads to a depiction of the F'TS vortex phenomenology in
accordance with experimental data, without the need to



invoke MF hybridizations.

Conclusion: We have examined the effect of Zeeman
coupling on the structure of vortex modes in FTS. We
find that intra-orbital singlet pairing, which support MFs
at the ends of the vortices, is supperessed by Zeeman field
and is replaced with the inter-orbital triplet paring, with
only finite energy vortex modes at the ends of vortex.

The property of the FTS that facilitate our models is
the degenerate Fermi surfaces that are split into two he-
lical Fermi surfaces by the Zeeman field. The size of the
superconducting gap in FTS is of the order of 2.5 meV
for hole pocket and 4.2meV for electron pocketl833/54
and the size of the Fe impurities dipole-moments of the
order of 5up*3. Given the average distance of the Fe
impurity atoms, their associated Zeeman coupling is of
the order of Ay ~ 7.84meV. It is then evident that
the Zeeman coupling can affect the form of the super-
conducting paring. We demonstrate that the nature of
the vortices in FTS is inextricably linked to the effect
of Zeeman coupling, which determines the form of su-

perconducting pairing and indicates that suppression of
Zeeman coupling, by reduction of magnetic impurities,
stabilizes the vortex MFs in FTS. The importance of our
proposed mechanism can be checked by observation of
the effect of the density of the magnetic impurities on
the fraction of vortices with MF vortex modes.
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