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Motivated by the recent discovery of helical magnetic structure in RbEuFesAss, we investigate
interlayer ordering of magnetic moments in materials composed of spatially-separated supercon-
ducting and ferromagnetically-aligned layers. We consider the interplay between the normal and
superconducting indirect exchange interaction mediated by tunneling between the conducting lay-
ers. We elaborate a recipe to evaluate the normal interlayer interaction via two-dimensional density
of states of an isolated layer and demonstrate that for bands with small fillings, such interaction is
typically ferromagnetic and short-range. The nearest-layer interaction is proportional to the ratio of
the interlayer hopping and in-plane band width squared. On the other hand, the superconducting
contribution always gives antiferromagnetic interaction and may extend over several layers when
the interlayer hopping energy exceeds the superconducting gap. The frustration caused by the in-
terplay between the normal and superconducting parts may lead to spiral ground-state magnetic
configuration. The four-fold in-plane anisotropy may lock the rotation angle between the moments

in the neighboring layers to 90°, as it was observed in RbEuFesAs,.

I. INTRODUCTION

Europium-based iron pnictides have been introduced
recently as a new platform to investigate the interplay be-
tween singlet superconductivity and magnetic order [1-
10]. Superconducting and ferromagnetic phases are two
common electronic ground states of conducting materials
antagonistic to each other. Their mutual influence causes
many interesting phenomena which have been thoroughly
investigated for a half century [11-17].

Coexistence of uniform superconducting and ferromag-
netic states is usually energetically unfavorable. The cou-
pling between these subsystems at the microscopic level
is due to the exchange interaction of conducting electrons
with localized moments. In normal state, such local cou-
pling generates indirect interaction between the moments
mediated by the mobile electrons known as Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction [18]. Addi-
tionally, the superconducting response to the magnetic
field generated by the aligned moments leads to the
macroscopic electromagnetic interaction between the su-
perconducting and magnetic subsystems [19, 20]. The
common nonuniform ground-state configuration depends
on the relative strength of these two interaction channels
as well as on the relative strength of superconductivity
and magnetism.

The superconducting order strongly modifies the
RKKY interaction at large distances. Anderson and
Suhl [21] demonstrated that this modification may lead
to “cryptoferromagnetic” state in which the ferromag-
netic subsystem is split into a periodic array of small
domains facilitating coexistence with superconductivity.
The domain size is determined by the interplay between
the short-range normal and long-range superconducting
RKKY interactions. In isotropic materials, it is expected
to be much smaller than the superconducting coherence
length but much larger than the distance between the
localized moments and the Fermi wavelength. A par-

ticular realization of such oscillatory magnetic state de-
pends on the properties of the magnetic subsystem. In
the case of weak magnetic anisotropy, the helical struc-
ture may be formed instead. A detailed theory of such
structure has been elaborated in Ref. [22] for the case
of the isotropic electronic spectrum. Similar nonuniform
magnetic states have also been predicted for the case of
purely electromagnetic coupling between the subsystems
[23, 24]. Alternatively, a hard magnetic subsystem re-
maining uniform itself may make the superconducting
system nonuniform via generation of spontaneous vortex
lines [19, 20].

Several classes of superconducting materials with long-
range magnetic order are known at present. In most ma-
terials, the magnetism is hosted by rare-earth elements
which are sufficiently separated from the conducting elec-
trons so that the exchange interaction is relatively weak
and does not destroy superconductivity. Two first such
groups of materials discovered in the 1970s are ternary
molybdenum chalcogenides REMogX g (RE=rare-earth
element and X=S, Se) also known as Chevrel phases
and ternary rhodium borides RERhyB4. The detailed
description of their properties may be found in reviews
[12, 17] and in the book [25]. While most of these
materials have antiferromagnetic order in the supercon-
ducting state, two notable exceptions are ErRhyB, with
T, ~8.5K[26] and Hoy sMogSs with T, ~1.2K[27], where
superconductivity competes with the long-range ferro-
magnetic order. The emerging ferromagnetism at sub-
Kelvin temperatures leads to the reentrance of the nor-
mal state and formation of the intermediate oscillatory
magnetic state in the narrow coexistence region, in qual-
itative agreement with theory [21, 22]. The similar reen-
trant behavior was also found in the rhodium stannide
RERhl,lsng_G [28]

Two decades later, during the 1990s, the rare-earth
nickel borocarbides RENi;B>;C have been added to the
family of magnetic superconductors, see reviews [15, 16,



29, 30]. Distinctive features of these materials signif-
icantly expanded and enriched the field of coexistence
of superconductivity and magnetic order. In contrast
to the above cubic ternary compounds, these materials
have layered structure: they are composed of conduct-
ing Ni layers and magnetic REC layers. In spite of such
a structure, the electronic anisotropy is small. In com-
pounds with RE=Tm, Er, Ho, and Dy, the supercon-
ductivity coexists with different kinds of magnetic order
and every compound has some unique features. In most
cases the magnetic moments are aligned within REC lay-
ers and alternate from layer to layer (A-type antiferro-
magnets). In all compounds except the Tm one the mo-
ments are oriented along the layers. In HoNiyBoC the
transition to such state occurs via the two intermediate
incommensurate spiral configurations. Magnetic struc-
ture in ErNiyBsC is characterized by additional in-plane
modulation, which is likely induced by coupling to the
superconducting subsystem. In addition, a weak ferro-
magnetic state emerges in this material below 2.3K at
the second magnetic transition, and this state coexists
with superconductivity at lower temperatures.

All discussed materials are conventional singlet super-
conductors. The triplet superconducting state, in which
Cooper pairs are formed by electrons with the same spin,
is less hostile to ferromagnetism than the singlet state.
The likely candidates for the triplet state are uranium-
based compounds UGes, URhGe, and UCoGe discovered
in the 2000s, see reviews [31, 32]. The superconducting
transitions in these compounds take place in sub-Kelvin
temperature range, inside the ferromagnetic state. For
such low transition temperatures, the superconductivity
survives up to remarkably high magnetic field, 10-25 tes-
las, which is attributed to the triplet pairing.

Recent development in the field is related to discovery
and characterization of magnetically-ordered iron pnic-
tides, in particular, europium-based 122 compounds, see
review [10]. As the borocarbides, these materials have
layered structure: they are composed of the spatially
separated magnetic Eu and conducting FeAs layers. The
tunneling between the FeAs layers is rather strong so that
the electronic anisotropy is also small. The parent non-
superconducting material EuFesAss [1, 3, 33] develops
the spin-density wave order in the FeAs layers at 189K
and the A-type antiferromagnetic order in the Eu?* lay-
ers at 19K with the magnetic moments oriented along
the layers. It becomes superconducting under pressure
with the maximum transition temperature reaching 30K
at 2.6 GPa, so that the magnetic transition takes place
in the superconducting state [34]. Several substitutions
also give superconductors coexisting with Eu magnetic
order: (1)K[2] and Na[35] on Eu site, (ii)Ir[36], Ru[37],
and Co[38] on Fe site, and (iii)P on As site[4-6, 39-41].
The maximum superconducting transition temperature
for different substitution series ranges from 22 to 35K ex-
ceeding the magnetic-transition temperature in Eu lay-
ers. Therefore the unique feature of these materials is
that they exhibit Eu?t magnetism at the temperature

scale, comparable with the superconducting transition.

The most investigated substituted compound is
EuFes(As1_,P,)2. For optimal substitution,  ~ 0.3,
it has the superconducting transition at 26K followed
by the ferromagnetic transition at 19K. At lower tem-
peratures, ferromagnetism coexists with superconductiv-
ity. In contrast to the parent compound, the Eu mo-
ments are oriented along the ¢ axis [41]. This leads
to the formation of the composite domain and vortex-
antivortex structure visualized by the decorations [42]
and magnetic-force microscopy [43]. This structure has
been attributed to purely electromagnetic coupling be-
tween the magnetic moments and superconducting order
parameter [44]. Alternatively, it also may be the real-
ization of the “cryptoferromagnetic” state caused by the
weak exchange interaction [21].

The most recent development in the field is synthesis
of the stoichiometric compounds AEuFesAs, with A=Rb
[8, 9, 45-47] and Cs [7, 9] in which every second layer of
Eu is completely substituted with Rb or Cs. These 1144
materials have the superconducting transition tempera-
ture of 36.5 K, higher than the doped 122 Eu compounds.
On the other hand, the magnetic transition temperature
is 15K, which is 4K lower than in EuFesAss, most likely
because of the weaker interaction between the magnetic
layers. These materials are characterized by low super-
conducting anisotropy ~ 1.7 and highly-anisotropic easy-
axis Eu magnetism [46, 48]. With increasing pressure
the superconducting temperature is suppressed and the
magnetic temperature is enhanced so that they cross at
~ 7GPa and at higher pressures superconducting transi-
tion takes place in the magnetically-ordered state [49, 50].
Recent resonant X-ray scattering and neutron diffrac-
tion measurements revealed that the magnetic structure
is helical: the Eu moments rotate 90° from layer to layer
[51, 52], see the picture in Fig. 1.

Motivated by this unexpected finding, we investigate
magnetic structure in a material composed of spatially
separated ferromagnetically-aligned and superconduct-
ing layers. Due to the large separation, the interaction
between different Eu layers in AEuFesAsy most likely
has the RKKY origin. As the Eu 4f orbitals are strongly
localized, one can only consider interaction with the clos-
est FeAs layers. An essential feature of the AEuFe;Asy
structure is that the neighboring FEu layers have a direct
coupling with different FeAs layers, see the picture in
Fig. 1. Consequently, the magnetic interlayer interaction
is mediated by tunneling between the conducting layers.
As these materials are not very anisotropic, this mech-
anism is not particularly weak. In contrast, the Eu-122
compounds and borocarbides are composed of alternat-
ing magnetic and conducting layers. In this case, two ad-
jacent magnetic layers couple with the same conducting
layer yielding a finite interlayer interaction even without
tunneling between the conducting layers.

One may think that a possible alternative to the
RKKY mechanism may be the electromagnetic dipole in-
teractions. We note, however, that the dipole interaction



between uniformly polarized layers is very small when
separation between them exceeds the in-plane distance
between the moments a. Indeed, the average magnetic
field outside of a uniformly polarized layer is zero and
the oscillating component decays away from the layer
very fast, as exp(—2wz/a) [53]. For distances z much
smaller than the London penetration depth, supercon-
ductivity has a very weak influence on this behavior.
In the case of AEuFesAss, a = 3.94 and the sepa-
ration between the magnetic layers is ¢ = 13.34 [7].
This means that the exponential factor is estimated as
exp(—2me/a) ~ 4.6 - 1071° i.e., the dipole interaction is
negligible even for neighboring layers.

We consider magnetic structure appearing as a result
of the interplay between the normal and superconduct-
ing RKKY interactions mediated by tunneling between
the conducting layers. To highlight essential physics, we
mostly study a relatively simple single-band model with
open Fermi surface. We relate the normal interlayer in-
teraction with the two-dimensional density of states of
an isolated layer. An important observation is that this
interaction vanishes for quadratic in-plane spectrum cor-
responding to the energy-independent density of states.
In the case of a shallow band when non-parabolicity is
small, the normal-state interlayer interaction is ferromag-
netic and short-range. Such behavior is very different
from the oscillatory in-plane RKKY interaction, which
has been investigated for the iron pnictides and selenides
in Ref. [54]. The superconducting contribution always
gives antiferromagnetic interlayer interaction that may
extend over several layers when the interlayer hopping
exceeds the superconducting gap. As a result of frus-
trating interlayer interactions caused by the interplay be-
tween the normal and superconducting parts, the ground-
state magnetic configuration may be a helix. A similar
physical mechanism of the helical magnetic structure in
RbEuFe Asy has been proposed in the recent paper [55]
based on the earlier results obtained for isotropic elec-
tronic spectrum [22]. We point, however, that the lay-
ered structure and open Fermi surface lead to qualita-
tive modifications of both normal and superconducting
RKKY interactions, which are in the focus of this paper.
In general, the rotation angle between the moments in the
neighboring layers continuously varies with the model pa-
rameters. The 90° helix observed in RbEuFe,As, is most
likely related to the in-plane four-fold anisotropy which
locks such structure within a finite range of parameters.

The paper is organized as follows: In Sec. II, we in-
troduce the model. In Secs. III and IV, we consider the
normal and superconducting interactions between mag-
netic layers mediated by the indirect exchange due to
tunneling between the conducting layers. In Sec. V, we
discuss generalization of these results to multiple-band
materials. In Secs. VI and VII, we compute the energy
of helical structure and the optimal modulation vector.

II. MODEL

We consider a material composed of superconducting
and magnetic layers. The local moments inside the mag-
netic layers are assumed to be ordered ferromagnetically.
The major focus of this paper is the interlayer magnetic
order emerging due to the interplay between the normal
and superconducting RKKY interactions. The system
under consideration is described by the Hamiltonian

ﬁ:HS+HM+ﬁMSa (1)

where the first term
}AIS = Z/dQT [wl,a(T)éQDwn,a(T>
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describes the superconducting subsystem. Here «, 5 are
spin indices, &p = &p (D) = eap (D) — eF is the single-
layer spectrum, and ¢, is the interlayer hopping energy.
For bands with low fillings, this spectrum can be approx-
imated as quadratic, eap (p) = p?/2m. The full three-
dimensional electronic spectrum of this model is

e(p,q) = e2p (p) +£:(q), (3)

where for the assumed simplest interlayer tunneling
e.(q) = —2t, cosq with ¢ being the reduced c-axis wave
vector, —m < g <. Such spectrum for er > 2¢, corre-
sponds to open Fermi surface. The second term Hj; in
Eq. (1) describes the magnetic layers favoring ferromag-
netic alignment of the moments inside them. Its par-
ticular form does not play a role in our consideration.
In the case of RbEuFe Asy, the thermodynamics of the
magnetic transition is well described by the easy-plane
quasi-two-dimensional Heisenberg model [48].

The interaction between the superconducting and mag-
netic subsystems is determined by the local exchange
Hamiltonian

Hys=Y /d%«Z UL o (1) T (-R) G 03 S (R) 5 (1),
n,m R
(4)
where S,,,(R) are localized spins and .4 is the Pauli-
matrix vector. We can rewrite H MS as

ﬁMS = - Z/d2"'wl,a(r)hn("')a'aﬁwn,ﬁ(r)’

where



is the effective exchange field acting on spins of conduct-
ing electrons!. The fermionic response to such a field
in both normal and superconducting state is determined
by the nonlocal spin susceptibility x,(7) and at fixed ar-
rangements of the localized moments the corresponding

energy contribution is

1
EJWS :*5 Z/dQT /der/Xn_n/(T*r’)hn(’l’)hn/ (’r’).
(6)

In superconducting state, the assumed linear-response
approximation is valid if the amplitude of the exchange
field h is smaller than the superconducting gap A.

In this paper we focus on the case when the local-
ized spins are ferromagnetically aligned inside the lay-
ers, i.e.,, Sy (R) is in-plane coordinate independent. In
this case h,(r) also becomes uniform, h,(r) — h, =
=i InmSm With Tnm =3 g Jum (r—R) being the to-
tal exchange interaction from all aligned spins in a single
layer. In this case, Eq. (6) gives the following result for
the energy per unit area per magnetic layer

= 2NM ZXn by

where Nj; is the total number of magnetic layers,

X, — / drn(T) (8)

is the nonlocal susceptibility integrated over the in-plane
coordinate, and

Imfm/ = Z ann’jnmjn’m/ (9)

n,n’

are the effective interlayer interaction constants. Being
mediated by the conduction electrons, these constants
have an RKKY nature. For brevity, in the following con-
sideration we refer to the quantity A, in Eq. (8) as an
interlayer susceptibility.

We consider the situation when (i)RKKY is the dom-
inating mechanism and therefore Eqs. (7) and (9) deter-
mine the interlayer magnetic structure and (ii)different
magnetic layers are not coupled with the same metallic
layer, i.e., > TnmTnm = 0 for m # m’ and the inter-
layer interactions only appear due to tunneling between
the metallic layers yielding finite X, for n # 0. The
latter situation is realized in the magnetic 1144 iron ar-
senides. In the case of RbEuFe Asy, due to the strongly

1 The effective exchange field caused by nonuniform magnetic field
H(r) is h(r) = poH(r), where po is the electron’s magnetic
moment

localized nature of the 4f states, one can only take into
account the exchange interactions with closest metallic
layers. Therefore, we may only consider interactions of
a Eu layer with index m with the two neighboring FeAs
layers with the indices n = 2m—1 and 2m, see the picture
in Fig. 1. Dropping the indices in these nearest-neighbor
exchange constants Jp,m,, we evaluate from Eq. (9)

Li~J? Z Koy g5 =T 2 (Xopg +2X0+Xora) . (10)
5,6'=0,1

Thus the interlayer interaction is determined by the in-
terlayer susceptibility. We proceed with the evaluation
of the normal and superconducting contributions to this
key quantity.

III. NORMAL-STATE INTERLAYER
SUSCEPTIBILITY

The indirect interaction between localized magnetic
moments in metals mediated by conducting electrons is
known as the RKKY interaction [18]. Its shape is deter-
mined by the nonlocal spin susceptibility, which in the
standard case of closed Fermi surface has a well-known
oscillating behavior o< — cos (2pg,,r) /3, where pg, is
the Fermi momentum along the considered direction[56].
The behavior for a layered material with the spectrum in
Eq. (3) corresponding to open Fermi surface is qualita-
tively different. In this case the spin susceptibility x, (7)
in Egs. (6) and (8) is

[ @pdg [ Pp'dd flp,q)—f(p' )
=2 (27r>3/ @ e(p.q)—cd)
xexpli(p—p)r+i(g—q)n], (11)

where f(p,q) = {1 +exp|(e(p,q) —ep) /T]} ™" is the
Fermi-Dirac distribution function and the energy e(p, q)

is given by Eq. (3). The nonlocal susceptibility of layered
metal has been evaluated in Ref. [57]. It oscillates both
as a function of r at fixed n and as a function of layer
index n at fixed r. Here we reconsider this problem with
the goal to directly evaluate the interlayer susceptibility
in Eq. (8). Using the above formula for (), we derive
the convenient representation

o fus

% f(§+€;) : g/(£+€z) exp [Z (q _

q)n], (12)
where

np(©) =2 [ G Een @rer) (13

is the total density of states for an isolated layer for both
spin orientations, f(¢) = [14exp (£/T)]”", and we use



the abbreviations €, =¢,(q) and ¢/, =¢,(¢’). We will be
mostly interested in the zero-temperature limit for which
we obtain

s i —€,
dq dq// vop(§) o
~__ [dg [dd vap(€) -
= /27T/27r dfsz—e’z expli(g—q')n]. (14)
EAR A

Note that the sum > 2
ceptibility equal to vap(0).

For quadratic in-layer spectrum, we have the well-
known energy-independent 2D DoS vop(e,q) = m/m. In
this case the above equation immediately gives XV =
VopOy, i.e., for the quadratic spectrum the RKKY inter-
action between ferromagnetically-ordered layers is absent.
The oscillating coordinate dependence of y,,(r) has been
evaluated in Ref. [57]. It is crucial that the integral of
this function over r vanishes for n # 0 and this property
has important implications for the RKKY interaction be-
tween ferromagnetically-ordered layers.

In general, the density of state is energy dependent.
When variation of vop (£) at the scale £ ~ ¢, are weak, we
can use expansion with respect to derivatives of vop(€)
near the Fermi level

XN gives the uniform sus-

)
(o (ce) T (me

/dgVQD(§>: 2D (SJrl)! )

s=0

75/2
with 143 = d*vyp /de® at € = 0, which yields
) s (s)
-1)°w.
XN — ( 2D
" ; (s+1)!

T s
dq dq/ €S+1—€/S+1 )
X/% ﬁéexp[l(q—q/)n}.
- -

€,—¢),
2)
)

gives a finite nearest-neighbor interlayer interaction. For

The second-derivative term (s=2) in this sum,

Vip /” 44 » /W dq :
5 <26n 3 27T€Z+ » 27Tszexp(zqn)

™

€, = —2t | cosq, we have f:r g—gaz exp (ign) = —t1jn—1
and
l///
alN =~ %Dti. (15)

The interaction is ferromagnetic if v, > 0. As vl ~
vop/W?2, where W is the in-plane band width, X} ~
XN /W2« X,. For larger n, X steeply decreases as
XY (12 /W?)"meaning that the terms with n > 1 can be
safely neglected. Such behavior is very different from the
conventional oscillating behavior with the power envelope
decrease, which is realized for closed Fermi surfaces.
For example, for the quartic correction to the spectrum
in the form
cep) _ P CV(LJ;PZ;)

P 2m 4m (16)

FIG. 1. Lower left: The plots of the superconducting contri-
bution to the interlayer susceptibility X7 normalized to DoS
vap, Eq. (20), for different ratios ¢t /A. The upper left figure
shows the semilog plot of —X;° /vap for ¢t /A = 1 together
with the analytical large-n asymptotics. The picture on the
right illustrates the arrangement of the magnetic Eu and con-
ducting FeAs layers in RbEuFesAss and the interlayer helical
magnetic order.

the density of states is

m [T df 1
VzD(f):;/O ?\/1_’_@(51,_1_5)(3—&-0059)'

The expansion for small £ valid for aep < 1 gives

~ ——a. 17
Vap 7r8a (17)

In this case v);, > 0 meaning that the spectrum in
Eq. (16) favors the ferromagnetic alignment between the
layers, independently of sign of the quartic coefficient a.

IV. SUPERCONDUCTING CONTRIBUTION
TO INTERLAYER SUSCEPTIBILITY

We proceed with evaluation of the superconducting
contribution to the interlayer susceptibility. A general
formula for the nonlocal spin susceptibility in the super-
conducting state is

x(r,n) = =213 |G2 (we,m,n) +1F (wo,mm)| - (18)

see, e.g., Ref. [58]. Here ws = 7T(2s + 1) are the Mat-
subara frequencies,

, . iws +&(p,q)
g (ws,r,n :/ exp (¢pr+ign = )
( ) e ( )w§+[£<p,q)]2+A2
A
F(ws, T, =/ exp (ipr+i
w ™) P, (i ) WE"‘[f(p, Q)]2+A2

are the regular and anomalous Green’s functions with

2
Jpa = T I 5t

and A is the superconducting gap.

s



Therefore, the interlayer susceptibility, Eq. (8), is given
by

Xn:—QTZ/dr [QQ (ws, 7, ) +|F (ws, 7, n)[*| . (19)

Note that the linear response with respect to the effective
field h assumed in derivation of Egs. (6)—(9) is valid for
h < A. We consider again the case of open Fermi surface
described by the spectrum &(p,q) = p?/2m +e.(q) — €.
The derivations described in Appendix A lead to the fol-
lowing presentation for the superconducting contribution
to A,

X5 =vyp Sn(2t1 /), (20)

[dg, [dg
Sn (1) Z—/%/%COS (g-n)
0 0

In <\/1+72 sin? ¢ sin? (&) +7sin g, sin (%—))

Tsin g4 sin (‘%‘) \/1 4 72gin? qs sin2 (‘%-)

X

with 7 = 2¢, /A. Note that, in contrast to the nor-
mal state considered in the previous section, the in-
terlayer susceptibility X is finite for the quadratic in-
layer spectrum corresponding to the energy-independent
DoS. It has the negative sign leading to antiferromag-
netic interactions between the magnetic layers. The sum

SN2 XY = —usp meaning that for the total interlayer
susceptibility we have Y >° _ (X5+X2N) = 0. This is

the well-known result for vanishing uniform spin suscep-
tibility in the superconducting state. In the range 7 < 1,
we obtain X7 /vap =— (1— %72) Op— $726‘n|_1. There-
fore, in the limit of weak tunneling, t; < A, X7 is only
sizable for the nearest neighbors, n =1, as for the nor-
mal part, and |X;%| o< (t; /A)?vap < Xp. On the other
hand, X has a nonmonotonic dependence on ¢, /A. For
example, the absolute value of X;° reaches maximum at
t) ~ 2.4A. The plots of X2 /vyp for several values of
t, /A are shown in Fig. 1 (lower left).

The asymptotics at large n

A
exp (——n)
Xf ~ —I/QDTM, (21)

is also evaluated in the Appendix A. This asymptotics
is compared with the exact dependence for ¢; = A in
the upper left plot in Fig. 1. Note that the ratio ¢, /A
is approximately equal to the ratio of the c-axis coher-
ence length and the interlayer period. We see that in the
case t| 2 A superconductivity introduces the long-range
interaction between the magnetic layers. Such behavior
is unique for the interlayer RKKY interaction between
ferromagnetic layers.

V. GENERALIZATION TO MULTIPLE-BAND
MATERIAL

The Fermi surface of iron pnictides is composed of sev-
eral holelike sheets near the Brillouin-zone center and
electronlike sheets at the Brillouin-zone edge. The bands
crossing the Fermi level are mostly composed from the
iron d-orbitals. The corresponding Fermi surfaces are
typically open, except near the Lifshitz transitions. In
the case of hole-doped 1144 materials, the band-structure
calculations suggest that six hole bands and four electron
bands cross the Fermi level [59, 60].

The results of this paper can be straightforwardly gen-
eralized to the multiband case. A band with the index
j is characterized by set of relevant parameters: hopping
integral ¢, j, 2D density of states vop j, superconduct-
ing gap Aj, and exchange interaction with the local mo-
ments Jjnm. The gap parameters in the electron and
hole bands may have opposite signs (s4 state). This fea-
ture has no influence of the phenomena studied in this
paper and A; notate the absolute values of the gaps. The
interlayer RKKY interactions in Eq. (9) can be obtained
by the summation of the band contributions,

T = YN Mo Ty (22)

; ’
J nn

The normal and superconducting contributions to the
partial interlayer susceptibilities X, are similar to the
corresponding single-band results in Egs. 15 and (20)

1

V. .
N . 72D, 2 S _
Xj,l ~ 5 JtJ_,jﬂ Xj,n = I/QD’]'Sn(QtJ_J'/Aj)7

where the function S, (7) is defined in Eq. (20). As these
components are controlled by very different electronic
parameters, the dominating contributions to the normal
and superconducting parts of Z,, _,,,» may come from dif-
ferent bands. For more complicated interlayer tunnel-
ing mechanisms, the z-axis spectrum ¢, ; may have non-
cosine form and depend on the in-plane momentum p. In
this case the parameter ¢, ; in the above equations has

o\ 1/2
to be replaced with <‘f:r g—gsz,j (Prj»q) exp (zq)‘ > ,

where the averaging has to be taken over the in-plane
Fermi momentum pp ;.

As the normal contribution to the interlayer suscepti-
bility is ferromagnetic and short-range and the supercon-
ducting contribution is antiferromagnetic and long-range
for t; ; > Aj, the interactions between the magnetic
layers are frustrated. This is the main reason for the for-
mation of the helical magnetic structures considered in
the next section.
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FIG. 2. The plot of the function G(a) defined by Eq. (27),
which determines the dependence of the superconducting in-
terlayer energy on the modulation wave vector @, Eq. (26).

VI. ENERGY OF INTERLAYER HELICAL
STRUCTURE

We consider the magnetic structure in the form of a
helix

(SX) = Spcos (Qm),(Sy) = Sosin (Qm), (SZ) = 0.

In this case the interlayer-interaction energy, Eq. (7), be-
comes

Fa(Q) = =55 ) _ Ticos (QU). (23)

=1

As this work is motivated by the magnetic 1144 iron
arsenides, we now evaluate the energy of helical struc-
ture for layer’s arrangement realized in these compounds
illustrated in Fig. 1. In this case, the relation between
the interlayer exchange interaction Z; and interlayer sus-
ceptibility X, is given by Eq. (10). For illustration, we
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In the case t; > A, the superconducting contribution
increases o 1/Q with decreasing @ in the range A/t <
@ < 1, similar to the isotropic case [22]. We proceed
with evaluation of the optimal modulation wave vector
from the derived energy of the helical state, F,,(Q) =

FY(Q) + FP(Q).
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consider here a single-band case. As discussed in the pre-
vious section, generalization to multiple bands is straight-
forward. In the normal state, we can take into account
only the nearest-neighbor interlayer susceptibility Xj¥
yielding

¥ ~ J*xY,

where A}V is given by Eq. (15). Therefore, the normal
contribution to the energy, Eq. (23) is

FN(Q) ~ —h2x]} cos Q, (24)
where
ho = 7S, (25)

is the amplitude of exchange field induced by polarized
magnetic ions on the conducting electrons.

The derivation of the superconducting contribution is
outlined in Appendix B and leads to the following result

Q)= VQTDhg { <1+cos g) G {%AL sin (ﬂ

+ (l—cosé?) G {%Alcos g]} (26)

with the reduced function
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which is plotted in Fig. 2. This function has the following
asymptotics
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also shown in the plot. Independently on the relation
between ¢, and A, F?(Q) monotonically decreases with
increasing () indicating that the superconducting contri-
bution by itself favors the maximum possible modulation
vector (Q = 7. In two limiting cases, we obtain

for 2L <« 1

(

VII. OPTIMAL MODULATION WAVE VECTOR

The helical structures with the modulation wave vec-
tor in the range 0 < @ < 7™ may realize only if the in-
terlayer hopping ¢, is either comparable with or larger
than the gap A. We limit ourselves to the analy-



sis of the case t; > A. In addition to the nor-
mal and superconducting RKKY contributions consid-
ered in the previous sections, the ground-state configu-
ration of the localized moments is also affected by the
in-plane four-fold anisotropy described by the single-
spin energy —Ky (,S’;C1 + S;). For a simple helical struc-
ture this gives the contribution to the energy per layer
and per unit area, —K4 (cos* (Qm)+ sin® (Qm)>m =
—% (3 + (cos (4Qm)), ), where Ky = K4Sgnas and nay
is the moment’s density per unit area. Therefore we can
write the energy of the helical structure as

cos?’(%) —l—Sil’lB(%)
L (Q)=—AncosQ + Ag 70 o
Sin (Z) COS (Z)
f% (cos (4Qm)),, (29)
with Ay ~ hivspt2 and As = Zhirep tA fol-

lowing from the previous-section results (for multiple-
band case, Ay ~ §53 > Tivip 1, and As =
%Sg Zj %2V2D)j%). Within this Slmple model, the
anisotropic contribution is only finite for Q = /2 and
w. Without the anisotropy term, the optimal modulation
vector @, continuously changes as function of the ratio
Ags/An. In the presence of the four-fold anisotropy, Q,
is locked to the values 7/2 and 7 within finite ranges of
Ag/An. These ranges can be approximately estimated
by comparison the energies of commensurate and incom-
mensurate configurations.

For incommensurate structures with optimal modula-
tion wave vector @), # 7/2,m, the ground-state energy

is
Ag cos3<%) —|—sin3<%>
—cos@ + ——
)
4
(30

Fh(QO)

= Ay min
Q

Ay sin (%) cos (

where, in a single-band case,

& _3r vapA (31)
AN ) Vé/Dti’_.

On the other hand, the energies for @, = 7/2 and 7 are

K
CrpAs — f (32)

As K4
=A —_— - — 33
N+\/§ 1 (33)

with Cpp=(141/v2)*/24+(1-1/v2)*/?~2.39.

Figure 3 shows the phase diagram following from com-
parison of the energies in Egs. (30), (32) and (33). We see
that the modulation vector increases with increasing the
ratio Ag/An, and at finite Ky the commensurate states
are realized within finite ranges of Ag/Ay. In particular,
at K4 =0 the 7/2 helix is realized at Ag/Ayx =~ 0.625 and
the range of Ag /Ay, where this phase is locked rapidly

Fy(m/2) =

Fh(ﬂ')
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FIG. 3. Phase diagram for helical structures in layered mag-
netic superconductors in the plane Ag/An—K4/An, where
the first ratio is given by Eq. (31). This diagram is computed
for the layer arrangement corresponding to RbEuFesAsy, see
inset in Fig. 2, and for the case t; > A.

increases with increasing /4. Note that a simple energy
comparison only gives an approximate location of the
lines, because in the vicinity of transition a helix does not
give the ground state. Consequently, the energy compar-
ison gives somewhat larger extent of the commensurate
states. The actual transition from commensurate to in-
commensurate state occurs via formation of the soliton
lattice [61, 62]. The detailed investigation of transitions
is beyond the scope of this paper.

VIII. SUMMARY AND DISCUSSION

In conclusion, we investigated the interlayer RKKY in-
teractions and equilibrium magnetic structure for a ma-
terial composed of superconducting and ferromagnetic
layers in the situation when the finite coupling between
the magnetic layers is mediated by tunneling between
the conducting layers. We demonstrated that for a shal-
low band with the weakly-nonparabolic spectrum, the
normal-state contribution to the interlayer RKKY inter-
action is ferromagnetic and short-range. On the other
hand, the superconducting part is antiferromagnetic and
may be long-range if the hopping integral exceeds the
superconducting gap. As a result of the competition
between these two contributions, the ground-state mag-
netic configuration may be a spiral, similar to isotropic
case [22]. On the phenomenological level, the mech-
anism of the spiral formation is the same as in the
Heisenberg model with frustrating exchange interactions,
see, e.g., Refs. [63, 64]. Our model provides a natu-
ral physical mechanism for such a frustration. In ab-
sence of the anisotropy with respect to in-plane rotations
of the magnetic moments, the angle between them in
the neighboring layers would depend continuously on the
model parameters. The finite four-fold moment-rotation



anisotropy may lock this angle to 90°, as it was observed
in RbEuFe As,.

The superconducting transition in RbEuFeyAsy
sinks below the magnetic transition with increasing
pressure[49, 50]. Our model predicts the ferromagnetic
alignment of Eu moments in the normal state. Therefore,
establishing the magnetic structure in the normal state
at high pressures provides an essential test for the model.

Our minimum model does not capture a complicated
multiple-band structure of RbEuFe As, obtained by ab
initio calculations[51, 60]. This calculation suggest that
six hole bands and four electron bands cross the Fermi
level. All Fermi surfaces are open, in spite of notice-
able variations the electronic parameters between the
bands. The straightforward generalization of the model
to the case of multiple open Fermi surfaces is discussed
in Sec. V. Unfortunately, the DFT-based band-structure
calculations still have large inaccuracies. For example,
the normal-state specific heat coefficient calculated in
Ref. [60] is ~ 5-6 times smaller than the experimental
value, most likely due to the correlation effects. Do to
these inaccuracies and lack of direct experimental infor-

J

mation, the relevant parameters can only estimated very
approximately: the interlayer hopping ¢, = 10—40 meV,
in-layer band width W = 0.2 — 1 meV, gap parame-
ter A = 2 — 10 meV, and the exchange-field amplitude
ho = SoJ = 0.5 — 1 meV. Due to such large uncer-
tainties, the quantitative analysis does not look feasible
yet. Our consideration only illustrates an essential physi-
cal mechanism responsible for the formation of the spiral
magnetic structure in RbEuFe;Ass and similar materials
and provides the basis for more realistic descriptions.
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Appendix A: Derivation of interlayer susceptibility in superconducting state

In this appendix we present the derivation details for the susceptibility integrated over in-plane coordinates, Egs. (8)

and (19). Using the presentation

2 ™ ™ /
[ orim = [ 556 @opn) = [agn@) [ 5[ TGt G e ~d)explia=a)n)

with

G (ws, &, q) =
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w2+ [€+e.(q))] + A2

and similar presentation for the anomalous part [ drF? (iws,r,n), we transform X, in Eq. (19) to
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Performing summation over wg, we obtain
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Therefore, at T' = 0 we obtain

Y= [ dgvap( expli(g = q)n] (g4 (Ee) + A2
/ D / / ( (€ 07y (e <) +A2> ViEre) +82 /(eer)?+A2

where we use abbreviations ¢, = €,(¢q) and €, = £,(¢'). This result is consistent with the general presentation for

susceptibility derived in the Abrikosov book [13], Eq. (21.44). Subtracting the normal part for A = 0, we obtain the
superconducting contribution

3= [devanle / exp i (g—q') ] !

B 2 (Ve rareferatear)
% 1= (E+e) (E+el) + A _ 1—sign(§ +e.)sign(§ +¢l)
\/(5+5z)2+A2\/(£+5’2)2+A2 2 (|6+e|+E+el])

We remind that the normal part vanishes for energy-independent DoS at n # 0. The superconducting contribution,
however, remains finite allowing us to neglect DoS energy dependence in it which yields

T dq 7 dq’ ) 1
X9=wp | — | == [ déexp[i(g—d)n]
_ZQW_Z 2”/ 2<¢(s+ )" ar (- 53‘)2+A2>
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with €,_ =e, —¢’,. Making substitution £ = XS/VQD as
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This gives a useful presentation
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(A2)

For simple tunneling spectrum e,_ = 4¢ sin (¢4 ) sin (%) with ¢ = q‘;q/ and ¢_ = q—¢’. This allows us to transform
Eq. (A2) to the following form

(A3)

/ dgs / dg_ cos (g_n)In (\/1 + 725in? ¢ sin? (%) + 7singy sin (%))
Tsin g4 sm \/1 + 72sin? ¢4 sin (q2 )

with 7 = 2¢, /A. This result is equivalent to Eq. (20) of the main text. In particular, for 7 < 1, using expansion

In (V1+22+z)~az— Ltad, we obtain

X, 1 1
n— (12 - Ad
By ( 67‘ )5 27’ 5‘n| 1- ( )
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Therefore, in the case t; < A the superconducting contribution to the RKKY interaction is short-range, similar to
the normal part.

The asymptotics at large n is determined by the region q_ < 1

p J In <\/1 + 72sin? ¢ (%)2 + 7singy (qz)>
/ q+/ &cos (g-n) :

Tsingy (%) \/1—1—7'251n q+ (%)2
, we obtain presentation
Xﬁs - 2 g dq+ g 2 n
vop T Jy wsingy \7singy )’
o0 In(V1+k2+E
G (a) :/ dk cos (ak) n )
0 EvV1+ k2

Deforming the integration contour into the complex plane, we obtain

exp ( ) ™ / m3/2
dz ex dx exp (—ax
/ W22 —1 Q\f P p( )

Making substitution k=7 sin (¢4) %

\f = 503, P )

Therefore
xS 1 T dqy 2 n
Vap 2y/mmn Jo +/singy P\ "7 sm q+
2 0o 2
_exp(—2n exp (—<n
p ( ) / dx exp <_Em2) _M
2yt J_ T

oo N 2n

giving the result in Eq. (21).

Appendix B: Derivation of superconducting energy of helical structure

The superconducting contribution to the helical-structure energy, Eq. (23)

oo

FQ)=-S3T°> " > X5 spscos(Q), (B1)
=1 4,6’=0,1

where X2 is given by Eq. (20). For further simplification, we use the identity

Z ZCOS (21—6+6")] cos (Ql) = g (I+cosq-) { Z {§(q+ % —7mm) + §(q— — % —wm)} —2} .
6,6'=0,11=1 m=—o0
As 0 < ¢q_,Q < m, only nonzero -function terms are with ¢_
part of energy as

/2 and q_ = 7 — /2, which gives the Q-dependent

1 " dgs Q In <\/1+T2sin2q+sin2((‘f)+Tsinq+sin<g>>
F(Q) = *V2DS§\72/ — | {1+ cos—=
2 0 T 2 . . (Q ) 2(Q
7 sin ¢4 sin (Z) 1+ 72sin® ¢, sin (Z)
0 In (\/1+7251n2q+0052<§>+Tsinq+cos(§)>
+ (1 — cos >

: (52)
7 8in ¢4 cos (%) \/1 + 72sin? ¢4 cos? (%)
This result is equivalent to Eq. (26) in the main text
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