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Effects of pressure on the electronic structure, electron-phonon interaction, and superconductivity
of the high entropy alloy (TaNb)0.67(HfZrTi)0.33 are studied in the pressure range 0 - 100 GPa.
The electronic structure is calculated using the Korringa-Kohn-Rostoker method with the coherent
potential approximation. Effects of pressure on the lattice dynamics are simulated using the Debye-
Grüneisen model and the Grüneisen parameter at ambient conditions. In addition, the Debye
temperature and Sommerfeld electronic heat capacity coefficient were experimentally determined.
The electron-phonon coupling parameter λ is calculated using the McMillan-Hopfield parameters and
computed within the rigid muffin tin approximation. We find, that the system undergoes the Lifshitz
transition, as one of the bands crosses the Fermi level at elevated pressures. The electron-phonon
coupling parameter λ decreases above 10 GPa. The calculated superconducting Tc increases up to 40
- 50 GPa and, later, is stabilized at the larger value than for the ambient conditions, in agreement
with the experimental findings. Our results show that the experimentally observed evolution of
Tc with pressure in (TaNb)0.67(HfZrTi)0.33 can be well explained by the classical electron-phonon
mechanism.

I. INTRODUCTION

High-pressure studies of superconducting materials
have brought about the latest breakthrough in the field of
superconductivity. The record-high Tc of 203 K in H3S1

and 250 K in LaH10
2 at P > 150 GPa were recently re-

ported, and theoretical predictions show that even larger
values of Tc are possible3,4. As superconductivity in these
materials is mediated by the electron-phonon interaction,
recent discoveries also turned attention to the effect of ex-
treme pressure on superconductivity in other materials,
including bulk conventional superconductors. This in-
cludes recent high-pressure studies on superconductivity
in Nb-Ti alloy5 and (TaNb)0.67(HfZrTi)0.33 high-entropy
alloy (HEA)6, on which we are focusing in the current
work.

High entropy alloys7,8 contain five or more elements
and, due to stabilization by the configurational en-
tropy, form simple ”monoatomic” crystal structures such
as cubic bcc or fcc, with statistical occupation of the
single crystal site. The first superconducting HEA,
Ta34Nb33Hf8Zr14Ti11

9 was reported in 2014. It crys-
tallizes in a Im-3m bcc-type of structure, with a lat-
tice parameter of 3.36 Å. In this system, all atoms ran-
domly occupy (2a) crystal site (on average). It is a
type-II superconductor with the transition temperature
of Tc = 7.3 K. Experimental data as well as theoreti-
cal calculations10 suggest conventional mechanism of su-
perconductivity with a relatively strong electron phonon
coupling parameter λ ∼ 1. Several other examples of
superconducting HEAs were later reported11–13, how-
ever, the TaNbHfZrTi family is still the most investi-
gated one9,10,14,15. When the atomic concentration is
slightly changed to Ta33.5Nb33.5Hf11Zr11Ti11

15 [denoted

as (TaNb)0.67(HfZrTi)0.33 or TNHZT in short], super-
conducting transition temperature slightly increases to
7.7 K. This alloy also hosts a cubic body-centered crys-
tal structure, with the lattice parameter of 3.34 Å.

When the external pressure is applied, Tc of
(TaNb)0.67(HfZrTi)0.33 increases up to about 10 K at
around 50-60 GPa and then it remains practically con-
stant up to about 100 GPa. After that, it slightly de-
creases to 9 K at 190 GPa6. In our work we investigate
effects of pressure on the electronic structure and super-
conductivity in this disordered system to better under-
stand microscopic mechanisms controlling these interest-
ing Tc(P ) characteristics. As the crystal structure was
determined experimentally to about 96 GPa6 we per-
form our studies in the pressure range from 0 to 100
GPa. The electronic structure is calculated using the
Korringa-Kohn-Rostoker method with the coherent po-
tential approximation (KKR-CPA)16–19. From the KKR-
CPA results, by using the rigid muffin tin approximation
(RMTA),20 the McMillan-Hopfield parameters are calcu-
lated. Effect of pressure on the lattice dynamics is sim-
ulated using the Debye model and Grüneisen parameter
γG. To obtain γG it becomes necessary to determine the
volume thermal expansion coefficient, thus experimen-
tal measurements of the crystal structure evolution with
temperature were performed. Additionally, to assure the
consistency of the analysis the low-temperature heat ca-
pacity was measured on the same sample to obtain Tc,
Debye temperature θD, and the Sommerfeld coefficient γ.
As a final result, the pressure evolution of the electron-
phonon coupling parameter λ(P) and the superconduct-
ing critical temperature Tc(P ) are determined.
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FIG. 1. Pressure dependence of the unit cell volume. Points
correspond to the experimental data6 and line is determined
from the fitted Birch-Murnaghan equation of state.

II. METHODOLOGY

A. Synthesis & X-ray Crystallography

The Ta0.335Nb0.335Hf0.11Zr0.11Ti0.11 sample was pre-
pared by melting the required high-purity elements, i.e.,
tantalum foil (99.9%), niobium pieces (99.99%), hafnium
pieces (99.99%), zirconium foil (99.8%) and titanium
pieces (99.99%). The elemental metals were arc-melted
to a single metallic button under an argon atmosphere on
a water-chilled copper plate. A piece of zirconium was
used as a getter at each melting steps. After the initial
melt, the sample nugget was turned and remelted three
times to ensure the optimal mixing of the constituents.
Mass loss during the synthesis was smaller than 1% and
the resulting material was hard and silver in color.

The phase purity of the obtained material was checked
by X-ray diffraction (XRD) using a Philips X’pert Pro
MPD with Cu Kα radiation. The sample exhibited duc-
tility, and therefore could not be ground. Because of that,
for qualitative and quantitative characterization the sam-
ple had to be converted into a plate form. In order to
prepare the sample for the XRD analysis, the button was
cut into smaller piece and then transformed into a plate
using hydraulic press. The mechanical handling did not
cause any sample contamination. The plate was put on
the Al2O3 (corundum) sample holder and mounted in a
small furnace inside a diffractometer. Above 400◦C the
sample oxidizes and, hence, the XRD analysis in higher
temperatures was not continued. The lattice parameter
for TNHZT at different temperatures was estimated from
the LeBail fit using a HighScore program.

B. Heat capacity

Heat capacity measurements were carried out using a
Quantum Design Physical Property Measurement Sys-
tem (PPMS) Evercool-II. The two-τ relaxation method

was used to measure the specific heat without external
magnetic field and under 8 T magnetic field, in the tem-
perature range 1.9 - 10 K. The sample was attached to
the measuring stage by using Apiezon N grease to ensure
good thermal contact.

C. Electronic structure

Electronic structure calculations were performed us-
ing the Korringa-Kohn-Rostoker method with the coher-
ent potential approximation (KKR-CPA)16–19 to account
for atomic disorder. Crystal potential of the muffin-tin
type was constructed using the local density approx-
imation (LDA), Perdew-Wang parametrization21, and
in the semi-relativistic approach. Angular momentum
cut-off was set to lmax = 3. Highly converged results
were obtained for about 450 k-points grid in the irre-
ducible part of Brillouin zone for self-consistent cycle and
2800 k-points for the densities of states (DOS) compu-
tations. Muffin-tin radius was set to the largest non-
overlapping spheres (i.e. RMT = a

√
3/4) and the Fermi

level (EF ) was accurately determined from the general-
ized Lloyd formula17. It is worth noting, that the KKR-
CPA method has already been successfully applied to
study different physical properties of high entropy al-
loys22–25.

Electron-phonon coupling and its evolution under ex-
ternal pressure is studied using the so-called Rigid Muf-
fin Tin Approximation (RMTA). This method has been
successfully applied to many superconducting materials,
mostly containing transition metal elements20,26–31 and
more recently, to the HEA Ta34Nb33Hf8Zr14Ti11

10 at am-
bient pressure. In this approach, the electron-phonon
interaction is decoupled into electronic and lattice con-
tributions. The coupling parameter λ is computed as:

λ =
∑
i

ηi
Mi〈ω2

i 〉
, (1)

where ηi are the McMillan-Hopfield parameters32,33 com-
puted for each of the atom i in the unit cell, Mi is the
atomic mass, and 〈ω2

i 〉 is the properly defined average
square atomic vibration frequency (see the discussion of
the frequency moments in the Supplemental Material34).
Within RMTA, McMillan-Hopfield parameters are calcu-
lated using the band-structure related quantities20,26,28

employing expression:

ηi =
∑
l

(2l + 2)nl(EF )nl+1(EF )

(2l + 1)(2l + 3)N(EF )

∣∣∣∣∣
∫ RMT

0

r2Rl
dV

dr
Rl+1

∣∣∣∣∣
2

,

(2)
where V (r) is the self-consistent potential at site i, RMT

is the radius of the i-th MT sphere, Rl(r) is a regular
solution of the radial Schrödinger equation (normalized
to unity inside the MT sphere), nl(EF ) is the l–th partial
DOS per spin at the Fermi level EF , and N(EF ) is the
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total DOS per primitive cell and per spin. For a more
detailed discussion of the approximations involved in this
methodology, see e.g. Refs.28,29 and references therein.

In the case of a random alloy, where a single crystal site
i is occupied by several different atoms that have differ-
ent concentrations, modification of Eq.(1) is necessary. In
calculations of λ for binary alloys having similar atomic
masses of elements (e.g. Nb-Mo), where one can expect
similar denominators in Eq.(1) the McMillan-Hopfield
parameters obtained from self-consistent KKR-CPA cal-
culations, were simply weighted by atomic concentrations
ci

35, and were predicting composition dependence of λ
reasonably well. Besides, in the case of a monoatomic
system that has a Debye-like phonon spectrum, 〈ω2

i 〉 may
be reasonably well approximated using the experimental
Debye temperature35–37 as 〈ω2〉 = 1

2θ
2
D (see Supplemen-

tal Material34 for the derivation of this formula). That is
especially useful in the present case of a multicomponent
HEA, since it allows to estimate λ without knowledge of
the phonon spectrum. As the Debye temperature rep-
resents the characteristic frequency of the whole system,
we use it in combination with the concentration-weighted
average atomic mass. In this approach the denominator
in Eq. (1) takes the form: Mi〈ω2

i 〉 ' 〈M〉 12θ
2
D, where

〈M〉 =
∑
i ciMi. The final formula for the electron-

phonon coupling (EPC) parameter λ of HEA used in our
work becomes:

λ =

∑
i ciηi

1
2 〈M〉θ

2
D

, (3)

where McMillan-Hopfield parameters ηi of each atom in
the system are computed in the self-consistent KKR-
CPA calculations and ci is the atomic concentration
of the element. As mentioned above, this approach
was recently applied to the first superconducting high-
entropy alloy Ta34Nb33Hf8Zr14Ti11

10 at ambient pres-
sure (Tc = 7.3 K). The value of λ = 1.16 was obtained in
good agreement with the value of λ = 0.98 determined
from the renormalization of the electronic heat capac-
ity coefficient γ. Here, the same approach is applied to
(TaNb)0.67(HfZrTi)0.33 system to study evolution of su-
perconducting properties under pressure.

As far as the crystal structure is concerned, high pres-
sure synchrotron X-ray diffraction measurements were
performed in the pressure range from 0 to 96 GPa and it
was shown that (TaNb)0.67(HfZrTi)0.33 maintains the bcc
structure, since no structural distortion was observed6.
As there is no information on the crystal structure above
this pressure we limit our studies to the pressure range
from 0 to 100 GPa. Available experimental data of vol-
ume vs. pressure are shown in Fig. 1 and were fitted to
the third order Birch-Murnaghan equation of state:38
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FIG. 2. Pressure dependence of θD of niobium from the direct
phonon calculations and from the Grüneisen model for several
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FIG. 3. Pressure dependence of θD of tantalum from the di-
rect phonon calculations, from the Grüneisen model for sev-
eral values of n, and from the quasi-harmonic calculations of
Liu et al.39.

P (V ) =
3

2
B

[(
V

V0

)− 7
3

−
(
V

V0

)− 5
3

]
{

1 +
3

4
(B′ − 4)

[( V
V0

)− 2
3

− 1
]}
,

(4)

where V0 is the equilibrium volume. Bulk modulus of
B = 177.35 GPa and its derivative B′ = 2.87 were ob-
tained and are used in the subsequent analysis.

D. Evolution of Debye temperature with pressure

The Debye temperature of TNHZT θ0D was measured
only at ambient conditions15, therefore it was also nec-
essary to simulate its pressure dependence to calculate
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λ(P ) and Tc(P ) using Eq.(3). This can be performed us-
ing analytic model based on Grüneisen parameter γG

40

where

γG(V ) = −∂ ln θD
∂ lnV

. (5)

As the volume compression (in our case) reaches 30%
(see, Fig. 1), a variation of Grüneisen parameter with
pressure (volume) has to be taken into account. This
can be done using the so-called second order Grüneisen
parameter q:

q(V ) =
∂ ln γG(V )

∂ lnV
, (6)

which also may be pressure-dependent. Equations (5)
and (6) cannot be solved in a simple way as both γG and
q are volume-dependent parameters. Assuming that the
next logarithmic derivative is constant:41

q′(V ) =
∂ ln q(V )

∂ lnV
= const. (7)

we may write q(V ) as a power-law relation

q(V ) = q0ζ
n, (8)

where ζ = V/V0, n is a material-dependent constant pa-
rameter, and q0 = q(V0) is the value at ambient con-
ditions. Such approximation leads to the formula for
γG(V )42:

γG(V ) = γ0Ge
[
q0
n (ζn−1)]. (9)

Once γG(V ) is calculated the Debye temperature for
a given volume (or equivalently pressure) is computed
from:

θD(V ) = θ0D

(
V

V0

)−γG(V )

. (10)

Input parameters, required to compute θD(V ) are
ambient-pressure Debye temperature θ0D and ambient-
pressure Grüneisen parameter γ0G, which have not been
determined for our system yet. To obtain γ0G we have
performed the volume thermal expansion coefficient α
measurements, described in the next section. This al-
lows to calculate the Grüneisen parameter at ambient
conditions:40

γ0G =
αBV0NA
CV

, (11)

where V0 is the primitive cell volume, NA is the Avogadro
number, and CV is the molar constant-volume heat ca-
pacity taken as the Dulong-Petit limit of 24.94 (J K−1

mol−1). The second order Grüneisen parameter is given
by the following relation:43,44

q0 = 1 + δT −B′, (12)

TABLE I. Computed and experimental values of the Debye
temperature θD

32,48–50, the bulk modulus B, the pressure
derivate of the bulk modulus B′51, the Grüneisen parameter
γ0
G

52 and the second order Grüneisen parameter q0 [Eq. 15]
at ambient conditions.

θD (K) B (GPa) B′ γ0
G q0

Nb (calc) 271 163 3.52 1.55 0.14
Nb (expt.) 270-280 169 4.02 1.59 0.16
Ta (calc) 219 194 3.787 1.427 0.067
Ta (expt.) 229-258 194 3.80 1.64 0.48

where δT is the so-called Grüneisen-Anderson
parameter:45

δT ≡
∂ lnα

∂ lnV
. (13)

Using Dugdale and MacDonald46 work, Chang et al., ob-
tained a simple relation between δT and γ0G:47

δT = 2γ0G. (14)

Finally, second order Grüneisen parameter may be cal-
culated at ambient conditions as47:

q0 = 1 + 2γ0G −B′. (15)

Bulk modulus values B and B′ were determined above
from the P (V ) fit, thus the only parameter which re-
mained to be determined is the power-law coefficient n
from Eq.(8). Unfortunately there are no available litera-
ture data to estimate n, even for the constituent elements
of TNHZT. To overcome this difficulty, first-principles
phonon calculations in the pressure range of 0 - 100 GPa
were performed for elemental Nb and Ta, which are the
main components of our HEA and have the same bcc
crystal structure. This allowed us to validate the above-
described method of calculating θD(P ) as well as to ob-
tain some information about the value of n.

Calculations of the phonon densities of states for Nb
and Ta were performed using a Quantum ESPRESSO
software53,54. We used projected augmented wave (PAW)
pseudopotentials55,56, with the Perdew-Burke-Ernzerhof
generalized gradient approximation for the exchange-
correlation potential57. First, phonon densities of states
F (ω) were computed for various pressures and then the
Debye temperature was calculated, based on the m-th
moment of the phonon spectrum:

µm =

∫ ωmax

0

ωmF (ω)dω

/∫ ωmax

0

F (ω)dω (16)

ωD(m) =

(
m+ 3

3
µm

)1/m

. (17)

Among many available formulas for the ”theoretical”
Debye temperature (see, Ref.40,58 for more details) we
choose the one, which corresponds to the correct repre-
sentation of the heat capacity for T > θD, i.e. m = 2,
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FIG. 4. Temperature dependence of a relative change of the
unit cell volume. The lattice parameter was obtained by the
LeBail method. A cubic Im-3m (s.g. no 229) structure was
used as a starting model.

and kBθD = ~ωD(2). However, since our materials have
a simple acoustic phonon spectrum, θD computed us-
ing different values of m do not change in more than
5%. It should be noted that there is no conflict between
Eqs.(16)-(17) and approximation 〈ω2〉 = 1

2θ
2
D. To avoid

any confusions we explain the difference between 〈ω2〉
(that enters Eq. (1)) and the second moment of the
phonon DOS function in Supplemental Material34.

Computed and experimental values of the bulk modu-
lus B, its pressure derivative B′, the Grüneisen param-
eter γ0G, and the second order Grüneisen parameter q0
for Nb and Ta are gathered in Table I. The second order
Grüneisen parameter q0 is calculated using Eq. 15. The
θ0D parameter obtained from the phonon calculations and
at zero pressure is 271 K for Nb and 219 K for Ta. The
calculated Debye temperature of Nb remains in a very
good agreement to the experimental values, which span
the range of 270-280 K32,48. The θ0D of Ta is slightly
smaller than the literature values that range from 229
K49 �via 245 K,50 up to 258 K32. Grüneisen model cal-
culations of θ(P ) were performed using the computed
θ0D and other parameters, shown in Table I and for sev-
eral values of n, ranging from 4 to 16. The values of
θ(P ), calculated directly from phonon DOS under pres-
sure (shown in Supplemental Material34) and from the
Grüneisen model for representative values of n are com-
pared in Fig. 2 for Nb and Fig. 3 for Ta. In the case of Nb
an almost perfect agreement is found. Larger deviation
is seen for Ta, but still the differences between the model
and first-principle calculations are smaller than 10%. It
is also worth noting that our model calculations of θD(P )
for Ta remain in a very good agreement with the quasi-
harmonic approximation calculations of Liu et al.39. The
general observation is that the pressure dependence of
θD is quite well captured by the Debye-Grüneisen model,
which contains only one free parameter, n. Moreover, the

FIG. 5. Panel (a): temperature dependence of the electronic
heat capacity Cel/T in zero (open circles) and 8 T (close cir-
cles) magnetic field. Panel (b): low temperature experimental
data Cp/T vs. T 2. The solid red line is a fit by the expression
Cp/T = γ + βT 2.

computed θD(P ) are not very sensitive to the particular
choice of n due to relatively small q0 values. In the case
of Nb, where the agreement is better, n = 16 seems to be
the best choice. Thereofore, this value will be assumed in
the analysis of HEA, where due to the presence of chem-
ical disorder a phonon spectrum was not calculated.

To summarize the methodology section, electron-
phonon coupling constant λ is calculated using Eq. (3),
McMillan-Hopfield parameters are computed from band-
structure results using Eq. (2), ambient-pressure values of
the Debye temperature θ0D and the Grüneisen parameters
γ0G and q0 are taken from experiment, and the evolution
of θD with pressure is modelled using Eq. (9-10), where
n = 16 is assumed.

III. RESULTS AND DISCUSSION

A. The thermal expansion and heat capacity

The (TaNb)0.67(HfZrTi)0.33 as-cast sample was char-
acterized using X-ray diffraction method (XRD). The
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TABLE II. Volume thermal expansion coefficient αV (K−1),
zero-pressure Grüneisen parameter (dimensionless) and the
bulk modulus B (GPa) of TNHZT, determined in this work,
compared to several refractory HEAs59,60.

αV γ0
G B

TNHZT (this work) 2.07 1.62 177.4
TiZrHfVNb 3.60 1.83 79.0
TiZrVNb 3.34 1.65 84.2
TiZrVNbMo 3.32 2.19 125.0
NbTaMoW 2.67 2.40 162.5
NbHfZrTi 2.30 - 88.3
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FIG. 6. Simulated pressure dependence of θD of TNHZT.

measurement was first performed at room temperature
and then at temperatures from 100◦C up to 400◦C with
a step of 50 deg. The XRD pattern is shown in the
Supplemental Material34 and contains only sharp Al2O3

(holder) reflections and reflections that were indexed with
an I-centered cubic phase. A cubic lattice parameter for
TNHZT was refined using the LeBail method and High-
Score software. A relative change of a unit cell volume
(∆V/V0) vs. temperature is presented in Figure 4. The
volumetric thermal expansion coefficient was found to be
α = 2.07(19)× 10−5 K−1 and is comparable to those ob-
tained for the constituting metals [for which it changes
from 17.1 (Zr) to 27 (Ti), given in (10−5 K−1)].

The temperature dependence of the electronic heat ca-
pacity, Cel/T of (TaNb)0.67(HfZrTi)0.33 is presented in
Fig. 5(a). The experimental data were collected under
zero (open circles) and applied magnetic field (close cir-
cles). The Cel was obtained from the relation Cp =
Cel + Cph, where Cph = βT 3 is the low temperature
(T < θD/50) phonon contribution. In order to obtain
β, the heat capacity in the normal state was measured
and the data are presented in panel (b), plotted as Cp/T
vs. T 2. In the normal state Cp can be analyzed by
Cp = γT + βT 3, where γT is the contribution from
the conduction electrons. The fit is represented by a
solid red line with the fitting parameters: γ = 7.7(1) mJ
mol−1 K−2 and β = 0.193(2) mJ mol−1 K−4. Then, we

can calculate the Debye temperature from the relation:
θD = [(12πR)/(5β)]1/3, where R is the gas constant.
Both the Sommerfeld parameter and Debye temperature
θD = 216(1) K are in good agreement with those reported
previously15 (γ = 7.97 mJ mol−1 K−2, θD = 225 K). The
sharp anomaly at Tc = 7.6 K, seen in the Cel/T confirms
a bulk nature of superconductivity in the studied sample.
A normalized jump of the specific heat ∆C/γTc = 1.93
is comparable to that reported in Ref. 15. The esti-
mated value exceeds the one expected for weak-coupling
BCS superconductors ∆C/γTc = 1.43, indicating that
(TaNb)0.67(HfZrTi)0.33 is a an intermediate- or strong-
coupling superconductor.

B. The Debye temperature under pressure

Evolution of the Debye temperature with pressure,
needed to calculate λ in our approach, was simulated
according to the model described above. The ambient-
pressure Grüneisen parameter γ0G was calculated using
Eq. 11. The lattice thermal expansion coefficient and
unit cell volume have been measured experimentally and
heat capacity was approximated by the Dulong-Petit law.
The parameters B = 177 GPa and B′ = 2.87 were de-
termined from the Birch-Murnaghan equation of state6.
Values of those parameters are gathered in Table II, along
with a data reported for similar alloys59. The lattice
thermal expansion coefficient of TNHZT is relatively low
and it is accompanied by a large bulk modulus. The
obtained value of the Grüneisen parameter γ0G = 1.62
is similar to that found for the other listed alloys. Using
Eq.(15), the second-order Grüneisen parameter q0 = 1.36
is obtained. It is larger than q0 of Nb and Ta, which is
a direct consequence of smaller B′ observed in TNHZT.
Unfortunately, there are no other reported values of q0
(to the best of our knowledge) among HEAs to compare
with. The calculated evolution of θD under pressure are
shown in Fig. 6 for different values of n. For larger n,
θD(P ) becomes insensitive to choice of n and we assume
n = 16 in further analysis. It also gave the closest results
to the first-principles modeling and quasi-harmonic cal-
culations for Nb and Ta, as described above. Finally, θD
increases almost linearly with pressure and reaches 360
K at P = 100 GPa.

C. Electronic structure

Figure 7 presents total and atomic densities of states
of TNHZT, calculated under various pressures. In
(TaNb)67(HfZrTi)33 and at ambient conditions, the
Fermi level is located in the DOS peak, similarly to
the first superconducting HEA, Ta34Nb33Hf8Zr14Ti11

10.
Main contributions to the total DOS originate from the
d-shells of all consistuent atoms (3d for Ti, 4d for Zr and
Nb, and 5d for Hf and Ta). As the pressure increases,
DOS strongly decreases. It is mainly due to enhanced
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FIG. 7. Total and atomic densities of states of TNHZT alloy, calculated under various pressures in the range of 0 to 100 GPa.
Solid black line represents the total DOS. Atomic densities of states are plotted with colors and weighted over its concentrations.

TABLE III. Electronic properties of (TaNb)67(HfZrTi)33. Mi

is given in u, ci in %, N(EF ) in Ry−1, η in mRy/a2
B .

ci Mi N(EF ) ηi ηsp ηpd ηdf
Ta 33.5 181 16.54 151.79 0.83 49.08 101.90
Nb 33.5 93 18.10 157.09 4.46 53.19 99.45
Hf 11 179 15.20 156.30 1.58 66.16 88.60
Zr 11 91 16.21 165.01 6.55 73.16 85.28
Ti 11 41 24.78 119.17 4.80 43.56 70.80

hybridization and decrease of the unit cell volume. Fur-
thermore, applied pressure increases separation of the
two highest DOS peaks (one located at the Fermi level
and the second one below EF ) and shifts electronic states
to a lower energy range (i.e. increases the bandwidth).
In addition, a shift of electronic states causes a gradual
decrease of the third DOS maximum, lying in the lowest
energy range. Atom with the largest contribution to the
total DOS at EF is Ti (see also Table III) for both am-
bient and elevated pressure conditions. Fig. 8 shows the
gradual decrease of the N(EF ) value with pressure, from
about 22.5 Ry−1 to 14.5 Ry−1 at 100 GPa. The ambient-
pressure value corresponds to the non-interacting Som-

merfeld parameter γ0 = 3.9 mJ mol−1 K−2. Compari-
son to the experimental value of γ = 7.7(1) mJ mol−1

K−2 gives the electron-phonon enhancement parameter
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FIG. 8. Variation of the density of states at the Fermi level
under hydrostatic pressure from 0 to 100 GPa. Dashed lines
are the linear trend lines, described in the text.
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λ = γ/γ0 − 1 = 0.97, which is very close to the value
obtained for Ta34Nb33Hf8Zr14Ti11

10.

In the N(EF ) versus P relation (Fig. 8) we can dis-
tinguish three regions. At first, N(EF ) quickly decreases
with a slope of -0.123 Ry−1/GPa up to 40 GPa. Above
40 GPa, the decrease becomes slower (-0.042 Ry−1/GPa),
and then, above 70 GPa, the slope becomes more nega-
tive, reaching -0.079 Ry−1/GPa. Interestingly, this evo-
lution is correlated with the observed modifications of
Tc under pressure, where Tc increases monotonically up
to 10 K at around 50 GPa. Above that pressure, the
transition temperature, remains practically constant. To
analyze this trend of N(EF ), electronic dispersion re-
lations were computed using the complex energy band
technique, attainable in the KKR-CPA formalism61–63.
In this method, the real part of electron energy shows
the band center, whereas the imaginary part describes
the band smearing effects caused by a chemical disorder.
A bandwidth is related to the electronic life time that is
finite due to the presence of the disorder-induced electron
scattering, τ = ~/2Im(E). As we have shown in Ref.10 in
the case of Ta34Nb33Hf8Zr14Ti11, electronic bands were
rather sharp with small smearing effect, in spite of the
high level of disorder. As seen in Fig. 9 the same situ-
ation is found here, especially near EF , where the small
imaginary part of energy gives τ ∼ 0.5 − 1 × 10−14 s.
Also, the smearing near EF does not change much under
pressure, although it increases for the lower-lying states.

On the whole, upon external pressure both empty and
occupied electronic bands move towards EF . Interesting
evolution is found in the N − Γ direction, where the lo-
cal minimum of one of the bands is near EF (peak in
DOS is associated with this band). As shown in Fig. 10,
above 50 GPa this band comes very close to EF and its
center actually crosses EF at around ∼70 GPa, leading
to a Lifshitz transition64 (change of the Fermi surface
topology). This topological transition is also visualized
in Fig. 11, where kx− ky cross-sections of the Fermi sur-
face are plotted for 0, 50 and 100 GPa. The appearance
of an additional band at the Fermi level is correlated
with the slowing down of the decrease in N(EF ) around
40 GPa, as discussed above. The fact that the band is
actually blurred by the disorder leads to smearing of this
transition and the band starts to contribute to DOS at
lower pressures.

What is worth noting, two transitions in topol-
ogy of electronic states under pressure were reported
theoretically65 for pure Nb; one slight change in the
Fermi surface shape at 5-6 GPa and more prominent one
around 60 GPa, connected to similar shift in electronic
band in N − Γ. In an earlier experiment66, Tc of Nb
was reported to show anomalies around these pressures
(increase by 0.7 K and decrease by 1 K, respectively)
and changes in the topology of the Fermi surfaces were
given as an explanation for these anomalies in Ref.65.
However, in another theoretical work67, where relativis-
tic full potential LMTO calculations were presented, only
the second transition was observed, at around 60 GPa of
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FIG. 9. Electronic dispersion relations for P = 0, 50 and 100
GPa. Shading describes the band smearing and corresponds
to the imaginary part of the complex energy.

hydrostatic pressure. The first anomaly in Tc, reported
in Ref.66 was ascribed to the presence of non-uniform
pressure conditions or polycrystalline sample effects. In
our case the Tc increases monotonically up to about 50
GPa and remains practically constant above that pres-
sure. This trend may be correlated to the observed Lif-
shitz transition, which is additionally smeared by the dis-
order effects.

D. Electron-phonon coupling

Values of the ambient-pressure McMillan-Hopfield pa-
rameters are gathered in Table III. Titanium, despite
highest N(EF ) has the lowest contribution to the elec-
tronic part of the EPC, while the highest belongs to Zir-
conium. Interestingly, Zr atoms also present almost equal
contribution to η from the p−d and d−f scattering chan-
nels. For other constituent atoms, d-f scattering channel
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gives the largest contribution to η and it is typical for
transition metal elements. To have a reference point, η
for pure Nb is about 165 mRy/a2B

35, and calculated ηi
are slightly smaller than for Ta34Nb33Hf8Zr14Ti11

10. Us-
ing Eq. 3, the calculated ηi and the experimental Debye
temperature θD = 216 K, we get the ambient pressure
electron-phonon coupling constant λ = 1.1. This value is
in close agreement with 0.97 determined above from the
renormalization of the Sommerfeld coefficient γ.

Evolution of the McMillan-Hopfield parameters with
pressure is shown in Fig. 12; a concentration-weighted
sum in the top panel and ηi per atom in the bottom
panel. In both cases the evolution is very smooth, with
gradual increase in η. What can be noticed in Fig. 12(a)
is the slight change of slope of the curve, above 40-50
GPa, which resembles the one seen in N(EF ) variation
in Fig. 8. Nevertheless, the evolution of η is rather typi-
cal, as η generally increases with pressure29,68,69. Less
obvious is the change of the distribution of η among
the s − p − d − f scattering channels, which is plotted
in Fig. 13. For the group 4 elements, i.e. Hf, Zr, Ti,
a change of the dominating scattering channel to p − d
at high pressures is observed. Such a behavior is not
observed for Ta and Nb atoms, although values of ηpd
and ηdf become close to each other. The increase in
ηi is related to the increase in the matrix elements in
Eq.(2), which we additionally plotted in Supplemental
Material34.

The pressure evolution of λ, obtained based on com-
puted ηi(P ) parameters (Fig. 12), simulated evolution of
Debye temperature θD(P ) (Fig. 6) and Eq.3 is shown in
Fig. 14. After an initial increase, we observe a general
decrease in λ. This is due to the fact that the evolution
of the electron-phonon coupling constant λ with pressure
is the result of two competitive effects; an increase of the
McMillan-Hopfield η and increase of the phonon frequen-
cies ω, here represented by the Debye temperature θD.

Taking the derivative of lnλ from Eq.(3) we get:

d lnλ

dP
= − 1

B̃

(
d ln η

d lnV
+ 2γG

)
, (18)

where η =
∑
i ciηi and γG = −d ln θDd lnV . The simplified

pressure-volume equation of state V = V0 exp(−P/B̃)
was used to convert the pressure derivative into the vol-
ume one. The value of such-defined B̃ ”bulk modulus” is
of no importance here for the qualitative discussion. The
McMillan-Hopfield parameters increse when the unit cell
volume decreases, thus d ln η

d lnV is negative29,68,69 and its
value is usually between -1.0 and -3.0. From the equa-
tion above, we can see that λ(P ) would be an increasing

function of pressure for the case where − d ln η
d lnV > 2γG.

In our case 2γG ' 3.0 and − d ln η
d lnV < 3.0 for all pressures

above 20 GPa, and, therefore, a decreasing λ(P ) function
is expected. This is exactly what we can see in Fig. 14,
where λ decreases with pressure above 10 GPa. Only at
10 GPa, due to the strong increase of η, an increase of cal-
culated λ is observed, since the condition − d ln η

d lnV > 2γG
is fulfilled. At ambient conditions we have λ = 1.10. It
raises to λ ' 1.15 at 10 GPa and then gradually decreases
for larger pressures, reaching 0.88 at 100 GPa.

Finally, the superconducting critical temperature may
be calculated using McMillan formula32:

Tc =
θD

1.45
exp

[
− 1.04(1 + λ)

λ− µ∗(1 + 0.62λ)

]
. (19)

The last parameter, which has to be determined is
the Coulomb pseudopotential parameter, µ∗. In zero
pressure, the most-commonly used value of 0.13 would
lead to an overestimated Tc = 12.5 K. To get the ex-
perimental zero pressure Tc = 7.7 K one has to use
µ∗ = 0.215. Similar value was used for pure Nb to repro-
duce the experimental critical temperature based on the
calculated Eliashberg function67,70. Even larger values
of µ∗ were postulated for other materials such as Nb3Ge
(µ∗ = 0.24)71, V (µ∗ = 0.3),70 or MgCNi3 (µ∗ = 0.29)72.
Thus, to explore the variation of Tc with pressure we as-
sume µ∗(0) = 0.215. For P > 0, Tc(P ) was calculated
in two ways. First, µ∗ = 0.215 was kept constant in
the whole pressure range. Next, µ∗(P ) dependence was
assumed to originate from the pressure dependence of
N(EF ) and calculated using the Benneman and Garland
formula73:

µ∗ =
AN(EF )

1 +N(EF )
, (20)

where N(EF ) is in eV−1 per atom. Originally, Benneman
and Garland set A = 0.26 to get µ∗ = 0.13 for the typical
case of a metal with N(EF ) = 1 eV−1 per atom. There-
fore, in our case where N(EF ) = 1.65 eV−1 for P = 0
and postulated µ∗(0) = 0.215 we use A = 0.345, and sim-
ulate µ∗(P ) dependence according to N(EF ) variation
with pressure (Fig. 8) by using Eq.(20). Fig. 15 shows the
µ∗(P ) dependence that decreases smoothly with pressure
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FIG. 11. Cross sections of Fermi surface, calculated under pressures of 50 and 100 GPa. k is given in 2π/a.

and drops to 0.17 at 100 GPa. Finally, Fig. 16 shows the
computed critical temperature Tc(P ), where Tc for the
”standard” µ∗ = 0.13 as also included.

In general, under the assumption of relatively large
µ∗(0) = 0.215, our calculations quite well predict the
variation of Tc with pressure (but only when variable
µ∗(P ) is used). In spite of the decrease in the computed
λ above 10 GPa, Tc increases up to 40 - 50 GPa and then
remains almost constant up to 100 GPa, just like it is
observed in the experiment. This counter-intuitive ob-
servation shows the delicate balance between Tc, θD, and
λ, since an increase in θD leads to a quadratic increase
in the denominator of Eq.(3) (tendency to decrease λ)
and linear increase of Tc via the multiplicator in McMil-
lan’s Eq.(19). In stabilization of Tc above 40 GPa, the
decrease of µ∗, which results from the decrease in N(EF )
occurs to be equally important, since for the constant µ∗

decrease in Tc is predicted by the theoretical calculations.
This shows that up to a studied pressure of 100 GPa, the
evolution of Tc with pressure in (TaNb)0.67(HfZrTi)0.33
can be explained by the classical electron-phonon mecha-
nism. This is surprisingly well captured by a combination

of coherent potential approximation, rigid muffin tin ap-
proximation, and ”averaged” phonon spectrum. Thus,
structural local short-range ordering effects or local dis-
tortions of the crystal structure that are likely present in
the studied samples, seem not to have a large impact on
superconductivity. This may be understood as the super-
conducting coherence length being typically much larger
than the structural anomalies’ length scale. Based on the
upper critical field data from Ref.15 (µ0Hc2 = 7.75 T) the
superconducting coherence length may be estimated as
65 Å. This is is roughly 20 times the lattice parameter of
the system. On this length scale the possible local crys-
tal structure distortions or chemical inhomogeneities are
averaged out, and therefore an effective medium theory
that we apply here, works well.

IV. SUMMARY

In summary, we have studied pressure effects
of the electronic structure, electron-phonon interac-
tion, and superconductivity of the high entropy alloy
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FIG. 12. Pressure evolution of the McMillan-Hopfield pa-
rameters: concentration-weighted sum (top) and ηi per atom
(bottom).

(TaNb)0.67(HfZrTi)0.33 in a pressure range from 0 to 100
GPa. With increasing pressure the total density of states
at the Fermi level N(EF ) gradually decreases. Lifshitz
transition is observed around 70 GPa when one of the
bands starts crossing the Fermi level. Due to disorder-
induced band smearing effects, however, the transition is

not sharp, since these bands contribute to N(EF ) also
at lower pressures (even below 50 GPa). As in the ex-
perimental studies, Tc(P ) changes the slope above 50
GPa and this effect may be correlated with the calcu-
lated band structure evolution and the Lifshitz transi-
tion. The effects of pressure on the lattice dynamics
were simulated using the Debye-Grüneisen model, where
γG parameter was additionally determined. The calcu-
lated McMillan-Hopfield parameters increase with pres-
sure but due to concurrent effect of the lattice stiffen-
ing and increase of the Debye temperature, the electron-
phonon coupling parameter λ decreases above 10 GPa. In
spite of this, the calculated superconducting Tc increases
up to 40 - 50 GPa and later is stabilized at the larger
value of λ than observed at the ambient conditions. This
non-decreasing Tc results from the increase of the Debye
temperature and decrease of N(EF ), which is caused by
the monotonic decrease of the Coulomb pseudopotential
parameter µ∗. Our results are in good agreement with
the experimental trend and shows that up to a studied
pressure of 100 GPa the evolution of Tc with pressure
in (TaNb)0.67(HfZrTi)0.33 can be well explained by the
classical electron-phonon mechanism. This implies that
the electronic structure of the system is well described
by the coherent potential approximation. An excellent
additional test of our theoretical results would be a mea-
surement of the electronic heat capacity under pressure,
which would allow verification of the observed decrease
in both N(EF ) and λ.
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