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We study anomalies in time-reversal (Z2') and U (1) symmetric topological orders. In this context, an anoma-
lous topological order is one that cannot be realized in a strictly (2 + 1)-D system but can be realized on the
surface of a (3 + 1)-D symmetry-protected topological (SPT) phase. To detect these anomalies we propose
several anomaly indicators — functions that take as input the algebraic data of a symmetric topological order
and that output a number indicating the presence or absence of an anomaly. We construct such indicators for

both structures of the full symmetry group, i.e. U(1) x Z

7 and U(1) x Z%, and for both bosonic and fermionic

topological orders. In all cases we conjecture that our indicators are complete in the sense that the anomalies
they detect are in one-to-one correspondence with the known classification of (3 + 1)-D SPT phases with the
same symmetry. We also show that one of our indicators for bosonic topological orders has a mathematical in-
terpretation as a partition function for the bulk (3+ 1)-D SPT phase on a particular manifold and in the presence
of a particular background gauge field for the U (1) symmetry.

I. INTRODUCTION

Suppose one is given a (2 + 1)-D topological order with
a global symmetry group GG. A basic question is whether this
topological order can be realized in a strictly (2+1)-D system.
If no such realization exists, it is tempting to conclude that the
topological order is unphysical. However, this is not neces-
sarily true: some topological orders with symmetry have the
property that they cannot be realized in (2 + 1)-D, but can be
realized on the boundary of certain (3+ 1)-D systems, namely
(3 4+ 1)-D symmetry-protected topological (SPT) phases [1—

]. Topological orders of this kind are said to be anomalous.

It is clearly desirable to be able to detect which topolog-
ical orders with symmetry are anomalous and which can be
realized in (2 4 1)-D. An efficient way to do this is to con-
struct an explicit function, called an anomaly indicator, that
takes as input a topological order with symmetry and outputs
a number indicating the presence or absence of an anomaly.
The goal of this paper is to construct such anomaly indicators
in the physically important case where the global symmetries
are time-reversal and U (1) symmetry.

Before proceeding, let us be more precise about our termi-
nology. When we say “topological order”, we mean a col-
lection of algebraic data that describes both the topological
properties and symmetry quantum numbers of anyons. This
data has three components: (i) a set C = {a,b,c,...} of
anyons (or quasiparticles); (ii) fusion and braiding data for
these anyons [9]; and (iii) data that characterizes the action of
the symmetry group G on C (for general references on topo-
logical orders with symmetry, see [10—13]). This collection of
data cannot be chosen arbitrarily: it must be physically con-
sistent in the sense that it can be realized on the boundary of a
(34 1)-D SPT phase with the same symmetry group G.' The
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! In this paper, we only consider topological orders that can be realized on
surfaces of (3 + 1)-D SPT phases, which by definition are short-range
entangled. We do not address the question of which topological orders can
be realized on the boundary of (3 4+ 1)-D long-range entangled phases.
Readers interested in this topic can consult Ref. 14, for example.

question we ask is whether a given topological order C can be
realized on the boundary of a trivial SPT phase (which means
it can be realized in strictly (2 + 1)-D) or only on the bound-
ary of a nontrivial SPT phase. Anomaly indicators provide
the answer to this question (and more).

Recently, Refs. 15—17 constructed anomaly indicators for
topological orders whose only symmetry is time-reversal, i.e.
G = ZI. In this paper we build on this work by construct-
ing anomaly indicators for topological orders with both time-
reversal and U(1) symmetry. Specifically, we consider the
two symmetry groups, G = U(1) x Z1 and G = U(1) x ZT;
in the first case, the U(1) symmetry can be thought of as
charge conservation, while in the second case, the U(1) can
be thought of as spin (5%) conservation. We emphasize that
the first case, U(1) x Z2I, is particularly important as this
is the symmetry group of the electron topological insulator
(ETI) [18, 19] — one of the few experimentally realized SPT
phases [20] (see also the review [21]).

In addition to the two symmetry groups, we also consider
both bosonic and fermionic?® topological orders. In all four
cases we test our anomaly indicators on a set of nontrivial ex-
amples, and we conjecture that our indicators are complete in
the following sense: for each topological order C, they com-
pletely determine which (3 4 1)-D SPT phase of a given sym-
metry can host C on its boundary.

We start with the case of U(1) x Z1 symmetry. For bosonic
topological orders with this symmetry, we propose three indi-
cators 7)1, 12, and 13, of which 7; and 7y were previously
known [15, 17]. Each indicator can take on the two values +1
or —1, with a value of —1 indicating an anomaly. These eight
possibilities are in one-to-one correspondence with the eight
different phases in the (Z,)? classification of bosonic SPT
phases with U(1) x Z1 symmetry in (3 + 1)-D [I, 2]. Next,
for fermionic topological orders with U (1) xZ1 symmetry we
propose three indicators 73 r, 73, r, and 7y, of which 72y was
previously known [15, 16]. These three indicators also take on

2 By “fermionic topological order”, we mean a topological order contain-
ing a trivial fermionic quasiparticle e (representing the electron) which has
trivial mutual statistics with all other quasiparticles (see Appendix A).
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the values 1 or —1, leading to eight possibilities which corre-
spond to the (Z)? classification of fermionic SPT phases with
U(1) x Z% symmetry in (3 + 1)-D [22, 23].

We then consider the case of U(1) x ZI symmetry. For
bosonic topological orders with this symmetry we propose
four indicators 71, 12, 13, and 74, where the first three indi-
cators are the same as in the U(1) x ZI case. The fourth
indicator 7,4 also takes the values 1 or —1 only, and these four
indicators combined correspond to the (Zy)* classification of
bosonic SPT phases with U(1) x Z3 symmetry in (3 + 1)-
D [I, 24]. Finally, for fermionic topological orders with
U(1) x ZI symmetry we propose the two indicators 72,y and
13, (which already appeared in the U (1) x Z1 case). In this

case the indicator 1)y takes on the values ei%Tu, v=0,...,7,
and 73y takes on the values 1 and —1. These possible val-
ues correspond to the Zg X Zs classification of fermionic SPT
phases with U(1) x Z1" symmetry in (3 + 1)-D [23, 25].

We give concrete physical derivations of all four anomaly
indicators introduced in this paper: {ns,74,m3,¢, en}. We
also present a mathematical interpretation of the indicator 13
as being equal to the partition function for the bulk (3 4 1)-
D SPT phase on a particular manifold and in the presence
of a background U (1) gauge field (see Sec. II A6 for more
details). This partition function interpretation of 13 is similar
to the partition function interpretation of the indicators 7; and
7o from Ref.

Before closing this section, we should mention that the
anomalies that we consider here are closely related to ‘t Hooft
anomalies in high-energy physics [26]. A quantum field the-
ory with global symmetry of a group G is said to have a ‘t
Hooft anomaly if it cannot be consistently coupled to a back-
ground (i.e., non-dynamical) gauge field A for the group G.
What happens is that the theory cannot be regularized in such
a way that the partition function Z[A] for the theory coupled
to the background gauge field retains the full symmetry of the
classical action S[®, A] for the theory coupled to A, where ®
denotes the matter fields of the theory (these are integrated out
in the calculation of Z[A] ~ [[D®]e?S[®A]). Tt was recently
understood that a powerful way to characterize an SPT phase
is by the ‘t Hooft anomalies in theories that can appear on the
boundary of that SPT phase [27-32]. Although our anomaly
indicators are designed to work at the level of the algebraic
theory of anyons, we expect that the anomalies that they de-
tect would also appear as ‘t Hooft anomalies in a continuum
topological field theory description of the topological orders
that we study.

This paper is organized as follows. In Sec. I we construct
anomaly indicators for bosonic and fermionic topological or-
ders with symmetry group U(1) x ZI'. In Sec. III we prove
various universal properties of topological insulator surfaces
which we use in deriving our anomaly indicators. In Sec. IV
we construct anomaly indicators for bosonic and fermionic
topological orders with symmetry group U(1) x ZI. Sec-
tion V presents our conclusions. We discuss technical details
in a series of four appendices.

II. ANOMALY INDICATORS FOR SYSTEMS WITH
U(1) x Z3 SYMMETRY

A. Bosonic case
1. Review of anomaly indicators for systems with 7.3 symmetry

We begin by reviewing the anomaly indicators for time-
reversal symmetric bosonic topological orders [15, 17].

To begin, recall that in (3 + 1)-D, there are believed to be
four distinct bosonic SPT phases with time-reversal symme-
try, which are classified by the group Zs X Zso [1]. It follows
from this result that every time-reversal symmetric bosonic
topological order is associated with a Zy X Zo valued anomaly.
Ref. [15] proposed that this anomaly can be diagnosed by two
indicators 17 and 72, which can each take on the values £1
with a value of —1 indicating an anomaly. The first indicator
11 takes the form

1 .
e DI @1
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where C denotes the set of anyons in the topological order.
Here, d, (a positive real number) is the quantum dimension
of the anyon a, while D = /> d2 is the total quantum
dimension, and 6, is the topological spin of the anyon a (e.g.,
0, = m for a fermion).

The second indicator 7, takes the form

1 )
e = 5 Zda’];?ewa 5

aeC

(2.2)

where the quantity 7,2 is defined as follows. First, let 7 (a)
denote the image of the anyon a under the action of time-
reversal. We always have 7 (7 (a)) = a since time-reversal
is an involution. Anyons which are invariant under time-
reversal, 7 (a) = a, have two options as to how the time-
reversal symmetry is implemented on them: they can either be
local Kramers singlets or local Kramers doublets (see Ref.
for a precise definition of local Kramers degeneracy). Then
T2 is defined as

0, Tl)+a
T2=41 , T(a) = a and a is a Kramers singlet
—1 , T(a) = a and a is a Kramers doublet

What is the physical interpretation of 7; and 72? We can
get some insight into the first indicator 7; by recalling that for
any strictly two-dimensional bosonic topological order, n; =
¢~ where c_ is the chiral central charge of the edge modes
at the boundary [9]. This relation gives a simple proof that
n1 = 1 for strictly two-dimensional time-reversal symmetric
topological orders, since c_ is odd under time-reversal.

While we do not know of a similarly concrete picture for
719, there is a field-theoretic interpretation of 7y (as well as
71) as the partition function Z(X) of the bulk (3 4 1)-D SPT
phase on an appropriate closed Euclidean four-manifold X.



In particular, n; = Z (CIP’Q), the partition function on the (ori-
entable) Euclidean four-manifold CP?, while 7, = Z(RP*),
the partition function on the (non-orientable) Euclidean four-
manifold RP* [17].

2. An additional indicator 03

Having warmed up with case of time-reversal symmetry,
we now move on to discuss systems with both charge conser-
vation and time-reversal symmetry, i.e. U (1) x ZL symmetry.
In this case, there are believed to be 8 distinct SPT phases in
(341)-D with a (Zs)? classification [ 1, 2] (one Zq factor is be-
yond the group cohomology classification, which yields only
a (Zs)? classification [34]). Of these three Zs factors, the first
two are generated by bosonic SPTs with only ZZ" symmetry,
and so the U(1) symmetry plays no role in those phases. In
particular, this means that the n; and 7, indicators discussed
above are sufficient for detecting the associated anomalies. As
for the third Z, factor, this is generated by the bosonic topo-
logical insulator (BTI) phase [!, 2]. Thus, our task is to find
an anomaly indicator, 13, that can detect the Z5 anomaly as-
sociated with the BTI phase.

We propose that the missing indicator takes the form

1 ) )
M= 5 3 de e
aeC

(2.3)

where ¢, denotes the U (1) charge of the anyon a. Here we
use a convention where the fundamental (local) bosons in the
system have charge 1 so that ¢, is determined modulo 1.

In the remainder of this section, we will show that 73 has
all the properties that we want in an anomaly indicator:

1. n3 can only take the values +1 and —1.

2. Any topological order that can be realized in strictly two
dimensions has 13 = +1.

3. Any topological order that exists on the boundary of the
bosonic topological insulator has 3 = —1.

(Here all topological orders are U(1) x Z1 symmetric).

3. Examples

In this section we compute the values of the indicators 7,
12, and n3 for three important examples, namely the “EfMf”,
“ETMT”, and “ECMC” topological orders. These topological
orders are interesting because they are believed to appear on
the surfaces of the three ‘root” phases in the (Z3)? classifica-
tion of (34 1)-D bosonic SPTs with U (1) x Z1 symmetry [1].

Let us recall the definitions of these three topological or-
ders. The ETMT and ECMC topological orders have the same
anyons and same statistics as the usual toric code model, i.e.
C ={1,E, M, e} where E and M are bosons and ¢ = E' x M
is a fermion. What makes these topological orders interest-
ing is their symmetry assignments. In particular, in the ETMT

EfMf|ETMT|ECMC
m| —1 1 1
n2| —1 | —1 1
n3| —1 1 -1

TABLE I. Values of the indicators 11, 12, n3 for the EfMf, ETMT,
and ECMC topological orders which can appear on the surfaces of
the three root phases in the (Z2)? classification of bosonic SPTs with
U(1) x Z% symmetry in (3 4 1)-D.

theory, all anyons carry charge zero, but the £ and M par-
ticles are Kramers doublets, and the 1 and e particles are
Kramers singlets. Likewise, in the ECMC theory, all anyons
are Kramers singlets, but the £ and M particles carry charge
1/2, and the 1 and e particles carry charge zero. The EfMf
topological order is slightly different from the other two ex-
amples: this state has four anyons C = {1, F, M, e} with the
same fusion rules as the toric code, but ', M, € are fermions.
The symmetry assignments in EfMf are all trivial: all the
anyons are Kramers singlets with charge zero.

In Table I, we list the values of the indicators 7, 172, 13 for
the three bosonic topological orders discussed above. We can
draw several conclusions from this table. First, we can see
that 71,72, 73 are independent, in the sense that the values
in the table are inconsistent with the possibility that any one
indicator might be equal to a product of some of the others.
Second, we can see that the three indicators 71, 12, and 73
succeed in detecting the anomalies in the EfMf, ETMT, and
ECMC topological orders, as well as in any combination of
these topological orders, e.g. ETMT x ECMC, etc. The latter
result is particularly significant since, as we mentioned ear-
lier, these three topological orders are believed to describe the
surfaces of the three ‘root’ phases with U (1) x Z%" symmetry.
Assuming this is the case, it follows that 1, 172, and 13 provide
a complete set of anomaly indicators for bosonic topological
orders with U(1) x ZI symmetry.

4. Physical picture and derivation of the indicator 13

We now present a derivation of the indicator 13 and its prop-
erties. Our derivation is based on three results about charge
conserving and time-reversal symmetric bosonic topological
orders. The first result (proven below) is that every U(1) sym-
metric bosonic topological order C contains a unique Abelian
anyon f with the property that the mutual statistics between f
and any other anyon a is given by

0

a,f — ei27\'qa

2.4)
[By mutual statistics, we mean the statistical phase for a pro-
cess in which the anyon a makes a complete circuit around
the anyon f]. We refer to f as the “27 flux anyon”, or just the
“flux anyon”. The second result, which we prove in Sec. III,

is that any U (1) x ZI symmetric bosonic topological order C
that can appear on the surface of the BTI must have the prop-



erty that f is a fermion:

efr = —1 (2.5)
The third result, also proven in Sec. I11, is that any U (1) x ZZ
symmetric bosonic topological order C that can be realized
in strictly two dimensions must have the property that f is a
boson: €% = +1.

These results suggest a natural way to construct an anomaly
indicator: we will define a function 73 that takes as input a
U(1) x ZL symmetric topological order C, and returns as out-
put the topological spin e??s of the flux anyon f. We are then
guaranteed that 773 = —1 for any topological order supported
on the surface of the BTI, while 75 = +1 for any strictly two-
dimensional topological order.

Following this plan, we now proceed to construct the func-
tion 7j3. Our construction begins with the following theorem,
which is proved on Pg. 11 of Ref. 10. Suppose there is a func-
tion ¢ : C — R, a — ¢,, such that e’®a¢®> = ¢!®c whenever
Ng, # 0 (here, NS, is the number of ways that anyons a and
b can fuse to form anyon c). Then

elPa — :f
for some unique® Abelian anyon f, where M, is defined by

SapS11

M, = .
@ 5145

(2.6)
Here 1 denotes the identity anyon, S denotes the S-matrix,
and * denotes complex conjugation. The matrix M, is known
as the “monodromy scalar component.” When M, is a U(1)
phase, it can be written as

My = €', @7
where 0,,, = 6, has the physical interpretation (see Eq. 39
of [10]) of being equal to the mutual statistics for a process
in which anyon b makes a counterclockwise circuit around
anyon a. Recall also that for a bosonic topological order C,
the S matrix is unitary and symmetric, and S1, = %‘1 for any
a.

We now apply this theorem to topological orders with U (1)
symmetry by choosing the function ¢, to be ¢, = —27g,. In
this case the Abelian anyon f satisfies

e?mle = M, (2.8)
and, since M,y = e'%.s the Abelian anyon f appearing here
is exactly the 27 flux anyon mentioned above. This proves
our first claim: for any bosonic topological order C with U (1)
symmetry, there exists a unique Abelian anyon f satisfying
Eq. (2.4).

Next, consider the Kronecker delta function 3¢ on C,
which is equal to one if the anyon b is equal to the flux anyon

3 The uniqueness of f was not explicitly stated in Ref. 10, but follows im-

mediately from the unitarity of the S-matrix.

f and equal to zero otherwise. The theorem quoted above al-
lows us to write d ¢ in the form

1 )
O =35 D daSape™™ . 2.9)
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This can be checked by plugging in for e?27% from Eq. (2.8)
and using the unitarity of the .S matrix, combined with the fact
that dy = 1 (since f is Abelian by the theorem quoted above).
Using this expression for dy, it is now easy to construct 7js:

B ) 1 . )
flg = esz — 5 E dasabeﬂ‘n'qaez@b
a,beC

(2.10)

In principle, we could declare victory and stop here: as we
mentioned above, 73 is guaranteed to take the value +1 for
strictly two-dimensional topological orders, and —1 for topo-
logical orders that live on the surface of a bosonic topological
insulator. Thus, 73 has the essential properties that we want in
an anomaly indicator.

That said, we find it convenient to use a slightly different
indicator, defined by:

n3 = 13/M - (2.11)
Like 73, the indicator 73 is guaranteed to take the value +1 for
strictly two-dimensional topological orders and —1 for topo-
logical orders that live on the surface of a bosonic topological
insulator, since n; = 1 in both cases. Our motivation for using
ns instead of 73 is that (i) n3 has a simpler algebraic expres-
sion than 73 and (ii) it generalizes more easily to the fermionic
case, as we will see later.

To complete our derivation of 13, all that remains is to show
that the above definition of 73 (2.11) is equivalent to our pre-
vious definition (2.3). To prove this, we first rewrite 73 as

~ 1 , A
N3 = — E dodpSape’? e et
D beC
a,

where we have inserted an extra factor of d;. This does not
change 73 since the sum over a gives dpr and dy = 1 as f is
Abelian. Next, we relabel summation indices a <> b and then

use Sy, = Sqp to rewrite 73 as
iy = = > dadySape’ et
D a a .
a,beC
We now insert the explicit formula Sy =

5> e N;Edceieﬂe’wae’w” (Eq. 37 in [10]) to find
that

_ 1 o
= 5 Y dadydoNGe' e et
a,b,ceC

Next, we use N% = Ny and 3, Nj.d, = dpd, to find

a€eC



that
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For the final step, we change summation variables in the sec-
ond factor on the right-hand side by setting b = 7 (a). Since
dT(a) =dg, 47 (a) = Ga» and 97-(@ = —0,, we find that

~ 1 0 iom
s =1 (D > daeitee” q“) =M ,

a€eC

which completes the proof.

5. Proof that the indicator 13 takes the values £1

To complete our analysis of 73, we need to show that 73
only takes the values +1 for U (1) x Z1 symmetric topological
orders. We will do this in two steps.

First, we will show that 73 is always real. To see this, we
note that

1 . .
*_ § d26—19ae—127rqa
Uk D a
acC

Next, we change summation variables by setting a = b (b
is the unique anti-particle to b € C), and we use the three
properties g, + g; = 0 (mod 1), d,, = dj, and 0, = 0 (mod
27) to find

1 o
* 2 _—10y 127
Ny = D E dye e e

beC

Finally, we change summation variables again by setting b =
T (c), and we use q. = q7(¢) (mod 1), d. = dy () and 0. =
—07 () (mod 27) to find that

1 L

0= e g
ceC

which proves that 773 is a real number.

Next, we recall that 73 is always a U (1) phase (this follows
from the definition). Combining these two facts with the rela-
tion 73 = m17Ms, it is easy to see that i3 and 73 equal +1 for
systems with U(1) x Z% symmetry. To prove this, we take
the absolute value of the equation 73 = 11713. Since 77 = £1
and 73 is a U (1) phase, this gives |n3| = 1. We already know
that 73 is real, and so this implies that n3 = 41. Then, since
n = =1, this implies that 773 = +1 as well. Thus, we find
that 13 and 73 can only take on the values 41 in systems with
U(1) x ZLT symmetry.

6. 13 as a partition function on CPP*

We now show that just like n; and 75, the indicator n3 can
be interpreted as a partition function for a (3 + 1)-D bosonic
SPT phase on a certain Euclidean four-manifold. The addi-
tional element that enters in the case of ng is that it turns out
to be a partition function on a Euclidean four-manifold and in
the presence of a nontrivial background electromagnetic field
(this field probes the U(1) symmetry of the SPT phase).

To demonstrate that 73 is a partition function we first recall
the work of Kapustin [24], who considered all possible forms
for the effective action of a (3+1)-D bosonic SPT phase with
symmetry group U (1) x Z1" on a Euclidean four-manifold X.
This effective action uses topological data associated with the
manifold X, and it also includes the effect of coupling to an
external electromagnetic field parametrized by the one-form
potential A = A,dx*. When the external field A is set to
zero, the partition function for a SPT phase on X (which is
the exponential of the effective action) can be written in the
form (Eq. 196 of [17])

Z(X) — einlﬂ'fX w2/\’wgein2‘n'fx wy . (213)
Here, wy and w, are the second and fourth Stiefel-Whitney®
classes of X, and n; and ny are integers taking the values
{0,1}. These possible values for n; and ng correspond to
the (Z2)? group structure of (3 + 1)-D bosonic SPT phases
with Z1' symmetry only, and each SPT phase corresponds to
a particular choice of n1 and no.

Next, Kapustin showed that when the external field A is
turned on, the only new term that needs to be included in the
effective action is the theta term

Seld] = © FAF 2.14

ol =5z | Q.14

which can have © = 0, 27 (mod 47) for bosonic SPT phases

with U(1)xZ} symmetry [1]. Then the full partition function
in the presence of the external field A is

Zu(X) = Z(X)elsar Ix FAF (2.15)

Note also that the set of numbers n, = {0,1}, no = {0,1},

and © = {0, 27} specifies the particular bosonic SPT phase

with U (1) x Z3 symmetry in the (Z2)? classification of these

phases.

With this background, we can now derive our partition
function interpretation of n3. First, consider the four-manifold
X = CP?. In addition, consider a particular choice A = As,
of the external field, where Ay, is chosen so that the field
strength Fy,; = dAs, has 27 flux through the single nontriv-

ial 2-cycle My of CP?, J Ma % = 1. One concrete way

4 Here we use a less precise notation which is common in the recent physics
literature. The mathematically correct notation for the integral expression
fX w2 Awa is (wa Uwe, [X]), where U is the cup product in cohomology,
[X] € H4(X, Z3) is the fundamental class of X (the 4-cycle in homology
which represents the entire manifold X'), and (-, -) is the pairing between
elements of the homology and cohomology groups. See Ref. 35 for details.



to realize this is to choose F5, = 2K, where K is the Kahler
two-form associated with the Fubini-Study metric on CP? (see
Appendix B of [36] for details). In this case one can show that

© S}
7/ FQTI'/\FQTl'Zi'
87T2 CP2 2

(2.16)
Combining this result with the relation [17] Z ((CIP’2) =,
we conclude that
Z4, (CP?) = ne'% . 2.17)
To finish the process of writing 73 as a partition function,
we now relate © to 6 and therefore to 7j3. Suppose we have
a SPT phase such that the effective action in the bulk of this
phase includes the theta term Sg[A]. Then if X has a bound-
ary this action reduces (locally) to % ﬁ f ax A A F, indicat-
ing a boundary quantum Hall response with Hall conductivity
og = %. Now, we show in Sec. III that there is a relation
between the Hall conductivity of short-range entangled U (1)
conserving boundaries, and the statistics of the 27 flux anyon
finU(1) x ZL symmetric topological orders: ¢ = ei™7#
This allows us to make the identification

m\@

i3 =e'% (2.18)
since 73 = €7 by construction. Finally, since we have 75 =
n1ns and n3 = 1173 (since all indicators here square to 1), we
find that
N3 = Za,, (CP?). (2.19)
Therefore we have shown that 13, evaluated on a topolog-
ical order C that appears on the boundary of a bosonic SPT
phase, is equal to the partition function of that bulk SPT phase
on the closed four-manifold CIP? and in the presence of a par-

ticular configuration Ao, of the external electromagnetic field
A on CP?.

B. Fermionic case

We now consider the case of fermionic systems with U (1)
7L symmetry> where the time-reversal operation obeys

T2 - (*1)Q = PF

with Pp being fermion parity and @) being the charge operator,
i.e. the generator of the U(1) symmetry. The main objects of
our study are “fermionic topological orders”, i.e. topological
orders C featuring a trivial fermionic quasiparticle e, which

5 Strictly speaking, the symmetry group of the systems we consider is not
quite U(1) x Z% since 72 = Pr: instead, U(1) x ZI = G /{1, Pr}
where Gfyy is the full symmetry group. See Sec. 3.5 of Ref. 37 for further
discussion on this point. There, the authors also use an alternative notation

U@xzd
%24 for the group that we call Gyyj.

we refer to as the electron.® Here, triviality of e means that it
has trivial mutual statistics with every quasiparticle a € C, i.e.
Oc,a = 0 (mod 27). In addition, e has charge g. = 1 and is
a local Kramers doublet under time-reversal, 7;2 = —1,asis
appropriate for a physical electron. We review the properties
of these fermionic topological orders in Appendix A, and we
recommend that readers glance at that appendix before read-
ing the rest of this section.

1. Review of anomaly indicators for systems with 7% symmetry

We begin by reviewing the known anomaly indicators
for time-reversal symmetric fermionic systems [15, 16]. In
(3 + 1)-D there are believed to be 16 time-reversal symmetric
fermionic SPT phases, corresponding to the Z14 classification
of interacting (3 + 1)-D topological superconductors in sym-
metry class DIII [23, 25, 38—48] (note that the non-interacting
classification is Z instead of Zg [49, 50]). It follows from this
result that every time-reversal symmetric fermionic topologi-
cal order is associated with an anomaly valued in Zs, which
can be realized concretely by a phase ¢ forv =0, ... , 15.
Ref. 15 proposed that this anomaly (the phase eig%) could be
detected by an indicator 72, ¢ of the form

1 ~ .
= —— Y Tld.e", 2.20
2.1 D\/? “ ( )

acC

where the sum is taken over the entire fermionic topological
order C (i.e., the sum includes b and b x e for any anyon b),
D is the total quantum dimension of the entire topological or-
der including the electron, and 7.2 is a new quantity which we
define below. It was conjectured in Ref. 15 that 12 s equals a
16th root of unity for any fermionic topological order C with
Z% symmetry and that 72 ; # 1 indicates an anomaly. A
field-theoretic derivation of this indicator was later given in
Ref. 16, which was based on those authors’ previous study of
time-reversal symmetric topological field theories on a cross-
cap background [43].

The new quantity 7.2 appearing in 72 ¢ is defined as fol-
lows. For fermionic topological orders, it is possible for the
time-reversal transformation to map an anyon into itself fused
with the electron, 7 (a) = a x e. Anyons that transform under
time-reversal in this way can be consistently assigned a value
of T2 = +i [39]. Likewise, anyons with 7 (a) = a can be
assigned a value 7.2 = 41 depending on whether they are
Kramers singlets or Kramers doublets, in the same way as the
bosonic case. The quantity 7,2 is then defined as

7:12 ) T(a) =a
T2={—iT2 ,T(a)=axe
0 , otherwise .

6 The electron e should not be confused with the electric particle in the toric
code, which we denote by E.



2. Additional indicators 13,5 and Ner

We now move on to the case of fermionic topological or-
ders with U (1) x ZI symmetry. The full classification of in-
teracting (3 + 1)-D fermionic SPT phases with U(1) x Z%
symmetry is believed to be (22)3 [22, 23]. One of the Zs
factors in this classification is generated by the ordinary elec-
tron topological insulator (ETI) phase [18, 19], which exists
even within the non-interacting classification based on band
theory. The other two Zs factors exist only in the presence of
interactions. As discussed in Ref. 22, the phases that generate
these other Z, factors can be thought of as combinations of
bosonic SPT phases and trivial insulating states of electrons.
For one of these two Z factors, the corresponding fermionic
SPT phase requires only Z2" symmetry and therefore the asso-
ciated anomaly can be detected by the indicator 7, ¢, reviewed
above. For the other Z, factor, the corresponding fermionic
SPT phase can be thought of as a combination of a bosonic
topological insulator built from charge 2 bosons, and a trivial
insulating state of electrons. We will refer to this phase as the
“BTI+e” phase. Our task is to find indicators that can detect
the anomalies associated with the ETI and “BTI+-e” states.

To detect the anomaly on the surface of the BTI4-¢ state,
we propose the indicator

1 ) .
= ——) d?eaeimia 221
M=o \/EZ . (2.21)

acC

where g, again denotes the charge of the quasiparticle a, and
the sum again runs over all quasiparticles in C including the
electron e. Note that all charges are now defined modulo 2
since the electron carries charge ¢. = 1 in our convention.’
This explains the factor of two difference between the coeffi-
cient of g, in 13 and the previous bosonic indicator 73 from
Eq. (2.3). We now argue that 73 ¢ has all of the properties that
we want:

1. n3,¢ can only take the values +1 and —1.

2. Any topological order that can be realized in strictly two
dimensions has 13 y = +1.

3. Any topological order that exists on the boundary of the
BTI+e state has nj3 y = —1.

(As in the bosonic case, the topological orders mentioned in
these properties are all U (1) x ZI symmetric).

At the present time we do not have a general proof of prop-
erty 1 but we will see that it holds in all the examples discussed
below. As for properties 2 and 3, they both follow from the
formula

Mg = e (e, (222)

which holds for any strictly two-dimensional fermionic topo-
logical order with U (1) symmetry only (see Appendix B for

7 This is because the electron e has charge 1, so local operators can only
change the charge of an excitation modulo 2.

a derivation). Property 2 follows immediately from (2.22) by
noting that time-reversal symmetry forces c. = oy = 0.
Likewise, to establish property 3, recall one of the fundamen-
tal characteristics of the BTI+-e phase: it hosts a surface state
that is U(1) conserving, time-reversal breaking, and short-
range entangled, with the additional feature that the (1+1)-D
edge between this surface state and its time-reversed partner
carries Hall conductance oz = 8 and central charge c_ = 0.8
Given this property, it follows from time-reversal symmetry
that the (1 + 1)-D edge between this short-range entangled
surface state and any U (1) x Z1" symmetric topologically or-
dered surface state must carry Hall conductance o = 4 and
central charge c_ = 0. Now consider the BTI+e phase in a
slab geometry with a symmetric topologically ordered surface
state on the top surface of the slab and the short-range entan-
gled surface state on the bottom surface of the slab. If we
view this slab as a quasi-2D system, then its (1 + 1)-D edge
(with the vacuum) again carries oy = 4 and c_— = 0. Hence
by the formula (2.22), the two dimensional topological order
that describes the slab must have 13 ; = —1. It then follows
that the topological order on the top surface must also have
13,r = —1 since the rest of the slab, including the bottom
surface, is short-range entangled. This establishes property 3.
We now move on to discuss the Zy anomaly related to the
ETI phase. For this anomaly, we propose the indicator
Ten = % a%g:c dadbsabeﬂm]a e , (2.23)

where S;; denotes the .S matrix of the fermionic topological
order C (as we review in Appendix A, this .S matrix is actually
degenerate, but this fact does not cause any problems in the
definition of this indicator). In the remainder of this section,
we will show that 7y, has all of the expected properties:

1. Mer can only take the values +1 and —1.

2. Any topological order that can be realized in strictly two
dimensions has 7z = +1.

3. Any topological order that exists on the boundary of the
ETI has ngy, = —1.

In addition, we will show that all Abelian topological orders
have 7z, = 1. This last property is an important consistency
check on 7y, as there are general arguments that imply that
any gapped, symmetry-preserving surface state for the ETI
must possess non-Abelian topological order [3-6].

3. Examples

In this section we compute the values of the indicators 72 f,
13, f» and 7y, for three important examples of fermionic topo-

8 The (1 + 1)-D edge between the surface state and its time-reversed part-
ner can be modeled as a chiral boson theory with K-matrix K = o
and charge vector t = (2,2), which is equivalent to the edge theory of a
bosonic integer quantum Hall state of charge two bosons [1, 51, 52]. The
values oy = 8 and c— = 0 follow immediately from this description.



logical orders, namely the “ETMT+e”, “ECMC+-e”, and “T-
Pfaffian” topological orders. These examples are interesting
because they are believed to appear on the surfaces of the three
root phases in the (Z»)? classification of (3 + 1)-D fermionic
SPTs with U(1) x Z symmetry.

The ETMT+e and ECMC+-e topological orders are
Abelian topological orders which are obtained by appending
the trivial electron e to ETMT and ECMC topological orders
built from charge 2 bosons. In other words, the anyon content
of these topological orders is {1,e} x {1, E, M, ¢}, and so
these topological orders have eight anyons in total including
the electron. There is one important difference here compared
to the bosonic case, which is that in the ECMC+-¢ state the
E and M particles carry a charge of 1 instead of % This is
because the ECMC topological order is built from charge 2
bosons, so the FZ and M particles carry a charge of % -2=1.
For completeness, we also compute the values of our indi-
cators for the “EfMf+e” state, which is obtained from the
bosonic EfMf state by appending the trivial electron.

Moving on to the T-Pfaffian topological order [4, 6], this is
the simplest of all of the non-Abelian topological orders that
have been proposed as possible symmetry-preserving gapped
surface states for the ETI. In particular, this topological or-
der contains only 12 anyons including the electron. There
are actually two versions of the T-Pfaffian state, known as the
“T-Pfaffian, ™ states, which differ slightly in their topological
spins and 7,2 values. The T-Pfaffian, state is the version of
the T-Pfaffian which is believed to appear on the surface of
the non-interacting ETI [53-55]. We review the anyon con-
tent and the detailed properties of the T-Pfaffian, topological
orders in Appendix C.

In Table II we record the values of the anomaly indicators
M2, f> 13, > and 1y for the EfMf+-e, ETMTH-¢, ECMC+-¢, and
T-Pfaffiany topological orders. From the table we can see
that 72 ¢, 03,7, and 7, are independent, in the same sense
that we discussed earlier in the bosonic case. We can also
see that these three indicators can detect the anomalies in
the ETMT+e, ECMC+-e, and T-Pfaffian_ topological orders,
as well as in any combination of them. Assuming that the
ETMT+-e, ECMC+-¢, and T-Pfaffian topological orders de-
scribe the surfaces of the three root states in the (Z3)?3 classi-
fication of (3 + 1)-D fermionic SPTs with U (1) x ZZ symme-
try, it then follows that 73 ¢, 13 ¢, and 7y, are a complete set
of anomaly indicators for fermionic topological orders with
U(1) x ZE symmetry.

Finally, we also mention here that the results in Table II
are consistent with several other results in the literature. In
particular, we can see that T-Pfaffian_ can be thought of as a
weakly interacting mixture of the T-Pfaffian, and ETMT+e
states, as discussed in Ref. 4. This can be seen from the table
by noting that the value of any indicator for the T-Pfaffian_
state is given by the product of the values of that indicator
for the T-Pfaffian, and ETMT+-e states. A similar analysis
shows that EfMf+e can be thought of as a weakly interacting
mixture of the ETMT+e and ECMC-+-e¢ states (as discussed
in Sec. V.D of Ref. 4). Our results are also consistent with
the claim that the T-Pfaffian state is not anomalous in the
presence of Z1 symmetry alone. However, we can see from

EfMf+e |ETMT+e|ECMC+-¢ | T-Pfaffian
n2,f -1 -1 1 +1
n3,f -1 1 -1 1
TeTt 1 1 1 —1

TABLE II. Values of the anomaly indicators 72, f, 13, , and 1z for
the fermionic topological orders EfMf+e, ETMT+-e, ECMC+-e, and
T-Pfaffiany.. Here, ETMT+e, ECMC+-e, and T-Pfaffian are three
topological orders that can appear on the surfaces of the three root
phases of the (Z2)? classification of fermionic SPTs with U (1) x Z
symmetry in (3 4+ 1)-D. We have also included the values of the
anomaly indicators for the closely related EfMf+e, and T-Pfaffian_
topological orders. In the right-most column the “4” sign indicates
that 173,y = 1 for T-Pfaffian; and 12,y = —1 for T-Pfaffian_.

the 7, value that the T-Pfaffian state is anomalous in the
presence of the full U(1) x ZI symmetry. This is consistent
with the result that T-Pfaffian is the version of the T-Pfaffian
state which can appear on the surface of the non-interacting
ETI [53-55].

4. Physical picture and derivation of the indicator ner

We now present a derivation of the indicator 7.y and its
properties. The derivation is very similar to the case of the
indicator 73 for the BTI, however, in the present case we
have to deal with the subtleties of fermionic topological or-
ders associated with the presence of the trivial electron e.
As in the bosonic case, the derivation also uses three re-
sults about charge conserving and time-reversal symmetric
fermionic topological orders. The first result, which we prove
below, is that every U (1) symmetric fermionic topological or-
der C contains an Abelian anyon f with the property that the
mutual statistics between f and any other anyon a is given by

etlas — i2mda

(2.24)
Unlike the bosonic case, however, in the fermionic case f is
only determined up to fusion with the electron, i.e., f and fxe
have the same mutual statistics ¢*2™9« with all other anyons
a. The second result, which we prove in Sec. III, is that any
U(1) x Z} symmetric fermionic topological order C that can
appear on the surface of the ETI must have the property that
f has charge

1 3
qf = z or 3 (mod 2) , (2.25)

2
where the ambiguity is again related to the fact that f is only
determined up to fusion with e. The third result, also proven
in Sec. 111, is that any U (1) x Z symmetric fermionic topo-
logical order C that can be realized in strictly two dimensions
must have the property that f has charge g = 0 or 1 (mod 2).

These results suggest that a natural way to construct an
anomaly indicator in the fermionic case is to define a func-
tion 7y that takes as input a U(1) x Z1 symmetric fermionic
topological order C, and returns as output the quantity e?279f .



Note that with this definition it does not matter if we replace
f by f x e as we have €274 = ¢i2m4sxe_ In addition, based
on the properties we mentioned above, we are guaranteed that
nen = —1 for any topological order supported on the surface
of the ETI, while 7., = +1 for any strictly two-dimensional
topological order. We now discuss in detail how 7y, is con-
structed. .

Our construction utilizes the quotient topological order C
that we define in Appendix A, along with its associated S ma-
trix 5. Recall that the anyons in C are equivalence classes
[a] of anyons in C, where the equivalence relation is a ~ b if
a =b X e,i.e., aandb correspond to the same anyon [a] € 14
if a and b differ by fusion with the electron. Since ¢ possesses
a unitary S matrix S, we can apply to C the same theorem
from Ref. 10 that we used in the bosonic case. This theorem
then implies that there is a unique anyon [f] € C whose mu-
tual statistics with any other anyon [a] € C is equal to €241,
where it is important to note that the charge of anyons [a] € ¢
is determined modulo 1 and not modulo 2 (since @ and a X e
are identified). Back in C, this result implies that there are two
anyons, f and f X e, whose mutual statistics with any other
anyon a € C is equal to ?27%, as we mentioned above.

We now use the properties of [f] and the unitary S matrix
S of C to construct a Kronecker delta function that can extract
the anyon [f] from a sum over C (compare to the derivation of
Eq. (2.9) in the bosonic case). The formula is

1 Q 27
o) = ) > dia)Sayp e
la)eC

(2.26)
We can then define an anomaly indicator function for the ETI

as a sum over the quotient topological order C as

1 A . .
Nert = B Z Ad[a]d[b] S[a”b]eﬂ”q[a] P! ,
[a],[b]eC

(2.27)

where we inserted an extra factor of d[b], which is allowed
since d[ 5 =1By construction, this sum evaluates to

Do = €279 = 12795

where the second equality follows from the fact that f and
f x e differ by a charge of 1. Finally, now that we possess this
formula for 7.y, we can use the symmetries of the original S
matrix S, of the theory C (which are recorded in Eq. (A4)) to
write 7z as a sum over the entire topological order C, instead
of as a sum over the quotient C. We find that

1 ) )
_ 127qq ,12Tq
Tem = § dodpSape € ,
2D
a,beC

which is exactly the original form of this indicator that we
presented in Eq. (2.23).

5. Proof that the indicator ngy takes the values +1

We now prove that 7, can only take on the values +1 for
fermionic topological orders with U(1) x Z1 symmetry. To

prove this we show that in the presence of time-reversal sym-
metry, the charge of the flux anyon f can only take the val-
ues qf = 0, %, 1or % (mod 2). Since the anomaly indicator
Nen is equal to 2797 it immediately follows from this that
Nen = 1 only.

To prove the above property of q; we study the mutual
statistics 0¢ , of f with another anyon a (this is always a phase
since f is Abelian). We have 0, = 2mq, (mod 27) by the
properties of the flux anyon f. In addition, the transforma-
tion properties of statistical phases under time-reversal imply
that 07y, = —2mq,. By adding the equations for f and
T (f) we find that 0 o + 07 (5).0 = Opx1(f),a = 0 (mod 27),
which implies that f x 7(f) has trivial mutual statistics with
all anyons a. Then it must be the case that either (i) 7(f) = f,
or (ii) T(f) = f x e, since by assumption only 1 and e have
trivial mutual statistics with all other anyons. Now the charges
of anyons obey the two relations

4o = —qa ; 9o = 47 (a) > (2.28)
where both equations hold modulo 2. Then in case (i) these
equations together imply that 2g; = 0 (mod 2) so that g5 =
0 or 1 (mod 2), while in case (ii) these equations imply that
2q5 =1 (mod 2) so that gy = 3 or 3 (mod 2).

6. Proof that ner = 1 for Abelian topological orders

We now prove that 7z;; = 1 for any Abelian fermionic topo-
logical order C. This fact is important because it demonstrates
that our proposed indicator 7y is consistent with general ar-
guments [3—6] implying that the boundary of the ETI does not
support a symmetric topological order in which all quasipar-
ticles have Abelian statistics.

Our proof begins with a result from the previous section,
namely the result that the charge ¢ of the flux anyon f obeys
either (i) 2¢; = 0 (mod 2), or (ii) 2¢f = 1 (mod 2). Next,
we show that in all Abelian theories with a trivial electron e it
must actually be the case that 2¢; = 0 (mod 2), which then
implies nzr; = 1. To show this, we first recall that any Abelian
fermionic topological order C admits a decomposition

C={a,...,an,a1 Xe,...,a, X €},

where the subset

C/ = {al,...,an}

has the very important property that it is closed under fusion
(here 2n is equal to the total number of anyons in C). [For a
proof, see Corollary A.19 of Ref. 56]. In this decomposition,
C’ will contain the identity anyon 1, and so the electron e is
then not in C’. Note also that we can choose f to be in C’,
as we have 0¢ , = 0. since e has trivial mutual statistics
with all other anyons. In other words, f is only defined up
to fusion with e, which allows us to choose what we call f
so that f is contained in C’. One more important point is that
although C’ is closed under fusion, it may not be closed under
the action of time-reversal.



Within the set C’ there exists a new function ¢’ : ¢’ — R,
defined by ¢/, = —mq,, which has the property that
e%acif — ¢ (2.29)
for any a,b,c € C’ with a x b = c. This is true because the
charges of all anyons are defined modulo 2 in theories with a
trivial electron e. Then by the same theorem from Ref. 10 that
we applied in the bosonic case, there exists an Abelian anyon
g € C’ such that
0g.0 = Tqq (2.30)
forall @ € C'. From this equation, it follows that either gx g =
f,orgx g= f x e. However, C’ is closed under fusion and
f € C’, which means that we have g x g = f. It follows from
this that
qr = 2qq , (2.31)
and again this is valid modulo 2.

The final step in the proof is to show that ¢, is an integer or
half-integer. This then implies that in all Abelian theories ¢y
is an integer, and so 7, = 1 for Abelian theories. We prove
that g, is integer or half-integer using the same method that
we used before for gy. We first note that 8, , = mq, for all
a € C" and so O, , = —7qq (again, for a € C’). This again
allows us to conclude that either (i) 7(g) = g € C', or (ii)
T(g) = g x e ¢ C' (recall that C’ is not necessarily closed
under time-reversal). In the first case the same argument from
earlier implies that g, = 0 or 1 (mod 2), while in the second
case we find that ¢; = § or 3 (mod 2). Either way, since
qf = 2q4, we find that gy must be an integer for Abelian
theories. This completes the proof that 7;; = 1 for all Abelian
fermionic topological orders C.

This proof raises a question: why is there no anyon g in
C such that 0, , = mq, for all @ € C, and not only for all
a € C'? After all, the charges g, for the anyons in C obey
da +a» = g. mod 2 for any a, b, c € C such that N7, # 0, and
this implies that ¢'%a¢'® = ¢i®: holds for all a, b, ¢ € C, not
justin C’. The answer to this can be seen by looking at the case
where a is the electron e (which is not in C’), which would give
04, = 7, i.e., if g was defined for all of C then there would
be an anyon g € C with nontrivial mutual statistics with the
electron. But this is a contradiction since one of our original
assumptions about C was that the electron has trivial mutual
statistics with all other anyons, as expressed in Eq. (A2).

III. UNIVERSAL PROPERTIES OF TOPOLOGICAL
INSULATOR SURFACES

A. Bosonic topological insulator

In this section, we prove two claims about bosonic topolog-
ical insulator surface states which we asserted in Sec. II. Be-
fore presenting the proofs, we first review an important fact
that comes into both arguments: for any charge conserving,
two-dimensional gapped bosonic lattice model, the exchange
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FIG. 1. a) Threading a thin 27 flux tube in a two-dimensional sys-
tem. b) Threading a thin 27 flux tube through a three-dimensional
bosonic topological insulator slab featuring a symmetric topologi-
cally ordered top surface and a symmetry-breaking (and short-range
entangled) bottom surface with oy = 1. In both figures the blue
circle represents the location of the flux anyon f.

statistics of the 27 flux anyon f is related to the Hall conduc-
tivity o via

e = e 3.1
To derive Eq. (3.1), imagine starting in the ground state of
the lattice model and then adiabatically inserting 2 magnetic
flux through some finite region of the 2D plane (Fig. 1a). It
is easy to see that this process nucleates the flux anyon f in
the region where the magnetic field is applied: indeed, if we
braid any other anyon a around this region, the resulting Berry
phase is the Aharonov-Bohm phase €/2™%, which is precisely
the definition of the flux anyon.

Now imagine that we create two flux anyons using these
flux insertion processes. It follows from the usual Hall re-
sponse arguments that each flux insertion process pumps
charge oy into the region where the magnetic field is ap-
plied. Therefore, the Berry phase associated with braiding
one flux anyon around the other is ¢?2™°# . Similar reasoning
implies that the Berry phase associated with exchanging two
flux anyons is e!"?# . This completes the derivation of (3.1).

With Eq. (3.1) in hand, we are now ready to prove our first
claim: any topological order C that can be realized by a strictly
two-dimensional, U (1) conserving, time-reversal symmetric
bosonic lattice model must have the property that the flux
anyon f is a boson. To see this, note that any lattice realiza-
tion must have a vanishing Hall conductivity, oz = 0, due to
time-reversal symmetry. Applying (3.1), we conclude that if C
has a two-dimensional lattice realization, then the flux anyon
must be a boson.

We now move on to the second claim: any symmetric topo-
logical order C that can be realized on the surface of the BTI
must have the property that the flux anyon f is a fermion. Our
proof relies on the following fundamental property of the BTI:
its surface can host a gapped, U (1) conserving, time-reversal
breaking, short-range entangled state with a surface Hall con-
ductivity o = 1.

The first step of the proof is to consider a BTI in a slab
geometry in which the bottom surface hosts the short-range



entangled oy = 1 state, while the top surface hosts the sym-
metric topological order C (Fig. 1b). We will think of this slab
as a (quasi) two-dimensional bosonic lattice model.

The second step is to observe that the slab has a Hall con-
ductivity of o = 1 since it is time-reversal symmetric apart
from the bottom surface. Therefore, according to (3.1), the 27
flux anyon f for the slab has exchange statistics e?’7 = —1,
i.e. fis a fermion.

Finally, we observe that the 27 flux anyon for the slab be-
longs to the same superselection sector as the 27 flux anyon
associated with the topological order C on the top surface —
that is, the two flux anyons can be transformed into one an-
other by a unitary operator that is local in the 2D sense. To
see this, note that the both the bulk and the lower surface
of the slab are short-range entangled and therefore the only
anyon excitations of the slab are those that live on the top sur-
face. It follows that flux anyon for the top surface and the flux
anyon for the slab have the same mutual statistics with every
other anyon excitation in the slab, namely %7« = ¢?27a,
Hence, according to the braiding non-degeneracy property [9]
of bosonic topological orders, it must be possible to transform
the two flux anyons into one another using a unitary operator
that is local in the 2D sense.

We are now done: it follows from the above observation
that the flux anyon for the top surface has the same exchange
statistics as the flux anyon for the slab, i.e. it is a fermion.
This is what we wanted to show.

B. Electron topological insulator

We now move on to prove two claims about electron topo-
logical insulator surface states which we asserted in Sec. II.
The proofs are similar to those in the bosonic case discussed
above.

To begin, we review a result that plays an important role in
our derivations: for any charge conserving, two-dimensional
gapped fermionic lattice model, the charge of the 27 flux
anyon f is related to the Hall conductivity oy via

gf =ogorl+oyg (mod2) (3.2)
To derive Eq. (3.2), observe that, just like the bosonic case, we
can construct the 27 flux anyon by adiabatically inserting 27
magnetic flux through some finite region of the 2D plane. This
process pumps charge oy into the region where the magnetic
field is applied. This implies (3.2) since the 27 flux anyon is
only determined up to fusion with the electron, which carries
charge 1.

With Eq. (3.2) in hand, we are now ready to prove our first
claim: any topological order C that can be realized by a strictly
two-dimensional, U (1) conserving, time-reversal symmetric
fermionic lattice model must have the property that the flux
anyon f has charge g = 0 or 1 (mod 2). To see this, note
that any lattice realization has a vanishing Hall conductivity,
ong = 0, due to time-reversal symmetry. Applying (3.1) we
conclude that if C has a lattice realization, then the flux anyon
must carry charge 0 or 1 (mod 2).
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FIG. 2. A 3D electronic topological insulator in a thickened torus
(or Corbino donut) geometry with fluxes ¢, and ®, threading the z-
and y-cycles of the torus. Also pictured is the string operator WY
(the red line) wrapping the y-cycle of the outer surface of the torus.

We now move on to the second claim: any symmetric topo-
logical order C that can be realized on the surface of the
ETI must have the property that the flux anyon f has charge
¢ = 1/2 or 3/2 (mod 2). Our proof relies on the follow-
ing universal property of the electron topological insulator:
its surface can host a gapped, U (1) conserving, time-reversal
breaking, short-range entangled state with a surface Hall con-
ductivity o = 1/2.

The first step of the proof is to consider an ETI in a slab
geometry in which the bottom surface hosts the short-range
entangled oy = 1/2 state, while the top surface hosts the
symmetric topological order C. We will think of this slab as a
(quasi) two-dimensional electronic lattice model.

Next, notice that the slab has a Hall conductivity of o =
1/2, since it is time-reversal symmetric apart from the bottom
surface. Therefore, according to (3.1), the 27 flux anyon f for
the slab has charge gy = 1/2 or 3/2 (mod 2).

Finally, observe that the 27 flux anyon for the slab belongs
to the same superselection sector as the 27 flux anyon associ-
ated with the topological order C on the top surface — that is,
the two flux anyons can be transformed into one another (up
to fusion with an electron) by a unitary operator that is local
in the 2D sense. This follows by the same arguments as in the
bosonic case.

This completes the proof: it follows from the above obser-
vation that the flux anyon for the top surface has the same
charge as the flux anyon for the slab, i.e g5 = 1/2 or 3/2
(mod 2).

C. Alternative derivation

Before closing this section, we now give an alternative
derivation of the fact that any symmetric topological order
C that can be realized on the surface of the ETI must have
the property that the flux anyon has charge ¢; = 1/2 or 3/2
(mod 2). This derivation relies on another universal prop-



erty of electronic topological insulators which was alluded to
in Ref. and explained in more detail in Ref. 58. To ex-
plain this property, consider an ETI in a thickened torus (also
known as a ‘Corbino donut’) geometry in which both surfaces
of the thickened torus are U(1) and time-reversal symmetric.
This thickened torus geometry is shown in Fig. 2. Suppose
that:

1. The ground state (or one of the degenerate ground
states) contains an even number of electrons.

2. The ground state does not have a local Kramers degen-
eracy (i.e. Kramers doublets) on either surface.

Starting in this ground state, which we will call |¥q ), we
can consider three processes in which either 0 or 7 flux is in-
serted adiabatically through the two holes of the torus. There
are three states that we can construct by such an adiabatic flux
insertion, which we can label as [¥, o), |¥g ), and [¥, ).
The universal property of an ETI is that an odd number of
these states carry a local Kramers degeneracy on the two sur-
faces of the thickened torus.

The first step of the proof is to consider the thickened torus
geometry of the kind described above, where both surfaces of
the thickened torus host the symmetric topological order C.
Consider the state | o) obtained by adiabatically inserting
« flux through the ‘xz-cycle’ of the torus. According to the
definition given in Ref. 33, we can compute the local Kramers
degeneracy 7.2, = +1 carried by | ¥ o) if we can find oper-
ators S,, S; that are supported on the outer and inner surfaces
of the thickened torus with the property that

Sosi |\Il7r,0> X T|lI/7r,0>

and with [|S,|Pr.0)|| = ||Si|¥r,0)] = 1. Once we do this,
we can read off the Kramers degeneracy 7;%0 as follows:

TSoT SolWro) =T20l¥r0) (3.3)
(The same equation also holds if we replace S, — .5;).
To construct S,,.S;, we make three observations. First,

TV, 0) = |¥_ro) where |¥_, o) is the state obtained by
starting in |¥ o) and adiabatically inserting — flux through
the ‘z-cycle’ of the torus. Second, we observe that |¥_ o)
can be obtained by starting in |¥, ) and adiabatically in-
serting —27 flux through the ‘z-cycle’ of the torus. Finally,
we note that this flux insertion process has the same effect
as braiding the 27 flux anyon f around the y-cycle, on both
surfaces of the thickened torus. Putting this this all together,
we conclude that S, .S; can be chosen to be these flux anyon
braiding processes on the two surfaces: that is,

Sp=WY  S=W!

where WY and W/ denote the string-like operators that braid
the flux anyon f around the y-cycle of the outer and inner sur-
faces of the thickened torus. (The operator WY is represented
by the thick red line in Fig. 2).

Substituting S, = WY into (3.3), we deduce that the local
Kramers degeneracy of |¥, o) can be obtained from

TWITWI W r0) = T ¥r0) G4
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Similarly, the local Kramers degeneracy of | ¥y ) can be ob-
tained from

TWEITWEWo2) = Tox|Vo,x) (3.5)
where W7 denotes the string-like operator that braids the
flux anyon f around the z-cycle of the outer surface of the
torus. By the same reasoning, the local Kramers degeneracy
of |¥ ) is given by

TWeWITWEW | Wrz) = T2 2| Wrz)  (3.6)

To proceed further, note that
TWIT o« WY

where WY denotes the string operator that braids 7 (f) around
the y-cycle of the outer surface of the thickened torus. Also
recall that 7(f) = f or f x e. It follows that W2 W¥ com-
mute with one another up to a phase, which is precisely the
mutual statistics of the f anyon with its antiparticle f:

WEWY = e 2T U WYWE
Putting this all together, we derive

TWEWITWEWY U )
= (TWE T (TWET)WeWe W )
= 2 (TWET)WE(TWYT)WY| U, )

= ' T(fw7;%0|x11m> 3.7

Here, in the last line we used the following two identities:
TW;’TWﬂ‘I/Tr,H = 7;2,0|\I"7T,7r>
and

TWETWE W ) = Tt e[ W )
To derive the first identity, notice that the operator 7T WY T WY
describes a braiding process that does not move any (net)
charge around the yth cycle of the torus. This means that
TWYTWY must multiply | ¥, ) by the same phase factor as
|W0): in general, the effect of any y-cycle braiding process
on |U, ) is the same as on |V o) except for an Aharonov-
Bohm phase factor €™@ where (Q is the total charge that is
braided. Combining this observation with Eq. (3.4) gives the
first identity. The second identity follows from Eq. (3.5) by
the same reasoning.

Comparing (3.7) with (3.6), we conclude that

2 __ _i27mq 2 2
7;1'.,7r =e f7?).,7r7;r,0

Given that an odd number of the 72’s have to be —1 for an
ETI, we deduce that €2™%/ = —1. Thus the charge of the flux
anyon must be ¢y = 1/2 or 3/2 (mod 2). This is what we
wanted to show.



IV. ANOMALY INDICATORS FOR SYSTEMS WITH
U(1) x Z3 SYMMETRY

For most of this paper we have been concerned with
bosonic or fermionic topological orders with U (1) x Z1 sym-
metry. In this final section we switch gears and focus on the
case of U(1) x ZI symmetry. In this case, the U(1) part of the
symmetry group is usually interpreted as conservation of one
component of a spin degree of freedom in a spinful system —
for example conservation of the z-component of spin. This
interpretation follows from the fact that the Cartesian product
structure of the full symmetry group, combined with the fact
that time-reversal is anti-unitary, implies that time-reversal
negates the U(1) charge. It follows that in topological orders
with this symmetry group, the charges ¢q, of the anyons must
behave under time-reversal as

47 (a) = —Ya 4.1

where this equation should be interpreted modulo 1 in the
bosonic case and modulo 2 in the fermionic case.

A. Bosonic case
1. An additional indicator n4

Bosonic SPT phases with U (1) x Z3 symmetry in (3+1)-D
are believed to have a (22)4 classification [1, 24] (the group
cohomology approach [34] gives only (Z3)?). Of these four
Zo factors, the first three have essentially the same physical
characterization as the phases that appear in the U(1) x ZZ
case.’ In particular, the first two Zy factors correspond to
phases that require only Z2 symmetry, and the third Z, factor
is again characterized by the property that the flux anyon on
the surface is a fermion. It follows that the topological orders
that can appear on the surfaces of the root phases for the first
three Z factors can be detected by the same three indicators
N1, N2, and n3 that we already discussed in the U(1) x ZZ
case. One nontrivial point here is that our previous proof that
n3 = +1 was only valid for the U(1) x Z1 case. Below we
prove that 73 = 41 in the U(1) x ZI case as well, where we
have q7(4) = —q, instead of g7(4) = Ga-

It remains to find an indicator that can detect the anomaly
associated with the final Zy factor in the (Z3)* classification.
For this purpose we propose the indicator

1 )
N4y = 5 Z daSabeﬂﬂ—qaﬁ2 ’
a,beC

4.2)

where all symbols have the same definition as in the case of
bosonic topological orders with U (1) x Z1 symmetry that we
covered in Sec. I A. In this section we prove that 14 has the
following two properties:

9 One way to understand this result is to note that the effective actions used
to classify the phases corresponding to the first three Zo factors are the
same for both symmetry groups [24].
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1. n4 can only take the values +1 and —1.

2. Any topological order that can be realized in strictly two
dimensions has 4 = +1.

In fact, property 1 will be built into the construction of 7,
and so it will not require a proof. Property 2, however, does
require a proof, and we supply this proof in Sec. [IVA 4. We
also conjecture that 14 has the third property:

3. Any topological order that exists on the boundary of
the fourth root state in the (Z2)* classification has 7, =
—1.

This conjecture is based on the fact that the indicator 7y is
designed to capture a certain physical characterization, put
forward in Refs. | and 59, of the nontrivial SPT phase cor-
responding to the final Z, factor in the (Z2)? classification of
bosonic SPT phases with U (1) x Z1 symmetry in (3+1)-D. If
this physical characterization is indeed correct, then property
3 will be true. We explain this characterization in detail below
when we discuss the physical picture and derivation of 7.

2. Examples

We now compute the indicators {n,72,73,n4} for the
EfMf, ETMT, and ECMC topological orders (discussed pre-
viously) as well as an additional state known as the “ETMC”
state [24], which is defined as follows. The anyon content of
the ETMC state is the same as in the usual toric code model,
but in this state the E particle is a Kramers doublet, the M
particle is a Kramers singlet and carries charge %, and the €
particle is a Kramers doublet with charge % This state has
been argued to occur on the surface of the fourth root phase in
the (Z2)* classification of bosonic SPT phases with U (1) x ZZ
symmetry in (3 + 1)-D. Likewise, the EfMf, ETMT, ECMC
states are believed to describe the surfaces of the first three
root phases in this classification.

In Table IIT we display the values of {n;,7n2,7n3,n4} for
the four bosonic topological orders EfMf, ETMT, ECMC, and
ETMC. We can draw several conclusions from these results.
First, we can see that these four indicators are independent,
in the sense that the values displayed in the table rule out
the possibility that one of the four indicators can be written
as a product of two or more of the others. The table also
shows that these indicators can successfully detect the anoma-
lies in all four of these topological orders, and in any mixture
of them. Assuming that these four topological orders appear
on the surfaces of the four root SPT phases, it follows that
{1, n2,7n3,n4} provide a complete set of anomaly indicators
for bosonic topological orders with U(1) x ZI symmetry.

Finally, we also mention here that a slightly different ver-
sion of the ETMC state was considered in Table V of Ap-
pendix D in Ref. |. In this alternative version of ETMC, which
we may call ETMC’, the E particle is a charge 1/2 Kramers
doublet and the M particle is a neutral Kramers doublet. As
a result, € is a charge 1/2 Kramers singlet. We have checked
that this ETMC’ state has the same anomaly 7y = —1 as the



EfMf|ETMT|ECMC|ETMC
m| —1] 1 1 1
m| —1] -1 1 1
ns| —1 | 1 —1 1
na| 1 1 1 —1

TABLE III. Values of the indicators 11, 2, 13, and 14 for the EfMf,
ETMT, ECMC, and ETMC topological orders which can appear on
the surfaces of the four root phases in the (Z2)* classification of
bosonic SPTs with U (1) x Z3 symmetry in (3 4 1)-D.

ETMC state from Ref. that we discussed above. In addi-
tion, we find that 73 = 1, no = —1, and n3 = 1 for this state.
It follows from these values that ETMC’ has the same anoma-
lies as a weakly interacting mixture of the ETMC and ETMT
states, and so the ETMC’ state is not independent of the other
states that we have already discussed.

3. Proof that n3 = £1 in the case of U(1) x Z3 symmetry

We now prove that the indicator 13 can take only the values
+1 in the case of U(1) x Z3 symmetry. We start by proving
that n3 is real. To do this we first compute the complex conju-
gate of 3, whichis 3 = 5 > .o d2e~"=e~"274a Next, we
make a change of summation variable by writing a = 7 (b)
for some anyon b. Since 01 = —0, and g7 ;) = —qp in the
U(1) x Z¥ case, we immediately find that 73 is real in this
case. The proof that n3 = =1 then uses this fact combined
with the relation 173 = 7173 (which continues to hold in the
U(1) x Z} case), and is identical to the proof presented at the
end of Sec. [IA4. Note that when proving that 13 = m1n3
in the U(1) x Z¥ case, slightly different manipulations are
needed to get from Eq. (2.12) to the final result. In particular,
two changes of the summation variable are needed. First, we
set b = ¢in that equation and use 0z = 6. and gz = —q.. Next,
we set ¢ = T (a) and use O7(q) = —0, and g7(q) = —Gq to
arrive at the final result.

4. Physical picture and derivation of the indicator na

We now present the derivation of the indicator 74 and its
properties. The derivation is based on a physical insight about
the properties of the flux anyon f in a system with U (1) x ZZ
symmetry. The key insight is that in a system with U (1) x ZZ
symmetry, the structure of the symmetry group actually re-
quires the flux anyon f to be time-reversal invariant (we pro-
vide a proof of this below). It is then possible for f to be
a Kramers singlet or a Kramers doublet, with the Kramers
doublet case corresponding to the anomaly [, 59]. Since
this property of f does not hold in the U (1) x ZI case, this
anomaly must correspond to the extra Zy factor (compared to
the U(1) x ZI case) in the (Z3)* classification of (3 4 1)-D
bosonic SPT phases with U(1) x Z2" symmetry.

This physical idea immediately suggests a way to construct
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an anomaly indicator to detect the anomaly associated with
the remaining Z, factor: we define a function 7, that takes as
input a bosonic topological order with U (1) x ZZ symmetry
and returns the value sz for the flux anyon f. We are then
guaranteed that 74 = —1 on the surface of the nontrivial SPT
phase with U(1) x Z1' corresponding to the fourth Zy factor
in the classification. Also, by construction, n4 can only take
on the two values £1, so we will not need a separate proof
that 74 can take only these two values. We can also see that
ny = 1 for any U(1) x ZI symmetric bosonic topological
order that can be realized in strictly two dimensions: to prove
this, recall that the flux anyon f can be created by a process
in which 27 flux is adiabatically inserted in some finite region
of the 2D plane (see Sec. III A). This flux insertion process
is manifestly invariant under ZZ (since the flux for the U(1)
gauge field is ZZ invariant), so the final state f is also ZZ
invariant. We conclude that there exists a microscopic state
that belongs to the same superselection sector as f and that is
ZQT invariant. It follows that f must be a Kramers singlet, i.e.
n4 = 1, as we wished to show.

We now move on to the construction of the indicator 7.
We begin with the proof that the structure of the U(1) x ZI
symmetry group forces the flux anyon to be time-reversal in-
variant, 7(f) = f, which then guarantees that f can be as-
signed a well-defined value of 77. Recall that the flux anyon
f (which is guaranteed to exist by the theorem that we dis-
cussed in Sec. IT A 4) satisfies

05 = 2mq, (mod 27) | 4.3)

where 0 , again denotes the mutual statistics between anyons
f and a. Under time-reversal the mutual statistics between
two anyons a and b satisfies 07(q) 7(5) = —0q,p. Using this
property, we find that

O7 (), 7T(a) = —2Tqa = 2Tq7(a) (4.4)

where we used Eq. (4.1) which holds in the U(1) x ZI case.
By relabeling b = 7 (a), we find that

97’(f),b = 27Tqb (4.5)

for all b, which is the same equation satisfied by f itself. It
then follows from the unitarity of the S-matrix that 7(f) = f.

To construct an anomaly indicator that detects whether f is
a Kramers singlet or doublet, we again use Eq. (2.9) for the
Kronecker delta function d; ;. We define the anomaly indica-
tor

1 B
m=TF =15 D daSue®™ T3,
a,beC

Note that, by construction, 74 can only take the values £1, and
so the anomaly measured by this indicator has a Zs structure
just like the other indicators 71, 72, and 3.

Finally, we mention here that in the U(1) x ZI case the
two indicators 73 and 74, which detect whether the flux anyon
f is aboson or fermion (n3) and a Kramers singlet or doublet
(n4), correspond exactly to the physical characterization of the
“surface vortex/bulk monopole” for bosonic SPT phases with
U(1) x Z symmetry as discussed in Sec. 4 and Table 1 of
Ref.



B. Fermionic case

We now move on to fermionic systems with U(1) x ZZ
symmetry. As in the U(1) x Z% case, we assume that time-
reversal obeys

T?=(-1)% = Pp

where Pp is fermion parity and @ is the “charge” operator,
i.e. the generator of the U(1) symmetry. Also, as before we
assume that the electron e carries charge 1 under the U(1)
symmetry. (For an example of such a system, consider any
electron system with time-reversal symmetry and S* conser-
vation and define @ = 25%).

Fermionic SPT phases with U (1) x Z1 symmetry in (3+1)-
D are believed to have a Zg x Zs classification [23, 25]. Here
the Zg factor arises from a reduction of the free fermion clas-
sification Z — Zsg in the presence of interactions (U (1) x Z%
corresponds to symmetry class AIIl [49, 50]). The eight
phases corresponding to this Zg factor are simply U(1) sym-
metric versions of the eight “even” phases that appear in
the Z;¢ classification of time-reversal symmetric (3 + 1)-D
fermionic SPT phases [25, 39]. On the other hand, the root
phase for the additional Zs factor can be thought of as a com-
bination of a bosonic SPT phase — specifically the SPT phase
that supports the ECMC state on its surface — and a trivial in-
sulating state of electrons.

It follows from these classification results that fermionic
topological orders with U (1) x Z1 symmetry have an anomaly
valued in Zg X Zs. Furthermore, it is clear that the Zg factor
can be detected by the anomaly indicator 73 f, discussed in
Sec. II B 1, since the corresponding SPT phases require only
time-reversal symmetry. All that remains is to find an anomaly
indicator that can detect the missing Zs factor in the classifi-
cation. Here we propose that the indicator 73 ¢, defined in
Eq. (2.21), does the job.

To establish this conjecture, we need to show that 73 ¢ has
all the desired properties: (1) 73,y only takes the values +1;
(2) n3,5 = 1 for any strictly two-dimensional topological or-
der; and (3) n3,; = —1 for any topological order that can
be realized on the surface of the SPT phase corresponding to
the ECMC+-e state. The last two properties can be proven
starightforwardly using the same reasoning as in Sec. IIB 2;
as for property (1), we do not have a general proof but we
check it below with several examples.

The examples that we consider are the EfMf+e, ETMT+-e,
and ECMC+-e states, which we previously discussed, as well
as an additional topological order known as the Tyg state. The
Tye state is a non-Abelian topological order which contains 96
anyons (including the electron). This topological order was
constructed in Ref. 39, and we review its anyon content and
other properties in Appendix D. The Tyg state has been argued
to appear on the surface of the root state of the Zg part of the
classification of fermionic SPTs with U(1) x Z1 symmetry in
(3+1)-D[39].

In Table IV we display the values of the indicators 7 s and
73, for the EfMf+-e, ETMT+-e, ECMC+-e, and Tyg topolog-
ical orders. We can draw several conclusions from this table.
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EfMf+e|ETMT+e|ECMC+-¢| Tos
ms| —1 —1 1 €T
may| —1 1 -1 1

TABLE IV. Values of the anomaly indicators 12, s and 13, ¢ for the
fermionic topological orders EfMf+e, ETMT+e, ECMC+-e, and
To6. The Tos and ECMC+-e topological orders are two topological
orders that can appear on the surfaces of the root phases for the Zs
and Zo parts, respectively, of the Zg X Z. classification of fermionic
SPTs with U (1) x Z3 symmetry in (34-1)-D. We have also included
the values of the anomaly indicators for the closely related EfMf+e
and ETMT+e topological orders.

First, the table shows that these two indicators are indepen-
dent of each other. Second, we can see that these two indica-
tors are able to detect the anomalies in both the ECMC+-¢ and
Tye topological orders as well as in any combination of the
two. Assuming that the Ty and ECMC+-e states describe the
surfaces of the two root phases in the Zg X Zs classification,
it follows that 75 ¢ and 73 s are a complete set of anomaly
indicators for fermionic topological orders with U(1) x Z%
symmetry.

As an aside, we note that the anomaly indicator values in
Table IV show that the ETMT+-e state has the same anomalies
as four copies of the Tyg state, which is consistent with the
discussion in Sec. III.B of Ref. 25. Also, we can see that the
EfMf+-e state has the same anomalies as a weakly interacting
mixture of the ECMC+-e and ETMT+e states.

V. CONCLUSION

In this paper we have constructed anomaly indicators for
(2+1)-D topological orders with time-reversal and U (1) sym-
metry. These anomaly indicators are functions that take as
input the algebraic data describing the symmetric topological
order and output a number indicating whether the topological
order is anomalous. We have proposed such anomaly indica-
tors for both bosonic and fermionic topological orders with
the symmetry groups U (1) x Z1 and U(1) x Z%'. In all cases,
we have argued that our indicators are complete in the sense
that the anomalies they detect are in one-to-one correspon-
dence with the known classification of (3 + 1)-D SPT phases
with the same symmetry.

One possible direction for future work would be to find an
interpretation of each of our indicators as being equal to the
partition function of the corresponding bulk SPT phase on a
particular Euclidean four-manifold X and in the presence of
a particular background U(1) gauge field A. It was already
shown in Ref. 17 that 7; and 72 have a partition function in-
terpretation, and in this paper we have shown in Sec. I A 6
that 73 also has a partition function interpretation. It would
be interesting to find partition function interpretations for the
other indicators discussed in this paper.

For the particular indicator 74, we can make an educated
guess about the correct partition function interpretation. This
guess is based on a comparison of our results for 7, with



the effective actions for SPT phases studied by Kapustin in
Ref. 24. Specifically, we conjecture that 4 is the partition
function for the bulk SPT phase on the manifold X = RP? x
2 and in the presence of a background U (1) gauge field Ay,
that has 27 flux through the S2 factor, f g2 F5. = 27, where
Fy, = dAs,. We can express this as

N1 = Za, (RP? x §?) (5.1
where the subscript indicates that we consider the partition
function on RP? x 52 and in the presence of As,. The evi-
dence for this conjecture is as follows: consider the four topo-
logical orders analyzed in Table III. These topological orders
are believed to live on the surfaces of the four root phases in
the (Z2)* classification of bosonic SPT phases with U (1) xZ3
symmetry. In Ref. 24, Kapustin proposed effective actions
S;[X,A], 5 = 1,...,4, for these four root phases, where
the notation indicates that S;[X, A] depends on the data of
the manifold X and background gauge field A. The parti-
tion function for root phase j on X and in the presence of
A is then given by e*%%A4l  Assuming these effective ac-
tions are correct, Eq. (5.1) predicts that the partition function
Z4,. (RP? x S2) should give the same result as 7, evaluated
on the corresponding surface topological order. To check this,
note that Table III shows that n, = —1 for the topological or-
der ETMC, and 74 = 1 for the other three topological orders.
Likewise, one can check that Sy [RIP2 x S2, Agr] = 7, where
541X, Al = 7 [ w} A £ is the effective action correspond-
ing to ETMC, while S [RP? x S2, Ayy] = 0 for j = 1,2, 3.
In other words, 24, (RP? x $2) = —1 for the root phase that
can host ETMC on its boundary, while Z 4, (RP? x S?) =1
for the other three root phases. This matching strongly sug-
gests that Eq. (5.1) is correct, but it would be interesting to
find a proof.
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Appendix A: Fermionic topological orders

In this appendix we summarize some of the important prop-
erties of fermionic topological orders — topological orders
that feature a fermionic excitation e that has trivial mutual
statistics with respect to all other anyons.

In general, there are two possible conventions for dealing
with the “electron” e: one can either treat e as distinct from
the (bosonic) vacuum excitation 1, or one can identify e with
1 at the cost of introducing a sign ambiguity in the topological
spin. In this paper, we use the first convention: we include e
as a distinct quasiparticle in our set of anyons, C. In technical
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terms, this means that C is not a unitary modular tensor cate-
gory since e and 1 have the same mutual statistics with respect
to every other anyon.

The electron e has several special properties. First, for all
a € C we have (a x e) x e = a. In other words, fusion with
e is an involution in C. Second, since the electron e is a trivial
fermion, it follows that for all a € C,

daxe =dg;  €foxe = =i (AD)
The final property of e is that the S matrix obeys
da
ae = Pea — 5 A2
Sge =S 5 (A2)

for all @ € C [60]. Equivalently, the monodromy scalar com-
ponent (introduced in Eq. (2.6)) obeys

Mgy = die =1,
Both of these relations are equivalent to the statement that e
has trivial mutual statistics with all other anyons: 6, , = 1 for
all a.

In fermionic topological orders, the S matrix can still be
defined via the relation Sq, = & Y e N:Edcewce*wae*wb,
but this S is not unitary due to the presence of the electron. In
addition, the matrix Sg; defined in this way has the following
symmetries under fusion with e,

(A3)

Sab = Saxe,b = Sa,bxe = Saxe,bxe . (A4)

This symmetry implies that the full S matrix can be written
(in a suitable basis) as a tensor product

g— L (1 1) ® S,
V2l 1
where the new matrix S is a unitary matrix which is half the
size of S. Note that S is unitary because we assume that there
are no other anyons, besides 1 and e, which have trivial mu-
tual statistics with all other anyons. Note also that using this
decomposition it is easy to see that the full S matrix is not
unitary.
The unitary matrix S can be thought of as an .S matrix for
a theory C which is obtained from C by taking a quotient in
which we identify two anyons if they differ by fusion with e,
iie. b ~ aif b = a x e. This partitions C into equivalence
classes [a], each containing two elements: {a,a x e}. We de-
note by C the set whose elements are the equivalence classes
[a]. The rows and columns of S are indexed by these equiv-
alence classes, and we can define the matrix elements of S
by

(A5)

S'[a][b] = V28, . (A6)

The factor of v/2 here comes from the ratio between the total
quantum dimension D of C and the total quantum dimension
DofC: D? = > (ajec d[za] = $D?. Note also that there is
no ambiguity in this definition of S [a)b) Since the original S
matrix had the symmetries shown in Eq. (A4).



Appendix B: Derivation of formula for 73 ;

In this appendix, we derive the formula
Mg = E (oo, (B1)

which holds for any U(1) symmetric fermionic topological
order C that can be realized in strictly two dimensions.

The first step of the proofis to ‘gauge’ the Zs fermion parity
symmetry in C. This gauging procedure is defined as follows:
take a two-dimensional U (1) symmetric lattice model that re-
alizes C, and then minimally couple it to a (weakly-coupled)
dynamical Zs gauge field in such a way that the microscopic
fermions carry Zo gauge charge. We will refer to the resulting
model as the ‘gauged’ lattice model.

Consider the topological order C realized by the gauged lat-
tice model. It is not hard to see that C contains twice as many
anyons as C. More specifically, if C = {a, b, c, ...}, then

C={abyc,.Yu{dV, .} (B2)

where a’ = a x x and where Y is the ‘w-flux’ anyon, i.e. the
excitation that is created by adiabatically inserting w-flux for
the U(1) gauge field through some region in the 2D plane.
Note that x is a real excitation of the gauged lattice model
since the dynamical Zy gauge field can support 7-fluxes.

To proceed further, observe that C is a bosonic topological
order since the only anyon a € C that has trivial mutual statis-
tics with respect to every other anyon is the (bosonic) vacuum
excitation 1. (The electron e does not have this property as it
has non-trivial mutual statistics with x: 6., = ). This obser-
vation is important because it means we can use the standard
(bosonic) formula [9] to relate the chiral central charge ¢_ of
C to its anyon content:

2m 1 ) ,
e'F = = E d2ete 4 E d? et B3
D ( a ‘ a’ ‘ ( )

The next step is to simplify the right hand side of Eq. (B3)
using properties of the w-flux anyon x. These proper-
ties mirror the properties of the 27-flux anyon discussed in
Secs. IIA4 and IIT A. The first property is that the mutual
statistics between  and any anyon a € C is the Aharonov-
Bohm phase

eiaxya — eiTrq,,, (B4)

The second property is that the topological spin/exchange
statistics of x is

=i (BS)

where o7 is the Hall conductivity of the original (ungauged)
lattice model. The final property is that y is an Abelian anyon.
It follows from these properties of  that

eiea/ — 67;(9&-'1-9)(7“4*9)() — ei(9a+TFQa+7\'O'H/4) (B6)

Likewise, we have

dy = d,, D =DV2 (B7)
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Substituting these relations into Eq. (B3), we derive

S2m & ]. . .
et E - — d2 ezeu + d2 62(0a+7rqa+7raH/4)
s (L - T
(B8)

Next, notice that the first sum on the right hand side of
Eq. (B8) vanishes due to the cancellation between terms in-
volving a and a x e, since d, = dyx. and e?s = —eWaxe,
(The second sum does not exhibit this cancellation due to the
extra factor of €™+ ). Dropping this sum, we derive

2 (o) _ L 2 i(0a+7qa)
e's = E doe B9
DV/2 - ¢ (B9)

To complete the derivation, we note that the gauged lattice
model has the same chiral central charge as the original lattice
model, i.e. ¢_ = c_, since the gauging procedure does not
introduce new edge modes.!® Making this substitution in (B9)
gives the desired formula (B1).

Appendix C: T-Pfaffian. topological orders for the surface of
the electron topological insulator (ETI)

In this appendix we review the T-Pfaffiany topological or-
ders which have been proposed for the surface of the ETI
state in Refs. 4 and 6. We compute the anomaly indicators
72, f> M3,f, and 7, for these topological orders in Sec. II B of
the main text. Our discussion of these topological orders fol-
lows Ref. 6, where they were both referred to as “anyon model
X”. The T-Pfaffian, topological orders contain 12 anyons, de-
noted by I, ¥y, for k = 0,2,4,6, and oy for k = 1,3,5,7.
Here 1,4, 0 are Ising anyons (with their usual fusion rules),
while the k index is an additional U (1) index which takes val-
uesin 0,1,...,7. However, the k index takes only even val-
ues for the Ij, and 15 anyons, and only odd values for the o,
anyons. Thus, there are 12 anyons in total, and the total quan-

\/4—1—4—1— (v/2)2 x 4 = 4, where /2
is the quantum dimension of a oy, anyon (the I and v, anyons
have quantum dimension equal to 1). The vacuum anyon is
identified with I and the electron is e = 1)4.The U (1) charge

of the anyons is determined by their & index only and is given
by

tum dimension is D =

k
Ixe = =7 mod 2, ChH

for X = I,4, 0. All anyons are invariant under time-reversal
except for the two pairs Iy <+ 1 and I <> 1) which are
exchanged by 7. Note also that in these two pairs, the anyons
do not differ by fusion with the electron 4. Therefore, to

10°A more precise way to say this is that it is possible to construct a fully
gapped boundary separating the gauged lattice model and the original lat-
tice model.



e (+case)|1|—1|—i| i |1 |=1|—4] 4|1 |-1|-1]1
e (—case)|1|—1] 4 |—i| 1 |—=1| 4 |—i|—-1| 1|1 |-1
T2 (+case) |1] 1 —1|-1 1 |-1]-1]1
T2 (—case) |1] 1 —1[-1 111 |-1

TABLE V. Topological spins e*®¢ and 7.2 values for the anyons in
the T-Pfaffiany topological orders, which correspond to the cases
w = —1 (+ case) and w = I (— case) of the “anyon model X”
from Ref. 6. Note that the 7.2 entries for Io, ¥, Is, and 1) are blank
because these anyons are not invariant under time-reversal (they also
do not satisfy 7 (a) = a X e), and so these anyons do not possess a
well-defined value of 7,2.

eia 7~f
Lol 1|1
Ios| 1 |—1
Lio| 1 |-1
Lia| 1|1
Yool =111
Poa| —1 -1
Pao| —1|—-1
Yaa|—1| 1

TABLE VI. Topological spins e« and T2 values for those anyons
in the set Iy, and ©x,» which satisfy 7 (a) = a. For these anyons
we have 7.2 = T2.

compute the indicator 7 ¢, we only need the 7,2 values for
the eight anyons Iy, vg, 14,4, 01,03, 05, and o7, which are
the anyons that are invariant under time-reversal.

The authors of Ref. 6 found that there are actually two con-
sistent assignments of topological spins and 7,2 values for
the anyons in their “anyon model X”. The first possibility (in
which their parameter w = —%) corresponds to T-Pfaffian,
and the second possibility (in which their parameter w = %)
corresponds to T-Pfaffian . The topological spins ¢« and 7,2
values for the anyons in these two cases are shown in Table V.

We conclude this appendix with a few remarks about the
S matrix for the T-Pfaffian, topological orders, as this ma-
trix is needed for the calculation of the anomaly indicator
Nem-  Actually, it is easier to work with the reduced S ma-
trix S for fermionic topological orders which we defined in
Appendix A. From Ref. 6, a convenient basis for the reduced
topological order Cis given by

é = {[IOL [¢0]7 [01]7 [12]7 [¢2]’ [03]} ’ (C2)

where Iy, 1,01, 12,19, and o3 are six anyons in the theory
which are nof related to each other by fusion with the electron.
The reduced S matrix S for C in this basis is shown explicitly
in Eq. (A.52) of Ref. 6, and this S is the matrix that we used
to calculate 7, for this topological order.
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ei@a 7;2

.[272 7 ;1
Ioe| ¢ L
Iso| ¢ L
Iss| 1 ;1
Ya2| =t [—1
Yo —t | 1
Yool —i| 1
1/}6,6 —1 |—1

TABLE VILI. Topological spins e*%s and 7.2 values for those anyons
in the set i ., and ¥y, which satisfy T (a) = a X e. For these
anyons we have 7.2 = —iT2.

Appendix D: Tys topological order for the surface of a fermionic
SPT with U(1) x Z3 symmetry

In this appendix we review the Ty topological order which
was derived in Sec. IV.A of Ref. 39. This is a non-Abelian
topological order which can appear on the surface of a
fermionic SPT phase with U (1) x ZI" symmetry (specifically,
the root phase of the Zg factor in the Zg x Zo classification of
fermionic SPTs with U(1) x Z% symmetry in (3 4 1)-D). We
compute the anomaly indicators 7)o ¢ and 73 ¢ for this state in
Sec. IV B of the main text. Below, we summarize the anyon
content and basic properties of this state.

The anyon content of the Tyg topological order is

Iiom = I,e™® , m=0,...,7, k=0,2,4,6,
wk,m:wkeim¢a ’I’)’LZO,...,7, k:07274367

Okm = 03€™  m=0,...,7, k=1,3,57.

Here Iy, 1, oy are Ising anyons which are labeled by an ad-
ditional integer £ € {0,1,...,7}, but with the restriction
that k is even for Iy, and k is odd for o;. Under fusion
Ik, ¥y, o obey the usual Ising fusion rules and the extra in-
dices k also add modulo 8. For example, we have o, X oy =
Tt mod 8 + Yk+k mod 8- Next, the factor eime represents an
Abelian anyon labeled by a second integer m € {0,...,7}.
Under fusion, the m indices of these anyons simply add mod-
ulo 8, ¢im® x ¢im'e — i(m+m/ mod8)é  Ac we discuss be-
low, the index m completely determines the charge g, of each
anyon.

There are 96 = 3 x 4 x 8 anyons in total in the T4 state,
and the total quantum dimension is

D:\/32+32+(\/§)2><32:8\/§7 (D1)

where /2 is the quantum dimension of a o, anyon. The topo-

logical spins of these anyons are ¢'%%k.m | ¢%¢x.m and e*0ok.m
2 P y

with

k% 2mmk

O, =0x—— —
Xk',?n X 8 8

(D2)



TABLE VIII. Topological spins e’ and 7,2 values for the anyons
ok,0 and o 4, k =1, 3,5, 7. These anyons satisfy 7 (a) = a and so
we have 7.2 = 7.2 for all of these anyons.

where X = I,4,0 and 0; = 0, 6, = 7, and 0, = T asin
the usual Ising anyon theory. Next, the U(1) charge of these
anyons depends only on m and is given by

m
AXp = 1 (mod 2) . (D3)
In this topological order the vacuum quasiparticle is identified
with Iy ¢ and the electron is

e=1o4 - (D4)

To compute the anomaly indicator 12 s for the Tyg state, we
need to know (i) the set of time-reversal invariant anyons a sat-
isfying 7 (a) = a, and (ii) the set of anyons that transform un-
der time-reversal as 7 (a) = a X e, where e = 1) 4 is the elec-
tron in this system. For the symmetry group U (1) x Z2', time-
reversal negates the U (1) charge. Thus, time-reversal always
sends m — —m (where —m is equivalent mod 8 to one of the
values 0, . .., 7). On the other hand, the k index of the anyons
in the Tyg state is invariant under time-reversal. To identify
the anyons that transform as 7 (a) = a and 7 (a) = a x e we
must also use the general constraints which follow from the
U(1) x ZI group structure, namely that €'« = ¢~%*7( and
da = —47(a) (mod 2).

The considerations in the previous paragraph imply that
the time-reversal invariant anyons in the Tyg state must have
m = 0 or 4 and topological spin ¢?’= = 41, while anyons a
that transform as 7 (a) = a X e must have m = 2 or 6 and
topological spin e?’s = +i. Using these conditions one can
show that the time-reversal invariant anyons are

{Tio s Ina s Yros Yralts
{ok0, Orat,

k=0,4;
k=1,3,5,7. (D5)

Next, the anyons that transform as 7 (a) = a X e are the pairs
Iyo < 26, I26 <> 22, Is2 < V66, l6,6 < 6,2, and
also o302 < ox6 for k = 1,3,5,7. Here the double arrow
means that the two anyons transform into each other under
time-reversal and that the two anyons differ by fusion with the
electron e. These can all be deduced using the fusion rules for
the Ising anyons and the fact that the & and m indices simply
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01,2 —3|—1

03,2 —3|—1

05,2 7 1
7,2 7 1
01,6 7 1
03,6 7 1

05,6 —3|—1

7.6 —3|—1

TABLE IX. Topological spins ¢+ and 7.2 values for the anyons Ok,2
and o6, k = 1, 3,5, 7. These anyons satisfy 7 (a) = a X e, and so
we have 7.2 = —iT.2 for these anyons.

add under fusion, for example Is 2 X € = Io 2 X g4 = P26
and Okg2 X €=02 X ¢074 = 0k,6-

In Tables VI, VII, VIII, and IX, we list the topological spins

ee and 7.2 values for all anyons a in the Tyg state that sat-
isfy T(a) = aor T(a) = a x e. These values (along with
the charges of the anyons from Eq. (D3)) are then used in
Sec. IV B of the main text to compute the anomaly indicators
72,7 and n3 ¢ for this topological order.
_ We close this appendix with a brief explanation of how the
7;2 values shown in Tables VI, VII, VIII, and IX can be com-
puted using the data in Ref. 39. In Ref. 39, the authors con-
structed the Tyg state by first constructing an intermediate su-
perfluid state (in which the U(1) symmetry of the system is
spontaneously broken), and then condensing vortices in that
superfluid state to restore the U(1) symmetry and obtain the
symmetric and topologically ordered Ty state. The vortices
in the superfluid state can be identified with the X} anyons
(X = I,%¢,0), i.e., with the charge neutral part of the full
X}, anyon in the Tog state.!! In particular, if we drive a tran-
sition from the Tyg state back to the superfluid state, then each
anyon Xy, ,,, loses its U(1) charge, which was determined by
the index m, and reverts back to its neutral vortex part Xj.
One very important property of the vortices X}, in the super-
fluid, which will be used below, is that the vortex X}, binds k
Majorana fermions in its core.

The intermediate superfluid phase possesses a modified
time-reversal symmetry, denoted by S, which is related to the
original time-reversal operation 7 by

S=U(F)T, (D6)

where U(F) is the unitary operator which implements the
U(1) rotation by the angle 7. The & index of the vortices X
in the superfluid is invariant under the action of S, and so it is
possible to study the transformation properties of the internal
states of each vortex under the action of S (recall that each

1T We follow Ref. 39 and use the same notation X, to denote the neutral part
of an X}, ,,, anyon in the Ty state and the corresponding vortex in the
superfluid state.



k o[12]3|4|5|6]|7
8?2 (bosonic) [1[1| [—-1|—1]|—1
S? (fermionic)| [1[1] 1 —1|-1]-1

TABLE X. Bosonic and fermionic S? values for vortices X} in
the intermediate superfluid phase used to construct the To¢ state in
Ref. 39. If an entry in the table is left blank then the vortex with the
specified k value does not transform in a bosonic/fermionic manner
under S.

vortex contains a certain number of Majorana fermions in its
core). In particular, vortices can be assigned a definite value
of 82, and this value can be computed using the techniques
outlined in Sec. V of [39]. Using the relation (D6) between S
and 7T, the 72 values for each anyon can then be obtained as

T2 =e "S2 (D7)

where for an anyon a = X}, = Xje"™?, 82 is equal to the
value of §? when acting on the vortex X}, in the intermediate
superfluid state.

Finally, there is one subtle point in the assignment of S?
values to vortices that we wish to highlight here. The sub-
tlety is that when computing the 7,2 values for an anyon a
using Eq. (D7), we must distinguish between bosonic and
fermionic transformations of vortices under the action of S.
By a bosonic vs. fermionic transformation we mean the fol-
lowing. Let |v) be a quantum state of the superfluid containing
two widely separated vortex excitations of the type X. Then
we say that X}, transforms in a bosonic manner under S if

S|’U> = b1b2|'U> 5 (DS)
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where b1 and b are bosonic operators localized near the first
and second X}, vortex [33]. Similarly, we say that X}, trans-
forms in a fermionic manner under S if

Slv) = ciezlv) (DY)

where c; and ¢y are fermionic operators localized near the first
and second X, vortex [39].

It turns out that, depending on the value of k, we have the
following three possibilities for how a vortex X} can trans-
form under S: (i) X transforms in a bosonic manner under
S, (ii) X, transforms in a fermionic manner under S, or (iii)
X}, can transform either in a bosonic or a fermionic manner
under S. The third possibility arises due to the fact that for a
given state |v) it may be possible to find operators by, be, ¢1,
and ¢y such that

b1b2|v> = 6102|U> . (DIO)

Now that we understand the different possibilities for how
a vortex can transform under S, we are ready to state the rule
that must be used to compute 7,2 from S? using Eq. (D7): if
a in the Ty topological order transforms under 7 as 7 (a) =
a, then we must use the value of S? that is obtained from
the bosonic action of S on the corresponding vortex in the
superfluid. On the other hand, if 7 (a) = a x e, then we must
use the value of S? that is obtained from the fermionic action
of S on the corresponding vortex in the superfluid. In Table X
we summarize the bosonic and fermionic S? values that are
needed to compute 7,2 according to these rules.
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