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Abstract

As a new class of condensed matter, topological insulators challenge the traditional wisdom of

condensed matter physics. Doping topological insulators with magnetic elements can realize the

quantum anomalous Hall state, a two-dimensional bulk insulator with non-zero Chern number.

High harmonic generation (HHG) has emerged as a very promising tool to probe electronic prop-

erties. However, its application to magnetically doped topological insulators has not been realized.

Here, we predict that high harmonics from six quintuple layers of Bi2Se3(6QL-Bi2Se3) carry crucial

information about its structure. HHG sensitively depends on crystal symmetry and laser polariza-

tion. While in the parent compound 6QL-Bi2Se3 all the harmonic orders are odd, once it is doped

with a magnetic Cr atom, selective even and odd harmonics appear, depending on whether the laser

field is in-plane or out-of-plane. With spin-orbit coupling, both even and odd harmonics appear.

We find that these seemingly complicated harmonics have a simple origin: microscopic interplay

between symmetry operations and laser polarization. Our finding demonstrates the unexplored

power of HHG in topological insulators and will have a broad impact on future research.
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I. INTRODUCTION

Probing electronic properties and symmetry properties of solids by means of high har-

monic generation (HHG) is new and has attracted worldwide attentions [1–5]. In contrast

to gas-phase HHG [6], high-order harmonics can be generated under a relatively weak laser

field in solids [7], benefiting from high density in solids. This is the cornerstone of attosec-

ond science [8]. However, the electronic properties in solids are more complex, so is HHG.

Earlier solid-state HHGs were mainly found in semiconductors or/and insulators [9]. The

mechanism is attributed to Bloch oscillations that involve intra- and inter-band electron

dynamics [10]. Han et al. have successfully extended HHG into metals [11]. The underlying

physics is well described by the Sommerfeld model of a free-electron gas. By contrast to the

classification of insulators, semiconductors and metals in terms of the band theory, a new

quantum phase called topological insulator (TI) arises due to the protection of topological

invariant, challenging the traditional understanding of condensed matter physics [12]. Inter-

estingly, Hsieh et al. experimentally observed the surface second harmonic generation from

TI Bi2Se3, which stems from the broken inversion symmetry induced by the perpendicular

surface electric field [13]. In addition, Avetissian et al. pointed out HHG can be realized

in three-dimensional TI [14], where the confined two-dimensional metallic carriers emit the

coherent electromagnetic radiation. Most recently, Zhang et al. reported that magnetic ma-

terials have a spin-polarized HHG [15]. It is well known that magnetically doped TIs would

lead to a gaped edge or surface state [16], offering an ideal platform to study the quantum

anomalous Hall effect [17–19]. However, little is known about HHG in magnetically doped

TIs.

In this work, we predict that a topological insulator, once doped with a magnetic atom,

has very peculiar high harmonic signals. We take 6 quintuple layers of Bi2Se3 (6QL-Bi2Se3)

as an example, and find that under a moderate laser field, the highest harmonic order

reaches 13. These harmonics show a strong laser-polarization dependence, reflecting the

exotic topological influence. Once 6QL-Bi2Se3 is doped with a magnetic Cr atom, the newly

induced spin polarization and symmetry reduction bring in even harmonics only when the

laser polarization is along either the x or z axis. When the laser polarization is along the

y axis, harmonic orders are even along the x axis. To fully understand the physics behind

these peculiar harmonic signal changes, we examine the group symmetry before and after
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doping. Before doping 6QL-Bi2Se3 has 12 symmetry operations, which are inequivalent once

a specific laser polarization is chosen. We discover that these 12 symmetry operations form

three subgroups, with four members in each subgroup. The laser polarization further split

the subgroups into units. The harmonic signals are a result of a joint effect of symmetry

operations within each unit. Once doped with a Cr atom, the system loses 6 symmetry

operations and also the inversion symmetry, and the laser polarization groups a new set

of constituents in each unit. Our finding is a rare manifestation of the interplay between

topological structural information and laser polarization in high-order harmonic generation.

This paves the way to future applications of HHG as an accurate tool to probe electronic

and magnetic properties in exotic materials.

II. ALGORITHM

Bi2Se3 is a three-dimensional TI, and exhibits exotic electronic properties. Bi2Se3 crys-

tallizes in a rhombohedral structure with the space group D5

3d, as shown in Fig. 1(a). We

can see that Bi2Se3 is layer-stacked from the repeated QL, which is mediated by van der

Waals interaction. The crystal has the three-fold rotational symmetry with the trigonal

axis defined as the z axis, the reflection symmetry with a bisect axis as the x axis, and the

two-fold rotational symmetry with the binary axis as the y axis. We perform first-principles

calculations using the Wien2k code [20], which adheres to the strict crystal symmetry. We

use parameters similar to Ref. [21], and solve the Kohn-Sham equation to get the eigen-

states and eigenenergies. Figure 1(b) demonstrates that the band structure has a gaped

bulk phase. Due to the strong spin-orbit coupling (SOC), the band inversion occurs at the

Γ point, producing a energy gap of around 0.4 eV [22]. Experimentally Bi2Se3 can be easily

cleaved along the z axis and topological surface states appear. We use 6QL-Bi2Se3 to repro-

duce the topological states. The calculated surface electronic structure in Fig. 1(c) shows

that the robust surface metallic bands cross the Fermi level.

Once we obtain the Bloch wavefunction ψik(r) for band i and crystal momentum k, we

construct the density matrix of the ground state through ρ0 = ψ∗
ik(r)ψik(r) for the dynamic

calculations. We emphasize that all the calculations of electronic properties and HHGs use

three dimensional real materials Bi2Se3, 6QL-Bi2Se3, and Cr-doped 6QL-Bi2Se3. We do not

use a one-dimensional model. Under irradiation of light, the dynamic density matrix ρ is
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computed from the time-dependent Liouville equation, which reads

ih̄〈ik|∂ρ
∂t

|jk〉 = 〈ik|H0 +HI , ρ|jk〉, (1)

where H0 is the system Hamiltonian and HI is the interaction between the system and laser

field: HI = γP̂ · A(t), where γ is the charge-mass ratio of electron, P̂ is the momentum

operator, and A(t) is the vector potential of light field. The time-dependent macroscopic

polarization P(t) is computed from P(t) =
∑

k Tr[ρk(t)P̂k], where the trace is over band

indices. Finally, HHG is computed by Fourier transforming P(t) into the frequency domain

through,

P(Ω) =

∫ ∞

−∞

P(t)eiΩtdt, (2)

where Ω is the harmonic frequency. The duration of our femtosecond laser pulse is set to

60 fs, and two photon energies of 1.0 and 1.5 eV are used. The vector potential of the

electric field is taken as A0 = 0.03 Vfs/Å. This unit can be converted to the standard unit of

V/Å by multiplying A0 by the photon frequency ω (fs−1). The converted electric fields are

respectively 0.046 and 0.069 V/Å, comparable to the experimental values. Other parameters

give very similar results, as demonstrated in Supplemental Material [23].

III. RESULTS AND DISCUSSIONS

A. Harmonic signals

We show high-order harmonics generated from 6QL-Bi2Se3 with the laser polarization

along the x, y, and z axes in Figs. 1(d)-1(f), respectively. Signals at noise level are not

shown. The harmonic order reaches at least 13. Figure 1(d) shows that if the laser electric

field is along the x axis, the emitted harmonic signal is only polarized along the x or z axis.

However, if the laser electric field is along either the y or z axis, the emitted harmonics are

polarized along the y and z, respectively, (see Figs. 1(e) and 1(f)). All the harmonics are

odd. The laser polarization along the x and y does not give the same result. This reminds

us of the importance of the group symmetry in HHG [4]. To fully understand these results,

we analyze the symmetry group of 6QL-Bi2Se3.

While in the traditional nonlinear optics the symmetry properties for low harmonics are

known [24], there are very few discussions in the literature [25–28], most of which do not
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pertain to actual crystals that usually have complicated symmetry groups [29]. However,

we find a way to pin down the origin of these peculiar harmonics. We follow the laser

polarization and classify the 12 symmetry operations in 6QL-Bi2Se3 into three subgroups

(SGs), as shown in Tab. I. Within each subgroup, two symmetry operations form a unit,

but which two form the unit is determined by the polarization of laser field with respect to

the crystal axis. The two symmetry operations in the unit can either leave the laser field

intact or just reverse it. We take SGI as an example. When the laser field is polarized along

the x axis, E and σxz form a unit while I and Ry form another. Within the same unit,

each symmetry operation has the same effect on the laser polarization. For the unit of E

and σxz, they leave the x-polarized laser field unchanged, while another unit of I and Ry

reverses the direction of the laser polarization. This has an important consequence on the

selection of harmonic signals. E and σxz jointly cancel out the y-component of harmonics,

while keep the x- and z-component of harmonics. The case is also true for the unit of I

and Ry. We should point out that each of four symmetry operations, E, σxz, I, and Ry,

can generate both even- and odd-order harmonics alone. Once the other operation in the

same unit appears, the even-order harmonics is eliminated because the inversion symmetry

is then correctly restored when these four symmetry operations are included. This requires

us to rigorously include the symmetry properties.

When the laser field is along the y axis, E partners with Ry to form a unit, while I and

σxz form another one. Each unit cancels out harmonics along the x and z axes, and keeps

that along the y axis. The same principle also holds for the laser field polarized along the

z axis. Two units of symmetry operations are the same as those when the laser field is

polarized along the x axis.

B. Impact from Cr-doped 6QL-Bi2Se3

All the harmonics from the pristine TI 6QL-Bi2Se3 are normal. However, it is no longer

the case for Cr doping. Following the work by Fang and coworkers [19], we employ Cr-doped

6QL-Bi2Se3 (inset of Fig. 2(a)) as our model system. Once the Cr atom is introduced, the

density of states (DOS) near the Fermi level is exchange-split. The corresponding HHG is

spin-dependent [15], protected by the time reversal breaking. The spin-polarized HHGs for

the spin up channel are displayed in Figs. 2(a)-2(c). Since the inversion symmetry is broken
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due to the magnetic doping, the original 12 symmetry operations are reduced to 6, and each

subgroup only has two symmetry operations. For SGI , only E and σxz remain, losing I

and Ry. The other four symmetry operations form two groups: SGII includes symmetry

operations C1

3
and σ1, while SGIII includes C2

3
and σ2. The reduced symmetries have a

dramatic impact on HHG.

We first align the laser polarization along the x axis. According to the above symmetry

analysis, E and σxz form a unit. This combination cancels out any harmonic signals along

the y axis, while the x- and z-components remain. Figure 2(a) shows that both the even-

and odd-order harmonics appear because the inversion symmetry is broken.

However, when we align the laser polarization along the y axis, we observe the harmonic

signals qualitatively different from the above x polarization result. The harmonics generated

along the y axis (i.e., the laser polarization direction) only have odd orders. But the signals

along the x and z axes are all even. In other words, the harmonic orders with signals along

the original laser polarization are odd, but the harmonic orders with signals perpendicular

to the original laser polarization are even.

When the laser field is polarized along the z axis, harmonics appear only along the z

axis, and the other two components are canceled out (see Fig. 2(c)). In this case, the in-

plane orthorhombic symmetries D3 are preserved regardless of the linearly z-polarized laser

field. Meanwhile, we can also see this from 6 remaining symmetry operations, which cannot

change the z-polarized laser field. As a consequence, the in-plane signals are canceled out

from the joint effect of the 6 symmetry operations. By contrast, due to the lack of inversion

symmetry, the out-of-plane signals include both the even- and odd-order harmonics. For

the spin down channel, the spin-polarized HHGs are similar to those of spin up channel.

The only difference is the relative smaller intensity, which originates from the spin-polarized

DOS near the Fermi level [15].

Symmetry effects on harmonics have been reported in gallium selenide [30], and also

in monolayer transition metal dichalcogenides [31]. However, these studies failed to give

any plausible explanations. Here we try to demonstrate the underlying mechanisms based

on crystal symmetry. We use the laser polarization along the y axis as an example, with

the same laser parameters as those in Fig. 2(b). We find the key reason for the unusual

harmonics is that E and σxz no longer form a unit. This is because the laser polarization

breaks the in-plane crystal symmetry, that is the reflection symmetry along the x axis (see
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the right bottom panel of Fig. 1(a)). We can reveal further insights into these peculiar

harmonics by resolving harmonic signals along different crystal momentum directions. We

take the Γ point and examine the contribution of each symmetry operation to the harmonic

signal separately. We note in passing that for each symmetry operator O, the interaction

Hamiltonian is HO
I = γOP̂ ·A(t) [15], so the calculated polarization PO(t) depends on O,

and the power spectrum becomes symmetry-resolved.

Figure 2(d) shows the symmetry-resolved harmonic signals emitted along the x axis. We

see that E and σxz separately yield both even- and odd-order harmonics. Interestingly,

the even-order signals are much stronger than the odd-order ones. When both E and σxz

are present, the smaller odd-order harmonics cancel out. If we apply this rule to SGII ,

we find the same results (see the blue line in Fig. 2(d)). When we include all the 6

symmetry operations, only the even-order signals appear, similar to the total one (see Fig.

2(b)). Figure 2(e) shows the symmetry-resolved y-component of harmonic signals. Then

we include E or σxz separately, both the even- and odd-order signals occur. However, in

this case, the even-order signals are much weaker than the odd-order ones. When both E

and σxz are included, the weaker even-order signals disappear. Different types of harmonics

along the x and y axes can be understood from the cooperation of E and σxz, protected by

the reflection symmetry. If the matrix elements are equal along the polarization direction of

laser pulse, the even-order harmonics emerge. If they are opposite, the odd-order harmonics

appear. For the z-component harmonics, the situation is the same as the x-component, as

shown in Fig. 2(f).

C. Role of spin-orbit coupling

It is well known that the emergence of the 2D topological surface states in 6QL-Bi2Se3

is related to SOC [32]. Once SOC is taken into account in Cr-doped 6QL-Bi2Se3, spin up

and spin down channels are mixed, the number of symmetry operations is reduced to 3: E,

C1

3
, and C2

3
. Figures 3(a)-3(c) show HHGs from Cr-doped 6QL-Bi2Se3. The 3 symmetry

operations are all the in-plane three-fold rotations Cn
3
with the rotation axis along the z axis.

When the laser fields are in-plane polarized, the even- and odd-order harmonics coexist for

all the three components. This is because 3 symmetry operations belong to 3 subgroups.

Each operation cannot cancel out any component harmonics. This is because each operation
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changes the in-plane polarization of laser pulse. In other words, the laser pulse breaks the

in-plane three-fold rotational symmetries C3. While the laser field is out-of-plane polarized,

the in-plane component signals disappear, which is protected by the C3 symmetry. We also

notice that the symmetry properties of HHG have been investigated in monolayer MoS2 and

SiO2, where the even harmonics are attributed to the broken inversion symmetry [3, 37].

D. Rules of HHG

Figure 4 summarizes our findings. There are three cases that are associated with the

structural and magnetic differences: (i) native 6QL-Bi2Se3, (ii) Cr-doped 6QL-Bi2Se3 with-

out SOC, and (iii) Cr-doped 6QL-Bi2Se3 with SOC. In (i), only odd harmonics, that are

along the laser field E, or the ‖ configuration, appear, while harmonics in the ⊥ configuration

disappear. The latter requires the in-plane reflection symmetry. Here the laser field selects

the symmetry operations to form a unit, which did hold the reflection symmetry. In (ii),

in contrast to (i), there exist additional even-order harmonics for the components parallel

to the x axis in both ‖ and ⊥ configurations, due to the broken inversion symmetry. (iii)

represents an extreme case where both the inversion and reflection symmetries are broken.

Each component contains both the even- and odd-order harmonics for any configuration.

Our finding is generic and has important applications. For instance, based on the Haldane

model [33], Chacon et al. recently reported that HHG contains both the even- and odd-order

signals for the nontrivial topological phases [34], which are indeed realized through breaking

the inversion symmetry. This is also the case for the Berry curvature to correct HHG [35],

where the broken inversion symmetry plays a role. As demonstrated in Eq. (1), the inter-

band transition dominates HHG. By contrast, the intra-band contribution, which is closely

related to the topological phase as well as the Berry phase, only indirectly influences HHG.

More advanced techniques are needed to test this prediction [36].

IV. CONCLUSION

We have demonstrated that high harmonic generation from six quintuple layers of Bi2Se3

carries rich information about its structure and group symmetry, regardless of whether it is

doped or not. Harmonics from this topological insulator are complex in general. Although
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traditional nonlinear optics has established the symmetry properties for low order harmon-

ics, the entire procedure becomes increasingly difficult because there are too many possible

combinations to be considered. We find a simple method by classifying all the symmetry op-

erations into several subgroups that preserve the laser polarization. In our pristine undoped

Bi2Se3, the 12 symmetry operations form 3 subgroup, each of which consists of four sym-

metry operations. Depending on the laser polarization, these four symmetry operations are

further grouped into two units. All the rules that we develop in Table I can be understood

through this simple method. Physically, our method highlights the crucial interplay between

the laser polarization and the material symmetry properties. We expect that this method

will find broad applications in topological insulators and other technologically important

materials.
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TABLE I: High harmonic generation is subject to both intrinsic symmetry operations and an

extrinsic laser field. Under a linearly polarized laser pulse excitation, the 12 symmetry operations

in 6QL-Bi2Se3 can be classified into 3 subgroups: SGI , SGII , and SGIII . Each subgroup contains

four members of symmetry operations. When the symmetry of the crystal is lowered due to either

magnetic doping or SOC, the number of symmetry operations is further reduced in each subgroup.

SGI SGII SGIII

E =













1 0 0

0 1 0

0 0 1













σxz =













1 0 0

0 −1 0

0 0 1













I =













−1 0 0

0 −1 0

0 0 −1













Ry =













−1 0 0

0 1 0

0 0 −1













C1
3
=













−1/2
√
3/2 0

−
√
3/2 −1/2 0

0 0 1













σ1 =













−1/2 −
√
3/2 0

−
√
3/2 1/2 0

0 0 1
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FIG. 1: (a) Structure of Bi2Se3. The red rectangle is the repeated quintuple cells. Red and blue

spheres represent Se and Bi atoms, respectively. Top right panel: bulk Brillouin zone (BZ) and

(111) surface BZ of the Bi2Se3, with high symmetry points (Γ, Z, F, L, Γ̄, M̄ , and K̄) identified.

Bottom right panel: the projection on the ab plane of Bi2Se3. (b) Element-resolved band structure

of bulk Bi2Se3, where red and blue circles represent the Se and Bi atoms, respectively. (c) Surface

electronic structure of 6QL-Bi2Se3. The red and blue circles represent the Se and Bi atoms in

the top and bottom QLs, respectively. (d)-(f) High harmonic signals for 6QL-Bi2Se3 with laser

polarization along the (d) x, (e) y and (f) z axes. The photon energy of the laser field is h̄ω =

1.5 eV, with duration τ = 60 fs and vector potential amplitude A0 = 0.03 Vfs/Å. Signals at noise

level are not shown.
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FIG. 2: Harmonic signals from the spin up channel of Cr-doped 6QL-Bi2Se3 for the laser polar-

ization along the (a) x axis, (b) y, and (c) z axes. The inset in (a) is the structure of Cr-doped

6QL-Bi2Se3. The photon energy is taken as h̄ω = 1.0 eV to excite the electronic states near the

Fermi level. Other parameters of the laser are the same as those in Fig. 1. (d), (e) and (f) use

the laser polarization along the y axis. (d) Symmetry-resolved harmonic signal along the x axis

from the Γ point alone. Symmetry operations that enter the calculation are given above each of

the curves. For clarity, all the spectra, except the bottom one, are shifted vertically. (e) Same as

(d), but with the harmonic signal along the y axis. (f) Same as (d), but with the harmonic signal

along the z axis.
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FIG. 3: Harmonic spectra from Cr-doped 6QL-Bi2Se3 in the presence of spin-orbit coupling. (a)

The laser polarization is along the x axis. In the presence of spin-orbit coupling, the group sym-

metry is reduced, the inversion symmetry is broken and even harmonics appear. The harmonic

signals are also generated along the z axis, which is very different from that in Fig. 2(a). The laser

parameters are the same as in Fig. 2. (b) Laser-polarization is along the y axis. The results are

similar to Fig. 2(b). (c) Laser-polarization is along the z axis.
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FIG. 4: Symmetry properties of HHG signals under two configurations ‖ and ⊥. From left to

right are for the pristine structure, Cr-doped structure, and Cr-doped structure with spin-orbit

coupling. The bottom panel shows the rules how harmonic signals are emitted. IS denotes the

inversion symmetry, which is broken by magnetic doping. SOC breaks the in-plane reflection

symmetry (σ), where the spin of Cr atoms (the arrows) plays a role.
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