
This is the accepted manuscript made available via CHORUS. The article has been
published as:

First-principles study of the electronic structure and the
Fermi surface in rare-earth filled skutterudites

RPt_{4}Ge_{12}
Gheorghe Lucian Pascut, Michael Widom, Kristjan Haule, and Khandker F. Quader

Phys. Rev. B 100, 125114 — Published  5 September 2019
DOI: 10.1103/PhysRevB.100.125114

http://dx.doi.org/10.1103/PhysRevB.100.125114


First Principles Study of Electronic Structure and Fermi Surface
in Rare-earth Filled Skutterudites RPt4Ge12

Gheorghe Lucian Pascut,1, 2 Michael Widom,3 Kristjan Haule,1 and Khandker F. Quader4

1Department of Physics & Astronomy, Rutgers University, Piscataway, NJ O8854, USA
2MANSiD Research Center and Faculty of Forestry, Stefan Cel Mare University (USV), Suceava 720229, Romania

3Department of Physics, Carnegie Mellon University, Pittsburgh, PA 15213, USA
4Department of Physics, Kent State University, Kent , OH 44242, USA

(Dated: August 23, 2019)

Experiments on rare-earth filled skutterudites demonstrate an intriguing array of thermodynamic, transport
and superconducting properties, and bring to fore theoretical challenges posed by f-electron systems. First prin-
ciple calculations based density functional theory and its extensions for strongly correlated systems such as the
Hubbard U correction, provide valuable information about electronic structure that can be used to understand
experiments. We present a comprehensive study of the electronic structure and Fermi surface of a series of
rare earth filled skutterudites, RPt4Ge12 (where R = La, Ce, Pr), aimed at shedding light on: consequences of
progressive increase of f-orbital occupancy in the series; the effects of the Hubbard parameter U; the Fermi
surfaces, band structures and densities of states. The calculated Fermi surfaces may be relevant to the ques-
tion of multi-band versus single-band superconductivity. Computed densities of states qualitatively explain the
available resonant photoemission spectroscopy experiments, and (together with available specific heat measure-
ments) provide estimates of the effective masses. We also show the existence of pseudogaps in the total density
of states which may be relevant for the thermoelectric properties of these systems.

PACS numbers:

I. INTRODUCTION

Filled skutterudites are a class of materials that exhibit com-
plex crystal structures 1,2, and correspondingly complex elec-
tronic ground states, such as conventional BCS-type3 and un-
conventional superconductivity4–6, non-Fermi liquid behav-
ior7,8, anomalous metal-to-insulator transition9, multipolar or-
dering10, topological insulator state 11,12, Kondo lattice be-
havior3, valence fluctuations 13, heavy fermion behavior14–16,
various magnetically ordered states17–20, etc. They are also
promising materials for next generation thermoelectric appli-
cations.21–24

In this paper, using first principles density functional the-
ory (DFT) and its extensions for strongly correlated sys-
tems, we address open questions about the Fermi surface
topology and its s, p, d, f character in the recently syn-
thesized RPt4Ge12 filled skutterudites with R = La, Ce or
Pr. Our study is driven by the large body of experimental
work on the RPt4Ge12 , that demonstrate an array of novel
properties3,6,7,9,17,21. Existing experimental results (summa-
rized in Section II) point to the need for comparative study
of electronic properties in RPt4Ge12 compounds. Such a
study would be useful to understand similarities and differ-
ences between these materials and the consequence of these
for macroscopic properties. Despite some existing density of
states (DOS) calculations25–28, a comprehensive study across
the range of these compounds including spin-orbit coupling
(SOC) and the Hubbard parameter U is still lacking. As
pointed out in Ref. 29, such calculations may shed light on
possible multi-band nature of superconductivity and the ori-
gin of multiple and/or complicated pairing mechanisms. Thus
our paper reports a systematic and comparative study of the
RPt4Ge12 electronic structure.

The complex crystal structure of the filled skutterudites

(shown in Fig. 1a) is stabilized by adding an electropositive
ion to the empty voids of the skutterudites (see Fig. 1b). Be-
sides stabilizing the crystal structure it turns out that the elec-
tropositive ion (which in our work is La, Ce or Pr) also gives
rise to novel electronic states2 and improved thermoelectric
properties24. Considering the complex crystal structure and
the fact that usually f -electron systems pose challenges for
DFT methods30,31 we confirm the robustness of our main re-
sults, by carrying out an extensive study under various theo-
retical scenarios such as DFT+SOC and DFT+SOC+U with
the f -electrons treated as core or valence electrons. Among
our goals is to understand the changes in the electronic struc-
ture and Fermi surface (FS) topology and its character, as we
progress from La to Ce and Pr, possessing, respectively, 0, 1,
and 2 f -electrons in their pure elemental states.

We find that independently of the theoretical approxima-
tion used in our calculations: (I) multiple large Fermi surfaces
exists in RPt4Ge12 , a feature similar to that in MgB2 where
multi-band superconductivity is found32,33; (II) The large FS
have anisotropic orbital character on the FS, a feature sim-
ilar to the FS in Pb where multi-band superconductivity is
also found34,35; (III) in all RPt4Ge12 compounds the states at
EF are dominated by Ge-p states; (IV) f states are always
present at EF for CePt4Ge12 and PrPt4Ge12 independently of
the values of the Hubbard parameter U; (V) SOC lifts band
degeneracy, shifts bands and affects the topology of the Fermi
surfaces; (VI) DOS show deep pseudogaps above EF which
may have implications for thermoelectric properties. In addi-
tion, our DFT+SOC+U calculations qualitatively explain fea-
tures observed in photoemission experiments, while revealing
a need for improved treatment of the f -electrons systems. We
also find that the deduced values of the mass enhancement are
not insignificant signaling the existence of modest correlations
in these materials.
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FIG. 1: (Color online) Crystal Structure: (a) filled skutterudite and (b) skutterudite. EPI stands for electropositive ion. The
voids, mentioned in the text, are shown by the cubic transparent shapes.

The paper is organized as follows. In Section II, we give
a brief overview of the experimental behavior of filled skut-
terudites. Section III is devoted to a discussion of the meth-
ods used for our calculations and the different theoretical sce-
narios considered. This is followed by Section IV where
we present the results for the rare-earth-filled skutterudites,
RPt4Ge12 (R=La, Ce, Pr) under different scenarios, namely
PBE, PBE + SOC, PBE+SOC +U. Results for band structure,
energy bands and FS without the the inclusion of Hubbard
like correlation U are presented in Sections IV A, IV B, and
IV C respectively, and the effects of including U on DOS and
FS are presented in Section IV D. In Section IV E, based on
measurements of low-temperature specific heat, we provide
simple estimates of the effective mass enhancements over the
calculated density of state mass, m∗/ms for the various the-
oretical scenarios considered. We mention possible thermo-
electric application of the RPt4Ge12 in Section V. We end the
main text with discussions in Section V and acknowledgments
in Section VI. We note that we provide additional details in
Appendix VII.

II. EXPERIMENTAL BACKGROUND

Experiments on BaPt4Ge12 , SrPt4Ge12 , and
RPt4Ge12 skutterudites reveal a diverse array of inter-
esting properties: while Ba-, Sr-, La-, Pr-Pt4Ge12 exhibit
superconductivity at 5.1, 5.35, 8.3, 7.9 K respectively25,36,37,
CePt4Ge12 does not show superconductivity, and instead it is
believed to demonstrate mixed valence or Kondo lattice be-
havior, or possibly a behavior in between.13,26 NdPt4Ge12 and
EuPt4Ge12 are characterized by antiferromagnetic transitions
at 0.67 and 1.7 K respectively25. SmPt4Ge12 exhibits38 heavy
fermion behavior with a large value of the electronic specific
heat coefficient (γ ∼ 450/mol/K2), indicating the possibility
of strong correlations in this material.

In the Ba, Sr and La compounds, experiments point to

conventional nodeless s-wave BCS pairing; however, sub-
linear behavior of the field-dependent electronic part of spe-
cific heat CV (H) and thermal conductivity κ(H) may in-
dicate two equal-sized s-wave superconducting gaps in La-
Pt4Ge12 .28,39,40 The nature of pairing in PrPt4Ge12 is less set-
tled. Low-T specific heat and muon spin resonance measure-
ments claim evidence for unconventional pairing with point
nodes in the gap5. But, several other experiments point to
multi-band superconductivity with two superconducting gaps.
Lower and upper critical field measurements and photoemis-
sion spectroscopy (PES)41,42, and upturn in temperature de-
pendence of upper critical field28,40,43 indicate multi-band par-
ing. Strong indication of two-gap superconductivity (as in
MgB2

32,33,44,45 and Pb34,35,46) has been found in the analy-
sis of superfluid density in single crystal PrPt4Ge12 29, the
only single crystal measurement in this material that we are
aware of. Multi-band pairing with one nodeless and one
nodal gap has been inferred47 from fitting low-T specific
heat data in PrPt4Ge12 and Pr1−xCexPt4Ge12 , while other
work based on transport and thermodynamic measurements
on Pr1−xCexPt4Ge12 48, and PrPt4Ge12−xSbx19 leave open
the possibility of nodal versus multi-band superconductivity.
73Ge nuclear quadrupole resonance49 shows a coherence peak
below pairing transition temperature, typical of BCS pairing.

A detailed study of the electronic structure of
RPt4Ge12 may be able to shed some light on the extent
to which the Pr 4f electrons play a role in these couplings,
and thereby indirectly playing a role in multi-band pairing
and gaps. The strong experimental indication of multi-band
pairing in PrPt4Ge12 , and possibly in LaPt4Ge12 , is sugges-
tive of a complex band structure with several bands crossing
the Fermi surface. Therefore a detailed study of the electronic
properties in RPt4Ge12 is necessary.

The RPt4Ge12 materials studied here do not exhibit
long range magnetic order. LaPt4Ge12 is diamagnetic at
all temperatures, while the f -electrons in CePt4Ge12 and
PrPt4Ge12 obey Curie-Weiss behavior at sufficiently high
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temperatures. For PrPt4Ge12 , the magnetic susceptibility
starts to exhibit a Curie-Weiss behavior for T >100 K13 with
experimental average effective magnetic moment µCW of
3.59µB /f.u.13 or 3.69µB /f.u.25,48 (µB being Bohr magneton)
that are close to that of the free Pr3+ ion (3.58 µB) with the
electronic configuration 4f2 and the 3H4 Hund rule ground
state multiplet, indicating the presence of local moments on
the Pr ions. However, the magnetic susceptibility saturates
at low temperatures, indicating a non-magnetic ground state,
scenario that is consistent with the crystal field splitting of the
degenerate 3H4 Hund rule ground state multiplet13,25.

In the case of CePt4Ge12 , the magnetic susceptibility has
also a Curie-Weiss behavior down to 200 K13 with experimen-
tal average effective magnetic moment µCW of 2.58µB /f.u. or
2.51µB /f.u.26 that are close to that of the free Ce3+ ion (2.54
µB) with the electronic configuration 4f1 and the 2F5/2 Hund
rule ground state multiplet, indicating the presence of local
moments on the Ce ions. Below 200 K, the susceptibility de-
viates from Curie-Weiss and exhibits a broad maximum at 80
K, followed by an upturn below ∼20K13,26. The broad max-
imum can be interpreted as a characteristic feature of inter-
mediate valence13 or as indicative of local moment screening
with a large characteristic energy26.

From all RPt4Ge12 compounds studied here, CePt4Ge12 is
the only one where a long range order, of antiferromagnetic
type, can be stabilized at low temperatures upon Sb substi-
tution of Ge50. Due to the absence of local moments in
LaPt4Ge12 or the non-magnetic ground state of the Pr ions
in PrPt4Ge12 , no long range magnetic order is found in
LaPt4Ge12 or PrPt4Ge12 compounds.

In addition to superconducting, magnetic, and transport
properties, filled skutterudites appear promising with respect
to their thermoelectric capabilities 51. Since the capabilities of
a thermoelectric material is a consequence of the interplay be-
tween the transport quantities such as the Seebeck coefficient
S, the electrical resistivity ρ, and the thermal conductivity κ,
optimizing these quantities in a material could give rise to a
large thermoelectric figure of merit, ZT≥1, that is required
for reasonable performance of a thermoelectric material. Re-
cently it was shown that ZT could be further improved in filled
skutterudites by tuning the thermal conductivity based on the
so-called Phonon Glass and Electron Crystal (PGEC) concept
which was developed for cage-forming structures in general
52–54. In addition, related to the materials studied in this work,
it has been shown that by substituting Ge by Sb in LaPt4Ge12
compound, the Seebeck coefficient and resistivity could be en-
hanced by an order of magnitude at room temperature 51, thus
increasing the playground to optimize the figure of merit ZT.

III. METHODS

All our calculations are based on the electronic den-
sity functional theory method56,57 with the Perdew-Burke-
Ernzerhof (PBE) generalized gradient approximation58 to the
exchange-correlation potential. Calculations are performed
on the experimental crystal structures (measured atomic po-
sitions and lattice parameters2, as shown in Table II, Table III

and Table IV in Appendix D) having the Im-3 cubic space
group 2.

For each compound, we studied in detail the electronic band
structure, DOS and FS under various theoretical scenarios
such as PBE, PBE+SOC and PBE+SOC+U. For each of these
scenarios the rare-earth f -electrons were treated either as va-
lence electrons or core electrons. We include SOC and U in
our calculations due to the fact that they are important energy
scales for rare earth elements.

As discussed in Section II, experiments show that the
RPt4Ge12 compounds studied here (in particular, the Ce and
Pr skutterudites) are Fermi liquids with no magnetism. It
is also well-known that DFT calculations can produce mul-
tiple solutions, depending on the specific DFT scenario, di-
rections of initial magnetic moments, etc. In examining the
manifold of solutions, we find that our spin-polarized solu-
tions within PBE+SOC and PBE+SOC+U have slightly lower
energy compared to the non-spin-polarized ones (elaborated
upon below), but the magnetic moments (spin and orbital) are
very small. Based on this, one could either adopt the solu-
tions obtained by constraining the net moment to be zero (to
be consistent with experiments) or take the slightly lower en-
ergy solutions with very small moments, albeit not consistent
with experiments. We have chosen to report results of the
first scenario to be consistent with experiments. Our results,
such as Fermi surfaces, density of states, spectral functions
can then be viewed as predictions to be tested against fur-
ther experiments. For ordinary PBE calculations we obtain
these by working with non-spin-polarized calculations. For
PBE+SOC in VASP we initialize the moments to zero and this
is preserved under iteration to self-consistency. In WIEN2k,
to obtain a non-spin polarized solution within the PBE+SOC
and PBE+SOC+U approximations, we first initialize the input
files as we would do for a magnetic calculation. Then while
performing the self-consistent calculations, we put the con-
straint that the total spin moment per unit cell be zero. The so-
lution obtained with this procedure had all the spin moments
zero (by spin moment we mean the spin moment inside the
muffin-tin sphere around the atoms and the interstitial spin
moment, thus obtaining a solution with zero spin magnetic
moment per unit cell). In addition, we also find that we could
obtain the same non-spin polarized solution even if we first do
a self-consistent magnetic calculation without any constraint,
and then (starting from this spin-polarized solution), apply the
constraint that the total spin moment per unit cell be zero. Ad-
ditionally, we find that if we put the constraint on the spin
moment, the orbital moments also come out to be zero.

In this work we combine results from VASP and WIEN2k
codes, to take advantage of their strengths. We note that
WIEN2k is an all electron code (core + valence electrons),
while VASP works only with the valence electrons (while the
potential of the atom nuclei and the core electrons is replaced
by an effective potential known as a pseudopotential). Even
though the basis sets in the two codes differ, as long as the
basis set in each code is almost complete basis, the results ob-
tained by the two codes should be very similar. We compared
the electronic band structure of the RPt4Ge12 obtained by the
two codes for each theoretical scenario used in this work and
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FIG. 2: (Color online) Electronic Band Structure and Atom-Projected DOS results for RPt4Ge12 compounds obtained using
the VASP code. Each column corresponds to a particular compound whose chemical formula is printed at the top of the
column. Each row corresponds to results from calculations using a particular approximation whose label is printed at the

beginning of the row. On the left side of each panel we show the electronic band structure (energy in eV on the vertical axis
versus momentum on the horizontal axis). Fermi energy is marked by the horizontal dashed line. On the right side of each

panel we show atom-projected DOS (each unit on the DOS axis represents 1 state/eV/f.u.).

in each case we found very similar electronic structure, as ex-
pected.

Below, we give specific parameters used for the calculations
in each code.

VASP: Electronic band structure and DOS calculations uti-
lize the plane-wave based DFT code VASP59 with the all-
electron projector augmented wave (PAW) method60. We take
the standard VASP PAW potentials, keeping the f -orbitals as
valence states (except where we specify f in core).In addition,
the Ge 3d-orbitals are kept in the core. Increasing plane wave
energy cutoffs had no discernible impact on the band struc-
ture so we apply the VASP defaults. However, we use the full
FFT grids consistent with the energy cutoff to represent charge
densities so as to avoid wrap-around errors. Electronic k-point
meshes are increased to 31× 31× 31 in order to converge the
electronic DOS, which we evaluate using tetrahedron integra-
tion followed by 0.01eV Gaussian smearing.

WIEN2k: FS and the associated electronic band struc-
ture were performed using the full-potential linearized aug-
mented plane wave (FP-LAPW) method as implemented in
the WIEN2k code61. The calculations were performed on a
31×31×31 k-point mesh. The muffin-tin radii were chosen
as 2.50, 2.45 and 2.22 Bohr units for the rare earth ions, Pt
and Ge, respectively. In order to have accurate calculations we
used RmtKmax = 8. The energy which separates the core and
the valence states was chosen to be −10 Ry (for this energy
cut off, the Ge 3d-orbitals are kept in core). Self-consistency
criteria for the convergence of total energy and convergence
of charge distance (as defined in WIEN2k), were 10−4 Ry

and 10−4 electrons, respectively. All other input parameters
were used with their default values.

IV. RESULTS

A. Overview of Band Structure

Fig. 2 presents electronic band structure and atom-projected
DOS for PBE and PBE+SOC approximations, where f -
electrons are treated as valence electrons. For each band struc-
ture plot, the k-point path that connects special k points in the
first Brillouin zone (BZ) is defined as in Ref. 62: Γ (0, 0, 0),
H (1/2,−1/2, 1/2), N (0, 0, 1/2), and P (1/4, 1/4, 1/4).

Several things may be noted in the set of plots in Fig. 2:
(I) From the electronic band structure plots for the

RPt4Ge12 compounds for a given approximation (rows in
Fig. 2), we see that by going from La to Pr (which is equiv-
alent with increasing the number of f -electrons, nf , from 0
to 2) new bands appear above the Fermi level (EF ) in the en-
ergy range (0.2 - 0.6) eV. The new bands are related to the Ce
and Pr f -electrons, and although they hybridize with the other
bands in the system, we see that the bands in the vicinity of
the EF don’t change their shape drastically in CePt4Ge12 and
PrPt4Ge12 when compared to LaPt4Ge12 , but they are shifted
down in energy with respect to the EF . Since the intersections
of the bands with the EF defines points on the 3D FS, shifting
of the bands around the EF will change the topology of the
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FIG. 3: (Color online) Total, Atom- and Orbital-Projected DOS results for RePt4Ge12 compounds. The results presented in
this figure were obtained using the VASP code within the PBE+SOC constrained non-magnetic approximation, treating the
f -electrons as valence electrons. Each column corresponds to a particular compound. Each panel on the first row corresponds
to Total, atom- and f -projected DOS. Panels, on the other three rows show orbital-projected DOS for the three distinct atoms

making up these compounds. Fermi energy is marked by the zero on the horizontal axis. Some panels enlarge the DOS near the
Fermi energy in an inset. The experimental soft X-ray photoemission spectra (measured with an incident energy of 1.2 KeV)

for LaPt4Ge12 and PrPt4Ge12 presented in Ref. 55 were digitized and included in our figures for comparison.

FS. Thus, we expect that the topology and the number of the
FS in CePt4Ge12 and PrPt4Ge12 to be different from the FS
in LaPt4Ge12 .

(II) The atom-projected DOS gives information about the

contribution/weight of each atom to the electronic band struc-
ture at a given energy. Thus our calculations show that in
the La compound, the states at the EF come mostly from the
Pt and Ge atomic states and there are few or no La states.
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By contrast, in the Ce and Pr compounds, besides the Pt and
Ge atomic states, we also have states from the rare-earth ele-
ments. As we will discuss later in paper this can have impli-
cations for the single- versus multi-band superconductivity in
RPt4Ge12 compounds.

(III) Comparing plots with and without SOC for a given
compound, see Fig. 2, panels (a)-(c) versus (d)-(f), we see
that SOC lifts the band degeneracy at special points and along
various k-paths in the first BZ and shifts some of the bands by
up to a few hundred meV. For example, these effects are es-
pecially evident at the Γ and H points and along the Γ-P path.
Since SOC has an impact on the electronic band structure, it
also has a direct effect on the topology and degeneracy of the
FS.

It is well-known that for rare earth elements, the occupied
f -states can behave as inert localized states in some com-
pounds (and in those cases the f -electrons must be treated as
core in the theoretical approximations) or the f -states can hy-
bridize with the other states in the system (and in those cases
the f -electrons must be treated as valence electrons). In Ap-
pendix A, we show the electronic band structure and atom pro-
jected DOS, for the case where the f -electrons are treated as
core, thereby eliminating hybridization with the other states
in the system. From the calculations with f -electrons in core,
we learn that for a given approximation, these compounds
have almost identical electronic band structure and thus al-
most the same FS as expected (see rows in Fig. 6). Thus, the
theoretical approximations where the f -electrons are treated
as core electrons can not explain the differences between the
LaPt4Ge12 and CePt4Ge12 or PrPt4Ge12 compounds. The ef-
fects of SOC on the band structure are similar, independently
of the way we treat the f -electrons (in valence or in core).

B. Projected DOS

In Fig. 3(a)-(c), we show the total DOS per formula unit of
RPt4Ge12 compounds together with the atom-projected DOS.
In addition, in Fig. 3(d)-(l), we also show the orbital-projected
DOS for each atom within the RPt4Ge12 compounds. These
calculations were done using the PBE+SOC approximation
within VASP with the f -electrons treated as valence electrons.
In this figure we also show the comparison of our calcula-
tions with the available experimental soft X-ray photoemis-
sion spectra55. We digitized the experimental data and we plot
it on top of our calculated DOS in Fig. 3(a) and (c). Since the
experimental data is in arbitrary units, we scaled it such that
we get the best agreement between the experiment and theory
in the energy range around -4 eV. We see that when compar-
ing the experimental data with the total DOS per formula unit,
by construction we get a good agreement for the energy range
around -4 eV, but the agreement is poor for energy closer to the
EF . The reason for this discrepancy is the fact that the pho-
toemission spectra were measured at an incident energy of 1.2
KeV, energy where mostly Pt d states were probed, the other
states practically being invisible to this probe due to the very
small scattering cross-section at this energy55. These discrep-
ancies are expected since the total DOS per formula unit is a

sum of all states with equal probability without considering
the experimental scattering cross-sections. But if we consider
the scattering cross-sections, and we compare the photoemis-
sion spectra only with the Pt d DOS as shown in Fig. 3(g) and
(i), we see that the agreement between experiment and theory
is much better over the full energy range.

Looking at all orbital projected DOS, see Fig. 3(d)-(l), we
see that the orbital contributions of the s, p and d states at
the EF is similar for all three compounds. The difference is
that in the case of Ce and Pr compounds, f -states are also
present at the EF . This suggests that the electrons forming
the Cooper pairs in PrPt4Ge12 might have some additional
f character besides the s, p and d, while in LaPt4Ge12 their
character is mostly s, p and d. Based on our results, and mak-
ing an analogy with the case of Pb 34, where the anisotropic
contributions of the s, p and d orbital character to the wave-
functions forming the states at the EF leads to anisotropic
electron-phonon coupling and multi-band superconductivity,
we suggest the possibility of multi-band superconductivity
for PrPt4Ge12 and single- or multi-band superconductivity for
LaPt4Ge12 . The pseudogaps found in the total DOS of the
RPt4Ge12 compounds, might be relevant to possible improve-
ment of their thermoelectric effects, as we will discuss later
on in the paper.

C. 3D Fermi Surfaces

Following up on our discussion on non-magnetic solutions
in Section III, we note that for the Fermi surfaces, there will
not be much difference using the slightly lower energy spin
polarized solution or the non-spin polarized solutions. So, we
choose to report the Fermi surfaces for the non-spin polarized
case, which are doubly degenerate, in comparison with the
nearly degenerate Fermi surfaces in the spin polarized case.
In Fig. 4 we show the 3D FS (labeled by symbols Sn, n=1 to
6) for the RPt4Ge12 . These FS are calculated in WIEN2k, us-
ing the PBE+SOC approximation and treating the f -electrons
as valence electrons. In addition to the FS, we also show the
electronic band structure for each compound in a narrow en-
ergy range around the Fermi energy.

As can be seen in Fig. 4(a), LaPt4Ge12 has six FS. The
hole or electron pocket character can be ascribed to these FS
by considering the corresponding band structure in Fig. 4(b).
S1, S2 and S3 are hole pockets, and S5 and S6 are elec-
tron pockets. The character of S4 is not as clear from the
band structure, see Fig. 4(b). Thus it is interesting to exam-
ine the changes of the FS with increasing number of f - elec-
trons. With 1 additional electron (compare Ce 4f1 with La
4f0), the Fermi energy increases, and the S1 and S2 hole
pockets get filled while the S3 pocket is nearly filled, see
Fig. 4(c). With the addition of another electron (the case of
Pr 4f2) the S3 Fermi hole pocket is completely filled, see
Fig. 4(e). The upshot is that CePt4Ge12 has four FS and
PrPt4Ge12 has only three, see Fig. 4(c) and (e). Within the
PBE+SOC approximation, the three compounds have in com-
mon three large FS, namely S4, S5 and S6. As the number
of f -electrons increases, S4 shrinks in size and hence has
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FIG. 4: (Color online) Fermi Surfaces (FS) for RPt4Ge12 compounds obtained by using the Wien2k code with the PBE+SOC
constrained non-magnetic approximation and treating the f -electrons as valence electrons. Each diagram corresponding to one

of the three compounds contains multiple panels showing the FS within the first Brillouin zone (panels a, c and e) and the
electronic band structure around the EF (panels b, d and f). FS and the corresponding bands have the same colors as the

symbols Sn (n=1 to 6) that represents them. Panel g shows the reciprocal lattice vectors, a∗, b∗, c∗ and the position within first
Brillouin Zone (BZ) of the special reciprocal points Γ, P, H, N. On each FS panel, we also print the label of the special

reciprocal points where the FS exists.

dominant hole character, while S5 grows and S6 is hardly af-
fected. The S1-S3 hole pockets present in LaPt4Ge12 and ab-
sent in CePt4Ge12 and PrPt4Ge12 within the PBE+SOC ap-
proximation, show up within the PBE+SOC+U approxima-

tion for both CePt4Ge12 and PrPt4Ge12 compounds.

The orbital character of the FS may influence the nature
of superconductivity. It is claimed that Pb has two Fermi sur-
faces 34,35, one spherical and one more complex. Owing to the



8

anisotropic orbital character of the wave functions (s, p and d
across the two FS), the electron-phonon coupling varies across
the FS and between the two FS, thereby giving rise to multi-
band superconductivity. It may also be recalled that in MgB2,
multi-band superconductivity is given by two FS, both with
p character (one FS is pz in character and the other is px,y in
character)32,33,43–45. If the mechanism for superconductivity in
the La and Pr compound is also phonon-mediated, since there
are multiple sizable FS as in MgB2, this implies the possibility
of multi-band superconductivity in RPt4Ge12 , as pointed out
by experiments. In addition, since the Pr compound is shown
to have f character on the FS (as shown by DOS in Fig. 3),
this could lead to different electron-phonon couplings across
the FS, similar to the anisotropic electron-phonon coupling
found in Pb. Thus, the electron-phonon couplings may be dif-
ferent in PrPt4Ge12 compared to that in the LaPt4Ge12 case,
thereby resulting in differences in the type of pairing. In or-
der to ascertain the anisotropic orbital character across the FS,
besides looking at the orbital projected DOS which gives an
average of the orbital contribution over the all k-points in the
BZ, we also looked at the ”fat-band” representation63 around
the EF which gives a detailed description of the orbital con-
tribution at specific k-points in the BZ. The ”fat-band” plots
are shown in Appendix B. From the ”fat-band” representation,
we find anisotropic orbital character to the 3D FS for all the
orbital states coming from R, Pt and Ge atoms.

D. Effects of correlations on DOS and FS

Photoemission measurements on PrPt4Ge12 where the in-
cident energy is scanned through the f -resonance of the Pr
atoms, reveal the presence f states at EF and below. For ex-
ample, see Fig. 5b where we show the digitized data from
Ref. 55 for two incident energies, 1.2 and 0.9 KeV. For inci-
dent energy of 1.2 KeV we probe mostly the Pt d states (ma-
genta curve) and for incident energy of 0.9 KeV, in addition
to Pt d states, we also probe the Pr f states (black curve).
Thus, the difference between the magenta and black curves in
Fig. 5b represents the contribution of the Pr f states to DOS.
Besides small contributions at the EF , the Pr f states appear to
manifest as two peaks centered around -1 and -4.5 eV which
disagrees with our DOS calculations for the PBE+SOC ap-
proximation shown in Fig. 3f. In order to explain the exper-
imentally observed f contribution to DOS, shown in Fig. 5b
we need to go beyond the DFT approximations. Repulsive
interactions among the tightly bound f -orbitals of the Lan-
thanide atoms can create electronic correlations that are not
properly modeled by our PBE density functional. A first step
in correcting this effect is to supplement the DFT Hamiltonian
with onsite Coulomb energies64,65, which we take into account
using a single effective Hubbard parameter U . We take U = 5
eV, a typical value for Lanthanides, to illustrate the qualitative
effect. For comparison, we also explore other values of U .

DOS computed within the PBE+SOC+U with U=0 eV
shown in Fig. 3 reveal that the f -band is partly occupied, with
the net f occupation of nf=0.85 for Ce and nf=2.07 for Pr.
For U > 0, occupied and empty f orbitals split proportion-

CePt4Ge12

(a)

PrPt4Ge12

(b)

FIG. 5: (Color online) Correlation effects on DOS. Panels
(a) and (b) present results of the PBE+SOC+U constrained

non-magnetic approximation for Ce and Pr compounds. The
experimental soft X-ray photoemission spectra (measured

with an incident energy of 1.2 KeV - magenta curve and 0.9
KeV - black curve) for PrPt4Ge12 presented in Ref. 55 were

digitized and included in our figure for comparison. In
addition, panel (b) shows the experimental spectra which has

contributions mostly from Pt 5d states (magenta symbols)
and the experimental spectra which has contributions from
both Pt 5d and Pr 4f states (black symbols). For details see

Fig. 2 in Ref. 55.

ately to U for Pr, but the splitting is far weaker for Ce, consis-
tent with the respective values of nf . For example, in Fig. 5
we show the Pt(d)+Ce(f) DOS for CePt4Ge12 and Pt(d)+Pr(f)
DOS for PrPt4Ge12 compounds computed using U = 2.5 and
5.0 eV. As expected, the effect of U is to increase the splitting
between the occupied and unoccupied f states, thus moving
the theoretical f peak of occupied states in the Pt(d)+Pr(f)
DOS, to lower energies. Comparing our theoretical DOS with
the experimental data, we find that the position of the theoreti-
cal f DOS could explain the experimental peak shape at -1eV
for U = 2.5 eV or the peak at -4.5 eV for U = 5.0 eV, but our
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theory can not explain both experimental peaks at the same
time. This suggests that PBE+SOC+U method captures part
of the electronic correlation, but in order to explain the ex-
perimental findings a theory beyond DFT+U is required. One
such theory, where correlation effects are treated more rigor-
ously is the density functional theory + embedded dynamical
mean field theory (DFT+eDMFT)66–68.

Since DOS at the EF are affected by U, the FS of
CePt4Ge12 and PrPt4Ge12 will also be affected. Since the
positions of bands with respect to EF directly relate to the
topology of the FS, we also expect changes in the topology of
the FS. While additional details are given in Appendix B (see
Fig. 10 for CePt4Ge12 and Fig. 11 for PrPt4Ge12 ), we note a
few salient points here. The band corresponding to the S6 FS
does not change too much with increasing U indicating that it
is mostly s, p and d in character. The bands corresponding to
S4 and S5 change with increasing U , S4 being more affected
than S5, suggesting that these FS having stronger f charac-
ter than S6. To confirm the contribution of f states to the S4
and S5 FS for finite U values, we have also computed the FS
for the case where the f -electrons are treated as core elec-
trons (in this case the Fermi surface has no f contribution).
The fact that the topology of the FS for finite U differs from
the case where the f -electrons are treated as core electrons
(labeled U ∼ ∞ eV in Appendix B Fig. 10 and Fig. 11),
confirms once again the presence of f character in the Fermi
surface of CePt4Ge12 and PrPt4Ge12 , independently of the
strength of correlations. In addition, we also learn that the
presence or absence of the S1, S2 and S3 FS in CePt4Ge12 and
PrPt4Ge12 depends on the strength of the correlations.

E. Effective mass

While our calculations show that the rare-earth filled skut-
terudites have complex band structures and DOS, simple esti-
mates of effective mass can nevertheless be obtained by con-
sidering the linear coefficient of the specific heat obtained ex-
perimentally in these materials. The electronic specific heat
CV (T ) in metals, for T << TF (TF being the Fermi temper-
ature), is given by:69

CV = γT =
1

3
π2k2BN(EF )T. (1)

For a spherical FS with parabolic bands, the linear coefficient
of specific heat, γ, is related to the electronic DOS at the EF

asN(EF ) = m∗kF /~2π2, withm∗ being the single isotropic
effective mass m∗, and kF the Fermi momentum. Assuming
that the calculated density of states at EF , D(EF ), can like-
wise be related to a single effective DOS mass ms, we obtain
estimates of the mass enhancement over the calculated DOS
mass, m∗/ms, by comparing the measured N(EF ) (obtained
from γ) and the computed density of states at EF , D(EF ).
While in reality, the density of states and effective masses
are expected to be anisotropic, thermodynamic measurements,
such as specific heat, are averages over FS; hence simple anal-
yses as this may provide a reasonable estimate ofm∗/ms. We

note that the calculated DOS mass ms may not totally corre-
spond to the band mass, usually referred to as mb.

Table I summarizes results drawn from the various theoret-
ical scenarios we have considered in this work. In particu-
lar, we show the calculated total DOS at the EF , D(EF ) and
mass enhancement over the DOS mass, m∗/ms. For a given
theoretical scenario, different values of estimated m∗/ms for
each skutterudite correspond to γ’s obtained from specific
heat measurements by different groups. The estimated mass
enhancements, m∗/ms, in the range of 2-4, give an indication
of the correlation strength.

V. DISCUSSION

We have presented a comprehensive study of band
structure, DOS and FS for f-electron systems of type
RPt4Ge12 (where R = La, Ce, Pr), using various theoretical
scenarios such as PBE, PBE+SOC and PBE+SOC+U within
the two choices of treating the f -electrons, as valence or core
electrons. Our calculations show several bands crossing the
EF giving rise to multiple FS.

As expected, when the f -electrons are treated as part of
core, the three compound show almost identical band struc-
ture, and thus similar FS, for a given theoretical scenario. Sce-
narios where SOC is present or absent, show different FS due
to the fact that SOC lifts band degeneracy and shift bands,
thus increasing the number of FS (especially at Γ point) and
changing slightly the FS topology.

When the f -electrons are treated in valence the three com-
pounds show some slight differences. Although SOC has the
same trends on the band structure as mentioned before, the
increasing number of f -electrons from 0 to 2 and the in-
crease of correlations by adding the Hubbard parameter U
on top of the PBE+SOC approximation, makes things more
interesting. Our calculations within PBE+SOC approxima-
tion reveal the presence of six FS for the LaPt4Ge12 , four of
them having a hole like character and the other two electron
like character. While increasing the number of f -electrons,
the hole pockets get filled and three of them disappear going
from LaPt4Ge12 to PrPt4Ge12 , while the electron pockets in-
crease their surface. The effects of filling the hole pockets at Γ
point are reversed with increasing correlations effects between
the f -electrons within the PBE+SOC+U approximation. Al-
though these compounds have two electron-like and one hole-
like FS in common, independently of the theoretical scenario
used, the hole pockets at Γ point are dependent on the theoret-
ical scenario we used in our calculations. Thus, comparison
of our theoretical predictions with de Hass van Alphen70–72

experiments for LaPt4Ge12 and PrPt4Ge12 27 and new exper-
iments for CePt4Ge12 are desirable to validate the topology
and the number of FS in RPt4Ge12 compounds.

While our theoretical calculations cannot directly explain
superconductivity, they may have significance with respect
to the multi-band superconductivity or anisotropic nature of
the pairing, as indicated by experiments on PrPt4Ge12 and
LaPt4Ge12 . Our calculations find a small amount of Pr-4f
states admixed with Ge-p states in PrPt4Ge12 , a feature ob-
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DFT scenarios D(EF )[states/eV/f.u.] - calc m∗/ms - estimate
La Ce Pr Laa,b Cec Prd,e,f

PBE (f in valence) 11.9 10.9 14.7 2.7/2.0 4.1 2.5/2.1/2.0
PBE + SOC 10.0 12.2 16.4 3.2/2.4 3.7 2.3/1.9/1.8
PBE + SOC + U ( = 5) – 10.0 11.3 – 4.5 3.3/2.8/2.6
PBE (f in core) – 9.6 9.6 – 4.7 3.9/3.3/3.1

Table. I: Theoretical DOS at EF and the corresponding estimated mass enhancement over the DOS mass, m∗/ms (see text for
details). For a given compound, different m∗/ms correspond to different measurements of γ, the linear coefficient of specific
heat CV , in units of mJ/mol K2: a: Ref. [25] - γ = 75.8; b: Ref. [39] - γ = 56; c: Ref. [26] - γ = 105; d: Ref. [25] - γ = 87; e:

Ref. [47] - γ = 73.7; f : Ref. [29] - γ = 69 (single crystal).

viously different from that in LaPt4Ge12 . This is confirmed
by soft X-ray photoemission experiments on PrPt4Ge12 41,42

that show a finite contribution of Pr 4f to the states near
EF . Additionally, superconducting gaps are effected19,47 by
Ce substitution of Pr, i.e. Pr1−xCexPt4Ge12 , suggesting that
the filler atoms may affect superconductivity. Based on these,
it is conceivable that superconductivity is a consequence of
Cooper pairs formed by the s, p and d electrons of the Pt and
Ge atoms in the LaPt4Ge12 , while superconductivity in the
PrPt4Ge12 is more unusual since in addition to s, p, d elec-
trons we also have f -electrons at the EF . As we have re-
marked earlier, since the PrPt4Ge12 has anisotropic f charac-
ter on the FS, while the LaPt4Ge12 does not, this may lead to
different electron-phonon couplings between various FS, and
hence different forms of pairing. Agreement between theoret-
ical and experimental critical temperatures for different lan-
thanum filled-skutterudite73 showed that these compounds are
phonon-mediated superconductors. Thus, besides the average
electron-phonon coupling in lanthanum filled-skutterudite73,
it would be interesting to calculate electron-phonon couplings
for each FS in other filled-skutterudite compound.

We have shown that independent of the theoretical scenario
used in our calculations (PBE, PBE+SOC or PBE+SOC+U)
the calculated total DOS has a pseudogap which could im-
ply the tunability of these materials through a metal to in-
sulator transition. This may be relevant in view of the sus-
tained interest in the skutterudites as possible next gener-
ation thermoelectric materials. As discussed in Ref. 51,
large Seebeck coefficient S (related to the thermopower fig-
ure of merit ZT ) can be achieved by driving the system
close to a metal to insulator transition. Specifically, close
to the metal-insulator transition, the thermoelectric proper-
ties of the Sb substituted LaPt4Ge12−xSbx compounds were
found to be greatly enhanced compared to the undoped
LaPt4Ge12 compound51. We suggest similar experiments on
electron-doped CePt4Ge12 and PrPt4Ge12 compounds to test
if the figure of merit is larger in these compounds compared
to that on the stoichiometric compounds. We note that while
DFT calculations are not able to treat the energy variation of
mobility (and hence lifetime) that can modify results for See-
beck coefficient, S(T ), a method such as DMFT, which is able
to calculate finite-T lifetime, may provide further understand-
ing of S(T ).

Finally we mention that our results are consistent with pre-
vious DOS calculations25,26 that comprise a limited set of re-
sults and a small subset of our more extensive work. However,

our band structure and FS results differ substantially from
those presented in a recent paper28, which used the PBEsol
approximation. We also performed calculations using the
PBEsol approximation and found the results to be very similar
to those obtained using the PBE approximation. Our results
also reveal challenges confronted by DFT methods and its ex-
tension for correlated materials. We showed that the DFT +U
method can only qualitatively explain the soft X-ray photoe-
mission experiments on PrPt4Ge12 . Thus, it would be de-
sirable to use more advance methods for correlated materials,
such as DFT + eDMFT, in order to explain quantitatively the
experimental results.
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VII. APPENDIX

A. Electronic band structure: f -electrons in ’Core’

In some systems, the states of f -electrons behave as inert
localized states, hybridizing very little or not at all with the
other states in the system. To understand the effects of f -
electron hybridization, we present the results of calculations
when the f -electrons are treated as core electrons. In Fig. 6
we show these calculations within the PBE and PBE+SOC
approximations. We find that the electronic band structure
within a given approximation for the RPt4Ge12 compounds is
almost identical when the f -electrons are treated as core. This
implies that all the interesting low temperature properties of
CePt4Ge12 and PrPt4Ge12 are mostly due to the f electrons
states and their hybridization with the other states in the sys-
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tem.

B. Fat-band Representation

By projecting the band wave-function onto the atomic or-
bitals of a particular atom, we obtain the band structures
shown by solid lines + open circles, where the size of the cir-
cles at an energy and momentum point are proportional to the
absolute value of the wave-function amplitude corresponding
to that given atom63. In these plots the size of the circle corre-
sponds to the atomic character and is shown for one atom only,
even though the band wave-functions forming the bands have
contributions from all the atoms (of the same type) within the
unit cell.

In Fig. 7, we plot the electronic band structure with the
atomic character for LaPt4Ge12 . Looking at the (a), (b) and
(c) panels corresponding to the La, Pt and Ge atomic charac-
ter, we see that around the Fermi energy the electronic char-
acter comes mostly from the Ge and Pt atoms, consistent with
the previously presented atom projected DOS in Fig. 2. At
the same time, looking at the the first column in Figure 3,
we see that for Pt atoms the largest DOS at the EF comes
from p and d states and for the case of Ge the maximum DOS
comes from p states. Thus, it may tempting to say that for
LaPt4Ge12 compound the electrons involved in superconduc-
tivity would mostly be Ge p states plus some Pt p and d states.
With reference to the notation in Fig. 4 for FS, here we can
see that the S1, S2 and S6 FS are mostly Ge in character, while
S3, S4 and S5 have contributions from both Ge and Pt ions.
Notably, La is largely absent from the FS.

Figure 8 shows fat-band plots for CePt4Ge12 . The discus-
sion here follows that of Fig. 7 for LaPt4Ge12 , with the addi-
tional fact that for CePt4Ge12 the FS have moderate f charac-
ter in addition.

Likewise, in Fig. 9, we show fat-band plots for PrPt4Ge12 .
A similar discussion can be made as before for the case of
LaPt4Ge12 and CePt4Ge12 with the additional fact that for
PrPt4Ge12 the FS have strong f character. In addition, for the
PrPt4Ge12 compound if we look at Fig. 9(a), where we show
the Pr contribution to the FS, we see that the f character of
the FS is anisotropic. For example, compare the strength (size
of the circles) of Pr f character at the two intersections of the
S4 band with the EF between points P and N. In analogy with
Pb, one could suggest that anisotropic band character could
lead to anisotropic electron-phonon couplings for these FS.
This makes for a strong case for calculating electron-phonon
couplings in the LaPt4Ge12 and PrPt4Ge12 skutterudites, and
exploring if f -electron coupling leads to multi-gap pairing in
the case of PrPt4Ge12 .

C. Effects of U on Bands and Fermi Surfaces

From band structure plots, Fig. 10 (a) - (b), and Fig. 11 (a)
- (b), it is obvious that the band corresponding to the S6 FS

doesn’t change much as we increase the correlation, thus this
FS is quite robust which indicates that it is probably mostly s,
p and d in character. On the other hand, plotting the S4 and
S5 FS versus U (see Fig. 10 (c) - (d), and Fig. 11 (c) - (d), we
find that S4 is the most affected, followed by S5. This suggests
that the S4 and S5 FS have stronger f character than S6. To
confirm the contribution of f states to the S4 and S5 FS for
U ≥ 0 eV , we have also computed the FS for the case where
the f -electrons are treated as core electrons (in this case the
FS has no f contribution). These results are shown in Fig. 10
(c) - (d), and Fig. 11 (c) - (d), labeled as U ∼ ∞ eV . The
fact that the topology of the FS forU ≥ 0 eV is different than
that of U ∼ ∞ eV , confirms once again the presence of f
character in the FS of CePt4Ge12 and PrPt4Ge12 . In addition,
if we compare the bands in Fig. 4d (U=0) for CePt4Ge12 with
Fig. 10 (U > 0) we see for example, that with increasing U ,
band S3 falls below EF along the path P-H, but rises above at
Γ.

Comparing Fig. 4(f) (U=0) for PrPt4Ge12 with Fig. 11
(U > 0), we see that S3 similarly rises above EF at Γ,
creating a new FS sheet. Thus, in both CePt4Ge12 and
PrPt4Ge12 compounds, we find that depending on the strength
of correlation parameter U, the S1, S2 and S3 FS can be
present or absent. As mentioned in the discussion section, de
Haas-van Alphen measurements could sort out the puzzle of
FS number and indirectly give information of the correlation
strength in the CePt4Ge12 and PrPt4Ge12 compounds.

D. Experimental lattice parameters and atomic positions used
in the calculations

Table. II: LaPt4Ge12: Experimental lattice parameters a = 8.6235(3) Å
and atomic coordinates within the cubic Im-3 space group (No. 204) 2

Atom Site [x, y, z]
La 2a [0.00000, 0.00000, 0.50000]
Pt 8c [0.25000, 0.25000, 0.25000]
Ge 24g [0.00000, 0.15173(3), 0.35497(3)]

Table. III: CePt4Ge12: Experimental lattice parameters a = 8.6156(5) Å
and atomic coordinates within the cubic Im-3 space group (No. 204) 2

Atom Site [x, y, z]
Ce 2a [0.00000, 0.00000, 0.50000]
Pt 8c [0.25000, 0.25000, 0.25000]
Ge 24g [0.00000, 0.15136(5), 0.35447(5)]

Table. IV: PrPt4Ge12: Experimental lattice parameters a = 8.6111(6) Å
and atomic coordinates within the cubic Im-3 space group (No. 204) 2

Atom Site [x, y, z]
Pr 2a [0.00000, 0.00000, 0.50000]
Pt 8c [0.25000, 0.25000, 0.25000]
Ge 24g [0.00000, 0.15127(2), 0.35432(2)]

1 W. Jeitschko and D. Braun, Acta Crystallographica Section
B 33, 3401 (1977), URL https://doi.org/10.1107/

S056774087701108X.

https://doi.org/10.1107/S056774087701108X
https://doi.org/10.1107/S056774087701108X


12

LaPt4Ge12 CePt4Ge12 PrPt4Ge12

P
B

E
+

S
O

C
 (

f 
in

 c
or

e)
P

B
E

 (
f 

in
 c

or
e)

Number of f electrons
nf=0 nf=1 nf=2

E
 -

 E
F

 [
eV

]
E

 -
 E

F
 [

eV
]

(a) (b) (c)

(d) (e) (f)

FIG. 6: (Color online) Electronic Band Structure and Atom-Projected DOS results for RPt4Ge12 compounds obtained using
the VASP code. These calculations were performed by placing the f electrons into core. Each column corresponds to a
particular compounds whose chemical formula is printed at the top of the column. Each row corresponds to results from

calculations using a particular approximation who’s label is printed at the beginning of the row. Each panel presents results for
a given compound within a given approximation. On the left side of each panel we show the electronic band structure (energy
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the right side of each panel we show atom-projected DOS (each unit on the DOS axis represents 1 state/eV/f.u.).
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FIG. 8: (Color online) Electronic band structure of CePt4Ge12 showing the atomic character of the bands. This figure
enlarges the energy range near the Fermi energy of the band structure previously shown in Fig. 4. The sizes of the open circles
at a given energy and momentum represent the wave function amplitude corresponding to a given atom as labeled in each panel.
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Blum, S. Wurmehl, C. Pfleiderer, M. A. Wilde, and D. Grundler,
Phys. Rev. B 88, 155138 (2013), URL https://link.aps.
org/doi/10.1103/PhysRevB.88.155138.
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